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CHAPTER-II1

If O (x,y) 1is suitably restricted functien on
0<x<0e, 0<y<e, then the Laplece-Hankel Transformation
is defined by the integral

(3.1.1) 9 (u,v) = ( £204) (u,v)
o o YESAGOYP (xay) oxey

where u = ¢ +ii04is a restricted complex variable, 0 <v<e®
and Jx (vy) 1s the Bessel function of first kind of order
A with ) real.

Let a and ) be any real numbers and b any positive
real number, For each triplet ) , ¢ and b, 'A. a,d is the
space of all complex valued smooth functions Q (x,y) on

e<x<ew, 0<y<e such that

sup !
(3.1,2) f:-"-“-"' (¢) = oixse Sr-bYy-L/2,k s‘:.,qux.v) f

exists (i.e, finite) for all non-negative integers k snd k' .
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OA L8, is o linesr space under the pointwise sdditien of
functions and their multiplicatien by complex numbers, Easch
'Y
ro.b.h.k' is clearly & seminers on l a b’ Since .l.b,e,b

is & ners the countable collection P i"obo‘o.'j :'v-o
]

of seminorms is » countsdle multinors an 'a PR We assign
to lh 2.0 the topology generated Dy the countadle multiners B ,
thereby making it 2 countably sultinormed space. 'x ab 1s
complete and therefore s Frechet space, ‘x Y is a testing

]
function space [‘L}. The dual space B 2e8D of B R
consists of al]l continuous linesr functionsls defined over
l_‘ L8 The dusl space a'h,.. 1s 2 linesr space te which we

ansign the weak tepolegy generasted by the sultinemm

{%}?e— L vaub where ‘?&m '§<f.¢>’.116lh... .

Since )\ ab is a8 complete countably multinermed space,
l'h... is »slee complete, The members eof "1 P sre the
generalized functiens,

Lot 3 > =1/2 end 2 be o subset of C7 defined se

followse

ai(u.v)érc’a Reu e, 1Invi < b, v A O or s negative
integer 3‘
then for any (uv)ecll , a™¥® /%5 I (vy) s o member of
lh ab ® The Laplece - Hankel transformation &) 1is new

defined on the dusl space n'h‘ w o follows 3

Let o Dbe restricted to -1/2 rc®. Then fer £<8 »
% el
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(3.1,3) Flu,v) = [ &7\(£) ) (u,v) = <f(x,y) ,

Ty n(vw)> |,
where (u,v) <> (1) g[2]

For each choice of a pair of real numbers a2 and ) ,

let LH, = denote the set of all smeoth functiens ¢ (x,y)

defined on o<x <@, o<y<e, and such that 4) (o*.v) on
0<y<a and for each pair triplet of non-negative integers

m, k and k' ,

(320 12 = 0505w | YRRy %) |

assume finite values, It is easy to verify that LI-!"x is 2

1inesr space and each 'u‘,-,k.k' is s seminorm, Also, since

A A ) oo
each ’a,m.o.o is a norm the collection s'{'a.n.k.kU K, k'=o

o LH‘“ is complete,

l.l-l..A is a testing function space, Members of LH.'A are of

rapid descent { 2 ) .

is a countable multinom for LH'

The space LH.“ is a subspace of .Ahb and topology of

LH, . 1is stronger than the induced topelogy on it by B, , 121,

In this chapter we shall extend the results obtained in
Chapter 11 to distributional Laplace-Hankel transformations.

3.2 3
To extend the theorems obtained in Chapter 11, we fir
establish the following lewms :




Lenmng 3.2.1

Let ( &€y f£)=F(u,v), (u,v) e£2, . Let g < a< 00

and o< b <og . Let (? (u,vs w,2) € LH
then

LY

(3.2,1) 0? o?aé (u,viw,2)< £f(p,q), Q'WJq\z J\(qz)> dwdz

= (f‘p,q),or .?) 0.p'\[q—! J\(ql)é(“oviwvt)mz>
Bxroof 1

1f ¢ (u,viw,2) = O on 04w, 0 <z <o, (3.2,1) is

satisfied, Hence assume ? (u,viw,z) ¥ O on o<w<eom, 0<zZ<®

Let
R R ,
(3.2.2) Vg (u,vip,q) -Of o’ eP¥ /az Jx(qz)(.i (u,viw,z)dwdz .,

First we shall show that Vp (u,vip,q) B

\,a,b * Consider,

L

ap-bq =r~1/2 ok ok
(3.2,3) o q D, 87, .q VR (u,vip,q)

, R R
= o*P-ba q"’\"ll ?D: S:. q o’ o 0”"\/?1 Ir(qx)

Q (u,viw,z2) dwdz .

By smoothness of the inteqrand, we may carry the operator
k k'
Dp sl ' q
write

under the integral sign in the equation (3.2,3) teo



@=bg _-2~1/2 k k'
) q Dy 5, ,q Vo (Vevineq)

- (,”ht'.} } d (u,viw,z) oF o~ (™-0l0 LK M+L/2

™ (@) I (@)ewar .

1 o*P-be q"’“’u ’°= l::. Yy (w,vip,q) 8

:écx .? 27k 01/ 2¢x 'lnf v’?(u.vw.l)q iz { @

where C) is the beund of o{o=0)d -Be (qz) 2 (qz) fer
0lpL®, 0<qg<®, e-iR L g+ 4w L e+ iR, o<w<R , This
shows that V, (u,vi p.q) Glh... .

New we shall shew that
R
(3.2.4) f J § (e} LElpea)s ™ /G B (qx)> dos

s L t(p,qa), Ya (v,v; F-!)>

Sinee F(u,v) is snslytice onﬁ—-, and O (w,viw,z) 1is
entire, the integral of the left-hand side of the equation
(3,2,4) exists, and since Va (u.v;p.q)élh...’ the right hand
side of equation (3.2.4) has sense,

Noew, censider the Riemann sum

MON awp
- L
(3.2.8) & y(w.vin.q) gk Vo, 1 (a)

é(u.vu‘.:’) s .
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By spplying f(p,q) teo (3.2.9) term by term, we got

(3.2.6) <f(p,q), ®l.!l (u.vs P:q)

n
- z < 2peq)y @ , 1° Ja3 h (ea)))

t—l =1
é"o"'u'j ) w

Sinse f(p,q), @ oy VTR (Qtﬂ>¢ (w,viwg,29) s o
continvous function on o<w<R, o<z <R , the sum in the
right hand side of the equation (3.2.6) tends te

R R
Jd L<tra), P /qz Alqr)> @ (v viw,2) dwdz o
l"‘"} ow, l"""") . ,
Since ¢ & l 8,0 T preof will de complete if we shew
that @%&u.vu.q) converges in B _ . te

Jn .? o™ Jaz h () § (v,viw,z) dwiz

a8 M @, N-—> @, For this purpese we shall
shew that

[ ®.'n (w,vip,q) - V‘ (u,vip,q) ) -—> 0
wnifernly en oZp< @, 0lq<e® ,

Censider,

(3.2.7) A y(w,vip.q) = ¢ p-bq g-1-1/2 ": ‘::q

) @)y 2(9evin,a) = Vplu,vip,q) ’ .

. PR DT (N X g gThel/2 o
» t=] Ju) A

(=) (qs)) #(u.ﬂv.l). H
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)
- (-1)*“'., .}Q (v,viw,z) W& L2 *1/2 o (w=2)p-bq

(q«!)“k Ja (qz) dwiz
Now | o (w-2)p-Dg (z)X Ihiaz) } =0 o8 p— @, q— @
For w> a , bdo ond (qx)"1 Ir(qz) is bounded en
® q@ ®. So given €De , there exists p>p), q 4, ond

e<w<R , o<z<Rh,
i .-(U-J)P-N (q,)“l I(qz) ‘< e/3 E .? .? ‘ },2!"’&’1/2

O(u,viw,z) \ ij -1
Since * (u,viwoz) ¥ O on e<w<m, 0<z<®, the
right hand side is finite, Hence

sup
Pp<pP<® { oSP-Pe -x-l/ﬂbksk g Vr (vevin.@) }4 ¢/3
ql‘( q< ®
Alse, for P)P » Q0§ and for all M and N
swp

Py CPp< @ sp-bq -1—1/2 k ok' '
Q: !<oo¥ * Dy 8, ¢ By (uivin,@) *

<&/ [ ) oK N2 G (o, n)) o |

. t '1 2 2k +1/2 ?(. viwg, 2y ) ’ w

1-1 j'l
We can choosiMo, No so large that fer sll MMe, N Ne, the
last expression is less then 2 G/3, Therefore for

PP v G4



) A n (wevipi@) (<6,

Next on the domain oz;p{pl v 0Lq<q , o<w<R ,
olw<R ,

whe?R'A41/2 o(w-0)p -BA (g3)"A 3, (q2)} (u,viw,2)

is uniformly continueus function of (p,qiw,z). Therefore, in
view of (3,2,7), there exists M and N such that for all

MON, . NON
? A‘." (v,vip,q) ‘( 6 on o<p<®m, o<g< ® ,

Since £ 4s arbitrary we conclude that AN (w,vip,q)
converges unifermly to zero on o<p< e, 0 <q<®, Thus
we have proved equation (3,2.4),

Since (} (u,viw,z) as 8 function of (w,z) is of repid
descent and

*<f(p.q). o™ Jaz hlqz) ) i< 1202 5 ( ey )

where P ( iwz! ) 4s s polynomial L 3, the integral of the
left-hand side of (3.2.4) converges to the left-hand side of
(3.2,1) a8 R——> 0 ,

Finally we shall shew that V_ (w,vip,q) converges to

§(u.vwm) r r o« /’? I (gz) & (u,viw,z)dwez

in ';.a.h a8 Re~———=e ,
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Consider,
B (u,vip,q) = Vy (u,vip,q) ¢ V;o (u,vip,q)

+ Vop(w,vip,q) + Vup (u,vip,q)
where,

VialUevipeq) = lrf oP¥.Jaz Nlqz) b (u,viw,2)dwer ,

)
Vopluevipea) = f ,r o"P"Vaz I\ (qz) Q (u,viw,z)dwdz ,

vgn(“o'lPOQ) = R’ 0? 0."‘];" Iz (qz) ¢ (uoviw,z)dwdx ,

Clearly V“ (u,vipeq) ( 1 = 1,2,3) are members of ';...b ’
we shall show that V,, (v,vip,q) converges to zero in

'lO..b a8 R""""“>.o ( i= 1'?.3)0

Consider,

8 wr=1/2 ok ok'
‘ N I Dy 85 o Vin (Vevin,a) }

- I ;¢ (u,vgwz) whe=(w-8)p 2k 941/2

P 5 (qz) (q2)) awez 1

S W A1 Gt ) Je2K /2 | e

where ik,k' are constents, and since as & function of

w,2 ? (u,viw,2) 49 of rapid descent, the last integrel which
is independent of w,v venishes as R-~-@@,. Then va(u.v:p.q)
converges te zero in ‘A. a,p RS0, Similarly we can
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prove that v Yop (u,vip,q) and Vg (u,vip,q)

converges to zere in lh." s Row,

Therefore V, (w,vip,q) converges to §(u.v;p.q) in
lh a,b Ao"ee as R->o. This completes the proof of the
loemms,

Iheezem : 3.2.1

If (1) k, g, h and ¢ =G, hl =H are single valued
analytic functions, real on (o, @) and such that g(o) = O,h(0)=0
and g(w) =0, h (d)y ®, (or ¢g(o) = ®, h(o) = ® and
g(w)=0,h(w)=0);

(11) (&) 1) (w,v) = Flu,v), (u,v) 1=,

(111) there exists a function ¢ (u,vi w,2) in I.H‘d such that

( &3¢ ?) (w,vip,q) = § (u,vip,q) ("-"’G“ﬁ‘{
where e¢; < a<® and

@(U.V».q) = 0P () 2 (wi(q) ) kK GB(p) D G'(p))

then ) Hila) 1

Zx(x) £ Calx), miy) ), Y5Jwy 1 (w)D

nf f F(w,z) 4 (u,viw,z) dw dz ,
250°C
Rreef 7A
Choose b and ¢ such that o<b<¢, amd a<e< ®,

Let ¢(x,y) be arbitrary member of B

) o8,b ° Let for each

AN - H1BRAKD
SMIVAJL Uiaivi. s,
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non-negative integer k, (1 + xz)"n p¥ K{x) 41s Dbounded on
ol{x<e,

Then ¢ —>K¢ 1is a continuous linear mapping of

'A»l.b into ‘Bx Yo show this

Cob *
o 2%-bY y"*"‘l/ 2 D:' s::' K(x)V(x,y) = «*%~PY 7""“/ 20: K(x)

‘::Y ¢ (x,y) o'

k '
.D)i ())k) .1.:.' &'wx(x) .eﬂ-bY"l"l./? Di) sk y '(’07)

A
) R x ’

A k K A
F"b.k.ki (k‘) = '.,‘))Ec(v) ’e.b' .k' (') < ®
where Bk are constants,

e« o K¢ is membder of 'x.e.b whenever ¢ is a member of

nk v2,b°
Let Tl | "—>K of .A".'b inte .\.c.b and
-l
Thpt ¢S5k "¢ of '\.c,b inte ';.a.b’ Then

T(v) =Ky and T, ()= X1y

e (T T (W) =T [ Ty(0) ) =T, (xR
=k (k1 y)

= ¢
Similarly,
(TyoTy) () = Tyo (Ty(9)) =T, (K )
= k! (xy)
- ' .
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o o 7101'2 = ‘l'i,c»'t‘1 = {dentity.

This twples thet T, = ;! and T, =77,

Thus if ¢ ->5K ¢ 1is a continuous linear mapping of
'x.a.b T " S % into 'x,c,b. then its inverse mapping

1
is '-——}K"t of '1,c.b into .x..'b .

Thus ¢ ==K ¢ 1is an isomerphism of B ento B
Aed,b AsCob,
then the mepping <K f of l')“':'b onto "h!-h is and

isomorphism; and we write,

ZK(x) £{x,y), ¢ (x,¥)) = <t(x,y), K(x) ¥ (x,y)”
Therefore if
( 8¢y £) (uyv) = Flu,v) Reu > o, o<v<e®,
the equation

ZK(x) £(x,y), €y Ilvy)) = L1(x,) K(x)e™ ¥ Jvy I(vy))

has sense, Indeed we have f(x,y) C- '):.c.h o k(x) f(x,y)

B! vy I (vy) &3, Ly and K(x) VY B ()

o8, b,

é;.\ocob *

X (xy) = fColx), W) ) &8;
then N (x,y) =—>K(x) X (x,y) 4s sn isomorphisa from B e

onte ';.a.b and we can write

<xix) £ ( g(x)y My) D, &% Jvy I (vy) )
= 8 (g(x), hly) 3, K(x) 92455 I (vy) > .
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Here ¢ (g(x), My)) €8B! .\ K(x) fCg(x),hly) JcBr

¢ vy n(vpen | and Kix) /vy I(WICSh,e,p

Let K(x) ¢ (x,y) = W(x,y) be an asrbitrary number of

| cheose a real number d<c¢ such that

AsCeb:
" (G(p), K (@) 167(p) 1 1 H'(q) 1CB 4y
Then the mapping

% (x,y) =% (G(p), H (q) ) Y G'(p) 1 ) H'(q) ! is a

continuous linear mapping of !x inte 'x PR The

+CoD
unique inverse mapping 1is

%N (pyq) ~——> N ( g(x), W(y) )

and it mapps all of B’ onto B Hence
Aodob

NGy ¢

N (x,y) > 0 (0(p), H{q) ) 1 G'(p) 1 1 H'(q) !
is an {somerphisa from th'b into Bx,d,b‘ We denote the
adjeint of the mapping

" (x,y) —>% (G(p), H(q) ) 1 alp) 1 Y H' (@) 1 by
f({p,q) =1 (g (x), h(y) ) . Since this is what we would have
if £ were a conventionsl function, and we write
<t( o(x), hly) ), Mx,y) D= E(p,a), N G(p), H(a) ) 1

1 6'(p)) 1H'(q) 1 )

Thus f(p,q) —>f(g(x), h(y) ) is an isomerphism from

[ ] *
B'vdd 0 B e -

Therefore, if ( &}y f) (u,v) = F (u,v)
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Rev >e and o<v<®, the equation,
LECgln)y Wy) )y K(x) @Sy B (vy)D
= Z1(p,q), X(a(p) )e~OP) 7i(q) n(wH(a)1a" ()11n*(q))

has sense, Indeed we have f(p,q) €', a.b, f{g(x),h(y) )

H.A.G.b. K(x) '.‘x\’w I (vy) G—B’“c'. and
x (a(p) ) ¢ OP) T Wla) 3 (W(@))1G'(p)1 MI(aN EB , .
Thus we conclude that

f(piq) ~—>K(x) £( g(x), N(y) ) is an isomerphism from
 where d<c, and we write

<K(x) £(g(x), h(y) )y vy I (vy)>

= L1(pyq), K(6 (p) ) " YOPL7\H(q) 1x(Wi(q) 18" (p)1 1N (g)1)
where f(p,q) &8, o 1o K(M( g(x), My) VCBY
LY N (e, y and K (6(p) ) Pl 7w g)
I (wi(q) ) 18°(p)) H (1B 4y .

The above equation further can be written as

( #560) L K(x) £ g(x),h(y) )] =t(p,a), § (u,vs p,q)>
=<2(p.a), tfﬂn.vsw;z)o""\ﬁ! I(qz)ewdz>

"r .r<f(POQ)o 0‘."\/;3 Jl(“)> #(“o"'t" dwdz .

( see lemma 3,.2,1 )
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«F J Fwn) § (uavives) awer .

This completes the preef,

Iheoxsem ¢ 3.2.2

If (1) A, k, g, h and g~i= G, 1= H are single valued
snalytic functiens real on §o, ® ) and such that g¢g(e) = O,
h(e) = O and g(ow) = @, h(w) = @, (or gl(o) = @, h(e) = e
and g (00) =0, h (@) =0 )

(11) Let
( DAL (u,v) = F (u,v), (uv)elly

(111) there exists a functien #‘ (u,vi w,x) in LH..A such that

b~ 3
( &80 ¢) (u,vip,q) '}‘ (u,vip,q) (U.V)G-QO', , where
6f<a<oo and ;

¢ ° (wvip.a) =k (6(p) ) VOP) AHTQ)) (A(p))™E 161 (p) 1

! H }
then (a)

K(x) £(g(x), hy) ), ¢ Svy I\ (vy)

-o?’ f 2 (w.:)Q‘(u.v;w.x) dwdz ,

Zxeof

Cheose b and ¢ such that o<b<¢f and <efe,

Let ¢(x,y) be any arbitrary member of B Let for each

Ae8ob °
non-negative integer k, (l+x’ )“ml p* K(x) 4is bounded on

o<ix<®

Then ¢ -—Ky is a continuous linear mapping of

.1.1,5 into 'x.e.b e« To shew this
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XY (A-L/2 hek' x(x)e(n,y) = $%PYyA=1/2 g ()
k*
sl Y v (x,y)

=2 () g% DE-K(x) oSRPYA-1/2p7 ok’

ee % oY ¢(x,y).

o2
. " k A 4’

e Pamkne (K0 =By T Q) B, ) <@
where 'h are constants,

e e K¢ 1is a member .g.c.b whenever ¢ is a2 member l’"‘.b .

Let 'l"_ t ¢ => Ky of ';.a.b into 'A.c.h and

-1
T,iesKleet B L otnte n L.
Then, T,(9) = K¢ and To(¢) = xly .

Lo, (TpeTy) (0) = The ((Ty(4) ) = T, (K"l')
=X (k1)
- .
Simlarly, (T,oT)) v = To (Ty(¢) ) = T, ( ke)

= K} (xe)
- '.

'+ TOT, == T,oT; = identity, This imples that T, = T;!

and T2 = l‘i'l o Thus &if ¢ ~> K¢ is a continueus linear mapping
of .h b into ';.c.b. then its inverse mapping is
¢t=—>K ¢ of .A’c’. inte .‘..’. .

Thus ¢ =>K ¢ 1is an isomerphisa of lh... onte 'l.c.b'

then, the mapping f = Kf of B’ ., 45, 8 sa,p 18
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sn isemerphism; and we write,

{R(x) £(x,y), ¢ (x,9)) = <8(n,y), R(x) ¢ (x9) >
Therefore if
( #502) (A1) (w,v) = F° (u,v)
Reu >o , o/\§<a. the equation

k(x) £ (x,y), &% Jwy N (vy)>
= 1(x,y), K(x) &Y Voy 1 (vy))

has sense, Indeed K(x) f(x,y) & B* 1(x,y) &B*

x.".. \Oc'bﬁ
/vy A (w)cs, |, a;d K(x) Y2 Jvy 5 (vy) SLRe

It Lix,y) = ¢ (olx), My)d &0\,
then '
Jxyy) —> K(x) X (x,y) 1s an tsomerphise from
"he.b ente '.hl.i and we e write

<x(x) t(glx), hly) ), oSy I (w)>
= {e( g(x), Bly) ), K(x) ¢~¥* /vy 3 (vy)>

".“ K(‘) " .(!). h(y, )G—'.A..'.’ ‘( '(x’.O h(Y) )é'."‘.‘
.-llm I(vy) é.\ 8,0 and K(x) &~ /vy Inlvy) é—.lo'o.

Let K(x) ¢(x,y) = ¥ (x,y) be srbitrary -ﬁ.bor_ of

» cheese & real numberd’ such thet dJ < ¢ such thet

Ae8yb,

N1 Gip), H(q) } 1G°(p) 1 H'(q) é';.d.b’ Then the mepping

% (n,y) —>0 (G (p), H(q) ) 1 G'(p)! IH' (q) | 4s & continweus
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»unnr mapping of .;.e.b inte IM‘.. o« The unique inverse

mapping is
% (peq) ~—>N"{( g(x), h(y) )

and its mapps all of ';.d,b onto B Hence

AeCod*

R (x,y) >N ( G(p), H(q) ) 1 G* (p) | IH' (q) !
is an fsemerphisa frem .g,e.b inte ';.d,b +« We denete the
sdjeint of the mapping

¥ (x,y) =>N (G(p), H(q) ) 1 G* (p) 1 1 H'(q) V' Dy
F(p.q) =>1(g(x), h(y) ). Since this is what we would have
if £ were a conventional function, and we write
<{1(g(x) ,h(y)), W (x,9)> = 2(pyq)s " (B (p), H(q) !

1 g'(p)) M (a)y

Thus f(p,q) ——f( g(x), h(y) ) is an isomerphism from
..A".. te "A.ﬁgb i

Therefore if ( 8)6)) (Af) = F' (u,v) Reu>o and
o<v <en, the equation,

-1

Zt Caln)y My) )y K(x) /% 3 (vr) Alg(x)) CAlg(x)) >
« Zt(p.a), K(G(p) «~¥O(P) \wi(a) 2 (wi(q)) (Alp) (Alp) )71
1 G'(p) 1 ) H'(q) V >

has sense indeed, f(p.,q) < B'M"' .
K ( a(p) ) «BPYH{q) 1 (Wi(a)) Alp)(A(R)) 218 (p)11H* (q)1

B, 4.», £ ¢(x) ,h(y) ) CB op ond K(x) &g (vy)
ACon ) Catg(n) ) ) les L.



Thus we conclude that f(p,q) =5 X(x) f { g(x), h(y) ) 1s an

xeCob, where d<c, and we

isomorphism from "A.d.b ontol | M

write
<k(x) £ (glx)y My) ), ¥ Svy Ialvy) AGe(x) ) (AL ¢(x) ) )
= {f(p,q), K 6(p) f““‘”ﬁﬁ) Ia(v(q)) 1 G*(p)1 1 H'(q) !
A 1A 1S,
where f(p,q) €B', 440 K(x) £ Co(x),n(y) ) @B’ .\
oYX vy L (vy) AC o)) CAYXglx) )-1 & B .p nd

K (6(p) ) «~SP)NJWH(q) 3 (Wi(q)) 1 G'(p) 1 1 H*(q) ¥

-1
The above equation further can be written as

( #X3) L k(x)f(g(x),h(y) } =<t(p,q), i‘w.vw.q) Alp)
'<‘(P) f(p.q), ﬁ‘(“ovlﬂnq)>

= AP gl of P"VGE Il (u,vin2)

dwdz

-f S (p.a), P"SaT lan)} $(u,viw,a)
Gwdz

( See lemma 3.2,1 )
- r r "("0!) é‘ (u,viw,z) dwdz ,

This completes the peesf .,
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Iheogem : 3.3.3

Let ( &8Y)) £ =F (u,v) Rev> 0, 0 <V< @,
then

-1
( 8Y8) ([ x(u) 1 g(u),h(v)]) -.fc orf(x.y) o(w,zsx,y)dxdy ,
where k, g, h are analytic functions on ( 0, @) and

( &%4) [ @ ( wizix,y) | = K(u) o"(")"\/ﬁ(ﬂy Il niv)y ) .

Exeef :

Flu,v) = <2(x,y), %/ vy I (vy))>
F ( glu),Mv) ) =t(xy), «IWXIRDY B (h(v) vy ) >

o K(u) F(g(u) M(v) ) = Ze(x,y), K(u)e 9 RTVIy B(MvIy) D>

= (f(x,y), f re Cwizix,y ) ™Jva 3y (va)
dwdz )\
= f ff(x.y) 6 ( w,23x,y) dxdy,
™ V1 5 (vz)

( see lemma 3.2,1 )

= 8)C) [f t f(x,y) 8 ( w,z,x,¥ ) dxdv:{

. -1l .
o o (B)) [K‘")f' 9(“)0"("]’ = r r f(x,y)0 (w,23x,y)
dxdy .
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3.4 Exmole ¢

Let ( &¢)F) (u,v) = F (u,v) Reud o and o<v<m ,

1CB, Ly Lot K(x)= 2=l g(x) = x7d,  n(y) = Y
for this a(p) =p~}, H(a) = 4 o1V

e 16(p) 1 = p~? and 1 H'(q) =4 vg? amd K(G(p) ) = p~*)
The mapring f (p,q) = K(x) f£( g(x), N(y) ]}
‘o.o f(FoQ) ""9'.2)-1 f ( '.10 *; )

L
is an fisomorphisa frem B RS onte "x.c.b .

where d<c, and we write
Gre(el gy, TV (wm D
= <tipeq)y b L P § P 2 GV ) »?

«<t(pea)s § (uvi poq ) N
=« £(p.q), rt o (a1 § (u,viw,2) owdz \
- ,rf<!(p.q). Py -b.(q!))? (u,viw,2) dwdz

I’r’r F (w,2) ¢ (u,viw,2) dwdz 9

R /
whewe , DU, W,2) = /% [(WAL) * T, C24tw) 2> Tov (vz)/zj.
‘ /
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2,2 Iheezxem ¢ 2,21

If (1) k, g, b and ¢t = G, N~ = K are single velued
analytic functions, real en (O, @) and such that ¢(0) = O,
h(0) = O snd g(eo) = @, h(w) = @ (or ¢(0) = w», NO) = @
ond glw) =0, h¢ @) =0)

&<
(18) f(x,y) 00 F(u,v)

which converges for Rev Yo and o<v<®}

(144) there exists s function # (a,vs w,z),
&8¢
0 (u,viw,3) 0-0 9 (v,vip,q)

which converges for Re p) o and e lq<®, and
-u3(p) ' '
§(""’"‘) “e "\/ wi(q) Ja(wi(q)) k (B(p) ) 16 (p)1 H (q) 1 &

(tv)‘g‘%ﬁﬁ"'\/; I(qz)e(u,viw,2)t(p,q)éwiz | dpdq
sonverges absolutely for Reu o amd e<v<®m }

&8 ‘
then k(x)f(a(x)M(y)) 80" T J° F(w,2)d (wiviw,2) own

which converges for Reu >0 and ol v<®

Zre#f ¢
Since from (iv) the fiterated integral is adsclutely

sonvergent for Rev ‘o and o<l v<®, and since

lof of 2ol of SRR 32 (@@)plusviwia)owen | e(p.q): dpda |



