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CHAPTER- II

MEIJER BESSEL TRANSFORM AND ITS

PROPERTIES
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2.1 Introduction :

In this chapter we construct a testing function 
space K ^ pi a <*ual space K ^ a b and extend
the Meijer Bessel transform defined by the equation 
(1.1-3) to a certain class of generalized functions and 
study some properties of it.

For real numbers -j) „ P and positive numbers a. b; 
we construct a testing function space K j),ji#a#b which 
contains the kernel - pq \/pqxy K ^ (px)K^(qy) as a
function on o < x < cd, 0 < y <oo for each fixed p and q.

The Meijer Bessel transform F(p, q) of a distribution
HP in the dual space K** is defined byV # a. d

2F(p.q) - KVj^(f) « < -F (x, y), - pq /pqxy K ^ <px)Kp(qy)> 

for suitably restricted p and q.
i

Let I denotes the open set ( 0 < x < oo, 0<y< oo). 
D(I) is the space of all smooth functions on I having 
compact support on I and D'(I) is the dual space of 
Schwartz distributions on I.

The Testing Function Spaces KT)#li#a,b an<* Their Duals.
%

Let a and b be any real numbers and be either

2.2
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Let a and b be any real numbers and 0# V be either 
zero or complex numbers such that Re 0 > 0# Re V > 0.

Let h(t) be a continuous function on 0 < t < co 
defined by

h(t) * flog t if 0 < t < e 1 
} - 1 if e1 < t < oo

and we set

j y)
f 0-1/2 ft-1/2 . ^ „ . _ „x yr ' if Re 0 > 0, Re V > 0
l l Vx Mx)]*"1 [ Sy hCy)]”1 if 0 - V “0-

Let K ^ be the space of all infinitely
differentiable functions ff(x, y) on 0 < x < co, 0 < y < oo 
such that for each ki# k2 * 0, 1, 2, ...

(0) a
m

0,*i,a,b 
^ kl,k2 (0) -

Sup
0<x<oo
0<y<oo

ax+bye
kl' k2 
0 # P, X, y 0<x,y) <

... (2.2.-1)
k2
U#x, y s

k2
y

oo

where and



10

„ - 'O -1/2 „ 2-* + l - ^-1/2S “ X Dx x Dx x

v. y
- *1-1/2 2U+1 _ -*i-l/2y Dy y Dy y

where D„ ** t— ; D * -t— X c) x y o* y

Clearly K >),*!, a, b is a linear space over the field 
of complex numbers.

Moreover / ^,*i, a,b ) 00
^ kl'k2 is a multinorm

kl»k2“°

on K *i# a, b*

Indeed for any complex number p and 0 e K ^ v1 a b;

),*i, a,b
(0 0 5

t), *i. a, b
0 | o (0) .

) k1# k2

Also for each 01# 02 e K-),*i#a,]

'), *i| a, b , *i, a, bo" ' • («1+«2> < e; : wp * ?:
Wk2 - 'ki'k2 ,ki-

t) , *i, a, b (02).

>),*i«a, b ($) i a seminorm and in addition 
Hence each \ ^ , k2

*i* a»b
0

(0) is a norm on a,b*
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we assign to K ft#a#b the generated by
the multinorm 9 \*“h 1 °° and this maka®

' ) kl'k2 > kLic2 *0

K ^ jj a jj > a countably multinormed space. The dual space 

K * > «, w consists of all continuous linear functionsv # ”# a, b
on ^ b»

The dual is a linear space to which we assign the

weak topology generated by multinorm (f) where

< f# 0 >( and 0 varies through K ^ V, a, b*

A sequence \00
converges in K ^, \n0 a, b{ *m 1 -i

to 0 if and only if for each pair of non-negative integers 
kl'*2

’O, V, a, b (0m - 0) —> 0 as m —>oo,

A sequence 0,m
oo
m=*l

is a Cauchy sequence in

K ^,li,a,b if and only if

^ , V, a, b 
:1'*2

n tend to infinity independently

o (0m - 0n)—> 0 for every k^, ka as m end
) ki'k:

T.ymma 2.2-1
K ,)#^#a#b is complete and therefore a Fre'chet space.



— 12 —

Proof :
oo

be a Cauchy sequence in K a
l Jrn-1

Then by equation (2.2-1), we have a uniform Cauchy sequence 
coI %rm f on I for each k^, k2 where\ J m=l

?m (x'*> " eax+by j ^,V(x'Y> S l.V.X'.y C^n(3^y>5
... (2.2-2)

k^, k2 )
By Cauchy criterion ) S ¥m [ converges uniformlyv, x, y

k.#k2
to \ s * ¥^ , U, x, y )

on I for all k^ k2. Hence by standard

theorem [ 1, P.402], there is a smooth function 0(x, y) on I 

such that (x, y) «—> y (x, y) uniformly on I and

kl'k2 ki# k2
x,y Ym(x*Y> ~> s^ii#x,yf <X'Y>

where y (x, y) ■ e y j ^ pa~by j ,,un
... (2.2-3)

Since ym(x,y) is a uniform Cauchy sequence hence
for each 0 > 0, there is an integer #k such that1# ^

Sup0<x<co0<y<oo
ym(x.y) - yn (x,y) J < «

n < Nkl#lc2<for every m.
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Taking limit as n—>oo, we have

Sup
0<x<co
0<y<oo

Ym <*»y> - f ^y) < e m > *k1 X2*
. (2.2- 4)

Thus for each kpk2 

, V-, a, b
9 (0m - 0) —> 0 as m—> co.
) kpk2

Finally according to the uniformity of the convergence 

and the fact that each Ytn^x»Y^ is hounded on I, there 

exists a constant ck1#k2 not depending on m such that

Vm (x'*> < ck1,k2 f°r a11 <X'Y>

Hence by (2.2-4) we get

Sup
0<x<oo
0<y<oo

Y(x# y) < e + cvk1#
f

which shows that Y^y) is hounded on I.

Hence a function 0(x,y) which is the limit of a given 
sequence j 0mJ is a member of K a b*

Thus the sequence | | converges in a,b *° the

unique limit 0. Hence ,b is complete.

Since K *s countably multinormed space which is

complete hence b is a Fre'chet space.
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K li a b is comPlete and hence K*^ ^ is complete.

Theorem 2.2-1* K \ isa testing function space..  1 "V t p# a, d
Proof s Clearly K ^ ^ a b satisfies first two conditions 

of testing function space. Now we shall prove the third.

bet ) 0,

) 00
m l converges to zero in K % ^ a#b,3 m»l y* * *

In view of (2.2-2) and the seminorms defined in (2.2-1), 

it follows by induction on k^,k2 that, for each pair of

k
ki#k2 D 1 <0m' oo

m«l
converges uniformly to

zero function on every compact subset of I. 

which completes the proof of the Theorem 2.2-1.

Now we list some properties of these spaces.

(i) Let t),U “ • For a complex number (p,q)

belonging to the strip

* ^(P*q) 6 C2 / p, q 4 0 or a negative numberf

pqv/pqxy K ^ (px) K^(qy) .

Indeed by the analyticity of \/zw K ^ (z) K^(w),

z, w ¥ 0, It follows that pq '/pqxy (px) Kp(qy) is

smooth on I
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Also in the view of the property

k,,k2 « *
*■) .V, x, y

[pq '/pqxy K ^ (px)Kp,(qy) ] « p2*1 q2k2«

(pq'/pqxy K ^ (px) K^(qy)

... (2.2-5)

and by the equations (1.2-2), (1.2-3) and asymptotic
estimate (1.2-4) and the fact that I (px) ^ (qy)v-

K ^ (px) K^(qy)

(p,q) e -TV, the quantities o [pq K (px)
) l'*2

is bounded for 0 < x < oo, 0 < y< oo ,

-3,V, a,b 

Vk2

Cqy)]are finite for all k^,k2 * 0, 1,2....

Thus our assertion is verified. ,

(ii) Let > - ^ , ^ ^ . For a fixed complex number
6 *

(p, q) belonging to the strip

* 3 (P,q) 8 C2 / P,q )< 0 or a negative number

D [ - pq'/ pqxy K ^ (px) (qy) ] 6 K

3 3
where D = ^— or rr-

d p d q

^, V, a, b 2 
ID ( 4

kl#k2
[D ( - pq Vpqxy K ^ (px) Ku(qy) ) ]Hence < co
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for any fixed (p, q) B .

(iii) Let 0 < c< a , 0<d<b. Then

K -),|i,c,d c K and the topology of

K ->) P c d *-s sbron9er than the topology induced on it 

bY K *0,11, a, b*

This follows from the inequality

■), V, a, b (g|) < J.V.c.d (gf)
) ^1#k2 “ } *^#*2

Let 0 < eax+by < ecx+dy on I,

Then

for 0 Q K V, a, b*

ax+by k
J0.li(x'Y) 3 O.x.y 0(X'Y>

et*+dy . (x>y) a1* 2 0(x, y)

p # U# a# b -0« c# d
Therefore \ . k 0(x,y) <* r . . 0(x,y)) K1,K2 ) ki*k:

Thus our assertion is implied by the last inequality.
Hence the restriction of f e k\ « . v, to K \ .■'v, »*, a, o y , p, c, d
is in K "011^# n. d *
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(iv) D(I) is a subspace of K^)#ti#a,b an<* t*le convergence 

in D(I) implies convergence in ji#a,b i.e. the topology 
of D(I) is stronger than that induced on it by a,b«
Hence the restriction of f e K'^ to D(I) is in D’(I).

Thus, members of k\j ^ a, b are distributions in Zemanian 
sense [ 14,P.39] .
Here X denotes the first quadrent j (x, y) / 0 < x < oo,
0 < y < oo ] .

(v) Each of the differential operators s^#x an<* SU, y 
is a continuous linear mapping of K^#^a#b into itself
since

^1,^2 -0, x 0) - ^i+i. k2 w and

^k1# k2 (su,y ^ » | w

We define the weak differential operators
onK'-j,H.a.b aa

> = < f. 0 >

< si<y *. * > ■ < f # y 0 >
for 0 e K a, b *
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Since 0 —> S . 0 and 0—> Su „ 0 are continuous linear■v,x y
mappings of K into itself, the mappings f—> S x
and f—> are continuous linear mappings from

K '•).a. b into itself.

(vi) Let f(x, y) be locally integrable function on

1 f 0 < x < oo, 0 < y < oo i such that

-ax - by oo co, e 1
/ S ----------  [ f(x, y)j dxdy < oo

0 <X'Y>

Then f generates a regular generalized function in 
K^,V,a,b'* ^ined by

< f, 0 > I I Ux'
y) $Kx, y) dx dy. ... (2.2-6)

Indeed

< f, 0 >
op oo -f/x, y)S J —------ e*«+by j * tt(x,y) X0 0 eax+bY J ^^(x, y)

X 0(x,y)dxdy

_ -) / a, b op oo
i ^ 0,0 { J

f (X, y)
eax+by j <x#y) 

V# H1

dxdy
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which shows that (2.2-6) truely defines a functional f 
on K ^ a b* This functional is clearly a linear one.

_ oo
Moreover, if J 0m j converges in K ^ V, a,b 150 zerot J m*l * * *

•s), V, a, b . .
then ^oo (0m) ~“> 0 so that j < f, 0m >J ■— > 0.
Thus f is also continuous on Kp a,b* Hence f generates 
a regular generalized function in k'.^ ^ a,b*

(vii) For each f 6 K ^ a b; there exists a non-negative 

integer r and a positive constant C such that for all
0 e K •0,H, a,b

„ ( , H, a, b
< f,0 > l < C max P (0)

' *" 0<k-^<r ) kpk2
0<k2<r

The proof of this statement is similar to that of [l3, 
Theorem 3.3-l].

2.3 The Distributional Metier Bessel Transforms.

We call f, a K ^ ^ - transformable generalized
function if it is a member of K*. „ , for some pair

, H, a, b
(a,b) of real numbers. In view of note (iii) sec.2.2; to 
every f there exists the unique reals <>f, ^f > 0

(Possibly ^f = co, ^f * oo ) such that f 6 k'^ y. c q*
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if C < a < 6f# d < b < and f jg k'^ ^ c ^ if c > <^f,

d > we define the ( i, 1*)th order Meijer Bessel

transform k'^ ^(f) of f as the application of f to the 

2fcernel - pq Vpqxy K ^ (px) K^{qy); i.e.

2 ______
F(p,q) * < f(x,y), - pq v'pqxy K ^ (px) K^(qy) >

... (2.3-1)

where (p, q) & ^ (P#q) ec^/Re.P > Re q > 6^

(p, q) ^ (0,0); - n < arg P < n
►

- n < arg q < n

The right hand side of (2.3-1) has a sense because the
2application off€K*^Wab to - pq v'pqxy K ^ (px)-

I

’K^( qy) 6 K ^ i^ab*

where a and b are any real numbers such that < a < Re p; 

<5^ < b < Re q.

The subset of C2 is the region of definition

of the transform of f and the numbers and <$f as the 

abscissae of the definition.

I

We refer to the operator K » u:f--> F as the 

generalized Meijer Bessel transform of W, H)th order.
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whenever F(p#q) « k’^ ^(f) for (p, q) 6 then f is a

- transformable generalized function when ^ and V 

are either zero or complex numbers with Re -) >0, Re V > 0 

andF(p,q) as in (2.3-1) and in usual sense.

Theorem 2.3-1 t

If F(p#q) *» k ^ p(f) for (p, q) e f, then 

for any positive integer m

k'iH S\x £ “ p2ltl F(P,q) ••• (2*3-2)

^ S™#y f - P2m F(p,q) ... (2.3-3)

Proof : By property (iii) and the equation (1.2-8)

N

s S' ■3 ■*
5C
O ^3% X

M
l

U A M
l

X
*

%C
O

%
* **

■>
4

•o X

X
T?3

sN
IK

i_
iX

ef(0%

**X44V

cr
>»*si.
*

$1

Xa."'"t>1&KN
JtS

EC
MPc>4%

44VB

a-
xx

•o % £J

EC
Ma

Similarly we can prove (2.3-3).
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where A ^ ^ is the constant with respect to p, q, x and y.

Proof : (px) (qy)*1 K ^ (px) K^(qy) is entire and hence

bounded on any bounded domain. Moreover by the series 

expansions of K ^ (px) K^(qy) as |px| — >oo, jqyj —>oo; 

we have that there exists a constant B ^^ such that

(px) S (qy)1* K (px) Ky(qy) < B ^
V;

[ pX| £ 1

qy| < i.

and by the asymptotic expansion in (1.2-5) there exists

a constant c such that

(px) ^(qy)^ K ^(px) K^(qy)I « I(px),^“1/2 (qy) v.i/2

(px)1/2(qy)1/2K . (px)Kyl(qy)

tu to • ui I

50 0 ■
n v o 0 Q
. M A ft 0 % O
'

cy­stAVoV
*V
 

, 
(0Vo<0
JS4->

(A O toq&

u o w> O
'

s?

oA

s>u0)
b0 0 H

*

£ ft xd
,

50 BC
> 50

0U0%<

Cu
•Hu+>n05c•H

0k•d0X00* 
uo

Q
y

—

•O % rs0 t-* t-*

O
' 0 H

t•H+>0O
'

§140oqa

to
lt-

*
% TS IV I

to
l t

->o A A 8 v 0 3 a IVV
)

8V
 

XVou0fc*

*
■5

S •o
'£w

it

►
Q

Xas

O
'

++>
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< C |px

|pxj > 1,

Hence for all values of P#q#x,y 

(px) ^ (qy)^K^(px) (qy)

■* |qy|v e-<e*+W>,

|qy| > i.

<E.j,iiti+ Ip='!')Ki+ Iqyl11].
~(px 4-qy). e

where E ^ ^ is another constant.

It follows that for x, y# p, q and restricted as
stated

eax+by (px) (qy)li K ^ (px)Kvi(qy)

<E^[l+ |px|*]['l+ |qy|V] e<ax+by>-<px+qy)

- E [l+ |pxj ^][l + |qy [ 1‘].e(a"P5x+My

<E^y[l+ |p|^][l+ jqj^ld+x)^ .

. (l+y)V e(a“p)x+(b‘^y.

<A^p[l + |p|^ ][l + |q| * ].

Hence the proof where A ^ ^ is constant with respect to 
p, q, x and y.

We shall now prove the analyticity theorem for the
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generalized Meijer-Bessel transform.

Theorem 2.3.2

If k'^ y(f) (p, q) * F(p, q) for (p, q) e f 

then F(p,q) is analytic in p and for fixed q, (p, q) e

2DF(p, q) » <-f*(x,y), D [ pq'/pqxy (px) Kp(qy) ]>

^ ... (2.3-4)
where D T*or s';

Proof i Let (p#q) be an arbitrary but the fixed point of

Fix q Construct two concentric circles of radii r and r^ 
with centre p such that both the circles are in - -f.

Let r < r^ and let j&p| be a non-zero complex 
increment in p-plane such that |Ap| < r.

TIItraCMIK

QJ

X %a%
£*VH

%

xV

* TS 3

uJffi•o■H«c0o

*? >
!S
>

!>
CL i •d % 43

a<i

xa

... (2.3-5)
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where

'tVx-y) TtA,
<P + Ap> v^~P+Ap q >Tq /xy .

. K (p + Ap) x ]. K^(qy) - 

- [pq V~~?qxy K^(px) K^(qy) ]j-

d ____“ [pq /Pqxy K^(px) Kp.(qy) ].
o' p

our theorem will be proven when we show that (2.3-5) 
converges to zero as |ApJ — > 0.

This can be done by showing that yAp(x) converges in

K *) # a, b zero a® Upl ““> °-

Using the fact that

S\,x ^p v'p* K (px) q v'qY KV(<iy> 3 * p2k<P v'px q /qy K ^ (

• (px) Kv<qy) )

and by interchanging differentiation on p with differentia-
ktion on x, we may write S % V (x, y) using Cauchy'sv# x • P

integral formulas [5] as follows t

1 f ^l2k n V nx q \/qy K ^ (nx)Kv(qy) 
Tl^i CS\xfVX'y)

(n - p - Ap)
<5| -
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1 C n2k w nx q /qy it ^ (nx) %(qy)
. . j ---------------------------i-----------------dm

n^i c (n - p)Ap

1 ^ n2k n Vnx q 7qy K ^ (nx)Kv(qy)

n2 i c (n-p)2

i ^ [(n-P)2 - (Ti-P-Ap)(n-p)-(n-p-Ap)Ap ] 

n5i c Ap(n-P-Ap) (n-p)2

5jt _.n n v«lx q v/qy K ^ (nx) K^qyJdPU

_ 1 ( AP _2k

* i c (n-p)^ (n - p - ap)

. n ynx qv/qy K ^ (nx) Kp (qy>dH.

Hence

sk, x » (x,y). -te j *
Ap n21 c (n - p)2 (n - p - Ap)

Now for all tj € C and 0 < x < co# 0 < y < oo

.1.
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4 ax+by (T|x)-) (qy)^K^(nx) K^Cqy)] &[,

k J*g| __AJit¥_[L4;_LtlI^
rx (rx - r)

...By lemma (2.2-1)

where A ^ ^ is a bound on
| eax+by (nx)^ (qy)^ K ^ (t|x) K^(qy) and K is constant 

Independent of p and x.
Moreover | t|-p - Ap| > rj - r > 0 and |n - pj * r1#

Thus as | Ap| —> 0. (x, y) converges to aero in K-)#^#a,b«

Consequently.

< £(x, y), YAp (x»y) > — 0 as | Ap| «—> 0.

Theorem 2.3-3 t

If (f)(p,q) - F(p,q) for (p,q) € f
then (p, q) is analytic in q and for fixed P, (p.q) 6

^ r 2
F(p,q) - < f(x,y), L - pq >/pqxy K % (px) K«(qy)J >

o' q cJ q ^

The proof of this theorem is very similar to that of 
theorem 2.3-2.
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Theorem 2.3-4

If k'^ ^(f) (p, q) * F(p,q) for (p,q) 6 -rN-f then 
P (p, q) is analytic on -A. f and

DP(p#q) - < f(x#y), D [ - pq V'pqxy K _) (px) K^tqy) ] > 

where D « or .o) P o)q 1

Proof * By the theorems 2,3-2 and 2.3-3, at every point 
(P*#q') S f# each of the functions F(p#q') and P(p'#q) 
is analytic in the single variable p and q respectively. 
Therefore invoking the Hartog’s theorem [2,p.l40], we see 
that F(p,q) is analytic on £.

Theorem 2.3-5 [Boundedness of F(p, q) ].

Let k'^ ^(f) (p,q) « F(p,q) for (p,q) € f and
a,b be any real numbers such that a > ^ £, b >
Also let /\Cf $ be the subset of -/^L* £ defined by

Ac, d " q> « f /Re p i c' R#q>d

and 1 p | > c -
\q\ > d - .

then F(p, q) is bounded according to

| P(P-q)] < Pc>a t |p| |q|) where Pc d ( |p| ‘jq^)
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is a polynomial in ]p| jqj depending on c and d.

Proof : For we choose two real numbers a and b such that 
< a < c and df < b < d. Then for each fixed (p, q) with 

(p#q) ^ (0# 0) and for Re P > c, Re q > d.

2
- pq v'pqxy K ^ (px) <qy) € K ^ ^ ^ b.

Moreover f € ' K ^ p a,b an<* *n v^*w general result

[l4. Theorem 1.8.11 ] there exists a constant c > 0 and a 
non-negative integer r such that for (p, q) 4 (0.0), Re P > c,

Re q > ^

I F(p,q)| < C. max p [p%/px q '/qy K »(px)K«(qy)3
0< k-^. k2<r

* C max Sup eax+by j. u(x,y) S ...
0< k1#k2 < r 0<x<oo v#

*“ 0<y< oo

qv/qyK^(px) K^(qy) |

* C max Sup 1 eax+by j 4 «(x»y) ♦
0< k,,k,< r 0<x<oo *
“ 0<y<co

I

• P2*1 q2kz P'/px qx/qy K ^ <px) K^qy)
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F(p,q)[ << C max [ pj
0< k1#k2 < r

2viJ4 2v|-»

Sup
0<x<co
0<y<oo

^ax+by ^(qy)*1 K ^ (px) Kp(qy)

and since

eax+by (pjj) ^(qy)11 K^j(px) K^lqy) | < A^[l+ |p|'> ].

. Cl + Iql* 1

sup
0<x<oo
0<y<co

Since for all x, y > 0#

^ax+by Ko(px) K0(qy) 

h(x) h(y)

ftax+by K^(px) Kc(qy) 

h(x) h(y)

where Ap is constant with respect to p, q, x and y 

[l4, lemma 6.5-2]

If ■) * 0, V ■ 0 then

+C
M

XC
MVto X

*

* +
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lw

,0
3 

I A
 0 X*
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r
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2nV

6+ir <r +ir •

6-1R tf-iR»
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Hence
3I F(p#q)| <A % „ max [ tp|2kl*2 . |q|2*2 +

v# 0< kpk2 < r
. (1+ |p|',)<l + |q| *1)]

where A ^ ^ is constant with respect to p, q, x and y and 
the theorem follows,

2,4 Inversion Theorem

The inversion formula for distributional Meijer
Bessel transform determines the restriction to D(I) of any
K ^ ^ - transformable generalized function from its Meijer
Bessel transform. From this we will obtain an incomplete
version of uniqueness theorem, which states that two
K . „ - transformable generalized functions having the •v# e
same transform must have the same restriction to D(I),
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I

, 0(x,y) > —> < f, 0 > as R, R* —*> cx> ... (2.4-1)

Proof * Let 0 e D(I). Choose real numbers a and b such 
that 0 < a < 6f and 0 < b < . Since the integral in
(2.4-1) is a continuous function of (x. y), it generates a 
regular distribution in D(X). Hence ve have

0(x,y) >

T T
'i2 6 i tiR 6+iR*

J F(p,q) .n n O-iR ff-iR*

. Itt(qy) <*P<5q. 0(x,y) >

5 *W H ttSK
*

* 5 •V *0

•0
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X Ml
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•Q
 1
*4 Ml
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a *o a tQ3-
Ha'7‘
H

rllN >4 &

<H I CM
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«0c0Pu&§*•o€co24-4o00
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X R R 

2 n
f f < f(t1#t2), — pq ypqtxt2 K^ttjP).

-fc -R* n
1. Kji(t2q) dPd<I* 7 ?«*.„ t : >5 1 ^(px> .

0 0

. i^(qy) <3*ay. ... (2.4-2)

Now let.

$ (p#q) « / f 0(x.y) ( £ )2 ( g )2 *•) (px)Iv(qy)dxdy.

and
1 R R' T

* *2 J St £ (P'S* (pq Vpqtj^ K (ptj).

K^t(q t2)dpdq.

Since

I at.+bto -)-X/2 *“1# *2e 1 2 8 MR#R»(tl#t2)

1 RJ y p2ki+ I - > q2k2+ r*
n* -R -R*

(ptj^Xqtjj)*1,

at.+bt2 • & •’ K^tptj) Kv(qt2) <[> (p.q)dpdq

« ? V X / ^ 2ki+ I 2k2+ ? “** .
£ B J J 0(p#q)pX2 q 2 2 dpdq

-R -R* 4‘

at.+btowhere B is a suitable conetant bound on e * * (pfcj.) .
• (q^2^ ' 1 pt^) Kp,(q^2) •
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Hence € K ^,)i,a,b for each R'R‘ > 0

Using the Riemann sum technique we can write equation 
(2.4-2) as

1 R R- i i
< --: f I F(p.q) ( j- )2 ( I )2 I , <px) Ip .2itl2 -fe -R* P q v

. (qy) dpdq, 0(x,v) >

* < £(tp t2), Mr.r* (tj, t2) > , R,R* > 0.

This has a sense because R#(t1# t2) € K -),V, a,b* 

Hence the theorem will be proven when we show that

Mr^r.^I^) -- > 0(t1#t2) inK^jj^j, as R,R'— > oo.

Since

J (p#q) ““ pq/pqt^ K^(ptA) K^(qt2) is smooth and

fS € 0(1), we may repeatedly differentiate under integral 
sign and use equations (1.2-8), (1.2-9) to write

sW.t2 -7. I l5 V k,ax,
Y 2

Pq '/pqtjtj K^(pt1)Kv.
(qt2)dpdq
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* *J 2k. 2k2--- f J P 1 q 2 Pq ypqtjt2 K ^ Cptx) It -R -R*

K^(qt2)dpdq.

J 7 <5)3 (1,3,
oo p q j <p*>•

* *u(qy> dxdy

1 % V ,__ -1/2 -1/2j >/tit2 P q R^Cptj)-r -R1

K^(qt2) dpdq.

. / J* 0<x#y) P2kl q2k2 [pqv/pqxy I ^ (px).

. I^(qy) ]dxdy.

1 R V -- -1/2 -1/2“2 j I >^2 p q K^(ptx)

K^(qt2) dpdq,

. 7 T 0(x,y) sY2 Cpq/PW
0 0

(px) I^(qy) ] dxdy

1 R R*
"9" J I Pq -0 ^^1^ 3C„ (q^2)dpdq.n -r -r’ v ♦

7 T '/xy 1 -3 (px)I11(qy) S^20 0 V 11 ■} # V* x, y 0(x, y)dxdy
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The last equality is obtained by integrating by parts the 
inner integral 2k^ times with respect to x first and then 
2k2 times with respect to y and noting that 0 is of compact 
support. Let us reverse the order of integration and use 
equation (1.2-10) to obtain

(x# y,t1# t2) 
L R,R*

'/xyt11, R R*J Pq K ^ (ptl) .

. K^{qt2) I^(px) Ip,(qy) dpdq

v/xytj^tj R R' 
n2(x2-tj )(y2-t2 ) [xI WRx) K^(Rtl)+tl K~)+l {

.(Rtx) I^(Rx) ].

•Cy^+i^’y) Kv(R»t2) 4

+ t2 Kp+1(R-t2)I„(R'y)] ,
J

••• (2.4—3)

Hence we obtain

kl#k2S M *• .*),Vt1#t2 R.R‘ 7 7o o
(x, y, t2# t2) 

L R,R»

kl# k2
S 0(x,y)dxdy

-V # V, x, y

I

... (2.4-4)
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Denote S ^ y 0 (x, y) by ^ (x, y)

Mow suppose that the support o£ 0(x, y) is contained in 
[a,b] X [C.D] where 0 < A < B < oo, 0 < C < D < oo.

Let us break the integral in (2,4-4) into

kl'k2 Jt ,,t2) *2*^ °o tx-6- .w * 4., / *
t2t6 tj+6 t2+6 00

* /
/ ♦ I /

t2”5 ^*5 t2-6 tx+6

op oo+ / /V6 tj-6

Vi(ti#t2) ♦ v2(t1#t2) + V3(t1# t-2) + v^(tp t2) ♦

+ Vj (tj, t-2) •

We shall first show that 

(t1ft9) at1tbt2NR#R* » 6 ^>)#Vitl't2) ^3**1'*2* “ ^*1**2*

converges uniformly to zero on 0 < tj < 00, 0 < t2 < 00<
as R, R * —•> 00. *
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If either 0 < tj+6 < A, 0 < t2 < oo or

t^-6 > B, 0 < t2 < oo and either 0 < tx < oo,

0 < t2 + 6 ^ C or 0 < tx < oo, t2 - 6 > D then

“ 0 an<* «*k (tlf2> = 0

Therefore we have to consider the rectangle A-6 < tx < B+6,
t

C-6 < < D+6.

Moreover since the support of jfc[A,B] X [c,D],we take the 

integral in (2,4-4) on [a,b] X [c,d].

For R,R * > 0, using the asymptotic expansions 

(1.2-4), (1.2-5), (1.2-6) to estimate we have
0 JR

for large R, R*

^ atx+bt2 (t1#t2) t2+6 t,+6

NR.R* “ „2 J J
t2-6 tr6

Sin (Rx - Rtx) Sin (R'y - R»t2)

(x-tx)(y-t2)

at,+bt2_ . i
<Sx- 6*tx ^y- 4 e J , u 1# 2

s e y 2 0. (x,y)dydx +--------------------------------

y1+6 sin(Rx~Rti)sln(R,y~R’t2> 6x-&i 6y-&2
J
t2—6 tj-6 (x-tx)(y-t2)
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. 0(x* y) [
11 1 10(-- ) + 0(---- ) + 0 (----) 0 (--- ’ )
|px| |ptx| |px| \ptx\

)

0 ( -i- ) +0 ( -i- ) + o ( -i*) o .
|qy| |qt2| [qy)

• <rr\> i<*2\
] dydx

it*

0 (,-i- ) ] [ l + o ( -1- > ] . |P*ll 1*1*21

y y Cos (Rx+Rt^-ft) Cos (R*y + R,t2-1*ft)

t,-6 t,-5 (x + t^) (y + t2)

‘&^1 • *ku.r> [i + o( i ) X i +

+ 0 ( 1 ) ]dydx - 0k(tl'*2>
|qy|

... (2.4-5)

First, consider the fourth term of (2.4-5).
Since supp 0(x, y) C [a,b] X [c,d], the function is bounded on

(x,y, tj, t2 )/ A < x < B, C < y < D
A-6 < tx < B + 6, C-6 < t2 < D + 6

Hence for any given € > 0, the magnitude of this term* can
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bo made less than 8/2 for all R,R* > 1 by choosing 6 small 

enough say 6 * 6^.

How consider the sum of the first and last term In 

(2.4-5).

We can write this sum as

H (TpT2# t j, t2) Sin (RTj^Sin <R*T2)dr2<3Tl+
1 ?2+S *1+*

iii* J J
t2-5 t.-6

at1+bt2 ^„k(ti.t2) .

! (,t2+8)R' Sin v (h+5)R
[ -1. J - - - - - - - dv . J sln u

" (t2-6)R‘ v (t1-6)R u

where

du - 1 ].

... (2.4-6)

H(T1#T2, t1# t2) * eati+bt2 j ^ ^^1^2^ .

r &i 6t2)0k[ (Tj^+tj) (T2+t2)e e j*“<fic(tpt2). c
t1t2

1.

Since H(T^#T2#tpt2 ) Is a continuous function of (Tj,T2# t1# t2) 

and supp. 0(t1#t2ji c [a,b] X [c.dJ, H(TjT2# tj, t2)ls bounded 

function of (T1#T2) on tj-6 < Tj <tj + &, t2-6 * T2 <^2+® 

for all 0 tj < oo, 0 < t < oo.
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Hence choosing 6 small enough say 6 « 62# the first term 
in (2.4-6) can be made less than €/2 for all R,R* > 1.

Now fix 5 • min. (6^ 62). The second term in (2.4-6) 
converges uniformly to zero on 0 < tj < 00, 0 < t2 < 00.

Let us consider the second term in (2.4-5) which is

t2-6 t^—6

Sin (Rx-Rtj) Sin (R'y - R*t2 )
(x-tj) (y-t2)

) +

Since

Sin(Rx-Rt1)Sin (R*y-R't2)
♦(x-t,)(y-t2) A
11840

• • •



<
Sin(Rx-Rt^) Sin (R'y-R*t2) 
(Rx-Rtx)(R'y-R*t2)

CR# R'
|6±iRI |6tiR.|

< c
and similarly

Sin(Rx-Rt^)Sin (R'y-R *t2) 
(x-tj^) (yt2)

0 (JPtir1) 0( Iqt^"1) < c

Hence for given e > 0, the magnitude of this term can be 
made less than e/2 for all R,R* > 1 by choosing 6 small 
enough say & » 63. Similarly we can show the convergence 
of the third terra in (2.4-5).

Thus N (*1# *2)
R,R* < € on 0 < tj < oo# 0 < t2 < 00

(ti, to)Since e > 0 is arbitrary, we conclude that N *f 6 convergesR| R
uniformly to zero on 0 < t^ < 00, 0 < t2 < 00 as R, R• —> 00. 

Now consider

. »vbt2 j ( ,

, »ti+bt2 t2-& cp (x.y,tl.t2)J-!.u(tvV / I R-R’
. #k(x,y) dydx
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Therefore, we have to consider the range 

0 < t^ < oo# c < t2-6 < oo
Let D* * min (D, t2-$)

For large R,R*; using the asymptotic expansions as before, 
we get

R R#
#

(at1+bt2)*“ ^(t1+t2) <t1#t2)
e 5

. [ J ®^X e^Y 0k(x,y) 0 *

Sin(Rx-Rtt) Sin (R'y-R't,)------------------------ f— dydx -
(x-tj)(y-t2)

J* e ^ I^Cx, y) CosCRx+Rtj -

0 0 (x+tj) (y+t2)

>) If )Cos(R'y + R*t2 - 1W)
------- ----------------— dydx +

+
0^(x, y)Sin(Rx- 
(x-t^) (yt2)

- Rtj^Sin (R'y - R't2)
- ---------- ------ ------- - +

* a •
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r*x e”^y 0^(x,y)Cos(Rx+Rtj~ ^ n) Cos (R*y+R*t2-)Mi)

(x + tx) (y + t2)

f 1 1 1 1I 0 ( —7 ) -I- 0 ( T—, ) + 0 (-----7 ) 0 ( ----- )
1 px ptl lpx ptl

1 1 
0(-—7 ) +0 ( T-r-7

qy 1^2 ) + 0 ( 7—7 ) 0 (
qy|

We note that e<»t1+bt2>-«S(t1+t2)

) . ]dydx
lq*2l

... (2.4-7)

t2)

is bounded function for t^ - 6 > A# t2 - & > B, 

Similarly the quantity

e^x e^y 0k(x,y) Sin (Rx-Rt^Sin (R»y - R't2) 

(x-tj) (y - t2)

e e ^0k(x»y) CosCRxtRtj- ^it) Cos(R*y + R»t2-|Hr)
4. — ~--- —————————------------------------- —— is

(x + tj) (y + t2)

bounded on the domain

. (x, y, t1# t2)
/ A < * < B, C < y < D, |

0 < tj <00, C < t2 - 6 < co »

which implies that the last term in (2.4-7) converges 

uniformly to aero for 0 < tj. < oo, C < t2-& < 00 as 

R*R* —> 00.
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Now integrating by parts the inner integral in the first 
term within the braces in (2,4-7) and noting that for any 
y > 0, the limits at A and at B are zero, the integral in 
the first term equals

D' .6* ! I B a*x5 ™:t zl l 1 —-----:----]cos (Rx-Rtijaxc <y-t2> ■ti)

Sin (R'y -R*t2)dy,

Again integrating by parts with respect to y# we get

if edy } e6x 0k(x,y)---) -- --- j [dx ( ------------> ] Cos(Rx-Rt1 )dx
rr* ) (y*t2) a (x-tx)

D* 1 D* B b+ -:/*/[RR* C A

2

bx by
-Cos (R *y -R*t2)

e6x eby (x,y)
• ( --—-----------). [Cos(Rx-Rt, )][Cos (R’y-R't2) Jdx

(x-tiXy-t^
... (2.4-8)

The lower limit term is zero and if D < t2-6, the upper 
limit term is also zero.

e^x 0k(x, y)
Since D,, ( ———-- - ) is bounded by a constant

(x-tx)

say M on , (x, y, tj)/A < x < B, C < y < D, 0 < t* < 00
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for t2-6 < D, the upper term Is bounded by — M(B-A),
RR*

consequently the upper limit term converges to zero for 

0 < t^ < oo, C < t2-6 < oo as R,R' —> oo. 
d2 a6* * (x.y)

Moreover, -----C----------- ------ ) is bounded on the
dx dy (x-t^My-t^

domain (h) which implies that the second term in (2.4-8) 

also converges uniformly to zero for 0 < tj < oo,
C < t2 -6 < oo as R,R' —>oo.

Now consider the second term in (2.4-7).
Upon integrating by parts the inner integral, we have

-6x B
^(x,y)e Sin(Rx+Rtj - ^n)

R(xtti) JA

0k(x,y) e~6x

(xttj)
Sin(Rx-*-Rt1 - -)n) 

R
dx

For any y > 0, both the upper and lower limits are zero 
and hence the second term in (2.4-7) equals to

e(at1+bt2) - <S(t1+t2) D. B
------------- -----  J ** /It*

-6x„ sin(Rx+Rt-| - ^n). [ox( -5------ ). -------±----
(x+t2) R

0^(x, y)e
(x+tA)

Cos (R*y + R*t2 - Hu) . e*"^ dx.
(y + t2)
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Since
e(at1+bt2) - d'(t1+t2) e-6y

(y + V

fL (x, y)e ^
Dx ( ------------------— )

(x+tj)

is bounded on the domain (h) # the second term in (2.4-7)

converges uniformly to zero on 0 < tj < oo, C < t2-& < co 

as R —> oo for all R* > 1. Similarly we can show the 

convergence of the third term. Let us consider the emergence 

of the fourth term in (2.4-7).

For all R, R' > 1, the integrand is bounded on

(x, y, t1#t2) / A < x < B, C < y < D,

0 < tj < oo# C < t2-6 < oo

by a constant independent of R and R*. Therefore for given 

€ > 0, we can choose 6 so small, say 6 * S4 such that the 

magnitude of this term can be made less than e/2 for all 

R, R* > 1.

Thus PR R,^tl#t2^ converges uniformly to zero on

0 < tx < co, 0 < t2 < oo

Let P'R,R
* ^1* ^*2^ 

9 D •

_ eat1+bt2 3

♦ • •
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0^ (x, y) dydx.

For the ranges B ^ tj+6 < oo, 0 < t2 < co, 0 < < oo,

0 < t2+6 < C and 0 < < go, D .$ t2-6 <oo

R, R' - U.

So we consider the range 0 < tj+6 < B, c - 6 < t2 < D+6 
Let A* » max (A, tj+6)

Using the asymptotic expansions for R > 0 and large R*, we 

have

pMtx+ta) „
DR*R,R X

B etfx
X

e**^x e ^ ^(x, y)Cos(Rx+Rtj-*^n)Cos (

t2-6 ^* (x+tj)<ytt2)

. (R*y + R»t2 - \m)
, dy dx +

to+& B

(x~t^)(y-t2)
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f6x e~6y 0k(x,y) CosCRx + Rt^^n) Cos(R*y+Rt2 - W

(x + t^)(y + t2)

• co< isr >+ ot -\ki) +' w\ >0( -\k\ '3 •

‘ ^ 0 1 Tw? * * 0< "iqt-if ’ + 0 ( |5yj ’• 0< |qt2' ’ ^

. dy dx ... (2.4-9)

Consider the Inner integral in the first term in the braces 
in (2.4-9) which is

B e^x ^(x.y)
f ---- ------ Sin (Rx-Rt-.) dx
l.

Upon integrating by parts the above integral we get
Xv- e 0^(x#y) Cos (Rx - Rt^ 
(x-t^) R

B

A*

1 rB r ®^X 
+ = J [dx (-- --R JA* (x-tx )

Cos (Rx - Rtj)dx. ... (2.4-10)

The upper limit term is zero so is the lower limit term if 
A > t^ + 6 and on the other hand, if t^ + 6 > A, the lower 
limit term is bounded by
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(R&r1 sup
A<x<B 
C<y<D

Consequently, the lower limit term converges to zero for 
0 < ^+6 < A, C < y < D as R—> oo. Moreover 

e6x ^(x, y)
D_ ( —-- --------) is bounded on the domain,

(x-tL)

(x, y, tj)/A < x < B, C < y < D, Ok tj+6 < B

which implies that the second term in (2.4-10) also converges 
uniformly to zero for 0 < t^+6 < B, C <y < D as R—> oo.

Hence for large R*, first, second and third terms in (2.4-9) 
converge to zero uniformly for 0 < tj+6 < B, C - 6 < t2 < D+6 
as R—> oo.

Now for all R,R* > 1, the integrand in the fourth 
term in braces is bounded on £ (x, y, t^, t2)/ A < x < B,

C < y < D, O < t^ +6 < B, C - 6 < t2 < D+6

by a constant independent of R and R'. Thus P' (*i, to)
R, R *

converges uniformly to zero on 0 < t^ < oo, 0 < t2 < oo.

Again using the similar arguments as in the previous
cases, we can show that N' (tj, t2) and q ^l'^2^

R,R* R,R* •

e6x 0)5 (x,y) 

(x-tX)

converge uniformly to zero for 0 < t^ < oo, 0 < t2 < oo
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as R, R' —-> oo.

where H* and Q (fcj*fc2) are given by
* Kf R

NR,R»
<*.*., «aw r v

...........? t{.& i
(x,v, t1# t2)

R#R * 0k(x#y) dy dx

and

,<*1.*2> i po So
r-ri ..... s.....  t;2+6 4+6

T (^y.t,, t2) • L *■ £.
R,R* 0^ (x#y) dy dx.

Thus

eat1+bt2 -J-l/2 U-l/2*1 *2 SX1- k2
'J# 1^# t2

(tit2)
,R*

- 0 (t1#t2) ] ----> 0 uniformly on 0 < t1 < oo#

0 < t2 < 00 as R, R1 —> 00.
(ti» tj)which implies that ^ R, —> 0(t1#t2) in

as R# R * —> 00, and the theorem is proved.

As a result of the inversion theorem we have the
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following uniqueness theorem.

Theorem 2.4-2

Let F(p,q) * k .^^(f) (P#q) for (p,q) 6 f and 

G(p,q) * (p, q) for (p# q) € g.
If f 0 g ¥ fS and F(p#q) * G(p, q) for (p,q) €

£ (1 g then f * g in the sense of equality in D*(I).

Proof t By the inversion theorem, in the sense of convergence 
in D*(l), we have

£(x,y) - g(x,y) * lim
R

o+ir o+iR'
,R'— >oo f f [F<P#q> -G(p#q)].O-iR o-iR*

. ( 5 )in ( l )1/2 I .(px) Iu(qy)dpdq * 0.
O a * r

Thus f * g in the sense of equality in D*(I).


