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CHAPTER-~II

N-IDEALS AND N-FILTERS

INTRODUCTION

If I is an ideal of the Boolean algebra N of
normal elements of a pseudocomplemented semilattice 3,
the extension Ip o!; I is defined to be the least ideal in
S containing it. Venkatnarasimhan {12} has proved that the
extension of an ideal I of N is the least ideal of §
meeting N in I i.e. Iz NN = I. Note that, Ip coincides
with Io. the notation used by Venkatnarasimhan. But

(1 NN g # I for every ideal I in sS.

For example
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Here pseudocomplements of O, a,b,c,l are 1,c,c,b,0
respectively and N = "\o,b,c,l ? R
Let A= {a,0}. Then ANN = §01 and hence
(AN = 0% # a.
Let I = s\0. a, b g then I NN ={o,b§ and hence
(InN)g = ﬂ o,a,b{ = I.
This motivates us to study those ideals I in S for which

(I nN)g =1I.

R. Cignoli {2 }lhas defined K-ideals (K-filters),
conjuctively K-regular and K-nomal in a distributive
Lattice L, where K is a sublattice of L and characterized

conjuctively K-regular and K-normal lattices as

Result 1 3+ L is conjuctively K-regular if and only if any

K~-prime ideal is a prime ideal of L

Result 2 : L is K-normal if and only if any K-prime filter

is contained in a unique maximal filter.

These definitions and results are generalized to a pseudo-

complemented semilattice,

Let S be pseudocomplemented semilattice and N be
the Boolean algebra of normal elements of S. Guided by
definitions of R Cignoli | 2 ] we study N-ideals, conjuctively

N-regular and N-normal semilattices.
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The section 1, contains the characterization of

conjuctively N-regular semilattices as
Theorem ¢ The following three statements are equivalent

(1) s is conjuctively N-regular
(2) The minimal prime ideals are exactly the
N-prime ideals in S.

{(3) Any N-prime ideal is a prime ideal in s.

A relation between conjuctively N-regqular and

N-normal semilattice is established in Section 2,

In Section 3, we change our base of consideration
from pseudocomplemented semilatticdes to S-lattices i.e.
a pseudocomplemented lattice L in which a* v a** = 1 for

all a in .. We characterize S-~lattices as

“The pseudocomplemented lattice is an S-lattice

if and only if it is N-nomal®,
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8§ 2.1 Conjuctively N-regular Semilattices :

We begin with the following :

2.1.,1 Definition : Let S denotes a subsemilattice of
S. An ideal I of S is called 7 S-ideal if for any x in I,

there is an element n in I N8 such that x < n.

2.1.2 Definition : Let S denotes a subsemilattice of S.

An ideal I of S is called as a §-prime ideal if I is a

S-ideal and I NS is a prime ideal of S.

In a semilattice S represented in Fig.l if
S = Slo,c.b,f % then Il = S\O,a.b‘§ is a §~prime ideal
and I, = %o.ai is not a S-ideal

o
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Dually we can define S-filter and S-prime filter.

2.1.3 Definition : Let S denote a subsemilattice of S.
S is called conjuctively §—regular if given %, v in S and
a in S such that XAY < a there are elements b and c in

8 such that x <b , y <c and bAc < a.

e

The semilattice represented by the diagram of

Fig.2 is not conjuctively S-regular if 3 =30, a,c,ef

N
N

Fig.3

Now we turn our attention to a very particular
case where S isra pseudocomplemented semilattice and

S = N is a Boolean algebra of normal elements of S.
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In this case S-ideal, 8-prime ideal and conjuctively.
S-regular are called as N-ideal, N-prime ideal and

conjuctively N-regular.

A property of N-prime ideals of S stated in the

following :

2.1.4 Theorem : The minimal prime ideals in S are

exactly the N-prime ideals in S if and only if any N-prime

ideal is a prime ideal in S.

Proof : 'only if part' being obvidus we prove 'if part’®

only,

Let P be any minimal prime ideal in S Define
I = (PN\N)g. Then (INN)p = ((PAN), N N)g = (PNN)p = I
by result (9). Thus (I(\N)E = I, proves that I is a
N-ideal., I is a N-prime ideal because PN N is a prime ideal
in N and I NN = (P(\N)E(\N = P NN. Hence by assumption I
is a prime ideal in S. Again PNN C P implies (PNN)p C P
i.e. I C P which in turn implies I = P and hence P is a

N-prime ideal.

Now, let P be a N-prime ideal in S then PNN is prime
in N. As N is a Boolean algebra, PNN is a maximal ideal in

N. Let there exist a prime ideal Q in S5 such that Q C P.
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As QNN is prime and hence maximal in N, QNN C PNN
implies QNN = PNN, Therefore (Q NN); = (PON)g. But
P being N-ideal (PNN)p = P and hence (Q NN)g € Q
implies P C Q. Thus P = Q which shows P must be a

minimal prime ideal in S.

As a characterization of conjuctively N-reqular

semilattice we have,

2.,1.5 Theorem : S is conjuctively N-regular if and only

if N-prime ideal is a prime ideal in S.

Proof : If part : Suppose x Ay <a for x, vy in 8 and a

is in N. Assume that there exist no b,c in N such that
bac <a for x <b and vy <c.

Define Fy = 5124-15 : 2 > x {and Fy = %z(-n : 2279
Let F denotes the filter BFXUPY)) NN. If a ¢F then
bAc < a for some b & Fy, and ¢ & Fy. But bAc # a. Hence
a KF. As N is distributive by Stone's theorem there
exists a prime ideal P' in N such that a ¢ P' and

P'NF = g (see [.5] pilq ). Let P = (P')p. Then obviously
P 1s prime ideal aﬁd hence by assumption it is prime, If
x € P then x & (P'); implies x < q for some q ¢ P'. But
then gq ¢ F, NP'CFNP' = #: which is impossible. Hence
x £ P. similarly we can prove y £ P; contradicting the

primeness of P. Hence there exist b,c in N such that
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barc <a and x <b, vy <c; proving that S is conjuctively

N-reqular.

Only if part : Let I be any N-prime ideal Let xAy & I.

Then x Ay € (I ON); = I implies that xAy < a for some
a ¢ INN. }As S is conjuctively N-regular, there exist
b,c in N such that x <b, y<xc and bAc < a. But then
bAc € IDNN implies b £$I or c ¢ I; IQN being prime in
N. Thus x ¢ I or v & I. This proves that I is a prime
1deal.

Summing up above results we get

2.1.6' Corollary : The following three statements are

equivalent :

(a) S is conjuctively N-regular
(b) The minimal prime ideals are exactly the
N-prime ideals in S.

(c¢) Any N-prime ideal is a prime ideal in s.



8§ 2.2. QN-normal semilattices :

Now we define S-normal semilattice in a bounded

meet semilattice as follows.

2.2.1 Definition : Let § denotes bounded subsemilattice

of S. S is called S-normal semilattice if given %, y in S
such that x Ay = O there exist a, b ¢ S such that
xAb=0=yAnaand a VDb exists and is equal to 1 (i.e.

1 is the only upper bound of a and b in 8).

The § - normal semilattices are said to be normal

semilattices if S = s.

The semilattice with the diagram sketched in Fig.3,

is conjuctively §-regular but not S-normal semilattice

whereg = %0, a, b, 175 .O‘\
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The semilattice represented in Fig.4 is the

example of S-normal semilattice. Here S =5i o.b,c,l§

b o
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Fig.5

Now we concentrate to a very particular case
where S is a pseudocomplemented semilattice and S=N
is a Boolean algebra of normal elements of S. In this
case the S - normal semilattice is called as N-normal

‘semilattice.

An interesting property of N-normal semilattice

is proved in the following :

2.,2.2 Theorem : If S is N-normal then any N-prime

filter is contained in a unique maximal filter in Ss.
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Proof : Let S be N-normal and let I be any N-prime
filter in S. I NN being a proper in N, it follows that
I is a proper filter in S. As 0 € S, I is contained in
a maximal filter in S by Result (1). Let if possible

I CM and I C M; where M; and M, are any two distinct
maximal filters in S. Since M; # M, there exist my €My
and my € M, such that mj Am, = 0 by Result (3). As

mj Amy = 0 and S is N-normal there exist b, ¢ in N such
that my n¢ = 0 = my Ab and bVc exists and is equal to 1.
Hence ¢ #M; and b £ M,. I C My and I C M, imply b £1I
and ¢ £I.ButbVec=14¢%INNand INN is prime in N
will give b £ INNor c € InN. Thus b ¢ I C M)} and ¢

c & IC My acontradiction. Hence M} = M.

In the following theorem we establish a relation

between conjuctively N-regular and N-normal semilattices,

2.2.3 Theorem : If S is N-normal then S is conjuctively

N-regular.

Proof : Suppose x Ay <a for x, y in S and a € N.
Define x; = x Aa* and y; = y A a*. Then x3 AV} =
XAYANS<anak =0 i.e. X1 AY = 0. As S is N-normal
there exist b, ¢ in N such that Xy N¢ =0=y; "Nb and
b v ¢ exists and is equal to 1. Define by = a ¥ b* and

c, = a Y c*. Then obviously by and cj are elements of N,

SARR. BALASAHED KHARDEKAR LIBRANY
euIVA F 1T OSITY, KOLMAPER.
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Further xlf\c'z 0 implies x Ana*Ac = 0 and hence

x <(a*Ac)* = a Y c* = c;. Thus x < ¢; similarly we get
y<bj. How by A ¢y = (a Yy b*) AN(a Y c*) = ay (brct)
= ayYo=a, since 0= 1* = (b ¥ c)* = b* A\ c*. Thus

byjAae; = a, it follows that S is conjuctively N-regular.

Converse of this theorem need not be true. For
this consider the semilattice represented in the following

diagram.

This semilattice is conjuctively N-regular but

it is not N-normal.
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2.2.4 Corollary :+ In a N-normal semilattice the following

statements are true

(a) Any N—p;ime ideal is a prime ideal in 3.

(b) S is conjuctively N-regular.

(¢) The minimal prime ideals are exactly the
Neprime ideals in S.

(d) Any N-prime filter is contained in a unique

maximal filter in sS.

As 1s well known that the set of uniquely comple-
mented elements form a Boolean algebga in a very weakly
distributive (distributive) semilattice V6], with corres-
ponding modifications in the pro;f of the above theorems

we have

2.2.5 Theorem : Let S be any very weakly distributive

(distributive) semilattice and B be the Boolean algebra of
all complemented elements of S. Then the first three of
the following statements are equivalent and each of these

is implied by the fourth.

(a) The minimal prime ideals are exactly the
B-prime ideals in S,

(b) Any B-prime ideal is a prime ideal in S

{(c) S is conjuctively B-regular

(d) 5 is B-normal,
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2.2.6 Corollary : Let B be the Boolean algebra of all

complemented elements of a very weakly distributive
(distributive) semilattice S, If S is B-normal then any
B-prime filter is contained in a unique maximal filter

in S.
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8 2.3 S-lattices

Throughout this section L denotes pseudocomplefnented
lattice and N denotes the Boolean algebra of normal

elements of L.

R.Cignoli [ 2] has proved in a distributive lattice
L if K is a sublattice of L then L is K-normal iff any
K-prime filter is contained in a unique maximal filter.
As an extension of this result to the pseudocomplemented

lattice we prove

2.3.1 Theorem : L is N-normal if and only if any N-prime

filter is contained in a unique maximal filter.

Proof :+ As 'if part' follows from Theorem 2.2.2, we prove
‘only if part'. Let xAy = 0 for some x, y in L. Then
Ixsg\z EN:zAX=0] and Iy = 3(2 3 zr\y=0§
denote the 1deals in N, N being a distributive lattice.

Denote by I, the ideal generated by I, and I, in N, Assume

b4
that L is not a N-normal i.e. for no a ¢ Ix and b € Iy
avVb=1, Hence 1 £ I, N being a distributive lattice,
by Stone'’s theorem there exists a brime filter P' in N
which is disjoint with I, If P = (P')E then P is a

N-prime filter. If x ¢ P then x = K for some K ¢ P°',

But then K A v = 0 and hence K G-IYnP' CINP' = g;
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which is impossible. Hence x £ P. Similarly y £ P. Define
Py = E" U {x}) and Py = [PU%y} ). We claim Py # L for,
if 0 ¢ P, then 0 = p A x for some p ¢ P = (P')p implies.
that p= t for some t ¢ P'. But then t Ax = 0 implies

t ¢I, NP CINP' =g, acontradiction. Hence Py is
proper filter in L. Similarly we can prove Py is proper
filter in L. As Py and P, are proper filters in L,

Px C M) and Py C M, for some maximal filters M; and M, in
L by Result (1). As x ¢ P, C M; and x ANy = 0 we get

y £M). Similarly x \,(‘ My; proving that M; # M,. This shows
that the N-prime filter P is contained in two distinct

maximal filters M; and Mj in L.

Now, we characterize S-lattices as

2,3.2 Theorem : L is an S-lattice if and only if L is

N-normal.

Proof : Let L be N-normal and x be any element in L. As
x*k A x** = 0 there exist b, ¢ in N such that a Ax* = 0 =
b AX** and a V b= 1, But then a < x** and b < x*, Hence
avb < xrxV xk* implies that x* V x** =1 i,e. L is an

S-lattice.

Converself, let L. be an S~-lattice. If xAy = 0 for
some X, ¥ in L then y < x* implies y A x** = (§, Thus
X AX* = 0 = y AXr* where x*, x** are in N with x* V xt* = ],

This proves that L is N-normal. ¥
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2.3.3 Corollary : The following statements are

equivalent

(a) L is an S-lattice
(b) Every N-prime filter in S is contained in
a unique maximal filter in S.

(c) L is a N-normal lattice.
Summing up above results we get

2.3.4 Corollary : In a S-lattice, the following statements

are true

{a) L is conjuctively N-regular
(b) Any N-prime ideal is a prime ideal of L
(c) The minimal prime ideals of L are exactly

the N-~prime ideals of L,

Converse of this corocllary need not be true. For

this, consider the lattice shgﬁy in the following diagram,

le
d ‘o/ \oc

a © OL)
Fig.?
This lattice is conjuctively N-regular but it is not

an S-lattice.
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