
CHAPTER- IV

SOME FEATURES OF WEYL TENSOR
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IV. SOME FEATURES OF WEYL TENSOR :

1 . Weyl Conformal Curvature Tensor :

We know that the Riemann curvature tensor which is in­

variant characterisation of the gravitational field due to 

Einstein, plays a vital role in the general theory of relati­

vity. The famous Einstein’s equations are based on Ricci 

tensor which is the trace of Riemann curvature tensor and 

the Ricci scalar which is the trace of Ricci tensor. The 

properties of the Riemann curvature tensor have reduced to 

the total 256 components considerably. Many other tensors 

of rank four constructed with the help of Riemann curvature 

tensor and its dual are available in literature. One of the 

important tensors constructed with Riemann curvature tensor 

and itstrace is known as Weyl conformal tensor. The defining 

expression for this Weyl conformal tensor (Carmelli 1982 ) 

is of the form

abed ^abed + s^ac^bc “ '\d^bc + ^bd^ac^

R(9arRhH ” 9 )
T ac Dd ad beo

(4.1 }

The significance of this Weyl tensor is that it satisfies 

all the properties of the Riemann curvature tensor and in 

addition is tracefree. That is
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abcd “ abdc ""^bacd ’ 

Cabcd ^ dab >

C .. + C .. + Cl ^ = 0
abed aedb adbc

(4.2)

(4.3)

(4.4)

(4.5)

These properties imply that the Weyl conformal tensor has 

only ten independent components. Note that the form of the 

Weyl tensor is left invariant under conformal mapping and 

hence the name Weyl conformal tensor. It is clear from the 

definition that the Riemann curvature tensor consists of two 

parts, one zero trace part and the other nonzero trace part.

Note 1 :

We have the necessary and sufficient condition:: for 

spacetime to be flat \$ zero Riemann curvature tensor. Hence 

if all the components of the Riemann curvature tensor vanish 

then the spacetime becomes flat. One can prove from Einstein’s 

field equations that the flat spacetime implies empty spacetime 

(Tab=0) but not the converse. The Weyl tensor gives the non 

Ricci part of the curvature that no longer vanishes identically. 

The vanishing of the Weyl conformal tensor is characterised 

as the conformally flat spacetime . Hence the spacetime is 

said to be conformally flat if

C , , = 0 .abed

This concept is analogous to the criterion for flatness 

(Lord 1976).

(4.6)



-34-

C I a i ml;

If the spacetime is flat then it is conformally flat 

but the converse is not true.

[ Proof is evident from the defining expression (4.1)].

Remark 1;

We can rewrite (4.1) as

R , = Cabed abed
f(R g, - R g, + R,,g - R, g ,) L acabd adybc bd ac be ad

“ 3(9 R, . - 9 .9. )]• (4.7)
5 ac bd ad be

We observe from this that the total gravitational field 

characterised by R bcd is the sum of gravitational field from 

matter part ( a gravitational field from second term on right 

hand side) and the gravitational field from matter free part 

(given by first term on right hand side). Therefore the vVeyl 

tensor Caj3Cd is said to signify the free gravitational field.

The spacetime of constant curvature is characterised by 

specific value of Riemann curvature tensor.

Rabcd = 9<9db9ac - 9cb9ad> •

This result immediately produces the value of Ricci

(4.8)

R = 3^g ,ab ab
-\VaJC

This implies )the va I ue of i-J/ to be

0/= 1 R 
T 12

(4.9)

(4.10)
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Hence the spacetime of constant curvature is now characterised 

by the expression

Rabed R_ (g g
db ac 9 u9 J cb ad

(4.11 )

Remark H

The spacetime of constant curvature is essentially unique 

and maximally symmetric.

Claim 2 :

The spacetime of magnetofluid with constant curvature 

satisfying the equation of state ( ^=3p) is conformaliy 

invariant.

Proof :

By making use of (4.11) and the expression of vVeyl con­

formal tensor (4.1) we obtain

’abed " ?<9db9ac - 9cb9ad> (4.12)

This under the equation of state ^ =3p gives the result,

^ bed;a ® (4.13)

This implies that the spacetime is conformally invariant.

C I a i m 3 :

If the spacetime of magnetofluid is of constant curvature

e = 3p + 12 V* .
k

then
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Proof :

By using the expression (3.12) of Rab for magnetofIuid * 

in equation (4.9) we get

12 = k( ^-3p) 9

i.e., ?= 3p + 12(^.) *
■> uk

Hence the result.

2. Decomposition Of vV e v I Tensor :

In electromagnetic field theory the Maxwell field tensor 

consists of two parts (1 ) electric and (2) magnetic. These 

two parts are obtainable from suitable contraction of Maxwell 

field tensor. The analogous process 4-s- to decompose the free 

gravitational field in electric type part and magnetic type 

part is suggested by (Glass 1973). In this method these two 

parts are described through suitable contractionsof Weyl 

tensor. We have defined the expression for electric type tensor

(4.14)

(4.15)

where ^ is the Levi-Civita permutation tensor 

These tensors satisfy the following properties

i) These tensors are U-normaI
a 0 = E , Ua• J abi *e 9
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ii) These parts are tracefree

i.e,, Ea = 0 = Ha .
a a

ill) These patrs are symmetric in both the indices 

i,e” Eab = £ba *

Hab = Hba *

(4.16)

(4.17)

(4.13)

The interlinking between electric type tensor £ and magnetic 

type tensor H ^ can be obtained with the help of (4.13) and 

(4.14) in the form

Catcd ^9abqr9cdst “ ^abqr^cdst^ U “

- (g u r) + 4 +)uqusHrt , (4.19)
abqr /cdst (abqr cdst

where 9abcd = 9ac9bd ‘ gad9bc ' (4>20)

We have the Ricci identities for time I ike vector fielc U as

2 UK.r„H1 = tMR , .b; [cd j abed (4.21)

These identities with the Weyt tensor expression (4.1) and 

kinematical parameters ( ) yield the results (Glass, 1975)

'ab
In, C d „ n C(j> * C d
(R P i P , - 1 P uR P ) + U, D P , ac i b 7 ab (c;d) a b

' m > c d 
- u u - & p p

a b cd a b

2 r,c
2 0d"

ab ^ac ^ h

+ iPab(2d* -2CO' -U .r).

ac^b 

(4.22)

Hab
■^Pb)et“ecid + <S'eclJ - aLU«b> (4.23)
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where
—abc abed
1 =7. u„ ■

3. Shearfree Magnetofluid And E iectrictype Tensor tab •

For shearfree fluid ( <5^u =0) we have from (4.22) th«
ab

express i ons

p 11 o c d 
ab = cdp ap b THab‘'cd

1 o cds ' c d) + u(c;d)p ap b

- U U + (j J + 4- P (-2co2-UC )
a b ac D 3 ab

• cd
C0k\ •

(4.24)

(4.25)ab ~ - "7 (apb) tOe;cd ^“(a^b)

If we use the expression (3.12.) of Ricci tensor for shearfree 

magnetofluid in the equation (4.24) then we obtain the value 

of electrictype tensor Eab as

Eab = * i -k [( ?,+P+^.h2)UcUd - *( ^-P+-Uh2)gcd

^(3Ca-UCUa)(9db-UdUb) + f<9ab-UaV[<VP+-*h2,UcUd

- H ^-P+M.h2)qcd - M.hchd](gcd-UCUd)J +

+ V;d)^Ca-uCuaH9db-udub) - H +WacWCb+

+ T(9ab-UaUbH-2‘°2-"C;c> • 26)

This after simplification provides the following result 

E 1 ,, ,_2_ , . * , c , c . , , d d
-ab h p ) + U, . (g'” -U U ) (g -U U )- 

a b 3 ab (c;d) a a'b b
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“ UaUb + Hc0^ b + y(gab"UaUb)("2a)2"J%} ‘ (4*27)

Claim 1 :

For geodesic flow of shearfree rnagnetof I u i d with 

magnetic field normal to plane of rotation,

£abhahb = °4=>C02 = -ikAXh2).

Proof :
„ u

The transvection of the equation (4.27) with hdhl" and 

using the given conditions

*

U = o (geodesic flow), (4.28)

and a)a0hb = 0 , (4.29)

we obtain

£ hahb = -| h2(k'Uh2+C02) (4.30)
ab 3

From this we can immediately conclude

£abhahb = 0 ^ = "(k-^-h2) •

This completes the proof.

Remark 1;

For varishing of electric type tensor we have,

Co2 = -(k-ah2 ), [vide(4.30)]

Remark 2:

The necessary and sufficient condition for a stationary 

vaccum spacetime to be static is that the Weyl tensor be of
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electrictype (Glass 1974).

C oro Mary 1 ;
«•

If E = 0 and U = 6 then,ab a

COabhb = 0 (jJ = -(k-Uh2).

Proof :

For geodesic flow of shearfree magnetofluid if the electric 

tensor vanishes then,

GJa b h =0 CjJ = - ( k h ).

It follows from (4.27) after inner multiplication with hahb
»

and using the given conditions E , = 0 and U =0
3. D 3

we get

nj , ujb hahC + -2- h2(k-cch2+CO2) = 0 . 
wab c 3

If we write GJ,hh = S then above equation yields,3 D 3

S Sa - 2 h2(kxuh2+co2) = 0 ,
a -JP

i.e., S2 = - 2 h2(k^ah2+co2) ,

3
a 2where we have chosen 33 = -S .

a

(4.31)

(4.32)

(4.33)

(4.34)

N ow
3L* o p o

vanishes when (k^tth +CO ) is zero. But 3^ is zero

implies CjJ bh is zero. Hence we have the result,

CO hk
ab

0 ^^CO2 = -kxch2 .

Here the proof is complete
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4. Shearfree Magnetof i u i d And Maxwell like Equations

The divergence of Weyl tensor is independent of itself 

and is designated as the matter current J#abc(Szekeres 1964),

^bcdia = J*bcd •

So that the divergence equation

^abc
;c = o , (4.36)

is the conservation equation for the source of the free 

gravitational field. The well known Bianchi identities imply 

(Kundt and Trumper 1962)

j*abc _ RcLa;bj_ J_ gcCaR;b3 (4.37)

This after the use of Linstein field equations, “^ve^

, = T + "i" 7
a be c ca ^ "

+ -a?- cj T •;bj T ycca ; bj (4.38)

For shearfree magnetofluid ,this equaiton then gives

*
J = Uabc c

(^+P + W).aUb + (^p«h2)uc.[au6jt

2+ ( ^+p+uxh )U U„ _ - M.'n _ h, _ - JA.h_ h.
c Cb;a] C;La b] c;[a b]

-^•hchLb;a] +
aJ c

(4.39)

The result (4.37) in combination with (4.39) and the expression 

for Weyl conformal tensor given by (4.19) yields the following 

Maxwell like equations under typical inner multiplication 

(Asgekar, 1979)

7471
A
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i) 3Habcob + £bc;c|PbaPCd = - 1 e .PU_ + , hi o p b + "g h hb
T S,b a a; b

- hCU U .
b$c a

cd„ab 7ra , *b : _ ( ^+p+^.h2)coaH> Hbc;dP P -3£abU)

(4.40)

+i^ T|_abcdubUehche;d

. . . \ , , lllct111) H p p - p 
ac

ma„tc . (m t)rsdu Ea + 2 £ <t m)3pa *
7 r s;d ^ “= -a 7 b p^

+ -LeHmt-H .. , a ('t m) ebc,, ,- -^th p no U h, -2 a;c < e b

(4.4' )

j., . (t _ m)ebc.,
h TO U

2 b;c ^ {
(4.42)

iv) EaV pm + Ha Up (m„t>rsd - 2H (t-nm)bpaUuU + 
a b s;dra £ a t bP

1 mt (m t)s 
+ —© E - Eg Ol) -i-ah2 Ubptm - -L-^h2-eptm 

; b o

... ,,b m at— '“h ,u h p 
75 a; b

— h Uc hrp 
fjajc]

t„bm (4.43)

The conformal flatness is the sufficient condition to ensure 

that the velocity vector U to be shearfree and hypersurface 

orthogonal. Hence the conformally flat solutions of Stephani, 

1982 are the most general conformally flat fluid solutions. 

Therefoee, under the restriction of conformal flatness 

£ b =8=0 which then with the help of equations (4.40) 

and (4 *41 ) yield
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2 e pb -3M. h hb +3>ah, hcUbU = 0. (4.44)
Sb a a; b b.c a

2( ^+p+>uh2)coa - -^12abCClubuehche*d = °* (4.45)

Claim 1 :

If the spacetime of the shearfree magnetofluid is confor­

mally flat then the matter density conserves along the magnetic 

lines if and only if the magnitude of the magnetic field 

also conserves along these lines.

Proof :

We consider the term

, , b,,a
ha;Dh U ■U Khahb ,

a; b ( V U h =o)

i .e., h hbUa 
a; b

i .e., h hbUc 
a; b

-(Wab+f 9 >

X ©h2 . (4.46)

This value when inserted in the equation (4.44) gives

«>.bp 3-K.h hb + 6h2U = 0, 
a; b a

(4.47)

This after contraction with ha gives

2 ^,bhD + l(h2;b)h“ = 0 - (4.48)

since ha;bha = - ih2.b .

We write from this

^,bhb=° 4=^h2,bU■*t,3
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This is the required result.

G I a i m 2 i

For shearfree magnetofluid with conformally flat space- 

time the verticity vector is orthonormal to vectors U, h 

and 3 (Sa = COabhb)

Proof :

On introducing the kinematical parameters, from the 

equation (4.45) we write

2(^+p+^Lh2)Coa +-^-^abCdCOedUbhche = 0 3

i.e., (^+p+xth2)COa + i >U.T^abcdu5hcSd = 0 ,

where we have taken

3d = 0Oedh *

This then further simplified into

+p+^ah2)coa = -M. 0a

by defining Da as

abed
V. ed b c

Here by the definition of 0a} it is orhtogonal to U, h 

and S. Hence the claim follows from the result (4.51).

Remark :

Under the condition of uniform magnetofluid (^a.b=0)

(4.49)

(4.50)

(4.51)

(4.52)
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the results (4.44) and (4.45) tally exactly with the results 

derived by Barnes (1984). Hence we claim that for shearfree 

magnetofluid with uniform magnetic field i f ^ab=Hab=0’ 

then either the vorticity vector is zero or it is an 

eigenvector of £ab with its eigenvalue -y (^+p+-^ch^), (vide 4.41).

5. Divergence Expressions For The Electric Type And The

Magnetic Type Tensors :

We have the divergence equations of Eab and 

(Glass, 1975)

_a Q . .d..c 1 c _fc. , =R _UU + roPi,rtb;a dLb;c] 12 K b ;c
Uc£ + 3*0 CH 

be be

U,<5'adE 
b ad

(4.53)

b;a
= i^ld ucr UCH - 3CJCE 

ca;d be I
ad

U.C5- Had- (4.54)

These relations under the condition <*\K —0 becomesSt D

R ,d, ,c
b; a d L b; cj

1 c
T2 ' u ,c

n . U“UW + tA, p”bR _ - UCEU + 3fOuH,_ . (4.55)
be

b; a
adUCR

ca; d
• c
U H

be
30jc £

be (4.56)

We have the following simplification of the result (4.55) Tor 

the shearfree magnetofluid.

-at. b; a
Jl

■? I [(^ +P+Ath2)udub gdb( ^-P+-Uh2)

2 \,, ,, 1/ » ...2- hdhb^;c " L^+P+^h >UdUc “*( ^-P+>Uh^)gdc-

h h 
d c Tb3u u + i¥3 Vv ) [is-3p).c] -

SABII. BAUSAHEB KBIfiOEKAR t.IRHAH
■* *V 1 ? f -- .
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* n C- UCE, + 3C0 H
dc be

This after simplification yields the following result

Eab;a = - 4 L< - ^-vdhbJ +

+ ll(^-3p),cpCb - + ■ (4'57)

Also in the similar way we can find the simplification of 

the result (4.56) for shearfree magnetofluid as

Hab;S = * n Tn-^ ^+P^2)UcUa - *(

-Xlh h n.\ -UCH - 3 COCEu .
c aJ;dJ be be

This after simplification supplies

Ha = -koj> ( € +p+uah2)-i^hCha CO .rjt adeu ~ 
b; a b i 2 a c d £ b e

- UcH - 3^c£u . (4.58)
be bc

Theorem 1 :

For shearfree magnetofluid if the electrictype tensor 

is divergencefree and the magnetic field vector is the 

eigenvector of both electrictype tensor and magretic type 

tensor with zero eigenvalue then the density is preserved 

along the magnetic lines if and only if the pressure is , 

preserved along these lines.

Proof :

On trarsvecting the equation (4.57) with h we get
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- -j[ ( ^+p+ux.h2)Ubhb +^h2hbUb] + J|(^-3p).bhb_

-UcEbchb + 3<4)CHbch° = 0

’•e., - -|-( ^+p)Ubhb + ~( ^ -3p) _ bhb - UcEbchb +

+ 3 <0CH, hb = 0. (4.59)
be

• •

since U ha = -h 'Ja . 
a a

3y using (3.19) we reduce this equation as

k , b k r o t \ r,c, b -r, ,cu , bT P;bh +ia(^-^p>ibh - u‘bch + 3(0 Hboh = °-

l.e., -iS_{ € -g p )hb - Uc£ hb + 3tOCH hb = 0 (4.60)
12 ^ ; b ; b bc bc

Now as h is the eigenvector 

zero we have

of Eab and Hab with eigenvalue

b b
L h = H h = 0. 

ab ab
(4.61 j

This result when substituted in (4.60)^we make the assertion

<?,bh = °4=#bibh = 0 (4.62)

This is the required result,

Remark :

The theorem is also valid if the spacetime of shearfree 

magnetofluid is conformally flat.

Claim 3 :

For the divergencefree electric type tensor of shearfree
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macnetofluid the density is invariant along the flowlines 

if and only if the pressure remains invariant along these 

I i nes.

Proof :

The inner multiplication of (4.57) with flowvector U 

and recalling the results

U Ua = 0 , U ha = 0 and
a a

Eabl)k = 0 = H^U*3 » we deduce

( ? -3p) Ua = 0 *
3 5 3

This implies that

. °<=> p.aua = o.

Here the proof is complete.

Claim 4 ;

For shearfree magnetofluid with the geodesic flow ani 

zero electirctype tensor^-Hwt the divergencefree magnetic 

tensor implies that the vorticity vector is normal to magnetic 

field lines.

Proof t

For divergencefree magnetictype tensor we write from 

(4.59)
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+ 3WcEl = 0. 
be

Whenthe given conditions Ua=0 and Eab=0 are used ’n 

above equation then

2 , c ade
kCJb( ^+p+-uh ) + -g-'W-h ha^CCj ^ ue = 0 ,

This after contraction with hb yields

k cJb( ^+P+-^h2)hb = 0 -

This equation gives

CJbhb = 0 as (^+p+-Uh2) 4 0 »

This completes the proof.

Note :

Again the equation (4.61) after inner multiplication 

w i th OJ ° prov i des

- ka32( ^+p+u4h2) + ^^hchaCJcd*^badeUetOb = o , 

i.e., 032( ^+p+.4h2) + ^ s2 = 0 ,

where we have written Sa = tc?abhb so that S^S3 = -S2.

We write from this

2 2s = mto ,

where, m = 2( ^ +p-Mth2).

(4.60)

(4.61 )

(4.62)

(4.63)

This shows that the magnitude of the vector S is a multiple
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of Cjl>2 •

Remark :

Note that this conclusion is made under the condition
m

that U =0, and £ ,=0. a ab

Theorem :

The necessary and sufficient condition for a shearfree 

magnetofluid afwith magnetic field normal to the olane of 

rotation be rotationfree is that the Weyl tensor be of purely 

e I ectrictype.

Proof :
H

Under the stated condition COat>h =0, the equation (4.58) 

gives rise to

Hab;a = ' K<Jb< VP+-^h2) - GCHbc - 3“C£bc ' (4-64)

The Necessary Part :

If we use the conditions that vorticity as well as shear

vanish in the expression of H , (4.19) then we get H =0.so ab
This shows that Weyl tensor is purely e lectrictype.

The sufficient Part :

As the Weyl tensor is of purely electrictype we have

H ,=0 in equation (4.59). So that we get a b

60C[k(^+p+jAh2)pbc + 3Ebc] = 0 ,

^-Ebc + T( ^p-^h2)pbJ = 0 ' (4.65)
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Now when the Weyl tensor is purely electric then it must be 

of Petrovtype I, 0, or 0 (Jordan et,al, 1960). It immediately 

follows that GOC-0 for type 0. Further in case of type I 

and D we know that

det [Efac + -y (^ +p+M.h2 )pb ] 4 0.

[ Since if the determinant were zero then E^c would have 

three equal eigenvalues, which is not possible]. Thus ujc=0. 

Hence we have proved the sufficient part of the theorem 

that the rotation is zero for purely electric type Weyl

tensor


