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A fHMtioR i» an lapartant nation In Mathaaatics. Sana 

aanlpwlatlan Ilka Dim dalta fimctiana In taahnlcal lltaratura 

Hava aativatad Nathaaatlstana ta ra-axa*lna tha coneapt af a 

funatlan. Tha ldaa af apaalfylnp a funatlan nat by Ita valva 

hat by Ita bahavlaar at a fanctlanai la a naw aenaaat. This 

naw aada af thlnklny fava birth ta tha whaala af raaaarch In 

aavaral branchaa af tfathaaatlaa In rapid nation. Tha Inpaat 

af panarallsad functions an tha Intapral tranafexna haa 

raaantly ravalutionlaad tha thaary of panarallsad integral 

tranafaraatlana.

ia lptttnl Irfnitim *

Tha thaary af Intapral tranafaraatlana provides 

taohniqu* far tha raaalutlan af aartaln typaa af alaaalaal 

boundary and Initial vaiaa prablaaa. Tha lntayral tranafaraa 

ara aaad In tha aolatlan af prablaaa In apollad Mathaaatlea.

Tha functional aquation

b
(1.1.1) f(a) - / 1C (a,t) f(t)dt

a

daflnaa tha t r an af ara f( a) af tha funatlan f(t) with raapaet
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t« the kernel K(s,t) tvtr an lfitoifiil (a,b). Other ispertant 
••pacts af an Integral transfers arc its Inverse thatric, its 
Abelian thaanss, its convolution th acres, and tha topological 
and alfabrital structures af its associated object and isaga 
•paces.

Tha transfers theory provides a powerful technique ta solve 
an ordinary and a partial diffarantial aquation in a direct and 
•ystanatic saimar, A particular diffarantial aquation associated 
with particular initial and boundary conditions requires a 
suitable Intapral transfoxsi to convert it into an alpabrical 
aquation whasa solutions are inverted by tha inverse transfoni 
to obtain the solution of original one.

With tha prescription of tha different fonts of K(s,t) and 
tha range of integration• various theories of integral trans­
fers* have been developed, Tha Laplace, Fourier, Mallin and 
Hankal transforus are extensively dealt in standard books of 
Sneddon t 63 3» Tltchnarsh t 67 3 and tha research paper of 
Mac ftobert C 46 1. Tha Laplace transfers is separataly 
dl scussad by Widdar T 71 1 and is extended by Boas t 9 3 • 

Cholawinskl t • 3 and Halso r 313 studied tha convolution of 
Hankal transfoni while Macanlay Owen l 45 1 gives its Parsaval 
thaores, Tha convolution transfoni in sest general fen is 
ytudiad by Hlrshsann and Widder f 713, Danns and Widdar f_ 13 3, 
Tanno £ 66 3 • Ditxian f 17 3 , and Pox C 233 • Dabnath has 
discussed Laguarra and Harsita transforss. Daetsch [111 put 
forth tha theory of finite integral transforss f or Pourlar 
Transforss, Other transforss extended are Hankal t 67 J,

lity
.«3?

>. »xt.ijnr'Ulk
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Lagandra C •• J and t 10 1, Qoganbauar t 111, t 401 and U51, 
and Jacthl [ ill, I 14 l. Gankrilidga Kaa aanpilad an 
axhawatlva aurvay ^ intagral tranafaxna.

Tha itaplMt fan tf tha Laplaaa tranafam tf a function 
f(x) la dafinad by tha Intagral

(1.1.2) F(u) » /^a*** f(x)dx
0

provided that tha function f(x) la of exponential axdar at
Infinity tin .

Tha other Important integral tranafon, tha Hankal tranafora, 
ariaaa at a reault af aeparation af variable In tha problana pa 
paaad In tha eyllndrlaal co-ordlne tea( Involving Baaaal 
funatlana. Tha Hankal tranafom ha a haan ayatenatically atvdiad 
by haatan, Trlaani, Titchnarah, Snaddon ate. Tha Hankal 
tranafarai af a aultably reatrieted function f(x) la dafinad 
by tha integral,

(1.1.3) H (y) * / y~xy J (xy) f(x) dx
* 0 *

where ^ (xy) la tha Baaaal fonctian af tha flrot kind af 
ardor \ I 6? 1 •

Other wall known Integral tranafaxna that la Fourier,
Mallln, Convolution ate. a ra axtanalvaly deoerlbed In a 
nunber af atandard baaka till, L131, ata.

Tha theory af cenvantianal integral tranafaxna waa 
davalapad by aany nathanatlalana. Tha nanaa Wlddar, Sn addon,

...■ l£itWP 
OMtVAJl ussiVfcivaiU V-
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Trmttr, BtiMfvtii Bees, Brljnehan. Dmiiit, Simri K.M,, 
Debnath and sane ether can hardly ha forgotten. aha have gone 
deep la tha flald and aada their lantiiliUiii.

Tha prebl<•• involving several variables aan ha salved hy 
applying Integral transferns successively with regard ta 
several variahlaa. In physical prahlans Lapdace transfasn la 
generally need first ta reneve, tha tine variable and than n 
ether integral transferee an apace variahlaa are successively 
applied. Sana axanplas ef tha repeated appiicatian ef trans­
ferns are given hy Buedden [P-], [63] *

Zt is quite wall tome that there are several prahlans 
which aan ha salved hy tha repeated appiicatian ef Laplace and 
Henkel transferee. If we can stmt an integral transfasn far 
which tha kernel is tha predect ef Laplace and Hankel kernels, 
we nay tem this integral transfern as tha Laplace-Hankel 
transfern (Hladik.lPdt). Zf f(x»y) is suitably restricted 
fnnetien an 0< x <se , 0< y< so , than its Laplace-Hankel 
transfasn (F(u.v) is defined hy the integral

U.4.4) £*x - / /“.-« A (*r) «».t)

where J\(vy) Is the Sassel function ef first kind with 
erder * real L lS 1, IT 3? 1 .

fltflf.ttflni *
British physicist P.A.M. Dirac in traduced tha Dirac Delta 

funetlen. Tha concept ef generalised function eras first
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introduced into sclenee in 1977 at « nnH of Diroe * s rtiaarch 
into guantwn Mthanici, The Delta funetian »(i), oqvali soro 
everywhere except at ttia origin* where it it infinite and its 
lntafrai over the infinite range is one* It is obvious that 
l(x) is not a funetion in the sense of ciassieal analysis. It 
is not applicable to theorem of operational calculus* Hence 
to provide a rlporous Msthenatlcsl justification for a correct 
fornulatlon of the definition and properties of the delta 
function* one has to genersllze the whole concept of classical 
functions* The generalised function is a generalisation of the 
classical concept of a nathenatissl function*

For providing a sound mthenatlcal foundation for synbollc 
functions like Dirac Delta function* different theories wore 
proposed for generalising the concept of a function by Bochner 
r 31, Sobol off C643, Schwarts t SO 1, Mlke-sin-skl t 4i 3, 
Halperin t 301. and Weston C 73 1 * Schwarts 160 3 was led to 
discover the distributions in an atteupt to solve a problen 
posed by Choguet and Deny C f 3 * with the knowledge of 
*ltaden Measure * of Sourbakl and Carton C41 and Aiality of 
nomad vector spaces of Dlewdonne C 141. The diverse 
approaches in prevalent theories are unified In elegant theory 
of Schwarts* WO sum* rite this theory hero for future ready 
reference* However* it is remrked that the representation of 
certain distributions are given by Carlsnan til and Brsneman 
C II* Homander C 34 3 and Lojaslswies t 443 have nicely 
tackeled the problen of division of distributions* For 
detailed discussions of gsnerellsed functions Oelfand and
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Shllon [HI, rritAumi t 94 3, Horvath t 331 and Vladimirov 
II 70 1, Zemanian C 781 may ho consult#*, Qrethendlck f 78 1 
have given vary deep results on distributions.

By a convantienal function we naan a function uhoco domain 
is contained in either if or (f. A function of rapid descant 
is conventional function f(t) on if tr such that 
tfCt)l • O (It!"*) as It! oa for every integer m it*. A 

conventional function is said to be smooth if ell its derive* 
tives of all orders are continuous at all points of its 
domain try 1.

lit ! bean open sot in either iC tr (f , A sot V(X)
Is called testing-function space if the following throe 
conditions are satisfied i

1* V(I) consists entirely of smooth campion-valued 
functions defined on 1,

3, V(I) is either a complete countably mutlnoxmed space or a 
complete countable union space.

3- «converges in V(I) to sere, than, for every
non-negative integer K if, ( converges to the

sere function uniformly on every compact subset of t [7 7]
A generalized function on X is any continuous linear func­

tional on any testing function space on X. Xn other words, f is 
called a generalized function if it is a member of the dual 
space of some testing function space on I.
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*•* Qtwerallsad lntearal trufawiUwii i

The topic af the fcncrillsto Integral tr«itoitcU«ni 
rcqcltoi to* theories, tot toatry *f lntafral tramfcvutiw
Mid to* to**iy *f lanmUicd fviwtlMi,

Than an variety *f aathtoa far extaMinf tha Laplace 
trap afana ta generalised function*, aana at which ara restri­
cted ta tha one-sided Lapiaea transfers* tlen, Saiiadatta r 11, 
Caapar L 15 3, Dolesal rit 1, Gamier and Monster [ 55 3, 
Zahihara t 33 3, Janes C 34 1, Karevaar r 393, Lavelne r 413, 
Livesnan t 433, Millar C 4T 1, Mayara 1511, Rehherg 1^3, 
Schwars t 403, Weston C 73 3 and Zcaealan C 743, C75 3. Tha 
a rig Inal aathad la data ta Schwarts C 403 and la hated iipan hi a 
definltlen af tha generalised Pearler tranafomatlan.

Zn aantraat ta thia nathad praaantad hy Zananian [773 
daflnaa the Lapiaea transfers F(a) af a generalised function f 
dlraatly aa appllaatian of f(t) » ta e~#t i

U.3.1) «•) ■ •”•*>.

The flrat one to extend the Mankel transfers*tion ta 
generalised fttnetlens waa J.L,Liana [393, who extended Salt in 
aueh way that tha lnvereien farnula could ha stated far Nankel 
tranafarnatian.

Let Z donate* tha epan interval <a,ao), and x ia a real 
variable re* trie ted to Z. Par each real wanker x aa define a 
eaantably awltlneraed apaaa H\ aa fallens. A funatian (H*)
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it in Hx if and only if it dafined an 0 <x<ao, it it complex 
valued m4 MMthi and, for *aeh pair of non-negative integers 
• and k 9

U.3.*) ifk«-.<?<• k

Xia flnita. Hx it a linear space* Also each it a
•Minors on Hx* the is a non and tha ooliaotion
] ?A \ is a multlnero* The topology of Hx it that
( stij avk«o

n X f O®
generated by 4 r kx ♦ We shall too shortly that Hx

L mtkme
is a testing function spaea. Lot Hx danatas tha spaoa of all 
oontinooao linaar functionals defined on Hx* Tha aaahors of 
Hx or# fsnarallsad functions on which oar Hankal transferor- 
lion will ha defined* Lot x it restricted to tha Interval 

^<n » »• define tho fsneralised Hankal IransfCroatian 
hx on Hx as the adjoint of hx on Hx* More specifically, 
for arbitrary and • hx0 and for aihirary f ew’x,
wa dofina P « h'xf hy

<1* 1.3) CP, $>■ Zf* 0>

or using different symbols* wa writ#

U.J.4) <hif,g5>« <f, k*sz5>

Tha complex Hankal transfCroatian duo to keh and Zenanian 
C 3^1 is defined as tha direct application of generalised 
function f(x) to tha kernel s/iy Jx (xy).
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liBMlM hat axtandad Kt Waiaratraaa and «mv*1mUm 

tmuffmitlwi to |M»f«lil«4 fwwUiM C 74 3, C 751 f t 74 3. 

In tht baak F 77 3, ha hat alia givan tha tyataaatia trtatNoi 

•f tha axtanaian at IntagraX tsanafavitatlaaa having kamalt 

arising fraa arthoganaX sarlas axpanaiana.

In aariaa of papan 1L 363, C SJj.1, J.M.Panday hat 

axtandad HtnkaX sanvolution, Waiarstrata-HankaX convolution, and 

StlaXtjaa trmsfavaatiana to cartain aXaat of ganaraXixad 

functlona.

0«P,ttlara hat axtandad tha &tlaitjaa and NaiJar-LapXata 

trantforsatlana to ganaraXixad functlont C 4f 11 F 90 3.,

R,S#Pathak hat axtandad in aariaa of piptn F 55 1, t 57 3, 

C MJ, CStlv L 543, G-tranafara, Hoi jar, Kantaraviah- 

Ukofavi Varna, Hardy trantf orsatlana to ganaraXixad functions.

L. S.Doha hat obtained tha invartian famaXaa far Ganara­

Xixad, 8? transfer*, flnita HankaX transformation and KankaX 

potential tranafora in aariaa of popart F'l&l, nil, C Jdl.

Consider £ (I) at tha tpaaa af aXX tanplax-valaad taaath 

fan at ion a, Ha define £ (I) at aaimtabXy naXtlnarnad tpaaa at 

falXawa i

Par aaah aanpaat subset K af I and far aaah nan-negative 
intagar Ktjf1, Let ha aaninarn an (I) dafinad hy

(1.3.9) FK>|[ (p) m t*»|| | (£,(»> I <£ fiillt)
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Tha e«llNtiw ft of all imImibi is a suit Inara.
Vi atsign topology to f(X) that it generated hr R. t(l) It 
iMhliiit 8*(X) It a dual apaca of £ (X)* which ia alto 
eeapleta* Clearly t(D i* e tatting function apace, Tha 
nanbora of &'(I) an generalized function a with coapaat eupport. 
hx la Hankel tranafora operator and h*x la adjoint of h\ 
daflnad by

#>- <f, h*0>

Whan F e£*(l) and ftHx we daflna Hankal tranafoan of 
generallxed function aa t

<i.3*d) c «*f) (y) - F(y) - <f(*)• snxf A <*r)>
Taking product of the karnala of tha tapioca and tha 

Hankal trai af emotion a ( tha generalised taploce-tfankel tranafora 
${%y) of 0(x,y) ia defined aa

(1.3.7) i5(«,y) -<(z5(«.r). •*"" 'JW A <*r)>
ohara a <x <oo, i/y^n and Reu >ev a <v<«d , J\ (vy)andto,la tha Baaaal function of order x with \a real C 73 .

Tha notatlona and taralnolofy af thia work fellow* that 
of t Tf 3 .

rP1 and cP1 denote respectively tha real and canplex
n-dinenatonal euclidian spaces, Thus, an aitltrary point t

\ *

In rP1 (c") la an ordered n-tuple of real (conplex) hunkers,
; ^
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t • t?# ,M| «*••• aagnitude it

r II —i l/?
Itl ■ < X I tJj t I

-L- jj.J J

A eoapnt i*t In if «r (Z1 it tiaply « dtitd 
eet. If X it an open ttt in if1, if K it • aenpaat ttt
in if1, and if K it etntaintd in X, we tty that K it 

crapaet tuhaet of I .

Tht funation wheat dentin it conttinod in if1 ( c" ) and 
what# range it in R1 (C1) then that function it tailed 

convantienal function. Conventional funation it taid to he 
taoeth if all ita derivativea of all ordert are centinuout at 
all pointt of ita denain. The aupport of a continuaua funation 
f(t) defined on tone open eet in if1 it the cloture with 

reepeat to of the eet of peinta t where f(t) j* 0 , It 
it denoted toy tuppf,

Xf k it nonnegative integer in K*v the partial
k ^k

differential with reepeat to x it denoted bf DZ ■ 2- ,x >Jt«
we thall ute the notation *** for the

a *y

( Dy y“^"^ )

4
Xf f it a generated function on R' , the notation f(xty), 

where (x,y) 6 t? it uted nerely to indicate that the totting
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functions, on which f is defined, hove (x,y) as their 
independent varieties it does not neon that f is a function 
of (x,y). Xf f V*(I), then <f, denotes the nuntor 
assigned to ^ ^V(I), when V*(Z) is dual space of V(I).
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