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1 Introduction

The concept of 'REASONABLE WANDERER MAP' (I-Definition
1.1.8) in Hilbert space was first considered by Browder and
Petryshyn [7] and obtained the results (I-Theorems 1.3.4
and 1.3.6). These results are extended in generalised
Hilbert space by Hicks and Huffman [15}. In this chapter
theorem 1.3.4 is extended to show that the demicontractive
(I-1.1.11) and hemicontractive (I - 1.1.12) self-maps defined
on a closed convex subset C of a Hilbert space H are reasonable
wanderer in C. Further theorem (I-1,1.,6) is extended to
obtain a fixed point of Lipschitzian (I-1.1.10) demicontrac-
tive, demicompact (I-~1.1.,13) self-mapping of a bounded
closed convex subset of a Hilbert space H, Finally some of
our results and theorem (I-1,3.4) along with its corollary
(I-1.3.5) are generalised by considering generalised contrac-

tion mapping (III-1.1) introduced by us in Chapter-III.

Theorem 1,1 : Let C be a closed convex subset of a Hilbert

space H, If T is a demicontractive mapping of C into C with
contraction coefficient K and having non-empty set F(T) of
fixed points of T in C, then the mapping defined by Ty =

AT + (1=-A) I, where I is identity mapping on C and for a
given A with 0 < A <1 andK < 1 =A is reasonable wanderer

from C in to C with the same fixed points as T.
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Proof : For any x €& C, set Xpn = T§ X, 0 < A< 1,

Let P ¢ F(T), hence P ¢ F(T,) (see [ T ] ).
It follows from (I-1.3.12), where t stands for A that
“ Xnt1 = F | 2 . “ ATx, + (1=-A)xp - P ”2.
=A TP | 2+ (=R I %0~ || 2 .
- A (-0 ||Txex, | 2 ver (1.2)
Using the fact that T is demicontractive, we have
[T =2 || 2 € %2 )2+ K 2T || 2 een (1.3)

From equations (1.2) and (1.3), we obtain

2 2

D %ae1 = Bl 2 € NP || 2 = A Qerei) || Ty |2

K<1"’A.

Summing these inequalities fromn =0 ton = j, jJ

being positive integer, we have

b 2 b 2
A(l-A-K nZgg I TXn=%n || © < ngé inxn P

- \1":14,1""“}2 .
WA I e S

{ “ Xo - P “ 2. .o (104)
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©
which implies that 3. || Txh~xn\\ 2 ¢ .
n=0

Now since X4l = *n = A [Txn - xp ]

o0

o0
Y NS L R i € P
n=0 n=0
2 i 2 by (1.4)
< omce= -p .4),
S 1-A-K % Y
eve (1.5)
K <1-A.

This means (by definition I-1.1.8) that T is reaso-

nable wanderer in C and hence TA is reasonable wanderer in C.

Theorem 1,6 : Let C be closed convex subset of a Hilbert

space H, Let T : C —~> C such that

(1) P # 9,

(i1) T is hemicontractive.

If Ty = AT + (1-A) I where I is identity mapping
and for a given A with 0 < A < 1, then T) is reasonable

wanderer in C with same fixed points as T.
Proof : Since T is hemicontractive, we have
2 2 : 2
NTxa =P | “ < %P 1| ©+ |x~Tx, || © .

In equation (1.2) using the fact that T is hemi-

contrattive we obtain

AHEE KHARDERAR Linnagy

AT IINDERSmITY. MON B 45206,
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Wy =P 02+ A0 Noxexy )| 2¢ UxP 0l 24

+A | Tx- x| 2 eee (1.7)
2 1 2
Replacing “ Tx =%, | by ;\E “ Xnel ~ *n I on

right hand side of (1.7) and then summing over n = 0 to

n = j, we get

b
A(1=A) %‘, \ Txp=Xp || 2 < > {\\xn-P I 2 _
n=0

n=0

= \%pe1 ~P 2_} +

3
3003 Vg - Xl 2
n

< “xo-P | 2 + %\\ P-x, N .
1+A
< = lix,-pn?
2 2
Thus . | T =%, || < oo,
n=0
0 2 I+A 2
and nZ% Wxpe1 = %0 )| © < — I x,-p Il ... (1.8)

which implies that T is reascnable wanderer in C.
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Now we extend corollary (I-1.3.5) for the mappings
considered in theorems (1.1, and 1.6) in the following

manner,

Corcllary 1,9 : If T is demicontractive (or hemicontractive)

self map of C, where C is closed convex subset of a Hilbert
space H and the set F(T) of fixed points of T in C is non-
empty, then the mapping T, = AT + (1-A) I, T is identity map
on C and for given A with 0 < A <1, K <1 - A, maps C into
C, has same fixed points as T and it is asymptotically
regular (I-definition 1.1.9) at x.

Proof : Suppose T is demicontractive mapping with contraction
coefficient K. Then the mapping T) = AT + (1=-A) I is
reasonable wanderer in C and has same fixed points as T,

This implies inequality (1.5) i.e.

o |76 e mer W2
- € wmom——- x -P . K < 1=A,
P R Sl
n 1

Setting x, =T, X, A = === , we obtain

l+n
I IR gy PRI
n=0 n-k(n+1)
which implies that
Lim “T;‘“x-ng’}hc.

n—>oo

i.e. T 1s asymptotically regular at x.
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2. Construction of Fixed Points of a Reasonable

wanderer map.

Theorem 2,1 : Suppose T is (i) Lipschitzian demicontractive

selfmap of a bounded closed convex subset C of a Hilbert

space H,
(11) reasonable wanderer in C,

(i1d) demicompact,

(iv)  F(T) # #, where F(T) denote set of fixed points of o
T in C. B

Then F(T) is convex set and for any given x, in C

and any fixed A with 0 < A < 1, the sequence {xn} = {Ti xo}
determined by the process

xn = ATxn"l + (1“'&) xn_l, n = 1, 2. ses 0.0(2.2)
converges strongly to a fixed point of T in C.

Proof : Let P be a fixed point of T and hence it is of
T, (by hypothesis).

Since T is liptschitzian, then there exists a constant
L > 0 such that

frx-Ty | < ¢ %yl ., x v éc.

For P,, Pj ¢ F(T), we have



and

Thus for some a,b with 0 £ a3, b

set,
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Ntey = P Il = (| TP\-T 2, || <
Ntep = P1|| = ||TP) - TPy ||
From which it follows that

Ney = Po]l <lipy =R\ Il + | TPy = Po |

< 1,{\ - Py |l + NPy - By H}_

< Llpr -7l
<
TP, = P, = aL (Pj = P)).
TP) - P; = BL (P - P,).
Adding (2.4) and (2.5), we obtain

2TP) = (l-al) P, + (1-bL) P, + L(a+b) P).

Now setting L(a+b) = 1
l-alL=t witho gtg1l
we obtain

TPA = PA

where Py = tPy + (1-t) P,.

L |l P, = POH

L ||py - Pln‘

[ 2

< 1, it follows that

L

.

-

(2.3)

(2.4)

(2.5)

This implies that P, € F(T) and F(T) is a convex



59

Now, the sequence {xn} lying in € is bounded and
since T 1s reasonable wanderer in C by corollary 1,9 it is

asymptotically regular at x, in C. It follows that

Lim | Tt

n
X = T % T =0
n=—% 0

i.e. Lim |T,x - x,{| =0, where T = AT + (1-A)I.
n-» oo

which implies that the sequence {T:% - xn}- {1/7\.
(%, = xn+l)} strongly converges to zero. Now by demi-
compactness of T, there exists a strongly convergent subse-

h that
quen?e {xni} suc a

Since T is demicontractive, there exists a constant K,

0 £ K < 1 such that

I Txn, = d | < \\’Sqi'q | +x “Txni-xni“' —> 0, as
i—> oo.

It follows that Txni —-> q, as 1 - oo.
Using the fact that T is of Lip. class, we have
W Ta - a < lTq - Tx, || + 1750, = all

< L \|\gq- *n, W+ Tx“j. - qf|=> 0,as i->co.

i.e. ||Tq = q |l = 0 which implies that Tq = q.
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The inequality {|x, - q | < “xn—l - q|| valid for each
n implies that the sequence gjlxn-qn}is monotonically
decreasing sequence. This coment along with the fact
Xn; —> d implies the convergence of entire sequence ixn}_

to a fixed point qof T.
This completes the proof of the theorem,

3. Generalisation Of Reasonable Wanderer Maps

The following Theorem 3,1 generalize Theorems 1.1,
1.6 proved in the first section of this chapter and the

Theorem (I-1.3.4) of [7{] . The proof is given in the light
of proof of Theorem 1.1,

Theorem 3,1 : Let C be a closed convex subset of a Hilbert

space H, Let T be a generalised contraction mapping of C

into C (i.e. \\Tery “2 L3 || xvy n 2, a, || x-Ty || 2,

fay || vTx |24+ 8 || G-Dx-(1-T)y | 2.
4

> 0, ;Z; aj <1, for all x and y in C.)

where ay
with further assumptions a; + a, + ag = 1, a3 + a4 < 1.
Suppose set F(T) of fixed points of T in C is non-empty.
Then the mapping defined by T, = AT +(1=A) I, where I is
identity mapping on C and for a given A with 0 < A < 1,is

reasonable from C into C with the same fixed points as T.
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Proof : For any x ¢ C, setxn=T;:x,o<;\<l.

Let P ¢ F(T), hence P ¢F (T,). [ 7 1.

Using Ishikawa technique (I-1,3.12), where t stands

for A, we have

| %ppr = B 2= ATy + (Q-n) %y - B || 2
= Al mxp| 2 ea-n | e 2 -

2 ves (3.2)

- A0 | Tx-x ||
since T is generalised contraction mapping
2 2
\ < - |l 2 = | Txp = TP || < a; | x~P || © +

tag || %2 || 2+ ay | Bomxy, | 2 o4

+ 3, I x4 = T, | 2.

al + 32 34
“ Tx,-P “ 2 < —;—:—3 | x,-P | 2 4 l-a3“ Xn=Txy | 2,
Shxg® | 2+ % | xpemxy ) 2 eee (3.3)

since a; + a, + a3 = 1 and setting

4

K= <1

1“‘33

From (3.2) and (3.3) we obtain
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Doy = P26 A xR Il 24 % | xoTxy ) 23 4

+ (1-0) || %=P || 2 - A=A | xmxg || 2.

QxaP Il 2 = A1-AK) || Trp=xy | 2

a
K = e <1,
1"33
Now letting K < 1l-A and developing further this
theorem on the similar lines of Theorem 1.1, we obtain the

desired result,

Remark 3.4 (i) If we put a; = a3 =34 =0, Va; =1, we
obtain theorem (I~1.3.4) of Browder and Petryshyn [7] as a

corollary to our theorem.

(11) If we put a; + a, + a = 1, a3 + a4 <1 andy =P = TP,

we obktain Theorem 1.1,

(1i1) If we put a; + ay + ag = 1, a3 + a4 = 1 and

v = P = TP, we obtain Theorem 1.6,

(iv) It is obvious that the mappings defined by I-1,.3.4,

0.3.6 and 1.3.7 have been taken care of.

Finally, we formulate the following corollary 3.5
which generalize corollary 1.9 and corollary (I-1.3,5) of
Browder and Petryshyn [ "F ].



63

Corollary 3.5: If T is a self map of a closed convex subset

C of a Hilbert space H and satisfies conditions of Theorem
3.1, Suppose further that T has atleast one fixed point in
C. Then the mapping T) = AT + (1-A)I, I 1s4identity map on
C and for a given A with 0 < A < 1, maps C in_to C, has

same fixed points as T and it is asymptotically regular at x.

Proof : Proof may be given in the light of proof of corollary
1.1.



