A funstion is an impertent netion in Mathematics., Seme
manipulation like Dirse delta functiens in technical literature
have metivated Mathematicions to re-examine the concept of »
functioen, The ides of specifying a function net by its value
but by its behavicur as s functional is » new goncept, This
now mede of thinking gave birth te the wheels of resesrch in
several branches of Mathematics in repid metien, The impast
of generalized functions on the integral trensforms has
recontly revolutionised the theery of generslized integral
trensformstions,

1.1 JIntesral Irsnsferms !

The theery of integral transfermations provides
teehnique for the reselutioen of certasin types of classical
boundary snd initisl value problems, The integral transferms
sre used in the solution of predblems in apolied Mathematics.

The functienal equatien

- »
(1.1.1) f(s) = [ K (s,t) f(t)et
a

defines the transform f(s) of the functien £(t) with respect



to the kernel K(s,t) ever an internsl (a,b). Other impertant
aspects of an integral transform sre its inverse theorem, its
Abelisn theorems, its convelution theerem, snd the tepelogical
snd algebrical strustures of its associated object and image

spaces,

The trensferm theory prevides s powerful technique to selve
an oxdinary and a partisl differentiasl equation in & direct and
systematic mammer, A particulasr differentisl equstion associated
with particular initiasl and beundary conditiens requires a
suitable integral transferm to convert it into an algedrical
equation whese solutions are inverted by the inverse transform
to obtain the solutien of eriginal one,

With the prescription of the different forms of K(s,t) and
the renge of integration, verieus theories of integral trans-
forms have been develeped, The Laplace, Fourier, Mellin and
Hankel transforms are extensively dealt in stendard beoks of
Sneddon | 63 ), Titchmarsh L 673 and the research paper of
Mac Robert [ 46 ), The Laplace transferm is separately
discussed by Widder { 71 1 and i3 extended Dy Beas ([ 2] .,
Cholewinski [ 8) ond Haime [ 29 studied the convolution of
Hankel transform while Mscanley Owen | 43 ) gives {ts Perseval
theorem, The convolution transform in mest general forris
gtudied by Hirshmenn and Widder [ 71, Denns and Widder { 133,
Tenno £ 66, Ditzian © 17, and Fox [ 23]}, Debnath has
discussed Laguerre snd Hermite tronsforms, Deetsch | 181 put
forth the theory of finite integral transforms f or Feurier
Transforms, Other transforms extended are Hankel | 62 },
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Legendre 1 68 ) ond L 101, Gegenbauer ' 11 1, Y40 and 1. 651,
snd Jacebi [ 611, 1 14 ), Gamkrilidge has compiled an
exhaustive survey of integral tramsferms,

The simplest form of the Laplace transform of 2 function
f(x) is defined by the integral

(1.1.2)  F(w) -ol"’-““ £(x)dx

provided that the function f(x) is of expenentisl erder at

The other impertent integral transform, the Hankel transfors,
arises as 2 result of separation of variable in the prodlems pe
pesed in the cylindrical co-oxdinates, involving Bessel
funetions, The Hankel transform has been systematically studied
by Wasten, Trisemi, Titchmarsh, Sneddon etc, The Hankel
transform of a suitadbly restricted function f(x) is defined
by the integral,

(1.1.3) Ho(y) = ol”f“.y 3 (xp) #(n) ex

where J (xy) 1is the Bessel function of the first kind of
order ) Y 621,

Other well known integral transferms that is Feurier,
Mellin, Convolution ete, are extensively descrided in s
number of standard beoks 1. 62 1, I 631, ete,

The theery of coaventienal integral trensforms was
developed by many mathematicions. The names Widder, Snedden,
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Tranter, Bessnquet, Seoss, Brijmchan, Bhensle, Saxens K. M, ,
Debnath snd seme ether can hardly be fergetten, whe have gene
deep in the fileld mmd made their contributiems.

The preblems invelving seversl variasbles can be selved by
spplying integral transferms successively with regard to
seversl varisbles. In physical preblems Lapdace transform is
generally used first to remove, the time variable and then »
ether integral transforms on space varishles are sucsessively
applied, Seme ensmples of the repested spplicetion of trans-
forms are given by Snedden (62 ], [63]-

It 1s quite well known that there are seversl preblems
which can be selved by the repeated spplication of Laplece and
Hankel transferms, If we censtruet sn integral transform for
which the kernel is the preduet of Laplace and Hankel kemels,
we may term this integral transferm as the Laplace-iankel
tronsform (H1adik,1969). If f(x,y) is suitably restricted
funstion en 0 x <@, O<y<®, then its Leplesce-tHankel
transform (F(u,v) is defined by the integral

(1.1,4) Ly (N)luv) = f.’”-"" Jv A (vy) f(x,y) dnéy

where X (vy) is the Bessel function of first kind with
erder ) resl i 1951, C 321,

1.2 Genezalized funstions !

British physicist P, A. M., Dirsc introduced the Dirsc Delts
funetion, The concept of generalized function was first
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introduced inte science in 1927 ss & result of Dirsc's resesrch
into quantum mechanics. The Delts functien s(x), equals zere
everywhere exeept at the origin, where it {s infinite and its
integral over the infinite range is one, It is obvieus thst
8(x) 1s not » function in the sense of classicsl analysis. It
is net spplicadle to theorems of eperational caleculus, Hence
to provide a rigereus Mathematical justification for s cerrect
formulation of the definitien snd preperties of the delts
funstion, ene has te generalize the whale soncept of classical
funetions, The generalized function is s generslization of the
slassical concept of & mathematical function,

For providing s seund mathematicsl feundatien for symbeliec
functions like Dirasc Deltas functien, different theeries were
preopesed for generaslizing the concept of a function by Bechner
L 31, Seboleff " 641, Schwartz U 60 1, Miku-sin-ski L 48 §,
Halperin U 301 and Westen " 73 1, Schwartz 1. 60 1 was led te
discever the distributiens in an attempt te solve a preblem
pesed by Choquet and Deny U 9 1, with the knowledge of
"Raden Measure * of Bourbski and Carton L 4 1 and duality of
nermed vector spesces of Dievdonne L 1471, The diverse
sppreaches in prevelent theories sre wnified in elegant theory
of Schwartzs, We summarise this theory here for future ready
refoerence, However, it is remarked that the representation of
certain distributions are given by Carleman L 6 1 and Bremermsn
£ 357, Hormander [ 341 and Lojasiewiex I 441 have nicely
tackeled the preblem of division eof distributions, Fer
detalled discussions of generalized functions Gelfand and



Shilon 1 267), Friedmann [ 24 1, Horvath [ 331 and Vliadimirev
L7017, Zemanian L 78 1 may be consulted, Orethendick | 28
have given very deep results on distributions,

By a conventiongl function we mesn a function whese demein
is contained in either K' or C'. A function of repid dessent
is conventiensl function f(t) on N' or C" sueh that
12(2)1 = 0 (1t1™) o8 1t) . @ for every integer m !1. A
sonventional functien is seid to be smooth if all its derive-
tives of 2ll orders are eontinucus at all points of its
demain {77 3,

Let I De on open set in either B or C ., A set V(I)
is called testing-function space {if the following three
econditions are satisfied :

1. V(1) econsists entirely of smeoth complen-velued
functiens defined on I,

2. V(I) 4s either s complete countadly sutinormed space or o
complete countable union space,

: 00
3, It {db;j:»:fcomorgu in V(1) to zere, then, for every
Ren-negative integer K R, {deb)j J)O: , converges te the
zero function uniformly on every compact subset of T [ 771"

A generalized funetion on I is sny centinueus linesr fune-
tional on any testing function space on I, In other werds, f s
called 3 generalized function if it is 2 member of the dusl
space of some testing fumction spsce on I.



1.3 Generalized intesrsl tramsfermstions ¢

The topic of the generalized integral transformstions
requires twe theories, the theery of integral transformation
and the theory of generalized functiens,

There are variety of methods for extending the Laplaece
transform teo generalized functions, seme of which sre restri-
sted to the one-sided Laplace tramhmt;ca. Benedette I' 1],
Coeper U 123, Dolezsl 1191, Garnier ond Munster [ 29 3,
Ishihara U 353, Jomes [ 367, Merevear I 381, Laveine I 417,
Liverman I 4371, Miller U 47 1, Mayers [ 31 1, Rehberg 1631,
Schwarz 1 601, Weston I' 73 ) and Zemanioan L 7473, L 7951, The
original methed is due te Schwartz I 607 and is based upen his
definition of the generaslized Fourier trammsformstion.

In contrast to this methed presented by Zemsnion [ 77 )
defines the Laplace transform F(s) of s generalized function f
directly as spplication of f(t) » te ot

(1,3.1) BS) = <) , 0t >,

The first one to extend the Hankel transformation te
" generalized functiens was J.L.Liens T 390 1, whe extended gnit in
such way that the inversion fermulas could be stated for Hankel

tronsfermation.

Let I denetes the epen interval (e,@), and x is o real
variable restricted to I. Fer ecach resl number ), we define o
countably multinermed space H) as follows., A functien f(x)
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e e

1s in Hy 41 and enly if it defined om O {x<e0, it 4is complex-
valued and smooth, and, fer each pair of non-negative integers
n and k,

A

(1,3.2) t.’k(d) - o<;':’<o | R ik ft““/ Bix)) )

A
is finite, H)y 1s a2 linesr space, Alse esch ’u.k is 2
seminerm on H), the 7.2 1s & norm snd the collection

M, 0
A ®
Dl' .g is 2 multinern., The topelegy of H) 1is that
BeRX) @ kwo
A )
generated by %v"é \=e o We shall see shortly that W)
m,

is a2 testing functien space. Let H) denetes the space of 2ll
continveus linear functionals defined en Hj), The members of
Hi sr~ generalized functions on which our Hankel transforms-
tion will be defined, Let 1 1s restricted to the interval
-«; L2 <@ o We define the generalized Hankel transformation
h{ on Hi a8 the adjeint of M on H)., Mere specifically,
for arbitrery gic-ﬂg and ért MZ and for srdirery f Eﬁ'x.
we define P = l\'gf by

(1.3.3) <r, P>= Jt, P>
or using different symbols, we write

(1.3.4) < mf, Fo= <t, M B>

The complex Honkel transfermation due to hoh nd Zensnian
L 391 is defined os the direct application of generslized
function f(x) to the kemnel VEy 5 (xy).
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Zomonisn has extended K, Welerstrass and senvelution
transfermations to generalized functions [ 74), C 7513, L 7,
In the beok I 77 3, he has alse given the systematic trestaent
of the extension of integral transformations having kernels
arising frem erthegensl series expansions,

In sevies of papers L £272, L 31, L 9 3, J.N.Pondey has
oxtended Henkel senvolution, Welerstrass-Hankel convolutien, end
Stielties transformstions te certain cless of generaslized
functions.

0. P, Misra has extended the Stieltjes and Meijer-Laplace
transformations to generalized functieons L M1, I %0,

ReS.Pathsk has extended in series of papers " 331, L 5717,
L3817, L9991, L%, G-transfora, Meijer, Kenterevich-
Lebedev, Varms, Hardy transformations to generalized functiens,

L.S.Dube has ebtained the inversion formulee feor Geners-
1ized, 8, transform, finite Hankel transformation and Hankel
potential transform in series of pepers L2071, U227, £ 2],

Consider £ (I) as the space of all complex-valued smeoth
funetiens, We define C (I) as countably multinermed space s
follows ¢

Poer each compact subset K of I and for esch nen-negative
integer KcW, Let V. , x Do seminorm on (I) defined by

139 V() = M ko) 1 e, peE(n)
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The collection R of all seminersms V“‘.k is & multinemrn.
We assign tepelegy te £(I) that is gemersted by R, £(I) fis
complete. £'(1) 1s & dual space of £ (1), which is slse
complete, Clearly £(1I) is a testing fumnction spsce, The
nembers of 8'(1) are generslized funstions with compast suppert,
h), 1is Henkel transform operater snd h') is adjeint of M
defined by

<h;f. $> = <g, m D>
When FEC(I) and fCH we define Hankel transform of
generslized functien as
(1030‘) ( W f) ‘Y’ - '(Y’ - <“(‘)o VY I (")>

Taking product of the kernels of the Laplace snd the
Hankel transformations, the generalized Laplece-Hankel transfeora
D(y) of Din,y) 1is defined as

(1.3.7)  Dlwy) =<pHlny), & & I (w))>

where o0<x<w, oely<®w md Rw)>e, 0340. I (vy)
is the Bessel functien of erder ) with )‘C/}“\ resl €73 .
1.4 Notatien snd Yerminelegy !

The netations snd terminclegy of this werk follews that
of L7711,

" and C" denete respectively the real snd cemplex
R-dimensional euclidisn spaces, Thus, an arBitrary peint ¢

tn R® (C") 1s sn ordered n-tuple of resl (complex) wbers,
S
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t = {tl. t,. ssey ‘"‘} whese magnitude §s
n 1/2
)
t = {mzd:uu]

A compact set in ' or & 1o simply a clesed bounded
set, If I 4o an open set in ﬂ'. if K 1is a2 compact set
in RN', end 1f K s contained in I, we say that K 1is
compact subset of I ,

The function whose domain is contained in K' ( C" ) and
whese range is in n‘ (c‘) then that function is called
conventiensl function, Conventional function is said te be
smooth if all its derivatives of all orders sre continuous st
all peints of its demain, The suppert of s continueus functien
f(t) defined on some epen set in B 1s the clesure with
respect to of the set of points ¢t where f(t) 40, It
is denoted by suppf,

If k is nennegative integer in Rl » the partial

k
differentisl with respect to x 1is denoted by D) = 2‘1 .
we shall use the netstion s::y for the

( y V2, Ao a-1/2 )b

If € 4s a generated function on 32 » the netatien f(x,y),

where (x,y) € a’ is used merely to indicate that the testing
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functions, en which f is defined, have (x,y) as their
independent variable; it does net mean that f is a function
of (x,y)e If £ VI(I), them <, &> denetes the number
'uumod te O <V(I), when V'(I) 1s dual space of V(I).
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