
CHAPTER - TWO

2,1.1 The space ^ ^ -
■

> v • *

The space is the space of smooth functions
0 on o < x < cd satisfying

Ym#k'a M * Sup I xinX (x1*2^)10 *“”■* +1/2 0(x) j
^ v » *

< Ak B^m10 Xflt

where m, k * o, 1#2... and a >y o.
The constants A^ and B depend upon 0, For m = 0# we shall 
take m1”^ * 1.

2.1.2 The space h| ^ -

The space ^ is the space of smooth functions 
0 on o < x < cd satisfying

Ym,k (0) * Sup 
x

xmK (xl-2XD)k x-W>-X+l/2

< AmX B

where m, k * 0,1,2 .... and 0 >y 0
The constants A^ and B depend upon 0 and for k * 0,

2.1.3. The space A, a
The space H^[

0 a >r 0, 0 >, O is the space of
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smooth functions 0 on o < x < oo satisfying ^

(0) m sup I xmX(x1~2A‘ D)k X"^“x+1/2 (0) (x) 
1 m# K x '

< AB"* C* n."*B K*P

where m, k * o, 1, 2....
The constants A,B,C depend upon 0.

Note ; These spaces are the countable union of the spaces 
A, a written as

h” H®1, a
*K‘ Pl’l

H.81*#A# ao
oo
u H1
a±~l “'X'ai

H 00u,X# oo
ao
U HPiai.Bj-l *'Kai

2,2 Another way of defining the spaces of the type %#\#a

2.2.1 The space Hu<x>0 -

Definition of the space A -
The space B^A is defined as follows -

It is a space of smooth functions 0 s.t.
0 (x) * 0 for x > A and
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Y*(0) * sup ( (x“*1D)q x‘^1/2 0(x) I < <x>
O < x <OD

vli6r6 c[ * 0| 1^ 2* • • •

If a * O and X = 1 we have

Va £Ht*,i.0 •

Now let <x > O, we shall prove the following theorem t

Theorem 2.2.1 -

Let 0 £Hu#X#a * a > °* Then 

J(.X1-2A D)k ^-AH-A+1/2 gM j < ^ exp

X a
where a » "’“*"“175*’

Proof -

We have defined the space as the space of

smooth functions {f on 0 < x < m s.t.

Sup. | x"*(x1-2Xd)* x-^l/2 0<x) mX mXa< A^B m v

where m, k * 0,1,2...

Divide both sides by ^x \ and take the infimum, we get

W1-2X _»k -XU-X+1/2 D) X 0 I < inf 
m

Ale B"V*«

xl
mX

< Ak t*a (x/B)
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Thus the function 0(x) * 0 for x > B.

Now let a 0
mmXa

Let f(m) . ---jhj ... (1)

To find the minimum of the function f(m), we shall take 
logarithm, differentiate and equate the result to zero.

mXa
log f(m) * log

m
mX

mXa log m - mXlogj

Differentiating both sides, we get

—. f'(m) * mXa. - + log m# (Xa) - Xlog S .1, , mf (m)

Xa + Xa log m - X log ^

Equating R.H.S. to zero we get
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Xa + Xalog m - X log ^ ■ 0

i.e a + a log m - log ^ *0

If n^j is the value of m at which f (m) is minimum, we have

a + a log mQ » log J 

iog mQ - ; log § - ; . a

* log

Thus log » log 

i.e. log 1

§ 1//<X _ log e

^ ^a - log e

log ( §1/a/ e ) 

c 1/a . (2)

Now log f(raQ) log [
m Xa mo 

o

mQXa log m^ ** m^X log ^

mQX [ a log - log §

Z ? • U a log ( - e J e

X el/a r 1 . ~: § 1 “•; 109 §

X 1/a r

e 5 C 109 § ‘ * - 
* 1/a [ - a ]

]
1/a§ “) - log§ ] by (2)

- a. log e - log ^ ]

log^ ]
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log f(mQ)
X a 1/a

X a
i.e. log min f (m) * -----

. *. min f (m) ** exp. [ - -— ^ ]

Differentiating the function f(m) again we get
X a

(log f (m))
m

Now let the integer ra^ be very close to Then at n»j
X a

log fCm^) * log f(m0) + — (m^ - n^)
2n»2

< log f(mQ) + —
X a 
2ao

• ae S1/a. • log f(n»ji) < —-- + -— <£

Thus
min log f(m) < min log f (m^)

Xa

2nb< log f (m0) +---

-Xa i/a Xae -1/a
<_r ? + t §

Xai.e. rain f(m) < exp [ - — £e 5
1/a + -1/a j

or min f(ra) < exp {
Xa 1/a, , Xae -1/a ,

) . exp ( -— f )

(3)



If g * 1* exp ( 
Xae

Xae
2

^l/a> ig funded by the constant

c * exp, ( — )
2

If o < § < 1'

f(m) < 1 <
Xaexp ( — ) exp ( -

^ 1/a,— £ )min
e e J

•• • For any £ , o < ^ < oo

exp
Xa

( - - £ 1/a) < v s > < Xa
C, exp. (-- -

e J J e §
1/a,

Xae
where C » exp ( — ) and min f(m) * ^a(^ )

Therefore,

, 1-2X -Xti-X+1/2 x(x D) x 0{x) I < Ak Va (x/B)

space, together with all their derivatives decrease expo-
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nentially at infinity, with an order 1/a and a type a, 

dependent on the function 0. [see definition 1.1 ]

2.3 Topological property of the space -

The space ^ as the union of countably normed 

spaces -

Let Hp x,a#3 be the sPace testing functions

0 ^^0\tCC such that the condition

| x"* (x1*2^)* x-^‘X+1/2 <J(x) j < S"*

is satisfied.

where B is the constant greater than B.

OR

Hu#x#a#B *s tixe sPace of a11 testing functions 0(x) 

satisfying the inequality

| x"* (x1”2*©)* X“x^x+1/2 0(X) j < (B+S)"* ^mKa

for any 6 > 0.

Then according to theorem 1. the another definition of 

HU#^*a#B that# it is a space of all functions 0(x) which 

satisfy the inequality
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\(x1_2XD)k x"Xli"k+1/2 6f(x) I < A^6 exp [ (-a+6) \X\ j 

Xa
where a *----and 6 > 0.

e BA/a

Now let us define

Mp(x) * exp [ a ( 1 - j ) 1 x | ]

p » 2, 3...

If we define

^Xk* * max sup Mp(x) ] (x1"*2^)* x“*i^~**^/'20(x) /
p 0<k<px F

Then p * * is a norm for the space 

space

Thus H„ * _ „ is a space of all functions gf(x) such that
I** A#0£#B

o*'Ka (0) - max Sup MQ(x) | (x1~2XD)!Cx“X1l*'X+1/2 0(x}l
~p o < k < p x p

is finite.

Since the space belongs to the class of space

K ^ Mp| and every K $ is complete countably normed

space [l] p. 88-89.

Therefore, the space Hy.# \# a# b is complete countably normed

space
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Now the condition for the space to be Perfect is that, 
for each subscript p, there exists a subscript p* > p such 
that

lim
x —>00 Mp,(x)

0.

Since M (x) * exp
Sr

[ a ( 1 - 1/p) 1 x 1/a

We have for any p* > p

Mp# (x)
exp [ a(l - 1/p) | x \ - a(l - 1/p') | x I 1//<x]

exp [ a( ----)( x I 1^a ]
P* P

—> 0 as x —> ao

Hence the condition is satisfied.
Therefore the space is perfect.

Now let us consider the another system of norms iri theI
space ^x#a#B as

^q6 (gf) sup sup 
m x

^ x^x1'2^)* x^M/2 *<x) 1 
(B+6)"* m5*®

Now we shall show that the two norms are equal.

For that, we shall find the suprimuro with respect to the 
index m. we get

t jr . •>-. .• • \V« r v
hfuBRAH) )
[*< ) 'jl
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Supm

mK
______

(B+6)®* m**a

1
inf. (B+6)®* m®*®7 | x } ^

1 K*®
* ----------- where tt ( S' ) = inf ----r| X | 05 If l*p„ (— )B+6

Now using the inequality of the previous section (2.2.1)

1 *« i/„----- - < exp ( — c ') we get
Va (^) e J

1 Xa jx| i/a---------  < exp [ — ( —- ) J < m_ (x)
(xi e B+6

ua ( — )
B+6 for some p

Therefore,

?qS**a 4 Sup Mp(x) I (='1_2Xp)k g(x)/

’ &K*

I?" « < ?p'^

Similarly we can show that

*l‘Ku ln < &*•“ «>
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Thus the two norms are equal.
Therefore they generate the same topology.
Now if B1 < B2. Then,

H1*#X,cc,Bi hp,x,<x#b2

and topology of H„ . . is stronger than the topologyr# “]^
induced by „»2
Therefore by def inition.
We can construct the union of countably normed spaces over 
an B*s

00
i*e‘ ** 1^1 H^,X,a,B1

Thus the space Ku^ ^ a is a union of countably normed spaces
CDTherefore, a sequence A converges to zero in

3
9 M. that is all 0 * belong to some v ^ „ andr^# A* QC V r# A# (X* o

they converge tc zero in that particular space
if

This is true only converges to zero exactly and

) are bounded for all p and v .the norms osp
Uf

l
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2.4)

2.4.1 Another way of defining the space of the type -

sBy definition, H^a consist of smooth functions 0(x) 

on O < x < oo satisfying

j xinX(x1“2XD)k x“xp“x+1/2ef(x) | < A^bV8

where m, k * 0,1, 2... and 8 >/ O.

The constants A^, B depend upon 0. In this case the con

straints are impcssed on the growth of the derivative of the 

function 0(x). The restrictions are stronger, the smaller 

the value of the j3.

Theorem 2.4.1 -

Let 0 £ ^ Then

„ j mA. l-2\_v k — AV— A+l/2 . i _X ..kftSup jx (x u) x 0(x) < Aj,^ k B
x *

where m, k » O, 1, 2 . ..

where the constants A^^ depend on 0t m and k.

2.4.2 Topological property of the space ^

The space H® ^ as a union of countably normed spaces*

The space ^ 

functions 0 satisfying f

is defined as, the space of all smooth
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| xn>X(xl-2XD)k x-M*-X+l/2 ) < A^Bk Kk0

m, k * 0,1,2...

1/1)
The constants A^, B depend upon 0 and for k • 0 let * 1,

Let the space H®'® be defined as the space of all smooth
• # ^

functions 0 Ch| a satisfying

| xmX(x1”2XD)k x"^~x+1/2 £(x) | < A^ (B+ q )k Kk8

for any ^ > o and m, k * 0, 1, 2...

6 BThe space does not belong to the class of spaces

K jM (P)J.

Let us introduce a system of norms in the space

<:l **

mX ^
Sup j xmX(l1“2XD)k x“X|l’X +1/2 0(x)*,k 1

(B + ^ )k K1^

where ^ ■ 1, 1/2, 1/3 
and K * o, 1, 2...

We shall show that with this system of norms, the space 
Q B
hP'a becomes complete countably normed space.

We shall prove some lemmas.
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Lemma 1 -

If the sequence g(x) converges correctly to some
function (Six) and for some m/ q the norms i|^(| ^ are
bounded. mX < C# then the norm |i * (fmX exists

for the function (Six) and |( m\ <3 < c<

Proof -

Consider the bounded interval - a < x < a 
In this interval

Sup
x
m<p

3^nX(x1"2XD)k x-M*-X+1/2 0 ix)
(B + O )*

mX. 1-2X tk -XP~X+I/2\ mA. 1—2X. * -* lira Sup ^ x (x D) x
>0O X ------------------r—rr*k<p (B + ^ )K K^3

U(x) )

< lim 9 — *oo
v< C

^ MmX

Taking limit as a —>oo and p —> oo we have

"'ll.* SUp 
x, k

I xmX(x1“2XD)k x“^x+1/2 (Six) 
(B + p )k K*®

< C
Hence the lemma.
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Lemma 2 -

If the sequence 0 9 (x) converges to zero at each point

and is fundamental in the norm • jj ^ -• Then\t0^\^ —> O.
» i

Proof -

The sequence 0^ (x) converges correctly to zero because 

0^(x) is fundamental. Therefore the sequence of differences 

0^ (x) - 0^ix) converges correctly to 0(x) as 1* —> oo,

'l*«H < J£p " M
< £

>l^<l tX*. “» 0
Hence the lentna.

Theorem 2,4,2 -

The space is complete.

Proof -

Let 0^>(x) £ ® be fundamental in each of the

norms W* II ^ . Since 09 £ , l\^|| ^ ^ is bounded.

According to lemma 1.

each norm exists for the function 0(x) and is bounded.
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Hence 0 £ H?' ®r# A

Also is fundamental,

. *. the sequence of differences fif — cf converges correctly
"Jr ^

to zero and bounded in each of the norms.

According to lemma 2,

H % ' <U| ^ ” 0 as *’“> °°-
for any m & ^

tij —> 0 in h|'® .

Hence the space H^'® is complete.

Lemma 3 -

norms.

If the sequence 0^, (x) is Bounded in each of the , . , «ThP’P t fc't^'nds
A rO|J. . , and converges correctly to zero, in the

,B#Btopology of the space ^ i.e. in each of norms,

Proof -

Case (1)

Let m, ^ and H > 0. be given.

Let

Now the numbers M ^ # are bounded by constant

'm (given)
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. For sufficiently large K, K > KQ the inequality
(B + o')k n 
----  —- <  -- - is true.

For K > KQ, we have the inequality 

1 *"* (X1-2" D>* ^ (x) I K
< Cm <B + ^

< n (B + ^ )k K1^ ... (1)

Case (2) - Let K < KQ

let * > -Xi-.JS,
n

Then we have

\ *"* (x1_2X D)k ^ (X, l =.

. ----- Ix'^-Vx-^^wl
|x|A ' VI

< <*■»*• <?(B* s)k Rkp

< <cnH.l, <5>. (B + ^ )k K1*
cmfl# ^ ^

< n (B + ^ )k K1*8.
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Case (3) - Now let K < Kq and

t , X „ cmfl# q 
x I <----------^

n

Now since 0 ^ (x) converges correctly to zero," therefore by 
definition, ft^ (x) converges uniformly to zero, in any

* c
internal, hence in (x \ <

n
Therefore the inequality

t jtjX / 1*2X i]( -XU-X+1/2 / \ 1 ^ m /n > k „k0I xT* (x D) * x flr^. (x) I < n (B+ o ) K

is true and it is also true for sufficiently large $ . Say

2? >Vk

Thus

Sup 
x, k

1 1-2X . )c -XP-A+1/2 * f x f] x (x D) x »•)? (x) f

< i

Hence the sequence fS $ (x) tends to zero in the norm \\ . ^

Since ^ St m are arbitrary > O in the topology.

Hence the larvna.

Theorem 2.4.2 -

If the sequence ft ^(x) is bounded in each of the 

norms and converges correctly to some function 0(x)
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then gf(x) belongs to and is the limit of the sequenceP# A,
0^ (x) in the topology of ® .

Proof t

According to lemma 1

g

Now the difference 0(x) - 6f^>(x) is bounded in all norms
and converges correctly to zero. Then according to lemma 2,
this difference converges to zero in the topology of the 

S Bspace ^ • Thus 0(x) is limit of sequence 0 (x) in the 
topology of

Thus ^ is a fundamental sequence in each of the 
norms and 0.# converges to 0 with respect to each norm.
Then the norms \|. || ^ are compatible. Thus the 
topology of the space is generated by the collection
of is generated by the collection of compatible norms.

8 BHence is complete countably normed space.

Now we shall prove that the space h|[ ^ is perfect-

We have already proved that the space ^ is 
complete countably normed space.
Now let us prove that each bounded set A f ^ is compact. 

Let 0^ € A \ ^ ■ 1, 2,3... ^ be an arbitrary bounded
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sequence.

Now we shall show that it contains a convergent sub-sequence.

Now, since each norm is bounded (by lemma) 

) / 011 is bounded.

Therefore the function
'"b fS v? (x) 

x
is uniformly bounded.

Hence by Arzela theorem, there exists a sub sequence 

^11' ^12' *^13 •** wh*ch converges uniformly for \ x( <1 .

Now since \\ ^15112 *s boun<3e<a* Hence according to Arzela

theorem it contains a sub sequence, $22* ^
“b

for which the value of the first derivative ——>
"b x

converges uniformly in the domain ^x( * 2.

Thus from the convergence of functions forlxl ^ 1

and the uniform convergence of their derivatives for 

\ x ) < 2, there results the uniform convergence of these 

functions for \x I < 2

Continuing in this way we get the sub sequences -

11

C
M *13

21 ^22 ^23

Then applying the diagonalization process, we obtain a
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bounded sub sequence 0^* &22* &33 * * * * which converges
uniformly together with all its derivatives to some limit 
function 0Q(x) in any bounded domain (Since h| ^ is complete).

Thus A is compact.
Thus each bounded set is compact.
Hence . is perfect.r# A

QThus is a complete, countably norrned perfect space.

Now if B

H8 Bi
2 Then

C H^b2 *

and the topology of is stronger than that the topology

induced by

Therefore by definition, we can construct the union of
*scountably normed space over all .

i.e
oo
U
i-1

H^Bi

Thus the space is a union of countably normed spaces.
co

Therefore a sequence ^0(x) ^

Converges to zero in i.e. all belong to some
8,B
>#X and they converge to zero in that particular space.

This is true only if 0^ converges to zero correctly and
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the inequalities.
^ x"* (x1“2XD)k x"XU"X+1/2 (x) | < A^ Bk KkS

are satisfied where the constants are independent of V •

2.5)

2.5.1 Another way- of defining the space of the type 
uPn’ .P# A# a

The space is the space of smooth functions

& (x) on 0 < x < oo satisfying the inequality

(0) m Sup |xm\(xl-2AD)k x-Xlw\+l/2 rf(x) |
m.k

< A b"* C* m"*® K1® 

where m, k » o, 1,2,3...

In this space the restrictions are imposed on decrease 
of 0 as x —> oo and also on the growth of the derivative 
of ff.

Therefore the space . lies in the intersection 
of both the spaces ^ a and H^[ ^ .

From the theorem 2.1.1, we can write

j(x1“2XD)k gf(x) | < 0***$ exp [ (-a+6) \ x | 1/ot ]
X awhere the constant a * —# $ > o.e B1'*
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2.5.2 Topological property of the space ^a -
The space H^. . as a union of countably normed spaces- -H-# A, a

Let „ be a space of all testing functions 0 £ h| .U,X,a#B r ^A#a
such that

e \ mX, l-2\_.k -XU-X+1/2 I ^ a -mX -k mXa __kpSup ] x (x D) X 0 (x) | < A B C m K ^
x '

where m. k * 0# 1* 2««.
is satisfied where the constant B is greater than B and 
C is greater than C.
OR
„|3,C BH is a space of all functions 0 f ^ satisfyingU,X,a#B
the inequality

- i mX t l-2X_*k -XV-X+1/2 . jSup | x (x D) x 0(x) Ix ’
< A& (B + S)"* <C + ^ )k mm Xa K1^

for any 6 > 0, 0 and m, k » 0.1,2...

Now we shall introduce a system of norms as follows :

t,**k „ „ _ I xraX(x1‘2XD)k X“x^x+1/2 0(x) j
116 " ^"k SxP "(B+«j"S'(«^"ji''m!iK5'K'5

where 6, o - 1, 1/2, 1/3 ....
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We shall show that with this system of norms the
space 5 _ becomes a complete countably normed space.tt# B
For this we shall prove some lemmas.

Lemma 1 :

are

If sequence \ M j converges correctly to sore
function 0(x) and for some 6 and the norms || ^|j ^
bounded i.e. < C. Then the norms exist even for
the function 0(x) and \\0(x) }| e < C.6^

Proof -

Consider the bounded interval - a < x < a

| 0(x) |
xP (B+6)*^ (c + o)* ra1"*®

K < p 
m < 1

| x^x1'2^)* x'X,UX+1/2 ef^x) f
K lilR — — — — — — — — — —V>—> co (B+6)"* (c + 3)* m”*“ K*®

< 11m H efj.ll 5
—> CD ^

< c
Thus taking limit as a —> oo, p—> 00 andj£ — > 00 we get

„ \ ef(x)|
H 0 L a Sup 1------------------ --r------*<*, x.S,k (B+6)"* (C m1"*01 K*®

< c.
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Thus the norms for the limit function exist and are 

bounded.

Lemma 2 -

If the sequence ^ 0^ (x) | converges to zero at each 

point and is fundamental in the norm jj . ||

->0

Proof -

5<r Then

Since 0 is fundamental, it converges correctly to 

zero at each point. Therefore the sequence of differences 

0^ (x) - ^(x) converges correctly to 0^>{x) as V—> oo.

^ Sup < ^ for sufficiently
^ I1 £•'s

large .

. * . | \ 0^ | j —> 0 as V5 —> oo .

The<jrem 2.5.2 -

The space a B is complete.

Proof

Let 0^

\1* II 6^

8 C(x) f be fundamental in each of the

. Since 0*?(x) €& P, X, a, B
norms
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.*• N is bounded.

According to lemma 1.
each of the norms exists for the limit function 0(x) and

\ \ 0 \\_ is bounded.•s
Hence «<s) t «^a<B

Also 0 ^ is fundamental.
Therefore the sequence of differences 0^- 0 converges 
correctly to zero and bounded in each of the norms. There
fore according to lemma 2 -

■> o for any 6 and <5.

Thus the sequence 
h3*c

V-t X,a,B

converges to 0 in the space

Hence by definition
H?'? « is complete.U# k, a, B

Lemma 3 -
fa*',

U * II5 ^

If the sequence is b ounded in each of the norms
and converges correctly to zero. Then it tends to

i.e. in each ofzero in the topology of the space r# w# o
the norms.
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Proof -

Let > O, 6 > 0 and O be given. 

Let 5' < 6 and (3' < .

Since all 0*s are bounded.
wT

II^IIsVj are bounded l.«. )| *, || < CX

OR

for any in, k and x

xmX(x1“2XD)k x*“X,i“X+1/2 (x)| < Cx (B+61)rak (C ♦ y)k.

Now for sufficiently large m, m > the inequality

(B + 6')mk < -- (B+S)1”* is true.

Therefore, for any k, x and m > m

n*/._l-2\^k -Xti-X+1/2| mX, l-2X_»k <| x (x D) x VX)

< C1 5* <B+6)mX (c + ^)k m1"*® Kk8

ie j xfn^(x1"2XD)k X-W~K+1/2 0^ (X)

< n (B+6)1* <C+ ^ )k m"** K1* ... (3A)

Thus for m > m0, the inequality holds for any K and C.
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Also since \j ^1!^* are bounded.

• we have K C2 

OR for any m, k and x

Jx^Cx1"2*!))* x"XV“X+1/2 tijix) |

< CjCB+S)"^ (c + ^*)k minXa K1^

Now for sufficiently large K# K > KQ the inequality

(C + £>')k < J- (c + ^)k is true.

. *. for any x, m and k > kQ

xm\(xl-2XD)k x-\u-\+i/2 0^(x)|

< C2 ~ (B + S)"* (C + ^)k m"** K1^

< n (B+6)mX (C + ^}k mmXa Kk0 ... (3B)

Thus for k > Kq, the inequality holds for any m and x. 

Now we shall consider the cases when m < and K < Kq.

When m < mQ , jx| >£

By <3a) we have for any ka and x

J xmX(x1~2XD)k X"*XT,"X+1/2 €f ^ <x) {

|x”^X(x1"2XD)k X“xp~*+1/2 0*(x)l
...................................("xT^b-"1”

tALAtisVs'tiB
^SIVAJI UVmFStTY. KQLUAmt*
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< -i- T\ (B+SJ^o^ (C + o)k K1^
l*i

for sufficiently large x, fxJ > x^

(B + &)*oK m KkP
....rr«..S.........

1*1 < (B + 6)™ irfmX mmXa vk6

for m = 0,1,2 .... mQ-l 

Thus

| xmX(x1''2XD)k x"X,l“X+1/2 ^(x)|

< n(B + &) (C + q )k m"*® Kk^ ... (3)

Similarly when K < KQ#
we can show that the inequality (3) is satisfied.

Thus for m < and k < kQ# { x J- > xQ 
the inequality (3) is satisfied.

Now if m < mQ and K < KQ and when ^ and 6 are fixed, 
then the constants (B+S)”^, (C+ ^ )k, , k^ are bounded.
Since gf^(x) converges uniformly to zero in the segment

y
|x j < xQ , then for any ^ > O and sufficiently large 

V > V>Q^ the inequality holds.

Thus for p > ~p , the inequality holds for any m. k and x.

i-e- for $>V0

.*. It follows that gf —•> 0 in each of the norms ((-J|§ p.
4
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Since 6 and ^ are arbitrary,

0^ —> O in the topology of the space as O.

Theorem 2.5.2 -

If the sequence 0^>(x) is bounded in each of the 
norms. |j . |j ^ and converges correctly to some function

0(x). Then 0(x) 

sequence 0 *<*>

^ v a and of ther# A* B
8 Cin the topology of the space r*# A# <X# B

«

Proof -

By lemma 1,

#oc,B

Since 0^ (x) is bounded in each of the norms, the difference 
0(x) - 0^,(x) is also bounded in each of the norms and 
converges correctly to z ero

.*. By lemma 3,

0(x) - 0^, (x) converges to zero in the topology of the space.

Thus 0^ is a fundamental sequence in each of the
norms and 0-$ converges to 0 with respect to each norm.
Then the norms ^ are compatible. Thus the topology
of the space H^'^ is generated by the collection of

!*, A, a, B
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compatible norms.
Hence hP'? „ is a countably normed space.

r# A, a# a
The space H^'^ _ is perfect.r# A| 0

The proof of this is similar to that of the proof of 
the result 'H^ ^ is perfect*.

8 nThus is complete countably normed perfect
space.

Now if < b2 and Cj < C2 
The space

H^#C1 C H^'C2

Hence we can construct the union of countably normed spaces 
over all B andC's. Thus

8 00 6#CHP as u HrB<Cail ^A#a,B

Hence sequence 0^ converges to zero in a
0j belongs to some H^'^a B and converges to zero in that

space. This is true if and only if, the sequence 0 converges
<0

correctly to zero and the inequality 

\ xraX(x1-2XD)k x-^-k+1/2 (X) I

< A (B + + « )k mkA“ K*8
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Is satisfied, where the constants A, B, C are independent 
o£ Sg •

2.6

2.6.1 Property -

The space D(I) is subspace of the space \#ct “

Proof -

Let 0 £*D(I)
Then according to the definition of space D(I)

(1) 0 is smooth function having compact support.
(2) Sup I D* 0{t) | is finite.k 1 1

Now 0 f D(I) *=*> 0 is infinitely smooth function on some 
compact set K or we can say on 0 < x < oo.

.*. the first condition of the space ^a is satisfied.

Now since Sup Id* 0{t) J is finite, 
k

Sup \ xmX(x1"2S)k x“^+1'2 0 (x) 1
0 < x < oo ' '

- Sup J xmX(x1~2XD)k ^ (x) j
where vt' (x) * x-A*4-A+l/2 0(x) ,

Since 0(x) is smooth function.
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. *. vp (x) is smooth function,

(x*”2*!))* y (x) is continuous

x”*’ (x^”2^D)lc%f; (x) is continuous and continuous 

function over some compact set K is always bounded.

Sup I x^Cx*”2^))^ Np (x) | is bounded, 
k

Thus

Sup | x^Cx1 2\))lc gf(x)| is bounded.

Hence 0 v .
»*, A, a

Hence D(I) is subspace of H„ .
"/ A, (X

By the same method, we can show that D(I) is sub

space of the space H^ ^ and the space H^[ ^ a •

oo


