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The Laplace-Hankel tramsform |21 will be taken s
oo
(2,1.1) PFlu,v) = 0’ .’ o Vv W b (vy) f(x,y) dxndy s

in which f(x,y) will be referred to as the eriginal; Flu,v)
as the imesge, This transformation will be deneted by

86, L[tny)) =P (u,v),

or by e
f(x,y) 00" Flu,v) .

In this chapter formulae for the Laplace-tankel imege of
Ki{x)f (g(x), N(y) ) in terms of f(x,y) are derived with
certain restrictions on f(x,y). ¢(x) end h(y), similar te
the substitution theerems of Buschman { 1 7).

The first substitution theerem involves the representstion
of &0 JK(x) £ g(x), hy) ){ tn terms of &>¢x J2( g(x),My) )
The eonvergense of integral involved in the sheve transfora
formuls will depend wpon k(xn), ¢g(x), hK(x) and f(x,y), Per
validity of the transferm formula geners]l eenditions sre
impesed on these funetiens,
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& cror‘t;roré e Jl(qi)f(m'wot)ﬂl.q)%ﬁ;} dpdq ,

then by the substitution frem (811) the first itersted
integrsl becemes

\.7’.? | «=¥0(P)/"Wila) 31 (Wi(a) )X (@(p)) 1G° (p)11H¢ Q)1 F
k(’oﬂ”“ﬂ

Thus
ffo“"f’ Wila) 2 (Wilq)) KB(p)) 16°(p)1 1H*(q)1€(p,a) dpeq
is abselutely convergent for Rew Do and o {v<® ,

There asre two cases to be sensidered,
Case )¢

If g(e) =0, h(e) =0 and g(®) = @, h(es) = @, then
G'(p)>, 0, H'(Q)> 0 so that if the substitutions xn = G(p)
and v = N(q) are made, then

KM (ox) h(y)) 0.0 [T L /%5 I (vyIRx)E(alx) My)) endy

becomes

K(x) tlg(x)ohy) ) 0-0" § [ «~*OPL/Ta) 1 (w(e) K(B(p) )
16*(p) :H'(Q): f(p.q) dpdq .

Gase 2 s

If gle) =@, N(o) = @and g(w) = 0, N(® )20 then
G'(p) <O, H'(Q)<SO se thet if the substitutiens x = G(p),
Y = H(q) are made, then



24

K(x) f{g(x),n(y)O 2o f’{’ U B wR(x)(g(x) ,h(y))éndy

becomes

K(x)¢(g(x),h(y) o0 J.J‘ ) /ETal B iwi(a)IxE(p) )
G'(p) H'(q) f(p.q) dpdq ,

which is equivalent ¢te
£)¢) ®
k(x)f(g(x),n(y)) 0-0 f ,r "“(’\)ivﬂh) I (wi(q) IXIG(p) )
1 G'(p)t H'(Q)? ¢(p,q) dpdq .

Thus in either case 8385 IK(x) ¢ (a(x) N(y) )j- is
abselutely sonvergent for Rew >0 and o <{v<® ,

Now the substitution frem (1i1) is used in either of these
sases; the result s

&), ® ® - ® ®
x(n)t ((g0x) n(n))0-0" " F{ 7L o™YGT (an)blu,viwea)

M] f(p.q) dpdq .

which is an absolutely convergent iderated integral, The erder
of integration can thus be changed s thst

8%), ®
k(x) 2(s(x), n(y))o-0" ,f ,:[Off%"'\fii Blax) f(p,a) dwda |
? (voviw,z) éwdz ,
Finally frem (11)

&8¢
K(x)f(g(x),h(y) m.o"f .rl'(w.z) 0 (u,viw,z) dwiz .



Iheegem ¢ 2.2,2
R

If (1) AX,gh and ¢ =G, h sH sre single valwed snalytic
functions, real en (o,@) and such that g(e)=0 and g(® )= @,
hMe) =@ (or g(o) =@, hie) » @ nd ¢g(w) » 0, N(®)=0) ;

&8¢ .
(11) A(x) f(x,y) 0=0 F ( y,v)

which cenverges for Reu 8 and o <v<® }

{114) there exists s functien ﬁ ‘(u.vs w,8),

83
0 “(w,vin,2) 0-0 § *(u,vipea)
which senverges for Rep >¢ and 0<q <@, and

¥ " teovipoq)e «*0P) /iie) n(vila) ) K(a(p) ) 18°(p) !
1w (e (atp) )

(1v) .?.r[r r e 5 (a) ﬁ‘(n.vw.z)ﬂmq)m]m
sonverges adbsolutely for Reu)eo and oe<{v<e® i

then K(x)E(s(x)h(y)) 00", of 7" (wy2)d *(u,viw,2)émin

which cenverges sheolutely for Reudb o and o <iv<e ,

Preetf

Since frem (iv) the fterated integrsl is sbeolutely
convergent for Reu >0 and olv<e, snd since

! r? o f "’:/3 Jx(n)? (u,viw,z) anm .A(’)I(’.Q)MI
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,7.7 },f ,7 o /a nim) Q‘(u,vw,:) Alp)t(p,q) 7
""'i dpdq .

then by substitutien frem (111) the firest itersted integrsl
becomes

® @
J JU PP @y i (wia)  (at) ) 1 ar (o) me(ad

¢ atp) 17 | hio)e(p lfioee .
Thus

* e - -
o or o3(P)/Sila) 1 (W(Q)K(G(p) ) 18°(p)1 1 Ko (Q)1 (Alp) )™

Alp) f(p,q) dpdq

is sdsolutely eonvergeat for Rew> e and oV /® ,

There sre twe seses ts be gensidered,

gage ]

If gle) =0, hi(e) =m0 nd g(w) =@, h(w) = ®» the
6'(p)>0, H'(q) O so that if the substitutions
% = G(p), vy = H(q) ore mede, then

By un
K(x)f(g(x) ,h(y)) 00 o /vy Ia(vy) k(xn)f(g(x) N(y) )dxdy

bocanes

' 2§
K(x) £{g(x),My) ) oy ‘” ‘."“")Jﬂ(q) N(wi(q)) k(alp) )

6'(p): “H'(q)"* A(v)(A(p))'xf(p.q)Mq
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Gase 21

If glo) s @, hie) =@ and g(®w) =0, h (@) » 0O then

G (P)<0 , N (q)C O so that if the substitutiens x = G(p),
y = N(q) are made, then

&), o ® -ux
Ki{x)f(g(x),h(y) ) 0-0.’ .l o Jvy I (vy)x(x)t(g(x) My) )
dxndy
becones |

&€y o o |
Kla(x) My ) 0-0 of of &P /i) 3 (W(a) ) K(a(p) )

6*(p) H'(a) Alp) (A(P) )" t(p,q)dpdq
which is equivalent to

&<
K(x)M(a(x)My) ) 00" [ { o~ PUwi(a) Jr(wi(a)) K(Blp) )

18°(p)t M (q)) Alp) () e (p,q) dpde.

Thus in either case &)X ik(x) f(g(x) nly) )3- is
sbsolutely convergent for Reu- 0 amd o< vi @,

New the substitution frem (111) 1s used in either of these

sasesi the result {s

2)) ® @ |
K(x) t(g(x),hy) 0-0' f J o P\/gi N (ax) & "(u,viw,2)

dwiz | Alp)t(p,q)dpdq .

which is sn abselutely convergent iterated integral. The erder
of integration can thus be shanged se that
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[ Y
K(x) #lolx)ly) ) 00 J IS o] o™/ & i)
A(v)t(v.q)dp‘q] .Q(u.vw.z)m.
Finally frem (1i)

&) .
Ki{xn) f{g(x),nh(y)) 0-0 .7.7' l‘(-.:) Q‘(u.vw.:) dwdz ,

Ihsezem 2.2.3

Lot ( 80y 1) (u,v) = P(u,v) Reu>e amd o vi®m,

Then
-1
L8427 [ x(u) F (g(w)y Mw) ) =

.r,r f(x,y) @ (w,z3 n,y) dxndy 3
where Kk, g, h are snalytic functions nd
&<y [0 (w,z3 x,y) ) = k(w) ."""JnT(T); I (n(vly ).
reof !
since ( 2)Cy 1) (u,v) = Flu,v)

o .
Flu,v) = .r.’ o SV B (vy) fin,y) eney .
® e
o Bty h ) = L 5 T Ay Bteinetn,yIeney.

e -g{u)x
*e K(u) Flg(u)N(v) ) = [ [ K(u)e Vilv)y I (h(v)y)
f(x,y) dndy . 7

'oror [.r.r vy a (wy) 0 (w,21x,y)
dxdy | f(x,y)dndy .
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-f.r[’,r,rt(u.v) § (weasn,y) dxey )

o /vy I(vy) dndy .

'y -1
oo (&%) (x(u) F((glu)n(v) ) ) -.r.l‘f(!.v)@(w.tu.v)
dxdy ,

2.2,3 w ]

tet k(x) = x L, gt = 5%, y) o = wnd

o e o7t Wl e n(a) "} Vol. e
1 G (p) 1 = . 1V HY(Q? -} vq~?
and § (u,vip,q) = o'"a(') Vwi(q) Jx (vin(q)) 16 (p)?

I H'(q) K(a(p) )

-u/p , =8/2 N Py
ede v o } v o)t
(4..14. (3e) Vo). 1031 8 12 (10) Vol- 2047 )

iz
3 (ks 1z ’a"‘u’))

- ‘}el{( 5 )

. %2 1/2 1/?
) #(“'3‘0"‘%‘5) ) (9\/57) Z J,‘ (va )

Censider

® 8 u
K(x) f{g(x),n(y)) 82 ‘ £ ¢ Sy 1) x(x)f(g(x) hly) )dndy,
Thus

®
oo kg ) =L I sy 5 () O

f ( '.l. *') dxdy
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Put x=G(p) and y = H(q)

o ©
oy (ain 10 otn), wiy) A= L L TG B (wita) )
K(a(p) ) 1G*(p)t 1H'(q) }

f(p,q) dpdq .

. Z' f e 1 ""/'(") Q"/’ I\ % "q'l)f(p.q)dp« .

By theerem 2.1,

® ®
C 0w o2 () e 5 (47 7 tir.aiende

/2

Y
-‘! .l 1/2 F(w,2) (w/v) /2 I (2 Vew) ll lh)

J,‘(" dwds .
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