
CHAPT€R - n
/

0"distributive Posets



11

C H A P T E R-II 

I n t r o d u c t i o n

Pseudocomplemented lattices form an important class 
of lattices and have been studied by many authors. Frink C4 3 
has obtained the generalization of the theory for semi­
lattices. Venkatnarasimhan C 11 Isuccessfully extended some 
of the results of FrinkC 4 land BalchandranC 1 3to partially 
ordered sets by defining pseudocomplements in a poset. A 
poset P bounded below is pseudocomplemented if and only if 
for any a fp, the subset of elements disjoint from a is a 
principal ideal. On one hand it is quite reasonable to 
replace ‘principal ideal* by ‘ideal*. This weakened condition 
motivated us to define O-distributivity in a poset.

On the other hand# O-distributivity in a poset is 
also an extension of O-distributivity in semilattice. Varlet 
C10]was the first to investigate o-distributive lattices. 
O-distributive semilattices were introduced by VarletC 10 1 
and also by PawarC 8 3in different ways. We have succeeded 
in pushing the considerations of PawarC 8 3 for posets.

Cornish [ 3 Jstudied in detail annihilator ideals 
in a distributive lattice. He proved that the set of 
annihilator ideals in a distributive lattice is a Boolean 
algebra. Similar result was expected for poset and we have 
proved that this is true. In this*chapter we have obtained 
several characterizations of o-distributive oosel

_ MUSAHtSWtAffitm1PlfUl UNIVfRS*** *.ci*A***



12

shown that the class of 0-distributive posets contains 
distributive poset with o. Disjunction poset was defined 
by Venkatnarasimhan C 12 3 . We have also studied dis- 
junctivity in a O-distributive poset and we have shown 
that these two concepts are completely independent. 
Properties of dense elements are also studied in 
O-distributive posets.
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O-DISTRIBUTIVE POSETS

2.1 Definition and Examples

Throughout this Chapter we shall concern with partially 
ordered sets or posets. Me shall denote the ordering relation 
in a poset by < . Let A * [a^, a2, .... , aR} be a finite
subset of poset P, then the least r$>per bound (join) and the 
greatest lower bound (meet) of a^ (1 £ i < n) are denoted 
by ajVajV .... VaR and a^ a a2 a ..../\an respectively. The 
least and the greatest elements of a poset, whenever they 
exist are denoted by 'o' and '1' respectively. The set 
inclusion, set union and set intersection are denoted by 
c , U and fl respectively. Hereafter by a symbol P we mean 
a poset P with 'o', we define a o-distributive poset as 
follows t

Def. 2.1.1 t o-distributive poset t - The poset P is called 
o-distributive if for some finite n, x^, x2, ... , Xjj and 
a 6 P such that

(xxl n (al - {01 ,
<x2l ft (al - (03 ,

(xj n(aj ■ (Ol .
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And if XjVx2V ... Vxn existsf then

(xj^VXjV .... Vx^ H (al * (oJ

Dually^we can define 1 - distributive poset.

Example 2.1.2 : An example of 0-distributive poset .

The poset represented by Fig.l above is o-distributive.
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Example 2.1.3 : We furnish here one more example of a
O-distributive poset (This poset contains infinite number 
of elements)

F,g-2

The poset shown in Fig.2 above is o-distributive. 
Note that every poset need not be o-distributive.



16

Example 2.1.4 j An example of a poset which is not 
O-distributive is given in figure 3.

Fig-5

Explanation : In the poset shown in figure 3 above 
we have

(bj n (d3 (01
(c] n (d3 * (03
(f 3 n (d3 m (03

but (bVcVf ] n (ai - (di 14 (ol j where bVcVf ■ h.

Remark * 2. 1.5 : A subset of O-distributive poset.
containing 'o'. need not be o-distributive (See Fig.l.)
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§ 2,2 Q-distributivlty and pseudocomplementedness

In this article we establish a connection between 
a o-distributive poset and pseudocomplemented poset.

Let P be a poset a, b 6 P. We denote the set of all 
lower bounds of a,b by {a, b}

i.e. {a#b} ^ = {x £ P / x < a and x £ b}

^ iFor any poset P the set (a 3 * £x £ P/ £x,a3 ■ £03}
is a semiideal of P, for a £ P t U 3. But £aj * is an ideal 
for all a 6 P if and only if P is O-distributive. Note that 
Venkatnarasimhan's definition of a poset idealL11 1 is
different from that given by Frink [ 5 3. Now we have 
following

Result ; 2.2.1 s A poset P is O-distributive if and only 
if{al*« £x £ P / £x#a} ^ * £033 Is an ideal in P

for any a £ P.

Proof * Let P be o-distributive poset we have to prove 
that {a} is an ideal.

i) Let y 6 £aj and x € P such that x < y.
If [x, a3'1' ^ £03 then there exists z £ P such that 
z £ (x,a ] ^ and z ft o. Since z < x and x < y by
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transitivity we get z < y. Hence z £ {y, a} ^ * {o}
This is a contradiction and hence {x, a} ^ * 10}.

r r *This proves that x £ {a3

ii) Let x^, x2# ..., Xn be in {a} and suppose 
that x^VXjV .... Vxn exists in P. As x^ £ $a}
(1 £ i £ n) implies [x^, a] ^ ■ 10}. But then

(x^ Pi (al * (olAs this is true for each 
i, 1 £ i £ n we have

(x13 P| (al * (Ol #
(x2l PI (al * (Ol #

(xrl D (al * (Ol .

Since P is o-distributive we must have

(xlvx2v Vxn3 n (al *(0l
Hence xiVx2Vx3V ....VXj^ £ £a} * .

From i) and ii) it follows that ia} * is an ideal in 
P for any a £ P.

*Conversely suppose that {a} is an ideal for any 
a £ P. Let x^, x2, ...., xn £ P such that.



n (al * (01
<x22 n (al = (03

‘V1 n (al * (01

And assume that *]Vx2V .... Vx^ exists in P. Now by 

assumption ^a} being an ideal x1Vx2V ... VXj^ £ {a} .

This intum implies {x-jV^V .... VxR, a* £0} . That 

is (xjVx2V ... VXh 3 D (al «* (ol proving that P is 

O-distributive. |

More generally we have the following

Result 2.2.2 s P is O-distributive if and only if 

A* * (x/x £ P, £x#a} ^ =* (o] Ya £ A} is an ideal for

A C P •

Proof : - Let A* be an ideal for any A C P. Then 

particularly {a} is an ideal for any a £ P. Hence by 

Result (2.2.1) P is 0-distributive.

Conversely ?let P be o-distributive we have to 

prove that A* is an ideal for any A C P. We claim that 

A* * D{{a3 * / a £ a] . If x € A* then for all a £ A we 

have{x, a} » 10} . This will imply x £ {a} * for all
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a 6 A. Hence x 6 fl [la} */a £ A } . Thus A* £ fl{ta}*/a € A}.

For the reverse inclusion let x £ D {^.a} /a 6 A] 
then (x, a} ^ * [o} for all a 6 A . But this inturn 

implies x £a . Hence 0{{a} / a € A} £ A . Combining 
both results we get

n {{a} * / a £ a3 - A*
4cThus A , being an arbitrary intersection of ideals, is an 

ideal in P. I

Already there exists a theory of pseudocomplements 
in lattices C G 3. Frink [43 has obtained a generalization 
of the theory for semilattices. Venkatnarasimhan [it 3 
extended some of the results of Frink C 4 3 and Balchandran [ 13 

the most general systems, posets nicely. Here we prove that 
O-distributive poset is a generalization of pseudocomple- 
mented poset defined by Venkatnarasimhan[11 3.

Result 2,2.3 s Every pseudocomplemented poset is 
O-distributive.

Proof : Let P be pseudocomplemented poset and let 
xl# x2# ••••» Xn' a £P such that.
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(x^l n (al - (ol
(x2l n (al * (ol

(xni n (ai = (o] ,

Further suppose x-jV x2V .... V»^ exists in P. Now since 

P is pseudocomplemented, a* exists in P for any a 6 P and 

further (al * * (a*] (see Resultl.2.5). But then we have 

(x^l C (a*2 , (x2l C (a*l , .......... (x^ C (a*} . As

xlVx2v •*•* Vxn exists

l*!1 1 (x23 ¥ ..........Y (xn: - (XlVx2V ... VXnl

(See Resultl.2.2). Therefore,

(xjVx2 V .... VXh 3 S (a*l

which inturn implies that

(x1Vx2V .... Vx^l D (al “(ol .

And hence P is O-distributive. I
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Remark 2.2.4 : The converse of the above result need not 
be true. Consider the following poset represented by 
Figure 4.

F,g- 4

The poset shown in fig.4 is O-distributive as,

(bl H (al » (03 
(c] n (al = <03

implies (bvc] H (a3 * (o] where bVc * e. However it is 
not pseudocomplemented as a* does not exists in P.

.-jsssrsSf
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Remark 2.2.5 : O-distributivity generalizes pseudocomple- 
mentedness. As pseudocomplemented poset has greatest 
element it is always bounded, while a O-distributive poset 
need not be bounded above.

Venkatnarasimhan C 11 3proved that a poset P is 
pseudocomplemented if and only if ^a} is a principal 
ideal for every a £ P (Resultl-E. 3 ) . Using this together 
with the Result(l-2-2) we have following

Corollary 2.2.6 : o-distributive poset is pseudocomplemented 
if and only if [aj is a principal ideal for all a £ P .

Remark 2.2.7 : If a poset satisfies ascending chain 
condition all ideals are principal C 6 Dand hence in poset 
satisfying the ascending chain condition o-distributivity 
is equivalent to pseudocomplementedness.
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§ 2.3. O-distrlbutivity and Pisjunctlvity

Balchandran C 1 3 defined and characterized dis­
junction lattices. While generalizing the concept of 
disjunctivity to posets VenkatnarasimhanC 12 ]defined 
disjunctive posets (Def. li-53 ). Here we show that dis­
junctivity and O-distributivity in a poset P are completely 
independent. For this consider the following examples s

Example 2.3.1 i Example of a poset which is O-distributive 
but not disjunctive.

F,g-5

Clearly, poset shown in figure - 5 is O-distributive 
but it is not disjunctive, since for c / d in P there 
exists no element in P satisfying the disjuhctive 
property.
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Example 2.3.2 : Example of a poset which is disjunctive 
but not O-distributive.

f

Clearly^the poset shown in Fig.6 is disjunctive
But it is not o-distributive since

(a] D (el * (01

(cl H (el » (03

and avc exists but

(aVcl fl (el j* (03 •
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Example 2.3»3 : Example of a poset which is neither 

o-distributive nor disjunctive .

9

Fig-7

The poset shown in above figure is not o-distributive 

since

(al n (dl S (Ol

Cb] n (dl a (01

(c] n (d] a (01

but ( aVbVc ] n (dl

i—
i

•0H + (01 where aVbVc * g

Also the poset is not disjunctive since for e / f in P 

there exists no element in P satisfying the disjunctive

property
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§ 2.4 Characterization of 1^

For any poset P we denote the set of all ideals 
of P by 1^ . . . Here in this section we deal
with some important characterization of 1^.

Venkatnarasimhan C 11 3 proved that I„ is completer
lattice (Result i.2.i ). But under some Additional condition
on P, I will be pseudocomplemented. This is proved in the

Jr

following :

Result 2,4,1 i P is O-distributive if and only if I is
r

pseudocomplemented.

Proof i Let P be O-distributive poset. Let A 6 1^.
As A <=. P by Result (2*2*2 ) we have A* is an ideal
in P. We claim that A* is the pseudocomplement of A in 1^.

Clearly ADA = (03 • If there exist B £ 1^ such
that Af)B » {0} then B C A # since if b£B then for any 
a £ A we have {a# b3 * * £o} . For if o p* z € {a#bj'*‘

then z $ b € B implies z 6 B and z i a £ A implies z £ A 
thus z £ A OB « {o} which is a contradiction. Hence 
(a, b] ^ ■ {0} for all a £ A. This intum implies that 

b £ A* for all b £ B. Hence B C A*. Thus A* is the largest 
ideal in I satisfying APIA* * £0} . Hence A* is the

I*

pseudocomplement of A in 1^. This proves that 1^ is
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P seudocomplemented.

Conversely} let 1^ be pseudocomp 1 emented. We have to 
prove that P is o-distr±butive.

Let yEl' X2 * *•• *n' a f P such that

(Xjl n (al a o i_j *

(X21 n (al (01 ,

txn] n (a)

i i
0 1 

 >4

and suppose that XjVx2V .... VXyj exists in P. Now 
(x^l H (al * (ol (x^l C (al * since (al £ 1^
(a]* exists and is in by assumption.

Similarly we have

(x2l C (a] *
(x3l C (a] *

(xnl C (al *•

Therefore (x^l V (x2l V .... V (x^ C (all • 

But (x^] V (x23 v ....v (Xjjl ■ (X]Vx2V ... Vxn3
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(Result 1*2* 2- ). Hence (xjVx2V .... VXj^ C (al . But 
this implies that (x]VX2V .... Vx^ D (a3 = ( 03 . 
Therefore P is O-distributive. I

As we know that every pseudocomp1©mented lattice 
is o-distributive (Result 1.2.4 ) we get one more generalization 
of O-distributivity as

Result 2.4.2 : P is o-distributive if and only if 1^ is 
O-distributive.

Proof i Let 1^ be o-distributive. Let x1# X2# ... x^a £ P 
such that

(xx3 H (a] * (0 3 ,

(x23 n (a3 - (03 ,

(^1 Pi (a3 = (03 .

And suppose x1vx2V .... VXjj exists in P.

Now we know that
I

(xjl v (x23 v .... v (xn3 » (x1vx2v ... vxn3

(result 1*2*2). since 1^ is o-distributive lattice we
(xl^ Z (x23 V .... V| Xjj] D (a3 * (x-|Vx2V .... 

Vxft] n (a3 * ( 0 3 j proving that P is O-distributive.
have
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Conversely let P be O-distributive. By the 
Result ( 2'4-l- ) , l is pseudocomplemented and since every 
pseudocomplemented lattice is o-distributive (Result 1.2.4 ) 
I is O-distributive. I

Remark 2.4.3 : From the above result Varlet’s result
(Result 1.2.8 ) follows as corollary when a poset P becomes 
lattice.
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§ 2.5 O-distributivity and distributivity

Every distributive lattice with 'o' (semilattice 
with 'o') is o-distributive lattice (semilattice) [ 8 ] 
Hence to keep up such a linking for posets intitutionally 
we forced to define,

Def. 2.5.1 : Distributive poset : A poset P is called 
distributive if (a] O (b] £ (c3 (a,b,c 6 P) implies
the exi stance of x, y £ P, x >. a, y >. b such that

(x 3 fl (y3 = (c3 .

Remark 2.5.2 : It is clear that our definition coincides 
with the definition of Gratzer C 6 3 in a meet semilattice
when a poset becomes meet semilattice.

Example 2.5.3 : Example of a distributive poset
i

The poset shown in above figure is distributive.
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With the definition of distributive poset (Def.2.5.1) 
we have the following

Result 2.5.4 : 2very distributive poset with o is
0-distributive.

Proof : Let P be distributive poset. Let x^, x2, 
xn, a C P such that

(x^l n (al = (01

(x23 n (al II 0 1 
__

i

(xnl O (al = (0]

and suppose x^Vx2V .....  Vxfi exists in P

Now (xx] 2 (x21 n (al . Hence by distributivity

there exist y2 >. x2 and y^i a such that

(x13 = (yx3 H <y2l

As (y-^ H (y-jl Pi (y2l we get (y-^] 2 (xjl

that is y^.; >. x^ . Further we have

(xxl 2. (xrl H (al. ; 3 < r £ n _

Hence by distributivity there exist yr > xr ,and zr >. a
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such that (xx3 = (yr3 f) (zr3 . 3 £ r < n .

Thus as > x1# y2 >_ x2, ......., yn >. ^ we get

iYll 2 (xx3 ,
(y2l B (x23 ,

(yn3 2 <xn3 .

Since the set of all ideals I is a lattice (Result 1.2^1 )
r

we have

<yxl n (y2l n

Thus we get

fl <yn] P (xx3 V (x23 v--- V(xn3

= (x^VXgV... Vxnl (Result 1.2.2)

(*i n{ (yj] n (y2] n ..n <yn] 2

Now y-j^ > a ==» (yil 5

(al O (xjVx-jV .... Vxn3

(a3 (yx] H (a] 0 (y23 .

= {(a] n (y2]J n (y^
= (a] n {(y^ n (y2ij
■= (a] n {xp
= (on

This implies (a 3 P| (y2l
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Thus (a] f] (ytl = (ol for any i? 1 i i £. n

Hence (al fl ^ (y-jl D (y2l fl .... D (ynlj = (0l

(al fl (x1Vx2V ..... Vxnl * (0 1

Hence p Is o-distributive. I

Remark 2.5.5 s Note that every o-distributive poset need 
not be distributive for this consider the following

Example 2.5.6 : Example of a poset which is O-distributive
but not distributive.

Fig-9

Clearly5the poset shown in figure-9 is O-distributive 
but it is not distributive since 

(bin (cl c (al

but there does not exist x > b and y >_ c such that 

(x ] f! (yl = (al .
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§ 2.6 Annihilatpr Ideals

In this section we deal with annihilator ideals 
(Def. i.i.21) in o-distributive poset P*

Let P be O-distributive poset. First we find some 
properties of A*, A C P. In that direction we have 
following#

Result 2.6.1 : Let P be O-distributive poset then

i) For any nonempty subset A of P the disjoint 
complement A* is an ideal satisfying A* = a***

ii) An ideal I 6 P satisfying I = A* for some 
nonempty subset A of P if and only if I = I**

Proof : i) By Result (22-E) we get that A* is an ideal. 
Therefore it only remains to show that A* * A***

Now if B is any nonempty subset of P then we have 
B C B**. This implies A* C A***. Now A C A** inplies 
A* =? a***. Thus we get A* * A***.

ii) If I * A* for some nonempty subset A of P.
Then I** - A*** - A* * I.

Conversely if I = I** then I « A* for A = I*.
Hence the proof. I
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Let P be a O-distributive poset. We denote the set of all 
annihilator ideals of P by A(P). Here we have the 
following.

Result 2.6.2 : For a o-distributive poset P, the set of 
all annihilator ideals A(P) forms a Boolean algebra.

Proof, Let I, J 6 A(P), We define the greatest lower bound 
of I, J by I HJ.

i.e. I A J » I n J

and least upper bound of I, J by (I* fl J* )* 

i.e. I V J » (I*HJ* )*

We claim that <^A(P), A , V, *, (0 3 , P> is a
Boolean algebra.

We first prove that if I, J 6 A(P) then IAJ £a(P)

Let I, J €A(P), I * I**, J - J**

Now I 2 IHJ I** 2 (I nj)**. Since I U(P) 
this imply I** * I 2 (IflJ)**. similarly J 2 (IflJ)** 
from this we have IflJ 3 (IflJ)**. Thus IflJ * (IflJ)** 
Hence IflJ € A(P)'.

Let K £a(P) such that K C I, K C J. Thus 
K C IflJ I 0j is the greatest lower bound of I and J
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in A(P). Hence I A J €A(P) for all I, J f A(P) ...(1)

Let I, J, K €A(P). Now I* 2 I* O J*, this imply 
I** C (I*nj*)*. But since I € A(P) we have I = I**. Hence 
I C Similarly J c (l*OJ*)*. Let I C K and
J C K,imply I* 2 K* and J* 2 K* {i*n j*) o k* ==»
(I* n J*)* C K** * K. Therefore (I*(l J*)* is least upper 
bound of I, J 6 A(P) . Thus if I, J 6 A(P) then 
I V J 6 A(P> - ... <2}

From (1) and (2) we get that A(P) is a lattice.

Since (03 • P* and P * (o3 *, (oD and P are the elements
of A(P) . Further (oil and P are the least and the 
greatest elements of A(P).

Now we show that A(P) is complemented. Let 
I £ A(P); Then I V I* * (I*ni**)* * (I*DI)* = (01 * = P 
and I fl I* a (01 shows that I has complement I* in A(B)
Thus A(P) is complemented. ... (3)

It only remains to show that A(P) is distributive 
for I, J, K 6 A(P) we have to show that

I V (JAK) a (I VJ) A (IVK) that is

[i‘fi(jnK)*j * * [a*nj*)*n d*fiK*)*]

We first claim that
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*

l_i* n (jhk)*]cC(i*nj*)* n a*r>K*)*]

Now JflK C J =*=?> (JPlK)* 2 J*

**$► i* n (jdk)* 2 i*nj*

[i*n (jdk)* j* e. (i* n j*)*

Similarly we can prove that

[i* n (jok)*] * c (i*dk*)*

Thus we have

[i* n (jdk)*] * c (i*nj*)* n (i*ok*)* ... (4)

Next we claim that

(i* n j*)* n (i*ok*)* c [i* n (jdk)*] *

To prove this we need to prove the following set inclusion

(i* n j*)* n k c [i* n (jhk)*] *

Let I, J, K £A(P). Now IHKCIC [i* H (JflK)*J *. 

Similarly JflK C [i* H (JDK)*]*

now iriKc [i* n (j n k)*] * ink n[i*n(jnk)* j** - (03

That is I nKnL I* n (JdK)*3 » (OJ

Similarly J flKD [ I* fl (JDK)*] «
j

(ol .
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Thus j n [khi* n (jrtK)*] * (on .

=** [Kfll* n (JOK)*] C J*, similarly 

[Kill* n (JDK)*] C I*

[kdi* n (jriK)*] c i*n j*

[koi* n (jok)*] n C (i* n j*)*3 « (o]

That is i* n (jok)* n [k n (i*n j*)*3 ■ (ol 

=*# CK n d*n J*)*3 £ [i* n (jhk)*3 *

That is (i* n j*) n k c &* n (jok)*] *

Thus (I V J) A K C I V (J A K) ... (5)

Let I = N and J * Q and K * N V R then from (5) we 

have ( N V Q) A (N V R) < N V [QA(N VR)

= N V [ (N V R) A Q]

Now (N V R) A Q < N V (RAQ )

Therefore we have ,

(N V Q) A (N V R) < N V (QAR)

Replacing N, Q, R by I, J, K we have

(I V J) A (I V K) < IV (JAK)
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That is (I*nj*)* n (1*0 K*)* C [I* n (jnK)*] * ...(6) 
From (4) and (6) we have

d*nj*)*n u*Ok*)* c [i*n(jfiK)*j * ... (7)

This implies that A(P) is distributive.

From (3) and (7) we get that A(P) is distributive 
complemented lattice.

That is A(P) is a Boolean algebra. I
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^ 2.7 Properties of I**

In this section we study some properties of I**. 
Here a nice property of I**, where I is an ideal in a 
O-distributive poset P is furnished.

Result 2,7.1 : Let P be a o-distributive poset then for 
any ideal I £ P the set I** is the largest among all the 
ideals A € P with the property that for every 0 ? x 6 A 
there exist o / y £ I such that y < x •

Proof : We first prove that I** has the stated property 
Given 0^x6 I** assume that no nonzero y 6 P satisfies 
y € I and y < x. Then {x, z} = {0} for every z £ I

0 lfor if (x, z} / {p3, let 0£p€{x,z-3 then p £x 

and p < z. Now z € I and I is an ideal together imply that

p £ I and p < x contradicting our assumption. Thus it 
follows from [x,zJ ^ * {03 , for every z £ I, that

x £ I*. But x is also the element of I**, hence we get

x £ I* D I** ** {03 ? contradiction to the fact that x is
nonzero. Thus there exists some nonzero y £ I for every 
x £ I** such that y < x .

Now assume that A is an ideal with the stated
property and suppose A C I** does not hold. Then thereA5959
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must exists an element x £ A such that x does not belong
I**. So £x, y3 ^ ^ £03 for some y £ I*. Let 
q 6 £x, y3 ^ ?*£0}. Then q 6 A and q, £ I* imply that
q 6 1*0 A. Now by hypothesis there exist 0 ^ S 6 I 
such that S < q.But then O S 6 I fll*; which is

impossible. Hence A C I**. I

Further we have the following.

Result 2.7.2 * Let P be 0-distributive poset. If 1^, I2.. 
... In are ideals in P then

n nn l)** =* ni=l 1 i*i
Proof s Obviously, as Ij^ C 1^ for every i(l £ i In) it 

is sufficient to establish that I * I^Ol2 satisfies
^ ^ 'ie'k 'tchIj H = I**. Suppose 0 ^ x is in (1 I2 then there

exists by previous result on element 0 ^ y £ 1^ such that
dr dry < x. Since 0 / y is in IjO i2 there exists on element 

z £ I2 such that z £ y. Hence O / z is in 1^(1 Ij ■ I
jla dr dtand z < x. Thus the ideal Ix D j possesses the

dr dr dr dr dr dtproperty in the Result(2.7.1.) . Hence Ij fl I2 C I .
which proves that I** f! I** = (I^Dlj)**. |
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<£ 2.8 Some more results.

A sufficient condition for (a] * = (bj* in a
©-distributive poset for a / b is stated in the following.

Result 2.8,1 : If a and P are the elements of O-distri- 
butive poset such that (a] D (dj » (b3 H (d] for
some dense element d £ P. Then if

(aj * (b3*

Proof : (aj = (all ** n P

* (af* n (df* [* d is dense element•
in P J

= : : [(a] n (d3j ** [by Result (2.7.2) ][

= ; , [(b] n (6 3] ** [by assumption ]

- (b3 ** n (a3**[ by Result (2.7.2)]

« (b3 ** n p LV d is dense in PJ

- (bj**

Hence we get

(a]* , ***(a 1
= {<«!**] *

« [<«**} *

a ***(b3
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A property of the set of dense elements in a 
O-distributive poset is investigated in the following

Result 2,6,2 : In a O-distributive poset P is {o} ^ A 
is the intersection of all nonzero ideals of P then 
A* = P - D where D is set of all dense elements of P.

Proof ; Now A / [o} , so we get for any x £ A*.
★[x } ^ {o} . That x is nondense element of P. Therefore

x £ A* ==> x £ P-D that is A* C P-D.

On the other hand as P is O-distributive ^dj is 
nonzero ideal of P for every d ^ D. Now since A is the 
intersection of all nonzero Ideals of P we have A C ^d} 
Therefore A* 2 {d} ** . Now d £ {d3 ** and £d] ** C A*.

Thus d £ A*. Hence P - D C A*. Therefore we get A* = P — D. I

Next we have

Result 2.8.3 : If intersection of all prime ideals is (oil 
then P is o-distributive.

Proof : Let P be a poset. Let the intersection of all 
prime ideals of P is (0] .

Let (P = {M / M C P and M is prime} .

Now we have to prove that P is o-distributive

Let Xi, Xo .... x / a £ P such thatn
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(xj^ D (al * (ol , 
(x^l H (al = (ol ,

(xni n (oi -(oi,

and suppose X|Vx2V ... Vxn exists in P

Now (xjl n (al = (Ol » H i i n

imply either x^ £ H or a £ M since M is prime, 
we claim that

(xlVx2v •••• Vxn^ H (al C M,vm £ (p.

Suppose the contradictory; that is 3 M £ (P such that 
(xjVx2v ... Vxnl D (al ^ H

Then x^Vx2V .... Vxn ^ M and a M because M is 
prime.

Now if (xil Pi (al = (0 1 1 i i i. n then
x^ £ M for each i? and this would imply xiVx2V... Vxn £ M0

which is a contradiction. Therefore (xjVx2V....
___Vxnl H (al C M V M £ (P But f)M(M £ (p ) * (Ol

(xiVx2V .... Vxnl D (al * (Ol .

Hence P is O-distributive. I

oOo
I


