CHAPTER - 1II

MEIJER BESSEL TRANSFORM AND ITS

PROPERTIES




2.1 Introduction :

In this chapter we construct a testing function
[
space K v, 4, a,b its Aual space K D.¥, a,b and extend
the Meijer Bessel transform defined by the equation
(1.1-3) to a certain class of generalized functions and

study some properties of 1it,

For real numbers j, B and positive numbers a, b;
we construct a testing funct.ion space K Y, ¥, ab which

contains the kernel 73[ Pq VPaxy Ky (px)Kp(qy) as a

function on 0 < x < oo, 0 < y <o for each fixed p and q.

The Meijer Bessel transform F(p, q) of a distribution

¥ 1in the 4ual space K')) is defined by

%, 3,b

F(poQ) = K.'\),“(f) = <‘F(ch)o

NN

Pq VPaxy K ) (px)Ky (qy)>

for suitably restricted p and q,

i

Let I denotes the open set ( 0 < x ¢ o, O < Yy < o0).
D(I) is the sgpace of all smooth functions on I having
compact support on I and D'(I) is the dual space of

Schwartz distributions on I,

2,2 The Testing Function Spaces K V.4, a,b and Their Duals,

Let a and b be any real numbers and-+,} be either



Let a and b be any real numbers andy, ® be either2

zero or complex numbers such that Re ) > 0, Rg ¥ > O,

Let h(t) be a continucus function on 0 < t < oo

defined by

-1
n(t) = logt 1f D c¢c tce

-1 1f o ¢t <

and we set

X2 P12 yen ) >0, RgE> O

j ) u(xoY) =
Ve -1 -1
[ v h)]™ [ v i)™t 1£ 9 = » =0,

Let K ), % a,Db be the space of all infinitely
differentiable functions #(x,y) on 0 < x < o0, 0 < y < o0

such that for each kl‘ kz = 0,1,2,...

© (%) () =
ky k
\k1. K2 Xy, k2
Sup ax+b ky k
= 0<X<O0 e y 10 v(x,y) S 3 uz B(x,v) |« o©
0<y<oo ‘ e
PP (2020-1)
k., k k k
172 1 2
here S - s
whe Yo B, x, v S Vex MW,y and



s . TV-172 2341 - 3-1/2
\)'x X X x X
-p-1/2 21+1 -h-1/2
Su‘y b4 DY Y DY Yy .
9 o
where D, = =--; D et
X 9x Y dy

Clearly K J,B,a,b 1s a linear space over the field

of complex nuTbers.

v, %, a,b
Morecvet %
Kyeky

on K, u,ab"

o : ‘
is a multinorm

kl' kzao

Indeed for any complex number B and § € K ). B, &, b
’ ’ 4 1,

‘Q‘ u' a,b

ﬁ ki kg

V,B,a,b

(g #) = m%x . (8).
1,72

Also for each ﬁl, ﬂz e K‘o,v,a,b

“)o v‘c ab
BRSU
\)l pl al b
Hence each
€ ko kg

vy.%,aDb
0'0

glv'lalb ﬂ,“,a,b

(8,) + (d,).
% Ky, K2 ! Q) Ky ko 2

(#) 1is a seminorm -and in addition

(ﬁ) is a norm on K\)'u’ a,b*
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We assign to Ky y o p the topology generated by

the multinorm {% ?{;:"{(:-b } lo'e} and this makes

K J, % ab’ 2 countably multinormed space. The dual space

K? J. %, a,b consists of all continuous linear functions
. ’ 4

onK 4,4, ab-

The dual is a linear space to which we assign the

weak topology generated by multinorm {éﬁ (f)} where

{é{ﬂ} - ! < f, 8 >' and @ varies through K 9.4, a,be

oo

A sequence{ ﬂm }

-l converges in K»*\),v,a,b

to ¢ if and only if for each pair of non-negative integers

gx).v,a,b (B - ) —> 0 asm =>co,
o PRk
e o)
A sequence{ P } is a Cauchy sequence in
m=l

K J.%,ab if and only if

\)l pl aob
(B - 8,) —> 0 for every k;, k; &s m and
k,,x

1° 72

n tend to infinity independently.

Lemma 2.2-1

K ), B, a,b is complete and therefore a Fre'chet space,
Ve Fe S



N
a]
8
3]

o
Let% ﬂm }m-l be a Cauchy sequence in K 3%, a,be
Then by equation (2.2-1), we have a uniform Cauchy sequence

)
{ Ym } ) on I for each k,, k, where
m=

kl‘ kz

P (xey) = DY 5, y(x,y) s [Zn(x 1]

“eoe (2.2-2)

V.48, XaY

k1. k2

s le converges uniformly
Vo B, x, ¥

By Cauchy criterion {

kl' kz

to S
Yo BeX, ¥

V} on I for all k; k,. Hence by standard
} .

theorem [1,?.402], there is a smooth function f(x,y) on I

such that Vm (%, y)—> ¥ (x,y) uniformly on I and

‘90 ul xoY vm(x‘Y) -> so, p' X,Y V (x’Y)

k].o k2

ax+by ]
7) e B, X,

where U (x,y) = e

), nlxy) s v [2(x,v)]

ceoe (2-2-3)

Since ‘t’m"" y) is a uniform Cauchf sequence hence

for each @ > 0, there is an integer Nkl. ko such that

Sup
0<x<co Umix ¥) = ¥, O y) ‘ < €
O<y<oo

for every m, n < Nkl:kz‘
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Taking limit as n-—>oco, we have

Sup
0<x<co

\q:m Ly = § ey | <8, m> N ok,
O0<y<coo

s s e (2. 2"4)
Thus for each kl' kz

- Y.%,3,b

(¢, - 8 —> 0 as m—> oo.
TR

Finally according to the uniformity of the convergence
and the fact that each ‘f’m("' y) is bounded on I, there

exists a constant Ckl'kz not depending on m such that

\Vm (%, v) ‘ < Ckl'kz for all (x,y)

Hence by (2,2-4) we get

sup
0<x< oo
0<y<oo

€ + C .
V(J(o Y) ( < kl'kZ

which shows that V(x,y) is bounded on I,

Hence a function #(x, y) which is the limit of a given
sequence { nmg is a member of K J. % ab

Thus the sequence{ ﬂm} converges in K J. % ab to the

unique limit @, Hence K J.%,a,b is complete,

Since K ) y, a,p 1s countably multinormed space which is

complete hence K J.%,a,b 1s a Fre'chet space.
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]
K«Q,ﬂ,a,b i8 complete and hence K-O.n,a,b is complete,

Theorem 2,2-1 : K—Q,g ab is a testing function space,
¢ Lo

Proof 3 Clearly K_Q Lab satisfies first two conditions
L4 . 4

of testing function space. Now we shall prové the third.

@
Let { 8 } converges to zero in K 4 y g, b.
m=1

In view of (2,2-2) and the seminorms defined in (2,2-1),

it follows by induction on kl,kz that, for each pair of

kl,kz) D, DY () -1 converges uniformly to

zero function on every compact subset of I,

which completes the proof of the Theorem 2,2-1,

Now we list some properties of these spaces.

1l

(1) Let Y),% > - 5 - For a fixed complex number (p,q)

belonging to the strip

- = 6(9&1) ac?y P,q ¥ 0 or a negative numbe:}
)

Pa VPaxy K ,(px) Kylqy) € K 4 y o -

Indeed by the analyticity of Vzw K 0(2) Ky (w),

2, w#¥ 0, 1t follows that pq Vpgxy Ky (px) Kylqy) is

smooth on I,
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Also in the view of the property

k.. kp 2k, 2k
soluxy[pq\/pqu Ky(px)Kplqy) ] = p 1 g™ 2,
LR A

(pq Ypaxy K, (px) Ky(qy)
s (2.2"‘5)

and by the equations (1,2-2), (1,2-3) and asymptotic
estimate (1.2-4) and the fact that \ eax+by (px) R (qy)u»

. K,o(px) Kp(qy) is bounded for 0 < x ¢ 00, 0 ¢ Y< ®© ,

¥,4%,abdb
(p,q) € ¥« -, the quantities ?k X, [pa VPaxy Kﬂ.)(px)
1!

Ky ".qy)]are finite for all )t:l,k2 =0, 1,2,....

Thus our assertion is verified.

SR

1
(11) Let ) > - 5 e B> - . For a fixed complex number

(p, @) belonging to the strip

e = { (p.q) € c? / P.q # 0 or a negative number}

[ -,g[pq\/qu'; Ky(px) Ky (ay) J €K, o oy

where D =

0
dp d q
'\)lul aob 2

Hence ﬁkykz [0 € 2 pq Veaxy x (px) Kylay) ) ] < oo



for any fixed (p,q) € <> .
(111) Let 0 < cc a, 0 < 4 < b, Then

Ky.peca © K\;.ll. a,b and the topology of

K is stronger than the topology induced on it
v, ¥, c,d

by K ), 4, a,b¢
This follows from the inequality

Y.4,a,b (%) < V.%c,a () for g ex N

kl‘kz - kl‘kz B, a,b°

Let 0 < e3**PY . oCXx+dy op 1,

Then
k,.k
ax+by 1’2
S
1 e 3y,tY w).n.x.yﬂ(x'y)! =
ky k
cx+dy 1,72
e j\) p(x.y) S\)“"x‘.Y g(x,y)
Y.¥%, ab J.¥,c,d
Therefore kX, ﬂ(x.y) < %kl B(x,y).

Thus our assertion is implied by the last inequality,

]
Hence the restriction of f e Kﬁ)‘v_‘ a,b to K Y, te,d

4
is 1nK\),n,c,d .
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(iv) D(I) is a subspace of K J. 4, a,b and the convergence

in D(I) implies convergemnce in KV.V'. a,b i.e. the topology

of D(I) is stronger than that induced on it by Ky 4 a, b-
Hence the restriction of £ € K* to D(I) is in D' (I).
y.% ab
Thus, members of K' are distributions in Zemanian
V.8, ab
sense [14,P.39],

Here I denotes the first quadrent {(x.y) / 0 < x < oo,
0 <y« mg .

(v) Each of the differential operators S J,x and Sy 4

is a continuous linear mapping of K J,4, a,b into itself

since
§k1.k2 55,x? = §k1+1' X, (¢) ana

(s g) = (d
Crpexy Gu,y @ = Ok w1 @
We define the weak differential operators S'Q x and 3;1
; V. Y
[}
on K\).u,a,b asg

s
<chxf'ﬂ> = <f' Sx).xﬂ>

(Sv'yf,ﬂ) = . £, S“¢Y¢>

for g e K\),ﬂ,a,b .
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Since § —> S 3. % g and g—> Su # are continuous linear

Yy
L
mappings of K 3.4, a,b into itself, the mappings f—> Sﬁ) x
e 14
and f£f~-> S; v are continuous linear mappings from

.
]

K
9.4, a,b into itself,

(vi) Let £(x,y) be locally integrable function on

X {O<x<oo. 0<y<oo} such that

o o -éax - by
of f ----------- 'f(x.y)‘ Axdy < oo
0 Iy p (x0y)

Then f generates a regular generalized function in

[ ]
K 9.8, a,b’ defined by

<f, B>= ? f fix,y) #(x,y) ax dy. eee (2,2-6)
0

Indeed

<£,8> = | [ [ eeecdelillecmea. e3%+by 4 9, plx¥) X

X @(x, y)axdy

v.%a,b
< §0.0 8(x, y) T 2?

e@X%+by X, v
3y,pt07




which shows that (2,2-6) truely defines a functional f£

on K . This functional is clearly a linear one,
Y, 4%ab

; @
Moreover, if{ ﬂm}m=1 converges in K ). %, a,b to zero

y.4%ab N o o
then % 0.0 (6,) —> 0 so that| < £, >| =-=> 0,

Thus £ is also continuous on K J,%,abe Hence f generates

a regular generalized functicn in K'\)'p‘ a,b’

(vii) For each f € K'Q % a b’ there exists a non-negative
rl L 4 &

integer r and a positive constant C such that for all

ge Kw).“.a.b

‘ S.%a,b
\<f,ﬂ>‘_<_c max (#)
0<kl<r % kl‘ kz
0:)(2(!‘ f

The proof of this statement is similar to that of [13,
Theorem 3.3-1] .

2.3 The Distributional Meiier Bessel Transforms,

We call £, a K PR T transformable generalized

L]
functicn if it is a member of K 3.k a,b

(a,b) of real numbers. In view of note (i1ii) sec.2.2; to

for some pair

L
every £ € K N4, a,b there exists the unique reals éf. %f >0

. L
(Possibly 6f = co, Sf = co ) such that £ € K 3, ¥, c, 8



. ’ 6.
1fC <ca<6g dcb < Q£ and f € X y.8,c.a 1f ¢ > Oy,
a> gf. we define the (3, PP order Meijer Bessel
transform kio‘u(f) of £ as the application of £ to the

kernel % pq Vpaxy K_g(px) Kpfqy): i.e,

"Fip,q) = < £(x,¥), % pq VPaxy K ,(px) Kylaqy) >

L Y ] (2.3-1)
where (p,q) € 4\-f = E.(p,q) eCZ/Re.P > gf' Re q > 6;

(p,q) # (0,0); =M <cargP <« 1

-R<cargq g N

The right hand side of (2,3-1) has a sense because the
' 2

application of £ € K-Q,n,a,b to = pq VPaxy K_Q(pm)-

‘Kylay) € K 5 y a,pe

where a and b are any real numbers such that gf < a < Rg P2

(f<b<Req-

The subset < -c of C2 is the region of definiticn
of the transform of £ and the numbers Q¢ and 6¢ as the

abscissae of the definition.,

[}
We refer to the operator K o,ﬂ’f"> F as the

generalized Meijer Bessel transform of (V, u)th order.



whenever F(p, q) = ‘('9 p(f) for (p,q) € I\.f then £ is a

K j,p - transformable generalized function when - and B
are either zero or complex numbers with Rg > 0, Re B > 0

and F(p,q) as in (2,3-1) and < “-¢ in usual sense,

Theorem 2,3~-1 :

1f Flp,q) = k'j L(£) for (p,q) € ™ ¢, then

for any positive integer m

k-ﬂ"‘ls’“\)‘x £ = P2 F(p, q) eee (2.3-2)

k-9 . s',‘;'Y £ = P2 F(p, q) eee (2,3-3)

Proof : By property (iii) and the equation (1.2-8)

{(")'nsm\)‘x f =< £(x,v), 5‘:“;‘x [12'[ pq Ypaxy Ky

(px) Kylay) 1

= < flx,y), s [ ;z-tpq\/'ﬁil(*(px) X
X ~/6f§l<.p(qv) ]

= < £lx,y), P*" £ pqvpaxy K 4(PX)

= p®™ F(p,q).

Similarly we can prove (2,3-3).



Lemma 2,3-1:

LetYy; AR,V >0, Pp 4 R,H > 0 and let a,b, 6,
gf be the fixed real numbers such that 0 ¢ a < o’f', 0 <b ¢ ?f
for all (p,q) in the strip < - yhere <\ ={(p, q) € c2/

P, g ¥ 0 or negative number

. 1l
For 0 <x< o 0O<yg< o and ~) _>_-§,ll_>.--2-

eax“'by (px) \’ (qy)ll K N (Px) Ku(qy) <

) 1)
< ay,plr+fp)? 1+ |q] ¥ ]
where A J, 8 is the constant with respect to p,q, x and y.

Proof : (px)“‘) (qy)11 Ky (px) Kn(qy) is entire and hence
bounded on any bounded domain, Moreover by the series

expansions of K . (px) Ky(qy) as | px| => 00, ‘qyl —> 00}

we have that there exists a constant B J. 0 such that

[px[ 1

(px) \)(qy)“ Kﬂ(px) Kulay) < By " l {
’ qaqy

<
<.

and by the asymptotic expansion in (1,2-5) there exists

a constant C I, B such that
[ 4

(px) \)(qy)‘L K\)(px) Ku(qy)\ - \(px)\)-l/z (qy)n.l/z\

(o) % (ay) % (px)Ku(qy)‘




- 23 -

<cy y |px] v |ay|® e (PX+ay)
Ipx| > 1, lay| > 1.
Hence for all wvalues of p,q, %, Y

(ex) Y (ap¥ K (%) Ky (av) | < £y, [+ [px1V 1024 (avl P,

- +
. e(px qay)

where E 9,8 is another constant,

It follows that for x, v, Pp. 9 and 7,4 restricted as
stated

e3X+by (px)")(qy)u K_Q(px)Kp(qY) <

cEy W1+ loxVI01+ |qv|P] e(oX*PY) = (pxtay)
=2, ¢ [1+ [px] V)01 + [ay| M.ela-PIxe(oma)y
< By 1+ |p Y02+ [qM a4 V.

. (l+y)v' e(a"P)X"’(b-q)Y.

<ay, yDrs e Y M2+ gl

Hence the proof where A'O » is constant with respect to
’
P, q x and vy,

We shall now prove the analyticity theorem for the.



generalized Mel jer-Bessel transform,

Theorem 2,3,2

1f key u(£) (@) = Flp,q) for (poq) € “- ¢

then F(p,q) is analytic in p and for fixed q, (p,q) € < ¢

DF(p,q) = <F(x,y), D[ ,Z,Pq\/pqu Ky (px) Kylay) 1>

ees (2,3-8)
9 N

where D = <==- or x-=-
dp Ogq
Proof : Let (p,q) be an arbitrary but the fixed point of
I\-f.

Fix q Construct two concentric circles of radii r and r;

with centre p such that both the circles are in -~ g

Let r < r; and let ]Ap} be a non-zero complex

increment in p-plane such that ‘Apl < L.

Consigder,

F(p+ ap, o) =F (P, q) ° . 2

S 3 S - < £(x,vy), 3-- [';'[ pav/Paxy Ky (
&p p

. (px) Ky(qy) 1> = <fix,y), Yap (x,y) >

e s (2.3"5)



where

2
VAp(x‘ Y) " - % (p + Ap) ' p"'bp q {—q ﬁ? .

KAP
Kyl +a) x ] kytay) -

- [pav Paxy K (px) Kylay) ]}-

)
- 5 [pa vBaxy K y(px) Kplay) 1.

our theorem will be proven when we show that (2,3-5)"

converges to zero as ]Ap) -> 0,

This can be done by showing that vbp(x) converges in
Ky, 4 ab to zero as |ag] —> O,

Using the fact that

[p K\)(px) qVvay Kp(qy) ] = sz(P Vpx q.\/aix\) (

and by interchanging differentiation on p with differentia-~

tion on x, we may write Sk\) I‘I 85 (x,y) using Cauchy's
e X

integral formulas [5] as follows

gk (% v) 1 g K qvax nx q \/qY K § (Mx)Ky (qy) a
A Xe - e e e ene wm e S G5 o e G A e A e e e B S e - -
R e n2L ¢ (1\ -pP-a



1 S nzkn\/"ﬁi'q\/’&?ko (ax) Kulqy) o

- = eeey D L G S D P T G TS G CEn S G D G D G G D S . T G S S T W

n?1 ¢ (n=-p) 2

1l g [(‘\"P)z - (‘l"P’Ap) (""‘P)"(‘\"’P‘Ap)bp ]
- ‘ T

C Ap(n‘p‘Ap) (“"p) 2

. %% 0 VA qVaT K (x) Rylay),

1 Ap 2k

P (m-p)2 (n - p - 8p)

L

. 1V Ux CI‘/EY’K,Q (nx) Kp (qy)am.

Hence
2k
k aAp § 1 VA K i(Y}x)q ‘/Eixp(@) |
S Y.x pr(xo Y) - "5"' ------------------------------ o

c (n-p)z(n-p-ap)

Now for all 1 €C and 0 <x < o, O0<y< o

- - k
e3X +by x\) 1/2 YU 1/2 sv‘x pr (x, y) <

D P W o T T S AN T Y TR A T G

n € (n-p)2 (=p-ap,)

.‘Q



. \ eax+by (Tlx)") (qy)"’ KQNX) Kp(qy)! a.

| Ay pl2+]a] 01+ q*

eee BY lemma (2,2-1)

where A ), B is a bound on

\ 23Xty (qx)\) (e ‘me) xn(qy)l and K is constant
independent of p and x,

Moreover \n-p - Ap| >r;-r>0and in - pl = ry.

Thus as lop[ -—> 0, ?Ap (x,y) converges to zero in K.J,n,abe

Consequently,

< £(x, v), VAP (x,y) > — 0 as IAP’ -> 0.

Theorem 2,3-3 3

If X' p (£)(P,q) = F(p,q for (p,q) € L™ ¢

then (p,q) is analytic in q and for fixed P, (p,q) € <\,

3.
- F(p,@) = < £xy), =em [ 2 = PaVvPa@xy K ,(px) Kylqy)] >
q o q

The proof of this theorem is very similar to that of

theorem 2,3-2,
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Thegrem 2,34

1f k.\).p(f) (p,q) = F(p.q) for (p,q) € <"~ then

F(p,q) is analytic on VAN £ and

DF(p,q) = < £(x,y), D[ ;%, pq VPRXy K 4(px) Kylay) ] >

P o
where D & =«= Or ===
a P a q 1

Proof : By the theorems 2,3-2 and 2,3-3, at every point

(p',q') 8 ¥~ ¢, each of the functions F(p,q') and F(p',q)
is analytic in the single variable p and q respectively,
Therefore invoking the Hartog's theorem [2,p.140], we see
that F(p,q) is analytic on AN £o

Theorem 2,3-5 [Boundedness of F(p,q) ].

Let k") w(f) (P,q@) = F(p,q@) for (p,q) € - ¢ and
4
a,b be any real numbers such that a > % g b > 6.

Also let /\c.d be the subset of < - ¢ defined by

/\c.d' {(P.q)eﬂf/llepz_c, Re q 2 4
and |p| > c - O

lal 2

v
Q
!
2
.

then F(p,q) 1is bounded according to

lr(p.q)] < Pe,q ¢ \p\ \q‘) where P_ 4 ( ]p\ “ql)



is a polynomial in |p| \q\ depending on ¢ and 4,

Proof ¢ For we choose two real numbers a and b such that
Qg <a<cand 6¢ < b < 4, Then for each fixed (p,q) with

(p.q) # (0,0) and for Re P > ¢, Rg q 2 4,

2N

Pq VPaxy K j(px) Ky (qy) € K 3 4 o e

Moreover £ @ - K
J.8 a,b and in view of general result

[14, Theorem 1.8.11 ] there exists a constant ¢ > 0 and a
non-negative integer r such that for (p,q) # (0,0), Ry P > c,

Ro g2 4

| rp )| < c. max

I

S, x, [P vrx q vay k  (ex)Ky(ay)]

k
= C max Sup l e *PY 4 Lix,¥) s S
0< ky,k, < © O<x<oo ‘ .
- 0<y<co
PVPX qVay K y(px) Kylqy)
N »
= C max Sup e*X*PY 5 ) pixy) -
0< ki, k,< © 0<x<co P
- 0<y<oo

!

ky 2k
. 21 ™2 p bR q vy Ky {px) Ky(qy)



- 30 -

If ) =0, ¥ = 0 then

3
| #tp, )| ¢ c max \plz"l"% |a)2%2* 3

0< ky, ko<

Sup DY ¢ (px) Ko (qy) \
PS 0<x<m - T S . S W A = - - T
O<y<oo h(x) h(y)
|
e3XtbY Ko(px) Ko (ay) \
Since for all x, vy > 0, |=—=e--- < A,
h(x) h(y)

where A, 18 constant with respect to p, q, x and y
[14, 1emma 6.5-2)

Hence
2k)4+3 2k + 3
| B(p, )| < A, max \pl \al 2
0< ky.ky < T
- kT2 o
2k, + 33 2k,+ 3 -
|P(p, )] <cC max | pf 2 q 2 77,
- 0< kl.k2 <r
Sup | ax+b !
. O<x<oo | @ ¥ (px) \)(qy)u K_\)(px) K"(qy)
O0<y<oo
and since

eax-l-by (px) ‘)(QY)“ K\)(PX) Ku(qy) \ < Ao'ﬁ[l‘* lp"\) ]o

;[1+ la)* ]



Hence

3 9 3
2kt = 2k, + = =B
i F(p.q)‘ <Ay p max [l 2, )q172 " 2
‘ Oikl.kzit

*

s pha s g1 ™)

where A 9, B is constant with respect to p, g, x and y and
[

the theorem follows,

2.4 Inversion Theorem

The inversion formula for distributional Meijer

Bessel transform determines the restriction to D(I) of any
K J.0 " transformable generalized function from its Meijer
Bessgel transform, From this we will obtain an incomplete
version of uniqueness theorem, which states that two

K e transformable generalized functions having the
[ 4

same transform must have the same restriction to D(I).

Theorem 2,4~-1

Let k\) n(f) (p,q) = F(p,q), (p,q) € -f"-f where

(p,q) 18 restricted to the real positive axis and let

1 1
V2-3.F2-35.

Then for each # 6 D(I)

1 6+iR & +iR* 1

- X )3
< === Je i F{p, q)( p) I, (px)Iy(qy)dpdq,
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, Bix,y) > -=> <« f, g >as R, R' => o ees (2,4-1)

Proof 1+ Let # € D(I), Choose real numbers a and b such
that 0 < a < 6¢ and 0 < b < Qg . Since the integral in
(2,4~1) is a continuocus function of (x v), it generates a

regular distribution in D(I), Hence we have

1 6+iR  6+iR' x 1 v 1
£ mmwewme 2 2
2 Flp,g)( = )4 (=)2 1 3(px)I,(
2ng AR o":-ca- o) o 2 3 (Px) Iy (av) dpdq,

gix,y) >

1 o0 T ?1& ji-iR ’
- emem- 2 (x, v)dxdy F(p,q) .
2n42 of B &~iR  G=4R°

1 )
(Xy2 (1,2 ¢
P q

Since @ is of bounded support and the integrand on

right hand side is a continuous function of (x,v.P,q)s we

can change the order of integration and obtain

1 6+1iR S+4iR*

( - s wn

‘2ni G=4R &-1R"

1
(X932 1, (px) .
q A

N

X
F(p,q) ( ; )

« Inlgy) dpaq, #(x,y) >
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1l R R 2 e
- e { { < flt).%), == pa Vpatity K jip).
21'[ - -R' n

ol

D dpae. S Ty (EH2 1m0

. Iu(qY) dxdy. ens (204'2)

Now let

-
0O

@ o x .3 ,%
b= [ £y ()2 (I)? 1 (ex)1y(ay)axay.
0o 0 p q

and 9

R R
"aln'“‘rtz) - 3 _{ _{

n

Since

at +bt, J-1/2 K3, Xk,
1l 2
¢ ! ®3.m,¢, t, ", e (1 B2)

1
1 R ' - -
«R =R?

1l !
2k2+ --u

q 2 (pty y Xat,)".

. eat1+bt2

K 4 (pt)) Kplqt,) § (p, q) dpdq

R® 1

1
2k -V 2k,+ 3 -
¢ (g p 1t 32 a2 7 Papaq

"
o
1
o\~

-R?

at.+bt
where B is a sultable constant bound on e 1 2 (pel) q..



Hence M, R.(tl,tz) €Ky, p,ab for each R,R* > 0
. .

Using the Riemann sum technique we can write equation

1 1

1l R R! x = Y"
P—— Fip,q) (=12 (2)% 1, (px) Iy .
2ni? AQ. qg' b p a Y 2

. (ay) dpdq, #(x,v) >

= < f£(t),t,), My gt (£, t5) >, RR' >0,
This has a sense because Mp p,(t1,%) € K ) 4 4 1-
(4

Hence the theorem will be proven when we show that

M, re (B t2) —> git),t) InK 4 gy o1 a8 R,R*—> oo,

Since

2 —
§ (@) =- paVvpat t, K ,(pt;) Kylqt,) is smooth and
¥ € D(I), we may repeatedly differentiate under integral

sign and use equations (1,2-8), (1.2-9) to write

k,,k e 1 R
1 2 ..
VoW .ty R,R*'"71* 2) 2 _{

R* Sklck2

(p.q).
-R s ’. V‘, tll tzi ‘

LK 2



1l R R* 2%

2k
- -5 L J P 1a % pq v/patit; K y(pty) .

[
-

0 X .2 Y 2
L) - - I °
.{ 0; ofﬂ(x.;) ( )4 «( ) )(pX)

R R*  .1/2 =1/2
. - { S vt t, p q / K\,(ptl)-.

. Kp(qtz) dpdq.
® 2k, 2kp |
. ,{ (;T B(x,y) P71 q 2 [pqvpaxy I,y (ex).

1 R ’ -1/2 =1/2
= ;2 -g _Z. \/tltz P q / K,q(Ptl).

. Kp(qtz) dpdq.

’ ? z’ p(x,vy) skl'
' 6 3

[4

k2
vBaxy I
oy [pa vbaxy 1 ,(

. (px) Iy(qy) ] axay

1 R R’
= o3 .{‘ -'{z' pq Ve t, K (pty) Kp(qtz)dfpdq.

kl‘k

2
VXY Iy (px)Iy(qy) Sy, %,y g(x, y)dxdy.

°—8
°—g
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The last equality is obtained by integrating by parts the
inner integral 2k, times with respect to x first and then
2k, times with respect to y and noting that § is of compact
support. Let us reverse the order of integration and use

equation (1,2-10) to obtain

R U VErGE, R OB

. Kp(qtz) I\)(px) Iw(qy) dedq

VXYt €, R R* [
= mmemet R eeneene xI . . (Rx) K , (Rty)+ty K
nz(xz—t% )(Yz-tg ) V+1 VT A (

(Rty) I 4(Rx) ],
LyIpna(R'y) K (R'Ey) +
+ t5 Koy (R'E)) Ty (R'y)]
e (204-3)

Hence we obtain

k0 k (ta, t5) (x, v, £), t5)
s 1r ™2 M 4 .2 - ? 7 L (RS TR
'\)ovtlotz R,R 0 5] R,R’ !
k10 k2
S #(x, y) axdy
VR, X,y

ese (204-‘)
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Skl'kz

Denote
Y.V ¥

g(x,y) by ﬂk(x.y)

Now suppose that the support of #(x,v) is contained in

[A,B] X [C,D] where 0 < A < B < oo,
Let us break the integral in (2,4~4) into

k1. k2
Ve ¥, tlo t2

MR,R' - d{ df +

ty+b t+8
+ ’[ “f
tz"& t1‘"6

46 -6

0<C<D<wo

(e 0) t.=5
J s
t2-5
t2+6 0
+ J[ +
t2-6 t1+6

= Vl(tl,tz) + Vz(tl, tz) +'V3(t1, tz) + V4(t1, tz) +

+ VS (tl' tz) -
we shall first show that

(tq, t
1 t2) R
R,R* =

at1+bt2
e

converges uniformly to zero on 0 < t; < oo,

as R, R' -—-> oo.

39, nét0t) [vatee)) = B(ey, ) ).

0 < t2 < 0O
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I1f either 0 < t1+6 <A 0<t) <o or

t1~6 2B, 0 <t;, < o ana either 0 < ¢} < oo,

0 <ty +86 <C or 0<¢ty < oo t) -85 2>2 D then

Va(ty,ty) = 0 and #) (t3t3) = 0

Therefore we have to consider the rectangle A-§ < ty < B+§,

i

c-6 <ty < D+s.

Moreover since the support of #c[a,B] x [c,p],we take the
"integral in (2.4-4) on [a,B] x [c,D].

For R,R* > 0, using the asymptotic expansions
(1.2-4), (1.2-5), (1.2-6) to estimate N{*11%2) o nave

for large R,R'

(t1£2) e ! Iy (€1, £2) tats ty+b

[ u
N . . b § W A . nz - - — f
tz"& t1-6

D U G W B WY SR G S GRS GO S G S LS S G AN S W o QNS S G W QR S

6x- 6t - e
e 1 t:!é/Y &2 B, (%, v)AYAX + ==recccccccticacan--

-

jz+6 £1*0  sin(Rx-Rty)Sin(R'y-R't,) €x~°’tl 6”'&’2

P S S G T G U e G T TS GPT T W A G S D W

€5 -8 (x-t3) (y-t3)
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1l 1 1 ) I
c Bk, Y) [ )O( === ) #+ O( == ) + 0 (=== ) O ( === ) L
| px| | pty| | Px| | pt,|

1l l 1l
. 0 ( - - ) + 0 ( - - ) + 0 ( o ) 0 .
{ |ay| \at,| lay|

1 te 3 5, nit t)
TG-S N, % P SR .22 (1w
jata }

1 1
+0(===)1[1+0¢(C -=-)1.,
|pta] |at,)

45 ty+8
j?v 1.7 Cos(Rx+Rt;~ YM) Cos (R'y + R'ty=in)

D A G G S W G B S G O G S G S T G G S T S D G G SR G S G G G U G S

t,~5 ;-5 (x + £1)(y + ¢5)

8“6)("& 1 1l

Y) [1.+ 0( —-;l) I 1+

-6y-6t
e ¥ zﬂk(x. ’p

-

at,+bt |
1l 2 (t,t) (t,, ¢t
‘13“ 1e %2 ﬂk 1 2?.

L4

+0 ( ~ic) layax - e
lay|

ees (2,4-5)

First, consider the fourth term of (2.4-5).

Since supp #(x,y) ¢ [A,B] x [c,p], the function is bounded on

{(x.y,tl,tz )/ A<x<B, C<y<D

A-§ < ty «B + §, C-8<t2<D+6}
'

Hence for any given € > 0, the magnitude of this term’ can
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be made less than /2 for all R,R* > 1 by choosing § small
enough say § = 6y.

Now consider the sum of the first and last term in
(204-5)o

we can write this sum as

1 t2+6 t1*6

=5 H(Tl,Tz,tl,tz) Sin (RTl)Sin (R'Tz)drzdrl+

eat1+bt2 j (tl, tz) ¢ (tl’ tz) .
B k

(ta+5)R*

, (t1+6)R
1 Sin M ! Sin u
[ -;-2- --;- av . cmee=du -1 ],
(t266)R' t1°5)R u

{
[ X N 1 (2.4‘6)
where
at1+bt2

H(TI‘TZ‘ tl, tz) = e (tl‘tz)

Y8 ¢

6T 6T2
nk{ (Ty+t;) (T,4t5)e -gy (e, t5)

A A S S A W S s W W G e G D T S D S S 2l G B G B W

T1T2 :
Since H(Tl'Tz' t;.ty ) 18 a continucus function of (TI'TZ' t,. t,)
and supp. #(t), t,) ¢ [A,B] x [c,p], H(T,T5, t,,t,)is bounded
function of (TI’TZ) on tl"‘s < Tl (tl + 8, tz"& < Tz Ctz‘l’ﬁ

for all O t; € o0, 0 < t < o0,



Hence choosing 6 small enough say 6 = §,, the first temm

in (2.4-6) can be made less than €/2 for all R,R' > 1,

Now fix § = min, (51 62). The second term in (2.,4~6)
»

converges uniformly to zero on 0 < tl < o0, 0« t2 < oo,

Let us consider the second term in (2.4-5) which is

1 at1+bt2 (ty, t5) t2+6 f1+6
—-——a 3 1. %2
n2 .8
tz“ﬁ t1~5

Sin (Rx-Rt;) Sin (R'y - R't; )

A S B g T T W T S A Sl D SN USSR S YR S EE R A S B SN S A S W e

(X'tl) (Y’tz)

- ) 1 1
L5 6% g gy [ 0C m ) 4 0 (ooiem ) 4
| Px] | Pt1]
+0 ( ====), 0 ( v=z-= ) [ . Jo( ====) +
\px ‘ptl‘ f { l ‘
+ 0 ( =-=-w ) + 0 ( w===) ( =mz=n )| Jayax
\at2| ay] \ata] } e

Since

Sin(Rx~-Rt;)sin (R'y-R't))

———————————————————————— - 0 ( ’px!‘].) 0 ( lqyl -1)‘
(x—tl)(y-tz) J i
A :

11840



Sin(Rx-Rtl) Sin (R'Y“R'tz) CR,R.
L S Bt dedh ettt ded kbt i dh b de dang hd PYEEE st duiedudebde et g
- (Rx-Rt;) (R'y-R't,) |624r| |621r¢|
< C
and similarly
Sin(Rx-Rty)Sin (R'y-R'ty) - -
------------------------- . 0 (ptg]™H oCjat,™H| <

(x—-tl) (Y"t2)

{
Hence for given € > 0, the magnitude of this term can be
made less than €/2 for all R,R’' > 1 by choosing § small

enough say § = §3, Similarly we can show the convergence

of the third term in (2.4-5),

(t
R,R'

Th\ls <€On0<t1<m,0<t2<m¢

Since € > 0 18 arbitrary, we conclude that N;té',tz)
&

uniformly to zero on 0 < tl < oo, 0<ty) < oo as R,R'=> o0,

converges

Row consider

at,+bt (ty,t,)
plty1, t2) e 17072 1°%2) vy (e, t
R,R' T J.m 1{%1 £2)

at1+bt tz-s oo (x, Y. t]_o tz)
= e

2
B Q.u(tl' t,) L p,R*

For 0 < t t c, p _‘hr%p)
Ot < 1(@, 2-6< [ R‘R‘
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Therefore, we have to consider the range
0 <t <o CC< t,=8 < o
Let D' = min (D, t,-3)

For large R,R'; using the asymptotic expansions as before,

we get
(aty+bty)= €(ty+t)) (), tp)
(tl' tz) e b V. B
R R = mmmmmmoommemee- S5 es .
t,-H a0
2
A 5 { e &Y g (x,y)

--------------------------- dydx -
(x-ty) (y=t3)
t?fb iP —O% o"0Y # (x,¥) Cos(Rx+Rt,
0 o] (x+ty) (y+t,)
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e X e"y ﬂk(x. y)Cos(Rx+Rty~ ) %) Cos (R'y+R’t,-in)
I et T L .
(x + tl) (Y + tz)
0 (=te= ) 40 ( =cie ) 40 ( =2 ) 0 ( =mnem )|
. m—== ) + =—c= ) + ====) 0 ( =oo-= .
{ {px| [Pt |Px]| Pty |

o(l)w( : »~o(1 ) 0 ¢ - ) ] ayax
{ \ay| lat2| * qy }‘

We note that RN

is bounded function for tl -8 > A, t2 - 8§ >8B,

Similarly the quantity

6x °/Y ﬂk(x.y) Sin (Rx-Rtl)Sin (R'y = R‘tz)

(x + t3)(y + t5)

bounded on the domain

/A<x<B, C<y<D,
@ :{ (X:Yatlot2) / 0<t1 <oo, C<t2"6<d)}

which implies that the last term in (2,4-7) convecrges

uniformly to zero for 0 < t; < o, C < ty~§ < o as’

R,R' => o0,



Now integrating by parts the inner integral in the first
term within the braces in (2,4~7) and noting that for any

v > 0, the limits at A and at B are zero, the integral in
the first term equals

D* eéy 6% (x, y)
———— 1 A{ [Dx ( ---35 ------ Jcos (Rx-Rty)ax | .,
¢ (y=ty) R (x=ty)

Sin (R'y -R't,)dy,

Again integrating by parts with respect to y, we get

1 e6Y B 86x ﬂk (x,y)
wwm ] emmenem f [Dx ( """"""""" ) ] COS(RX‘Rtl)dx .
RR' (y=t3) A (x-ty)

c ox oy

D! D
'{-Ces (R'y -R'tz)} + -—- é( dy'ﬁ( [ emmem

e Y g (x,v)

( =emmomeeecea- === ). [cos(rx-Rt;)][cos(R*y-R*'t;)]ax
(x~t;) (y=t,)

eve (20‘-8)

The lower limit term is zero and i€ D £ ty=5, the upper

limit term is also zero,

Since D, ( ---------- = ) 1is bounded by a constant

say M on { (x,y,¢;)/A <x<B, Ccy<D 0<% <.co-i



l
for ty-8 < D, the upper term is bounded by --- M(B-A),
RR?

consequently the upper limit term converges to zero for
0<t1(mp c‘tz"&(mQSR,R.")w.

62 eék e6y ¢i(x,y)

Moreover, e«cws ( ewecceccewSea -== ) 18 bounded on the
ox oy (x~t1)(y~t2)

domain C) which implies that the second term in (2,4-8)
also converges uniformly to zero for 0 < t; < oo,

C <ty =5 < oo as R,R'=>00,

" Now consider the second term in (2,4-7).

Upon integrating by parts the inner integral, we have

ﬂ ( "6x B
k{x.y)e Sin(Rx+Rty = Y1) )
R(xﬂ:l) A
2 By (%, ¥) e'éx Sin(Rx+Rty = YN)
I T G ) mmmmmmmetee il ax
A (X+t1) R

For any y > 0, both the upper and lower limits are zero

and hence the second term in (2,4-7) equals to

(at - 6(¢t
o (2t14bt)) 1+t2) 3 \),S«tl’ t,)

A G T WS CR G D W e K SRS W G S A S W gy
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Since
o(3T1#PE)) = 6 (ty+ty) o-6Y (x, y)e %
-------------- cmceccmeeee DX ( =Kmmemmmmeens
(Y + tz) (X‘.‘tl)

is bounded on the domain (H) , the second term in (2,4-7)
converges uniformly to—zero on 0 <t <oo, C< ty~§ < oo
as R —> o for all R* > 1, Similarly we can show the

convergence of the third term, Let us consider the emergence

of the fourth term in (2,4-7).

For all R, R' > 1, the integrand is bounded on

(xothlotz) / A < x <B, C<Y<D,

0<t1<c0, C(tz"&(m}

by a constant independent of R and R*', Therefore for given
€ > 0, we can choose § so small, say § = §, such that the

magnitude of this term can be made less than €/2 for all
R, R* > 1,

Thus P, R,(tl'tz) converges uniformly to zero on '
&

0 < tl < oo, 0K t2 < oo.

€.t at,+bt
Let Péfa} 2) . ™ 2J\) “(tl'tz) vV, (ty, ty)

L4

aty+bt
1l 2 (t ] t t +5 ‘
. 151;3-_3--31 2 R
. R

n €-8  ty48

L (xv Y. tlv tz)



”k(le) dex.
For the rangesBstl+6< o, 0<t, < oo, 0<t1<oo.
0 <« t2+5 < C and 0 <« tl < aov, DKL t2~6 <o

(t;, ¢
PR 2 = o

So we consider the range 0 < t;+§ < B, C - § < t, < D+§

Let A' = max (A, t;+§)

Using the asymptotic expansions for R > 0 and large R', we

have
(at,4bty)= 6 (ty+t,) (t1, t,)
p’ (t)+t2) .....--.].'....-.2.....-_......}.-_.2.-_-:1..?2.:-_--_-.2.- X
R,R® 2
ty+6 B OX 6y g, (x, y)Sin(Rx-Rt,)Sin(R'y-R't;)
X | | ememmmeeeeseccmcr s r e e e e e a e e ——- dy ax

ta2+6 f R ﬁk(x,y)Cos(Rx-rRtl Vn)Cos(

tz-a At (x+t1) (Y“tz)

------------------ . dy dx +
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-6x 6Y By (x, ¥) Cos(Rx + Rty=I7) Cos(R‘y+Rt2 - vn)
4+ emecemnemcemeeecccee e cec e e e et e e —————— .
(x + t1)(y + t3)
1 1 1
« [ o -l-s;- ) + of T;’Eﬁ- ) + Tf’;‘T ) of -l's-é-'- ) ] .
1 1 1l
0 (wo== ) # 0( =====) + 0 ( ===~ ), 0( === ) ).
- L \QYl (atz| \ay| lata| |
. dy ax ees (2.4-9)

Consider the inner integral in the first term in the braces

in (2.4-9) which is

B % g (x, ¥)
I - D D G WD A - Sin (Rx‘Rtl) dx
As (x—tl)

Upon integrating by parts the above integral we get

- . c Rx - Rt B
-_3-_-'.”55’.‘-3'1 Cos (Rx - Rt 1) +
1 B e6x B, (x, ¥)
+= f [y ((emmmcBacion Cos (Rx - Rt,)dx. ... (2.4-10)

The upper limit term iszero so 1s the lower limit term Af

A > t; + 6§ and on the other hand, 1f t; + § > A, the lower

limit term is bounded by



®s)"} sup 5% g (x, v
A<x<B —————————
C<y<D (x-tl)

Consequently, the lower limit term converges to zero for
0 < *1-&»5 <A, C<y<DasR~—> o0, Moreover

e g, (x,y)
Dy ( ===cecemece-- ~) is bounded on the domain,

{(leo t})/A <x<B, C<y<D 0=« t,#§ <B

which implies that the second term in (2.4-10) also converges

.uniformly to zero for 0 < t;+§ < B, C <y < D as R—> oo,

Hence for large R’, first, second and third terms in (2,4-9)

converge to zero uniformly for 0 < t,+6 < B, C - § < t, < D+§

as R~> oo.

Now for all R,R' > 1, the integrand in the fourth

term in braces is bounded on {(x. Yoty ty)/ A < x < B,

C<y<D, O< ¢t +6 <B, C-6<t2<D+6.}

by a constant independent of R and R', Thus P!; (t1, ¢3)
R

(4

converges uniformly to zero on 0 < t) <o 0« t2 < 00,

Again using the similar arguments as in the previous

cases, we can show that N R.R* 1¢ -2/ and QR'Ro . 12

,

converge uniformly to zero for 0 < t) < @, 0 < t; < @
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as R, R' ~—> oo,

where N' R,(tlotz) and o  (t1-%3)
. R,R*

are given by

[4

at,+bt (t P t [» o] t -6
o (bt b2 34ttt Ji i
. = B T G . P G D S S G S A G S G
R R n2 t 0
2"5
(x,v, £, t3)
R,R. 1 2 ﬂk (x. Y) dy dx

and

at,+bt o0

R R. - - e G WD G T G Y e ‘-u--.o-—-‘--
' n2 €+ ty46
(x, 7.y, t,)
L a2 B ) oy ex.
Thus
-1/2 §i- X,, k (tyt
o210t ti* / tg 1/2 g 102 R¥,2)
9: potlo t2 ’

- B (t,t,) ] =——> 0 uniformly on 0 < t; < oo,

0 < t2 < o0 as R, R' => oo.

which implies that M, ., —> @(ty, ;) in Ky, ab
[

as R,R' => op, and the theorem is proved,

As a result of the inversion theorem we have the



following unigqueness theorem,
Theorem 2,4~2

Let F(p,q) = k .Q'p,(f) (p,q) for (p,q) € N £ and

G(pOQ) = k \).p(f) (pOQ) for (po(-I) € N g-
1f - () S, # ¢ ana Flp,q) = G(p, @) for (p,q) €
- e N g then £ = g in the sense of equality in D*(1).

Proof : By the inversion theorem, in the sense of convergence

in P*'(I), we have

o+ir o+iR?®

£ix,y) - gx,y) = 1lim
y R¢R.~>m f [F(pdq) “G(ch)}o
o-iR o=iR"*
x /2 y 172
. B ) ( a ) I Q(px) Iy(qgy)dpag = O,

Thus £ = g in the sense of equality in D'(I).



