CHAPTER - TWO

2.1.1 The space H‘1 o
(4 [ 4

The space Hu,}\, o is the space of smooth functions ‘\)"k‘

# on 0 < x < o satisfying L

”

Y::,:k'a (d) = sup 3 x™ (x1=2Apyk x A=A fllz .G(x)}

b4
< %( Bmmm Aa

where m, kX = 0,1,2... and a > O.
The constants Ay and B depend upon #. For m = 0, we shall °

take m"')‘“ = ],

L

The space HB'A is the space of smooth functions

@ on O < x < @ satisfying

- “AB=A+1/2
Y:_:‘; (d) = sup ‘ I (x 2)‘D)k x
‘ x

#(x)
< Ap, gk x*B

where m, k = 0,1,2 .,... andg >0

The constants Ay, and B depend upon # and for k = 0,
k*Ba1,

2.1.3, The space Ha Ao
l B 4

The space Hg.k.a o a0, B > 0 1is the space of



smooth functions # on 0 < x < oo satisfying

“ .
Y:‘ )}2' x (g) = Sup xm}\ (xl"'ZA D)k x-Ml-)\+l/2 () (x)
’ X

< AB™ K nmAE k3

where m, k = 0,1,2....

The constants A,B,C depend upon 4.

Note : These spaces are the countable union of the spaces

H%,A,a written as

® hd Bi
H = U H
B, A, B, A
.A' 61‘1 [4

H‘e = U HB
B,A, © ayg=l B, A ay
©
® 81
H = U H
u,A\, oo ail Bi-l B, A, ai

2,2 Another way of defining the spaces of the type Hn,X.u -
2.2.,1 The space Hv.k.a -

Definition of the space B -
B, A

The space Bn,A is defined as follows -

It is a space of smooth functions # s.t.

# (x) = 0 for x > A and



-

y:(m = Sup (x"1p)d x"'n"l/2 #(x) | <
0 < x <o ;

Where q = 0'1020000
If ¢ = 0O and A = 1 we have

Bu,a EHp,1,0 ¢

Now let ¢ > O, we shall prove the following theorem

Theorem 2,2,1 =

Let ¢ €Ht,!,?s.a . @ > O, Then

V‘cxl-ZJ\ D)k x-?sﬂ-}\+1/2 & (x) ‘ < l/a)

Ay exp (=a {x])

Ao
where a = o= -
o BI?&

Proof -

We have defined the space HT&. A, o 3S the space of

smooth functions fon 0 < x < @ s.t.

mA mAx .

- «AR=A+1/2
xm(xl 2AD)k x @ (x) < AB m 1%

S::p. \

where m, k = 0,1,2...

Divide both sides by |x| ™ and take the infimum, we get

Ak B™MpmAx
g | < inf ‘ -
mo x|

\(xl-Zk D)k x-Kﬂ-M-l/Z

< A By (x/B)



m"';‘“
where 1 ( ) = inf eme—e—e--
1l
Now if a =0, B (% ) = inf =ee===
> ° 5 [€1 ™A

=] if" 5'\<1
=oif3‘>1

< B

. o ua(x/B) =) if

Wi

<1li.e. x

= 0° if

WK

>1 i.e. x>B

Thus the function #(x) = 0 for x > B.

Now let a) 0
mmMz
Let f(m) = """i‘x XK (1)

To find the minimum of the function £(m), we shall take
logarithm, differentiate and equate the result to zero.

mAx
m

log £(m) = log “{E‘X

= ma logm = m)\log§

Differentiating both sides, we get

1l ‘ :
weee o £'(m) = mAa. l%-‘ + log m, (Aa) = 7\1093 |

£ (m)
=7\a+7\alogm-klog§

Equating R.H.S. to zero we get
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Mz+1\alogm—klog§ = 0
i.e a+alogm-log§ = 0

If my is the value of m at which £(m) is minimum, we have

a+alogmoslog§

Rip
.
]

e e log m = élogg -
= log 51/‘1-1
= log §l/a-loge

Thus log my = log §1/oz - log e

i.e. log my = log ( 2}1/"/ e)
. - l : l/a
° o e §
fnomc}‘a
Now log f(mo) = log [ '--"'ﬁ;x ]

= moka log mo - mh)\ log §

-mok[élognb-logg ]

<1 1/a

e

A 1/a 1
-2 § leg

-2 §1/a[log§ -a-log§]

®1

A 1/«
£ [ -«

L R (2)

g .A[alog(é §1/°‘)-1og§]by(2)

log § - «. log e ~ log § 1



12

. A [+ 4 l/a

* 1 f(m) = - oo

°9 "M < &

A
i.e. logmin £ (M) = = -—- g 1/a
e
A«
.. min f(m) = exp., [ -~ ~--- gl/o: ] (3
e

Differentiating the function f£f(m) again we get
A«

(log fF(m))" = w—-
m

Now let the integer m; be very close to m,. Then at my

Ao 2
log £(my) = log £(m,)) + === (m; = m,)
A
< log f(mo) b ——
2m,
-Aa Aae o1
o.o 109 f(ml) < - o § l/a + wo- /“
e 2
Thus
min log £(m) < min log £ (m;)
Ax
< log £(m) + =-=
2m,
=Aa 1/« Aaxe -1/a
<--- £ 4 =———
e 2

Aax Aae
i.e. min £(m) < exp [ - - gl/“ + o= §

e 2

-1/x j

_ Aa Aqe -
or min £(m) < exp ( = == 1/0:). exp ( =-- § 1/« )

e 2
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Aee /0 ded by th tant
1f § 3 1, exp ( ry g ) is bounde y the consta
Axe
C ® exp. ( === )
2
If 0 < g <1,
Aa Ao 1
min £(m) < 1 < exp ( == ) exp ( = == /a)
e e

*

. o Foranyg,o<§<oo

Aa Aa
1/« 1/«
- we C. . ( - - )
exp ( - g ) < Bl g ) < exp =€
Aae
where C = exp ( === ) and min £(m) = na(j§ )
2
Therefore,
TN K A2 | <y ®, G/m)
< Ay. C. exp (o ( )M,
e B
< Ai exp (~a. [ x| 1/a )
Aa
here a = eeecc=-
v e gl/a

Hence the theorem,

Thus we can say that all functions #(x) belong to this

space, together with all their derivatives decrease expo-
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nentially at infinity, with an order 3 1/« and a type > a,
dependent on the function 4. [ see definition 1.1 ]

2.3 Topological property of the space Hy , ., =

The space Hv,k.u as the union of countably normed

spaces -

Let Hp A, o, B be the space of all testing functions
[ 4
g & Hﬂ. A, such that the condition B \\'“ ‘ W’f‘&“’
.

{xmk (x1=2Apyk x~AR=A+1/2 ﬂ(x)l < AR EMA mrAe

is satisfied.

where B is the constant greater than B,

OR

Hy,A,q,8 1S the space of all testing functions g (x)
satisfying the inequality

’ xmA (xl-ZJ\D)k x—m—)\u/z ﬂ(x)‘ < Ak& (B+6)m mAx

for any § > O.

Then according to thecrem 1, the another definition of

Hn,k,a.a is that, it is a space of all functions #(x) which

satisfy the inequality



15

\(x1°2AD)k xrhﬂ~k+l/2 () i <‘A£6 exp [ (-a+§) | 3| lfg

Aa
where a & —ww=ae- and § > 0.
o Bl7a

Now let us define

l .
M, (x) = exp [a(1- S ) 1 x] 1/« ]

P = 2,3--:

If we define

P 0<k<p x
Then Q:‘A”a is a norm for the space .

space Hu’h'u'g.

Thus Hu A, , B is a space of all functions @#(x) such that
| B 4 .
0<k<«p x
is finite.

Since the space Hu.k.a.B belongs to the class of space

K § Mp? and every K § Mpg is complete countably normed
space [1] p. 88-89,

Therefore, the space Hu,k,a.B is complete countably normed

space.
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Now the condition for the space to be Perfect is that,
for each subscript p, there exists a subscript p' > p such

that

Since Mp(x) = exp [ a(l-1/p)ix ‘l/a ]

We have for any p' > p

(x)
,TB_-, =exp [ a(l - 1/p) | x ‘l/a - a(l = 1/p") | x|

l/a]
Mpo (x)

~exp[ al - -1y pxit/e]
P p

Hence the condition is satisfied.

Therefore the space Hy ) o,8 1S perfect. L

~

Now let us consider the'another system of norms 1& the
space Hn,x,a.s as
- | A (xL=2Ap) K AB=AL/2 g0y |

() = sup sSup === - -
Qq& m x (B+5) ™A mTAx

Now we shall show that the two norms are equal,

For that, we shall find the suprimum with respect to the Q\?

index m., we get
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inf. (B+6)™ m™M/ | x| WA

: (€ ) il
B mreecccc——— where § = inf e=--=
| (lx[) al§ ik
p A .
% B+

Now using the inequality of the previous section (2.2.1)

1 R . |
cemmmee < exp ( -- §1/ %) we get
L ('z‘}) e
1 Ax ix{ 1/«a
---------- < exp[ == (===)""171< My (x
| %) e B+§
L (=)
B+§ for some p
Therefore,
QggA'“ () < sup Mp(x) \(xl.ZAD)k x-}‘u"}""l/2 d(x)}
x
= A
€p
ppko“ u‘k'a
Thus Qq& (#) < p

Similarly we can show that

opr M ) < Q™M (g)
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Thus the two norms are equal,
Therefore they generate the same topology.

Now if Bl < Bzo Then,

=
Hﬂo)\oao By Hpo Naoaz

and topology of H is stronger than the topolggy
F‘ ’\‘ [+ 9 Bl

induced by Hugkga.Bz .

Therefore by dJdefinition,

We can construct the union of countably normed spaces over

1 3

all B1
o0

i.e. U

H;"D A& & = 5“31 Hul Al al Bi

Thus the space Hy , o 1s a union of countably normsd spaces,
' )
Therefore, a sequence gﬂv§ converges to zero in
V=1

[ ]
s A
Hy A that is all ﬁv belong to some Hy A, a5 and

they coaverge oo sero in that particular space
14
This is true only iqé. § ﬂyj converges to zero exactly and

2 .
the norms ,D’\’a (¢, ) are bounded for all p and

L 4

Sl
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2.4)

2.4.1 Another way of defining the space of the type Hiﬁ% o

By definition, H%,a consist of smooth functions #(x)

on 0 < x < o satiéfying
- =AR~ 2
t x’“’\(xl 2}\D)k x AP A+1/ g (x) I < Am,\BkKkB
Where m, k= 0’1‘2000 and .8 >)00

The constants A_,, B depend upon #. In this case the con-
straints are im{ﬁosed on the growth of the derivative of the
function #(x). The restrictions are stronger, the smaller

the value of the g.

Let & €H‘3 A Then
(4

sup [ ™ (xt-2Ap) ¥ CAB=A+L/2
x

k k8
#(x)| < Apy, x B K
where m, k = 0,1,2,..
where the constants Apa, k depend on 4, m and k.

2.4.2 Topological property of the space H,p,, A 3=
[4

The space Hg,k as a union of countably normed spaces:

The space H!BI,A is defined as, the space of all smooth

functions # satisfying
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( x"‘}‘(xl"'z’\D)k x"')\"t"'Ml/2 ¥ (x) 1 < Amsk Kk‘3

b\'\«("'e m' k = o’lgzﬂot

The constants Am,a depend upon ¢ and'for k = 0 let I(k8 = 1,

B

[ 4

Let the space Hﬁ be defined as the space of all smooth

functions ¢ € H% » Satisfying
Yo

'xm}\(xl-ZAD)k - NB=A+1/2 g | <a

k k8
m Q T K

(B+ @
for anyQ>Oandm, k=0, 1, 2...

8,B
The space H, ')\ does not belong to the class of spaces
'

K §u @f
Let us introduce a system of norms in the space
H%:i by
Su);: 1 A (117205 Kk (mAR=A 4172 4y
T S —

(B +Q )k K’qﬁ'

where Q= 1, 1/2, 1/3

and K = 0;1'200.
We shall show that with this system of norms, the space
408

1A becomes complete countably normed space,
’

We shall prove some lemmas,
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Lenma 1 =~

If the sequence ¢,9 (x) converges correctly to some
function #(x) and for some m @ the norms (] 2{2“ o 3T
Ve
bounded. || & < C, then the norm |i* || exists
31 mA Q mA ©

for the function #(x) and |( &I ., o <C.
Proof -

Consider the bounded interval - a < x < a

In this interval

Sup 1 XA ( l-ZAD)k x~AEAL/2 gy |
x ------------------- D > e — .
m<p (B + g ) KkB
- - /2
= lim Sup \ A (xh 27‘1))1( x A=A/ q?(x))
—>00 X  mmrememcccemmcrercccccee————
? k<p (B + g )k I<k'3
< 1im W\ 2.
» —>ro o S
< c

<C

Hence the lemma.,
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Lemma 2 -

If the sequence 25.9 (x) converges to zero at each point

and is fundamental ir the morm |\ .|} g Then\ldyﬂm)\g-—) o.

Proof -

The segquence ﬁg (x) converges correctly to zero because
@ 7 (x) is fundamental. Therefore the sequence of differences

@ (x) = #,(x) converges correctly to #,(x) as B —> co.

e L AT [ S T
R B the
< £
o.o Hg?”m)\q -2 0

Hence the lemma,

Theorem 2,4,2 -

The space HB',B\ is complete.
‘0

)
"
3
Hh
]

.

Let ﬂ?(x) QHg‘ li be fundamental in each of the
‘0
. ,B
norms \\. (| o o - Since £, € H%,A . l\d?U m is bounded.

o According to lemma 1.

each norm exists for the function #(x) and is bounded.
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£S.B
Hence & £ hll..\
Also ﬁv is fundamental,

« « the sequence of differences ¢ o = q* converges correctly

to zero and bounded in each of the norms,
e According to lemma 2,
I g, - 4] m}‘?-—-->0as Y —=> .

foranym&q

.B
. . ga; -2 d in Hg_‘ .

Hence the space H‘B{?\ is complete.
(4

Lemma 3» -

If the sequence @, (x) is Bounded in each of the
| - v . Thev 'k§€”d$
norms. ||e {j 0 . and converges correctly to zerofin the =™

topology of the space HB:?\ i.e. in each of norms,
Proocf -~

Case (1)

Let m, Q and 1 > 0. be given,

Let Q" < Q-

Now the numbers |{#,\| m g are bounded by constant

c (given)

m el sees
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.". For sufficiently large K, K > K  the inequality

e For K > K,, we have the inequality

[ KA (i 1=2A nk x-M’-t-A+1/2 g, () [ <
< cm ?' (B + q.)k KkB
Case (2) - Let K < Kq
c
tet x| M > TS
1
Then we have
\x"'}‘ (xl-z}\ D)k x-M!-Ml/z ”g (x)( -
1
. _ (m+1)A 1=2A ) k  ~AR-A+1/2
£ ——ee- x x D)" x (x)
wrll .y |
< i . el (B + o)X K
x|~ 2/ (ml)A, © S
¢ meteen c ). (B + ¢ )X kKB
mtl, Q * Q
cm-i»l, g
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Case (3) - Now let K < K4 and

Now since #, (x) converges correctly to zero, therefore by
definition, ﬁf?q) (x) converges uniformly to zero, in any

Crmtl
inter¥al, hence in (x| < BLLLEI I3

n
Therefore the inequality

\ :(:m)‘(x}'“"z’\n)k x R=2+1/2 d,( (x)\ <1 (B+ © )k KkB

is true and it is also true for sufficiently large ¥ . Say

P >Y,
Thus
{ ﬁ;“ mA = Sup xm.(fl-z}\mk x:.}f:Ml/f-gv (f.)...l..
o x, k (B + ? )k l(kB
<7

Hence the sequence ¢ y(x) tends to zero in the norm |{ . || m o

Since Q@ & m are arbitrary E!Y--> 0 in the topology.

tience the lemma.

Theorem 2.,4.2 -

If the sequence d\,(x) is bounded in each of the

norms and converges correctly to some function #(x)
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then #(x) belongs to #3/B  and i1s the limit of the sequence
"

g.,B
#.;(x) in the topology of Hv-:k .

Proof =

According to lemma 1

g €ule}

Now the difference @#(x) - #.,(x) is bounded in all norms
and converges correctly to zero. Then according to lemma 2,
this difference converges to zero in the topology of the
B.B

space H ‘?\ . Thus @#(x) is limit of sequence g (x) in the

B
topology of Hﬁ,\ .

Thus # o is a fundamental sequence in each of the
norms and #. converges to # with respect to each norm.
Then the norms \l. || .o Q are compatible, Thus the
topology of the space HB:?\ is generated by the collection

of is generated by the collection of compatible norms,

Hence H%A is complete countably normed space.
(4

Now we shall prove that the space H%"\ is perfect-

We have already proved that the space H‘Bx‘,\ is

complete countably normed space.

Now let us prove that each bounded set A ¢ I-lB LA is compact.

Let #d, €A te=1,2,3... (5 be an arbitrary bounded
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sequence.

Now we shall show that it contains a convergent sub-sequence.

Now, since each norm is bounded (by lemma)

. o }/ﬁ{ll is bounded.

Therefore the function | ===e=-- -~I is uniformly bounded.

Hence by Arzela theorem, there exists a sub sequence

dﬁl‘ ﬂiz. #y3 ... which converges uniformly for | x{ <1 .

Now sincé \\ﬂlguz is bounded. Hence according to Arzela

theorem it contains a sub sequence, ¢21, Ba2e ¢%3 cea
0 Pry (x)
for which the value of the first derivative —:S -----

converges uniformly in the domain \x| x 2.

Thus from the convergence of functions #,, forix{ & 1
and the uniform convergence of their derivatives for

{x )< 2, there results the uniform convergence of these
functions for (x| < 2

Continuing in this way we get the sub sequences -

dll g12 ﬂ13 ees
by B2z Hr3

Then applying the diagonalization process, we obtain a .
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bounded sub sequence #,,, #,5, #33 .... which converges
uniformly together with all its derivatives to some limit

function ﬁo(x) in any bounded domain (Since Hg,A is complete).

Thus A is compact.
Thus each bounded set is compact.

Hence H% A is perfect.
[4

Thus Hg » 1s a complete, countably normed perfect space.
L4
Now if By < B, Then

8 B} g.B2
Hao o € Hpa®

and the topology of H%'il is stronger than that the topology
(4

induced by Hﬁ:glg

Therefore by definition, we can construct the union of
[
countably normed space over all Bi .

an
B.By
i.e. Hﬁ'h- 121 HR AL

Thus the space is a union of countably normed spaces.
@
Therefore a sequence &d.’? (x)§
y =1

) .
Converges to zero in H%,A i.e. all Ey? belong to some

. .
Hg‘h and they converge to zero in that particular space.
[ 4

This is true only {if %ﬂys converges to zero correctly and
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the inequalities,

are satisfied where the constants are independent of % .

2 05)

2.5.1 Another wav of defining the space of the type

ie -
Hp' )\' o .

The space Hg A is the space of smooth functions
(]

# (x) on 0 < x < oo satisfying the inequality

r:?:'“ (#) = sSup YxWA(xl'ZAD)k xfku.k+1/2 ﬁ(x)‘
. x

< ap™ c* mAa kB
where m, k = 0,1,2,3...

In this space the restrictions are imposed on decrease
of # as x => o and also on the growth of the derivative

of ’o

Therefore the space HB A, @ lies in the intersection
K 4

of both the spaces Hn A, and H%,A .
(4

From the theorem 2.1.1, we can write
\(xl"”‘n)k xfku.k+l/2 ﬂ(x)} < Ai ckkp exp [ (-a+8) | x | 1/a ]

where the constant a = ---i7;- N 6'> 0.
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2.5.2 Topological property of the space H%",\‘“ -

The space Hﬁ A @ as a union of countably normed spaces-
ol X4

8.C

Let H
B,A,a,B

be a space of all testing functions # € HP
‘ B, A,

such that

- -AR- -mA =k
Sup ) ™ (! 27‘1))" x M1/2 ﬁ(x)l <AB " mtha kB

x

Where m, k = 001.2..0

is satisfied where the constant B is greater than B and
C 1s greater than C,
OR

uPeC

£ all £ B
i, A, 0B is a space of all functions # ¢ H A satisfying

the inequality

| X (12K SABAL/2

Sup x

b 4

< A

Se

for any § > O, &> O0Oandm, k= 0,1,2,...

B+ 8™ (c+ e )k m""}“z KkB

Now we shall introduce a system of norms as follows :

|2 ”3.7\ Suo s ] XN (1 =2Apyk (TAR=ML/2 ) /
= Sup Sup -- -- T ¥ v S
\ 6 e mk x (B+6)™ (c+ e )k m™E kB

where §, g = 1, 1/2, 1/3 ....
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We shall show that with this system of norms the

e C

becomes a complete countably normed space.
e Ao g B

space H-e

For this we shall prove some lemmas.
Lemma 1 :

If sequence ; dg(x)§ converges correctly to some
function #(x) and for some § and Q. the norms T q]” s0. are
bounded i.e. {4} 5 < C. Then the norms exist even for
the function #(x) and || #(x) HGQ <C.

Proof -

Consider the bounded interval - a < x < a

1 I T T T T
(B+85)™ (c + Q)k mm}‘“ kK@

K<p

m 1l

ANNREG

‘ x (x1=2py x NP-A+1/2 g(x) [

< lim  eccrcccmcrcrccccccr e erreee s e c e e
¥ —-> ® (B+5)™ (c + g)k mA k8

14 He
<Um M Al 5

<C

Thus taking limit as a => o, p=> o and 1-—> c® we get

\ ¢ Il = Sup ' e e
5Q x, m k (B+§)™ (c #—g)k mmXa K*8

<C,
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- Thus the norms for the limit function exist and are

bounded.

Lemma 2 ~

If the sequence l{ls, (x){ converges to zero at each

point and is fundamental in the norm ||. || 5Q° Then

Proof -

Since § 1is fundamental, it converges correctly to
zero at each point. Therefore the sequence of differences
g, (x) - 6u (x) converges correctly to g, (x) as B—> co.

. o \\ﬁ?u&g < Sup H - gﬂ“&g < € for sufficiently

large ¥ .

.« o \\@[(6%—>0 as Y —-> oo .

Thegrem 2.5.2 =~

g.C
The space Hv_’ A» 00 B is complete.

Proof -

Let ﬂ’? (x) € Hﬁ A, 0, B be fundamental in each of the

norms  |. || 5 * Since #. (x) GHU.A, o, B
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e %Ha% is bounded.

According to lemma 1,

each of the norms exist; for the limit function #(x) and

\12 1\ is boundea.

5]

8,C
Hence #(x) ¢ Hg‘ M, &, B

Also 4, 1is fundamental.
Therefore the sequence of differences # 9- # converges
correctly to zero and bounded in each of the norms, There=-

fore according to lemma 2 =~
We, - 5”505--» o for any § and q.

Thus the sequence g 65, ’convergea to # in the space

B.C
Hll. A,0,B

Hence by definition
8.c
Hﬂ. A, 0, B is complete.

Lemma 3 -

)
If the sequence is b ounded in each of the norms

e ”6 and converges correctly to zero. Then it tends to
zero in the topology of the space HO'T  i.e. in each of
[ At 4

the norms,
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Proof =~

lLetn >0, § >0andg>0begiven.
Let §' < § and%' <%.

Since all ﬁ;s are bounded.

.« o [Iﬂ‘?[]é.g are bounded i.e.)iﬂy]’a, <Cy

S

OR
for any m, k and x
x"”‘(xlﬁz}\l)):k x~AR-A+1/2 ﬂg (x)l < C (13-*-6]‘)"'A (c + ?)k.
% me k8
Now for sufficiently large m, m > m, the inequality
(B + 6')'“" < g——- ~ (B+6)m is true.

1

Therefore, for any kX, x and m > m,

; K (o 1m2Ap K AR=A+1/2 d}x,,

<, gI (B+5)™ (€ + )X m™ kK8
ie l XA (x12Ap) K K M-AF1/2 g (x)l

<q B+6)™ (c+ e )k e k8 ve. (32)

Thus for m > m,. the inequality holds for any K and C.
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Also since || ”‘?“ag' are bounded.

.*. We have Hﬂs,

lsge < <
OR for any m, k and x

‘xm)\ (xl-Z?\D)k x—M‘-?\-&'l/Z “9(") \

< C2(3+5)m}‘ (c + Q')k mAa x*B

Now for sufficiently large K, K > K, the inequality
c +09¥ < - € + o)X 1s true
S C2 S )
. . for any x, m and k > ko

< o g;: B + &)™ (c+g)kmk@

<n @)™ (€ + @)X n™E kK8 ... (3B)

Thus for k > K,. the inequality holds for any m and x.

Now we shall consider the cases when m < My and K < Ko’

When m < m, , {x| >1

By (3A) we have for any ka and x

S G G S S G W W G S G W T T WP s

st CALISANEB RRARUZAAR ulieis
exya s UTHYERSITY, KOLHAPUE
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< -}.- 1 (B+5)mo’\ (c + Q)k mo“‘oM Kkﬁ
I x|

for sufficiently large x, ,x] > %X

form=0,1,2 .... mo-l

Thus
‘ xmA(xl"ZAD)k x"’\u“'}d'l/z gy (x) l

< 1(B + §)(C +Q )k mmAx KkB eee (3)

Similarly when K < K,,
we can show that the inequality (3) is satisfied.

Thus for m < m, and k < k_, [x] > x,

the inequality (3) is satisfied.

Now 1f m < m, and K < K, and when Q and § are fixeg,

then the constants (B+5)m)‘. (C+ Q )k, mm. kkB are boundedqd,

Since ﬂ: (x) converges uniformly to zero in the segment

Ix] < X, . then for any 1 > O and sufficiently large

Y > QOS the inequality holds.
Thus for > w?o . the inequality holds for any m, k and x.

i.e. Hﬂy{l&% <n for ¥>7y,

.+ It follows that ﬁy—-> 0 in each of the nomms (l

'“6 g’
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Since § and g are arbitrary,

. o)
ﬁ? > 0 in the topology of the space Hﬁ:x‘a‘g as y —> O.

Theorem 2,5.2 =

If the sequence 6,; (x) is bounded in each of the

norms, “‘ .” 5 g and converges correctly to some function

#(x). Then #(x) GH%’C and #(x) is the limit of the

,B
~
sequence fdg (x) in the topology of the space HB: A, a,B

L]

Proof -

By lemma 1,

,C
g(X) “ ch A, a,B

Since 9!? (x) is bounded in each of the norms, the Adifference
Bi{x) = d\e(x) is also bounded in each of the norms and

converges correctly to zero

L

e « By lemma 3,

#g(x) - dk) (x) converges to zero in the topology of the space.

Thus #_ is a fundamental sequence in each of the
norms and & converges to # with respect to each norm.
Then the norms |y. “ 5 are compatible. Thus the topology

of the space H < is generated by the collectiox;x of
B, A, a,B



K1:]

compatible norms.

Hence HP+C is a countably normed space.
p’lhl OB

The space uoC is perfect.

e Ao 2B

The proof of this is similar to that of the proof of
the result ' is perfect’.
B, A

Thus Hg R is complete countably normed perfect

space,

Now 1if B1 < B, and Cl < Cy

The space
C
Hﬂ‘ -1 c HB' 2
v" A' a.Bl noha,Bz

Hence we can construct the union of countably normed spaces

over all B and C's., Thus

Hﬁ = én B' .
B, A a,B B,C=1 p’okoac

Hence sequence ﬁ converges to zero in Hﬁ A If
( Bd 4
ﬁ( belongs to some HB ra,B and converges to zero in that
.

space. This is true if and only if, the sequence ﬁy converges

correctly to zero and the inequality

\ xmh(xl-ZAD)k x-kn-k+l/2 ﬂe?(x)

< A (B + 8™ afg)k miAE kB
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is satisfied. where the constants A, B, C are independent
Of g Y
2.6
2,6,1 Property -
The space D(I) is subspace of the space H -
P, Apa
Proof -

Let 4 € D(I)

Then according to the definition of space D(I)

(1) g 1is smooth function having compact support.

(2) Sup I oK g(t) ( is finite.
k .

Now & & D(I) ===> g is infinitely smooth function on some

compact set K or we can say on 0 < x < oo.
. e the first condition of the space Hp' A, is satisfied.

Now since Sup 'Dk ﬂ(t)[ is finite.
k

Sup | (x1=2Apy K (AR=ARL/2 /
0<x< o
= s;clp } X (x1=2Apk YV (x) l

where Yi(x) = x-Ml-?‘*'l/z g(x).

Since F(x) is smooth function.
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LJ

.« o ¥ (x) is smooth function.

o o (x]"'zkn)k ¥ (x) is continuous

function over some compact set K is always bounded.

. - mA
o« o Sup | x (

k

xl-'z}‘D)k ¥ (x) [ is bounded.

Thus

Sup \ F (512 K AB=AF1/2 ﬁ(x)[ is bounded.
x

Hence & ¢ Hn' Ag

H
ence D(I) 1is subspace of Hn’ Ao

.. KA (xl'z}“o)k‘\}/ (x) is continuous and continuous

By the same method, we can show that D(I) is sub-

space of the space H.‘s,“k and the space HB Ao ®
’



