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CHAPTER II,

FU22Y IDEALS

2,1 FUZJY IDEALS

Definition (2.1.1.) :

Let R be a ring. A function S:R —> I 1is called a fuzzy
subring of R if,

(1) S(x + y) = s(x) A s(y)

(2)  s{-x) > 5(x)

(3) S(x.y) > S(x) A S(y).

where I dénotes the closed interval Bhl].

kemark (2.1.,2)

(1) If S:R —> I is a characteristic function of a
subring S5 of R, then S is a fuzzy subring of R,
(2) Fror t€ I, the set,

S, = {x er/ 35(x) » t} is a subring of R,
Lefinition (2.1.3) :

Let R be a ring. A function J:R —» I is called left
fuzzy ideal if.

(1) Jx + y)2 Jx)A J(y)

(2)  J(=x) > J(x)

(3) J(x.y) 3 J(y)

J is called a right fuzzy ideal if J satisfies (3)°
instead of (3)

(3) ' Jlx.y) > J(x).
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Remark : (2.1.3)

(1) A characteristic function of a left ( right ) ideal
of a ring R is a fuzzy left (right) ideal of R,
(2) If J is a fuzzy left (right) ideal of R then for
t € I the set,
Je = {xeR/J(x)‘a t}

is a left (right) ideal of R.

If left fuzzy ideal is asame as right fuzzy ideal then in
that case it is called as Fuzzy idea 1. If R is a
commutative ring then its left fuzzy icdeal is same as

right fuzzy ideal.

Here after unless stated otherwise R denotes commuta-

tive ring with unity and & denotes the clo=ed intorval

o,1].

Definition (2.1.4) :

Let (R,+,* ) be a ring. A fuzzy ideal J of R is a
function J : R ™> I, which satisfied
(J1) J(x+y) 3 J(x) A Jly)
(32) J&x) > J(x)
(73) J(x,y) 2 J(x)V J(y).
Remark (2.1.5) :
If J is an ideal of a ring R, then characteristic function

of J, X; ¢ R —>1 js a fuzzy ideal of R,

J

Moreover converse is also true,
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Proposition (2.1.6) :

If T is a subset of R such that characteristic function

of T satisfies (J1), (J2), (J3), then T is an ideal of R,

Proof :
xy€T = T(x) = T(y) = 1.
But T(x+y) > T(x)A Tly) = 1 = x+ye T,

Also T(x) = T(-x) = 1, Next, if x¢T and Ye€R then

T(x,y) » T(x) v T(y) = 1 = T(x.y) = 1.

Hence T is an ideal of R,

Remark (2,1.7) :

If J is a fuzzy ideal thep,
(1) J(x) #J(1) = J(x-1) = J(1=x) = J(1+x) =J(1).
and J(1+4x) = J(1=x) # J(1) =» J(x) = J(1).
{ J(x") Yx is a monotonic increasing sequence
n =20
which is bounded above, by J(0). Hence convergent.

(3) If J(x) # J(1) then J(1) = J{(1+ nx) for all n.

Proposition (2.1.8) :

Let J : R— 1 be a function. Then J is a fuzzy ideal
of R if an only if J(x-y) % J(x) A J(y) and J(x.y) >

J(x) v J(y).
Proof

suppose J is a fuzzy ideal of R, Then
J(x=y) = J(x+(~y)) > Jx) A J(-y) = J(x) A J(y) and
J(x.y) 3 Jx) v J(y).

BA\—ASQ“&“\W E&“ﬁ‘;‘m

leJ‘ "
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Conversely, suppose that conditions holds. Thep,

J(0) = J(x=x) 3 J(x) A J(x) = J(x) for all x€R

Therefore J(-x) = J(0-x) 2 J(0) A J(x) = J(x) and
J(x+y) = J(x=(=y)) 2 IX) A JT(=y) > T(x) A Jly)

Also, J(x.y) > J(x) v Jiy).

Hence J is a fuzzy ideal of R,

Proposition (2.1.9) :

Let R be a ring and J be a fuzzy ideal of R, Then for

any x €R, J(x) = J(=x) and J(0) > J(x) 3 J(1).

Proof :

J (x) = J (=(=x)) 2 J(=x) 3 JT(x).

]

Hence J(x) J(=x)

Next, J(0) = J{x+(=x)) > J(x) A J(=x) = JT(x)A J(x)

i

= J(x). Also, J(x) = J(x.1) > J(x}v J(1) > J(1)

Hence J(0) 3, J(x) % J(1).

Proposition (2.1.10) =

If J is a fuzzy ideal of a ring R, then J(x-y) = 0

= J(x) = J(y) for all x, y € R,

Proof :

Since J is a fuzzy ideal of K,

J(x) = Jix=y+y) > J(x=y) A J(y) = J(0) A J(y) = J(y) and
J(y) = J(y=x+x)P J(y=-x)AJT(x) = J(O)AJT(x) = JT(x)

Hence J(x) = J(y).
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Proposition (2.1.11)

Set
The intersection of anx(of fuzzy ideals of R is a

fuzzy ideal of R},

Proof :

Let {Ji} be a family of fuzzy ideals of R and let
el

XER , ye€R Dbe arbitrary, Then,

NIy ( x -y) A (T4 (x=y) )>//_\(Ji(x)/\Ji(Y))
L L L

(NTy (x))/\(/i\Ji(y))

i

= (D J) DACD I ()

and

"

(Q3;) Cxay) /L\ (7, (x.¥) )

> /\ (Ji (x) v Ji(y))

L

(x) N\ 3, (y)

(’E\Iix)"(L iY)
= (G\Ji)(x) v (E\ Ii) (y)

Hence by (2.2.5) (1J; is a fuzzy ideal of R,
L

Proposition (2.1.12)

Let J b2 a fuzzy 1deal of R, Then nonempty level

subsets Jt , t€l is an ideal of R.
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Proof

Let x€J, and ye€J,. Then J (x=y) =2J(x)A J(y)

2 tAAt t. Hence Xy J

t.

Next, let r€R be arbitrary and x¢Jt. Consider,
J(rx) = J(r) v J(x) 2J(r) vt 2t 2 rxedy

Therefore J¢ is dn ideal of R for all teIl,

Corollsry (2,1.13)
Let J be a fuzzy ideal of R, Then,

{xeR/J(x) = J(o)} is an ideal of R, where
0 is an additive identity of R,

Proof':

Since J(0) 2 J(x) for all xeR,

{xer / 3(x) = 3(0) o= {xer p5x) = J(O)} = 9500)
Hence by proposition (2-1.12) it follows that

{ X€eR/J(x) = J(O)} is an ideal of R,

Definition (2.1.14)

Let R be a ring and J be a fuzzy ideal of R, Then the

ideals J;, tel are called level ideals of R,

Remarks ( 2.1.15)

If J is a fuzzy 1deal of a ring R and t t2€I with

1'

2 1
3 J(x) = >t 3 ertl

tl < t2 then Jt CJt

For x€J

)
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Proposition (2.1.16)

Let R be a ring and J be a fuzzy set in R such that

Je 1s an ideal for all teI ., Then J is a fuzzy ideal of R,

Proaf

Let x, yYeR be arbitrary and let J(x) = t, and

1
J(y) = t,. Since 11is totally orderd, we assume that

t1 £ t2. Hence yeJtz =3 yEJtl. Also xeJ,_ ., Therefore,

b

J(X -y) 2t, 2¢t. At

) 1 ) J(x) n J(y)

]

t i.e. xeJ,.

Next, for any X.yeR, let J(x) €

Since J; is an ideal of R x.stt > J(x.y) 2 t =J(x)
Similarly ‘we can show that J(x.y) =2J(y)

Hence J(x.y) 2 J(x) v J(y). This proves that J is a

fuzzy ideal of R.

Proposition (2.1.17)

Let J be a fuzzy ideal of a ring R, Two level ideals

Jtl, Jt2 with t1 < t2' are equal if and only if there is

no xeR such that t, ¢ J(x) < t,

1

Proof

Let J = J, If there is x€R such that t, ¢ J(x)< t

t ty 1 2

then x €J, but fot which is a contradiction. Conversely,
1 2
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suppose that there is no x such that t, ¢ J(x) < t

1
Since t1 £ t2 ., J c J And if, xeJ then

L T Yy t

J(x) > ty. Hence by condition 1f follows that J(x) t,

2 -

i.e. xe¢J, . Therefore J = J .

Remark ( 2.1.18)

(1) If J is a fuzzy ideal then, J (n.x) 2J(x) and

J(x") = J(x) for all positive integers n.

(2) If J is a fuzzy ideal then (Jt,} '~ is.a set of ideals
telImJd
of R, Moreover,

JJ(O) = { xeR /J(x) = J(O)} is the smallest element

of this set and J = { x€R/J (x)> J(ﬂ}is the greatest element

J(1)
of this set, ( JJ(l) = R when we consider J (x) = J(1))

(3) If J is a fuzzy ideal of R, then J is constant on each

coset of J in R, For, if x€R is an arbitrary element

J(o)

of R then x + J is the coset of J Let uex + J

J(o) J(o)°® .oJ(o)
then W= X + y, where Ye‘ﬁrun' This implies
J{u =x) = J(y) = J(0) Hence by proposition (2.2.7),

J (x) = J()

Proposition (2.1.19)

A homomorphic image or preimage of a fuzzy ideal is a
fuzzy ideal,
Proof

Let f be a homomorphism of ring R onto R', Let J be :

fuzzy ideal of R, Define,
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K : R—I
K(y) = V J(x)

foﬁl(y)

We prove that K is a fuzzy ideal of R!

Letusk* and VeR' , Since f is onto there exists
xeR, yeR such that f£(x) =u £(y) = V.
Hence £(x-y) = u-v
Thus,
K{(uav) = VJ(2) = VJlx -vy)

zef'l(u—v) x-yef'l(u-v)

> v (Jx)a 30))

xef-l(u)

..1(

yvef “(v)

= K (U.) A K (V)
and

w

K (u.v) = V J (2) VI (x.vy)

zef'l(u.v) x.ygf-1 (u.v)

v

v (J(x) v J(Y))
xef‘l(u)
yef-l(v)
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=K (u) v K(v)
Therefore K is a fuzzy ideal of R'

On theother hand, if £ : R ——>R' is a homomorphism of

a ring R into R' and if K is a fuzzy ideal of R' then, define,

J:R —> 1

J (x) = K of (x)

J is a fuzzy ideal of R,

For

J (x + vy) Kof ( x +y)

K ( £(x) + £(y) )

2K ( £(x)) A K (£(y))
K of (x) A K of (y)

J (x) A J (y)

And , J (x.y) = K of (x,y) = K (f(x) .£f(y))
> Kof (x) v K of (y) = J(x) v J (y)
Remark (2.1.20)

If £:R —> R' is not an epimorphism then image of fuzzy

ideal of R need not be a fuzzy ideal of R,



Proposition ( 2.1.21)

If {:R —> R' is an epimorphism of a ring R onto R'

and if Jl and J2 are fuzzy ideals of R, then,

(1) f(Janz ) c f(Jl) N f(Jz)
(2) f(JlU J2) = f(Jl) U f(Jz)

Proof

(1) £(Jy) and £(J ) are fuzzy ideals of R', Clearly
£(J) N £(J3) is a fuzzy ideal of R',

Let x'¢€ R' be arbitrary. Then,

£(3) 0 £(3)  (x') £(3]) (x') A £ (x*)

i

(v 310 ) A (v J,x) )
xe £ 1x") xe £ (x")

vV Iy () AT,x))
X € g1 (x')

\%

i

\Y (J{ng)(X)
X€ £ (x¢ )

= £(Jy NIy (x).

Thus  £(J; NJp) ¢ £ (3;)NF(3,)
(2) Let x'e R' be arbitrary Then
o

(£@)) v £(3,)) (x*)

]

f(Jl)(x') \% f(Jz) (x*)

]

v (3 (%) vy (x))
X € g1 (x*) ’

= f(Jl U J2) (x')

Thus £(3. U Jy) = £(J3;) U £(J,).

.18
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Remark (2.1.22) :

The above proposition, is also true for more general case.

If {Ji} is a family of Fuzzy sets in X and if £:X—> Y
tel .

is a function, then

£ (DJ c N f(J
( i) = otex i)

i€l
and £ (U Ji) = U f(Ji)
iel iel

Propogition (2.2.23)

Let f:R — R' be a homomorphism of rings R into R', If
J; and J, are fuzzy ideals of R' then,
(1) £1@iNa, = £ty n ey,
(2) £r@yuay) = ety ey,
ProoZ
(1) Let x€ R be arbitrary. Thenp,

£~ 3y Nay)

i

(3103 (£ (x))

= J'l (F(x)) A J'2(f(x)).

i

@A ) .
(et pnete ) 6o,

|

Thus, £7(IN NI, = £ @M £7HE)
(2) let x€R Dbe arbitrary. Then
£ VI ) = (3 UI,) (E(x),
= J'EX)) VT, (£(x))
= f"l(Jl')(x) \ f"l(Jz') (x)
-1, , -1, ,
= (£ v o)

-1

Thus, €793 ' U %) = £ Ut 3.
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Remark ( 2.1.24)

The above proposition is also true for more general

case, If -{Ji} i€l is a family of fuzzy sets in X and if

f:X =——> Y is a function, then
-l
-t
et (Uaop = U et () ond A SARD ’Q:ﬁ 0
jel ieJ + tel

Proposition ( 2.1.25)

1f f: R —> R' 1s an epimorphism of a ring R onto
R' ‘and if J, ang J, are fuzzy ideals of R then,

I ¢ J, 3> f(Jl) C f(Jz)
Proof

Let x'eR' be arbitrary. Then,

£(7;) (x) = vV I, x) g VI, = £5,) x')

xef—l(x') xef-l(x')

Proposition (2.1.26)

If f:R —> R' 1s a Homorphism of a ring R into R'

and if J! and Jé are fuzzy ideal of R', then

1
gvocay s £y ¢ o
1 = "2 1 = 2
Proof :
Let xeR be arbitary. Then,
£ @) (0 =31 (E)) g Iy (E)) = £710) (%)

Hence f—l(Ji) c gt
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Lemmag (2.1,27)

Let f:R —> R' be an epimorphism of rings with Kernel K,
-1
Then £ “(£(J))= J for every fuzzy ideal of R which is
constant on K,

Froof

Let xeR be arbitrary. Then,

£ (£(0) (x) = £(0) (£(x))

i

Y J(y)

i

vef L (£(x))

\Y J{y)
y-xeKerf

i

J(x) , since J is constant on Kernel K,

i

Therefore f-l(f(J)) = J,
Remgrk (201028)

If f: R—> R' is a homomorphism of rings and J' is a
fuzzy ideal of R' then,

Jl

£ (£~

Theorem : {(2.1.23)

If §: R—> R' is an eplimorphism of rings with Kernel
K, then there is a one to one correspondance between the set of
fuzzy ideals of R' and the set of fuzzy ideals of R which are

constant on K,



Proof

Let J be a fuzzy ideal of R which is constant on K, Since
f is an epimorphism, £(J) is a fuzzy ideal of R', Thus there is
a correspondance J —> f(J) from the set of fuzzy ideals of
R which are constant on K into the set of fuzzyideals of R', We

show that this correspondance is bijective,

Let J' be a fuzzy ideal of R' then

f-l(J') is a fuzzy ideal of R and f-l(J) is constant on

K, For, if xeK then £f(x) =0 and,
£71@) (x) = J'(£(x)) = J'(0).

Therefore correspondance is onto.
Let J1 and J2 be fuzzy icdeals of R which are constant on
K and let f(Jl) = f(Jz), then

ehew) ) = £ () )

> Jl = J2

This shows that correspondance is one-one,

Corollary (2.1.30)

If R is a ring and Q is an ideal of R then there is a
one~-to-one correspondance between fuzzy ideals of R/Q and fuzzy
ideals of R which are constant of Q.

Proof ,

Since there is a natural epimorphism F : R —>» R/Q, from

above Therem , the result follows.
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Definition (2.1.31)
Let J be a fuzzy ideal of a ring R, For any xeR, define

: R ———>
J(x) R I
J(x)(y) =J (y - x)

Then J(x) is called as fuzzy coset of a fuzzy ideal of R,

Remgrk (2.1.32)

(1) J(O) = J
(2) For any t€I 4 ( I (%) )t is a coset of an ideal J_ of R,

{(3) If J is a characteristic function of an ideal Q of R,
then J(x) is a characteristic function of coset Q + x of R .
Proposition (2.1.33)

Let J be a fuzzy ideal of a ring R and let R be a collection

of all fuzzy cosets of J. Define

(x + vy)

= J(x.y) for all x,yeR.

Then R is a ring under these two operation.
Proaf -

First we show that these two operations are well defined.

Let Iy = Jixn) and J ()

Therefore J ( x =« x') =J (0) and J (y - y') = J(0)

3 J (x) =J (x') and J(y) =
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Let zeR be arbitrary. Then,

Similarly J

(x'

H

Next ,

J(x.y) (z)

But J(x'y' -xy)

= J (2 «x «y)
= J (z2=X' =« y'+ x'=x +y'-y)

>J (z=x'ay') A J(X'=x)A T (y'-y)
=J (z =x' -y') since J(x'~x)= J(0)

J(y'=-y) = J(0)
= J(X‘i‘Y') (z)

') (z) > J(x+y) (z).

J (x*+y')

=J ( 2 =-xy)

J(z=-x'y' + x'y' =xy)
>/J(z-—x’y') A J (x'y' «xy)

= J(x'y' -x'y + x'y -xy)

= J(x/‘ (y'=y) + (x' -x)y)

>J (x! (y'=y)) AJ ((x'-x)y)

2((x") v Iy -y)A (T (x'=x) vI(y))

=(@x") v 30)) A (3(0) v 3(y))

Thus J(x'y' = xy ) =J(0)

Therefore,

J(xy)(z) > J(z -x'y') A J (0)

= J ( Z -X'Y')
" {z)

J(x‘y‘
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Similarly J (z) > J (z).> J'(x.s):' I(x'-g‘)

(x'y*) (xy)

Thus + and . operations are well defined, , Further

T Y I * @ ) T (9 YT ) () = T (xayea)
Tx) Yy = Jo =7

Tx) * 0 = J(x)

T Ny @ ) ) T = ikl
T 7 T ™00 % T * Ty

Hence R is a commulative ring with unity.

Remark (2.1.34)

Define a function @ : R ——> R by

8 (x) = J(x) where J i3 a fuzzy ideal of R, Then,

8 (x +y) =

J(x +y) = J(x) + J(Y) = 0 (x) + 6(y)
And for any JLX)E1R . 0(x) = J ()

Hence 6 is an epimorphism. Therefore by proposition (2.1,29)
there is a one-to->ne correspondance between fuzzy ideals of

M and fuzzy ideals of R which are constant on Kernel of 0.

{ x€R/ 0(x) = J(o)}
{*R*7 ) = I}

{‘xeR/J(x) J (0) } since

i

But Ker ©

it

#
it
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Tx) =90 @ Iy =J(0)

Thus Ker ¢ = J Clearly J is a fuzzy ideal of R

J(o) -

which is cohnstant on JJ(O)‘

Definition (2.1.35)

Let R be a commutative ring with unity and let J be a
fuzzy ideale of R, Then 90(j) is called fuzzy quotient ideal
determined by J. Where 86 : R—>NR is an epimorphism from R

onto a ring of fuzzy coesets of J,.

YEQG (J(x))
J J

J(x) since J(y) = J(x)

2I(y) =JIX

Froposition (2.1.36)

Let J be a fuzzy ideal of R and R Be a ring of fuzzy
cosets of J, Then each fuzzy ideal of WR corresponds o a fuzzy
ideal of R which is constant on JJ(O)'
EFroof :

Since @ : R — R defined by 8(x) = J(x) is an epimorphism,
there is one-to-0One correspondance between fuzzy ideals of Rand
fuzzy ideals of R which are constant an JJ(O) In perticular if
J is a fuzzy ideal of R then 6”1 (3) dgefined by,

0N ) =T (e(x) =T (Ig)

is a fuzzy ideal of R which 1is constant on JJ(O)i.e. Kernel of 6.

GANR. BALASAHED KHARUEKAR LIGRAKY
SMIVAJI UNIVERBITY. KOLWAPUS



2.2 PRIME FUZZY IDEALS

Definition (2.2.1)

Let R be a ring, A prime fuzzy ideal of R is a fuzzy
ideal of R such that
J (X.y) = J(x) or J(x.,y) = J(y)
Remark (2.2.2)
(1) A fuzzy ideal J is a Primc fuzey ideal if and only if

J(x.y) = J(x) v J(y)

i

(2) For any lattice L with 0 and 1 if P:R—L is a prime fuzzy
ideal of a ring K, then P(R) is totally ordered subse: of L,

Proposition (2.2.3)

Characteristic function of a prime idesl of R is a prime
fuzzy ideal of R,
proof
Let Q be a prime ideal of R, Define ,
J : R ——mu-— I

J(x) 1 if xe€Q

=0 if x¢0
Then J is a fuzzy ideal of R, We prove that J is a prime fuzzy
ideal of R, Let Xx€R and y€R be arbitrary.
If x,y€Q , then since Q is a prime ideal of R, Xx€Q
or vye Q. Thus J(x.,y) = 1 = J (x) =1 orJ (y) =1

i.e, Jix.y) = J(x) or J (x.y) = J(y).



Ifx.ygo,then x,(Q andy/éQ.

Thus J(x.y) =0 = J{x) =0, J (y) =0

i.e, Jx.y) =J(x) or Jix.y) = Jty),.

Therefore J(x.y) = J(x) or J(x.y) = J (y) for all x,
yeR, .

Proposition (2.2.4)

If P is a Pvime fuzzy ideal of R, then for all te€I,
Py = { xeR/ P(x) 32 tv} is a prime ideal of R,

Proof :

Since P is a fuzzy ideal of R, Pt is an ideal of R,

We prove that Py is a prime ideal of R,

Let x.yeP, = P (Xx.y) > t . But P(x.y) = P(x)
or P (x,y) = P(y). Therefore P (x) > t or P(y)xz t.
Thus x.ye€ Pt P> X € Pt or ve Pt .
Remark (2.2.5)
In other words above proposition means, ' A level
subset of a Pvime fuzzy ideal i§;Q¢prime ideal of R',
Remark (2.2.6)
Proposition (2,2.4) is true even if I is replaced by
an ar+bitrary lattice with zero and one,
Corollary (2.2.7)
1£ 0 ={ xeR/P(x) = P(0),} then Q is a prime ideal of
R where P is a Pvime f“%%j ideal Qf R,
Proposition (2.2.8) -
Let f:R——»R' be a homOmorphism of a ring R onto a ring

R' with kernel K, If P is a fuzzy ideal of R which is constant

on K,then P is thﬂ&kfu;;j ideal of R, if and dnly if £(p) is



Pvivne fuzzy ideal of R',

Proof :

Suppose that P is a Prime fuzey ideal of R, We show that
homomorphic image £(P) is a prime fuzzy ideal of R', Clearly
f{P) is a fuzzy ideal of R', Let x', y'g¢ R' be arbitrary.
Since f is onto, there is x€ R and y € R such that
£(x) = x' and £(y) = y', consider,

£(P) ( x'.y") v P(z)

i

zef"l(x'.y‘)

vV  P(z) since £ is 3 ring

]

f(z)=f(x.y) homemorphi sm
-o‘ '
yet iy ,xef <)

vV P (z)

z=-X.,y € K

1

x€f " (x')

Y€ f-l(y')

#

v o ( P(xoy)) 4 since P is

xefhl(x') constant on K

Y € f“l(y')

]

V (P (x) v P(y))
xef“l(x’) since P is a

Ye f-l (y") Prime fuzzy ideal

(vex))v (v pliy) )
-1, 1,
(y)

il

xef ~(X) yef~

£(P) (x') v £(P) (y*)

]
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Thus £(P) is prime fuzzy ideal of R', Conversely suppose
that £(P) is a prime fuzzy ideal of R', where P is a fuzzy
ideal of R which is constant on K. We show that P is a
prime fuzzy ideal of R, . Suppose that P
is not a prime fuzzy ideal of R, Then there are x€R
and y € R such that,

P (x.y) > P (x) v P (y)
Now X, y € R, hence f(x), £(y) €R'
consgider,

£(p) ( £(x). £(y))

i

£(P) (£f(x.y))

vV P(r)

[}

r ef“l(f(x.y))

vV P(r)

]

f(r) = £(x.y)

= V P(r)
= P (x.y) since P is constant on
K
>P(x) v Ply) By hypothesis
on the other hand,
£(P) (£(x)) =V P (r)

ref~ L (£(x))

V P (r)
r-xeK

P(x)

I
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ana, £(R) (£(y) ) =V Bx)
ref~t(£(y))

== v P (r)
r-y € K

= P (v) since P is constant

on K
Thus,

P(X«Y) > P (x) V P (y)

> £(P) (fmefty) S £(P) (H®W) V  £(P) (o)

Which is a contraciction since f(P) is a Paime {fuzzy ideal.

Hence F is a Psime fuzzy ideal of R,

Proposition (2.2.9)

Let +:R—> R' Dbe a homamorphism of a ring R onto a
ring R'., If P' is a fuzzy ideal of R', then P' is a prime
fuzzy ideal of R' if and only if f"l(P') is a prime fuzzy
ideal of R,

Proof

Suppose that P' is a a prime fuzzy ideal of R', Clearly
£71(F) is a fuzzy ideal of R, Let x,y€ R be arbitrary. Consider

e ) (xey) = P (£(x.y))

P' (£(X).£f(y)) since £ is a ring

H

homomorphism

L}

P' (£(x))V P'(£f(y) ) since P' is
a Pvime yzzy
ideal

= £y ) v £ P ()
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. -1 . .
Thus, it shows that £ "(P') is a prime fuzzy ideal of R,
Conversely, suppose that f-l(P') is a Pyime fuzzy ideal of R,
Suppose that P' 1s not a Prxime fuzzy ideal

of R', Therefore for some x!y'eR'.
P'(x'.y') > P'(x ') VP (y")
Since f 1is onto,there is X€R and vy eR such that

f(x) = x' and £(v) = y', consider

e (xoy) P'(£(x.y) )

il

= p' (£(x).£(y))

= P' (x'.y")

PP (x') V P'(y")

= P'(£(x)) V P'(£(y))

=t v et e ()
Thus, £ 5(P') (x.y) > £ 5(¢')(x) V £72(P') (y)

Which is a contradiction. Hence the proof.

2.3 PRIMARY FUZZY IDEALS

Definition (2.3.1)
If J is a fuzzy ideal of R, then fuzzy radical of J,
denotzd by 3, is given by
J: R—m> I

F(x) = J(x") |, memt,

v
h .
Proposition (2.3.2)

The radical of a fuzzy ideal J is a fuzzy ideal of R

containing J.
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Proof
Let J be a fuzzy radical of J and let x,ye R be

arbitrary. Then,

J (x+y) = V J«x+y)n)
n

= (Y (™)) v (Y T ()P

n
Consider, )
¥ J((x+y)2n) = ¥ J ( ;;; Cr x2n~ryr )
Now,

n
J( ZO or x2n-r YI.‘)= g (X2n+C1 x2n-1y + c2x2n-2 Y2+ L.
r=

n n n-l1 n+l
ee ¥ Xy + C X 4 F o
2n-1 2n
ceeet Conay XY + ¥ )
Where Co = C2n = 1
>3 M AT (YA L. ..
e DATGRYY AT G OA L L L

e AT A S
> J(xzn) /\(J(xzn"l) v J(y))/\ o o o

e AEET v IR v o ) L

NI A ) W 102 ~
>,J<x‘“)Achl“">A~~AI(x“mcy“*‘JA-e.A:r(y’-“"mifcv )

= J (") A gt
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Therefore,

¥ J((x+y)2n) > ¥ (J(xn)/\J (yn+1))

1}

(v 9 (x")) A (v J(yn+1))

=(y JEM)A(Y IG™)
Similarly,

2n+1)

¥ (9 (x+y) 2 (Y J(xM)) A (v J(yn))

Thus,

v (7 (x+y)") 3,(X J(xn)) A (g Iy™)

ice. T (x+y) = T (x)A JT(y) .

next ,
F(x) = ¥y 7 C=x)°
== X J ( Xn )
= J (X)
And lastly,
Fxy) =Y I (xp)”
=V J (Xn. Yn )
n
> z (0 ™ v ai™)
=(V J(xn)) v (v g (yn))
n n
Henee,

J(x.y) 3 3(x) v J(y)

This proves that J is a fuzzy ideal of R, And

J(x) =V J(xn) > J(x) for all x e R i.e,
n

JgCJ



Proposgition (2.3,3)

If Jy and J, are fuzzy ideals of R, then following holds
(1) If J;, & J, thenJ, ¢ J,
(2) J,NJ, = Jlﬂ J,
(3) Jq = J1
Proof
(1) Let J1 c J2 and x€R, Consider,
J.x) =va ) g v oI x" = Jx)
1 M s e
rfience, = =
g & I,
(2) Let xeR consider
. n
(7, N Jy)  (x) = z ( I, N J,) (x)
= Vv (I, MAa N )
1 2
n
n n
=(V I, M)A (Vv 3, 0x )
n n
= Jl(X) A/ JZ(X)
= (Jlﬂ Jy) (%)
o — -
Thus, Jln J2 = Jl N J2
= - n
(3) Jl (x) = \Y Jl (X )
n
' nmn
= ¥y ¥ I )
n
ThuS, Jl =J1 .

(¢eee35
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Proposition (2.3.4)

Let J be a fuzzy ideal- of a ring R, Then for each
te I, 5; is a radical of Jt where
31: = {xeR/E(x)>t}
Proof : Clearly J¢ i8 an ideal of R. And ,
J‘t:{xek / Tex)y>t }:{-x_ek/ VI(x")>t }
n

= {x e,R/J(xn)> t for some n}

Now, if x € Cft then J(x") > t for some n. This shows that

——

Jy is a set of all the elements x in R such that xneJt for

some n, Hence J, is a radical of J

t t.
Proposition (2.3.5)

Let J be a fuzzy ideal of a ring R, If Jtl = J

t2
then J =J
% ts
Proof :
If t; < t, and Jtl =Jt2' there is no x € R
such that t; £ J{x) < ¢,
Now, if x € JtZ > Jx) > t,
> J(x) > t
> xeJ
Y
Hence
J c J
5 Y
On the other hang, 1if XG'Et then J(xn):»t1 for some n,
1 R
Since J(xn);> J(x) and there is no xe€ R such that t,< J(x)< t,
n ) -
t, 5; J(x™) Hence X € th' Therefore
Jtl je: Jt2 . This shows that Jtl = Jt2
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Proposgition (2.3.6)

If P is a prime fuzzy ideal of R, then P = P.
Proof

Let x€R be arbitrary. Since P is a pnime fuzzy ideal,
P(x*) = P (x.x) =P(x) v P(x) =P (x),

P(x]) = P(x%.x) = P(x°) v P(x) = P(x) v P(x) = P(x)
and so on,

Thus for all n, P (x") = P(x). Therefore,

P (x) =V P(xX) = P (x).
D
Since X is arbitrary, P = P,

Proposition (2.3.7)

Let £f:R—> R' be a homomorphism of rings R onto R?',

and let J be a fuzzy ideal of R,

Then £(J) C £(J) and equality holds if J is constant on
Kernel of £.
Proof :

Let x'& R' be arbitrary. Consider,

£(I)(x') = Vo J(x)
xe£™ 1 (x")

J/AN

v (v a&" )
n

xnef-l(x'n)

i

V(v )
x"e£™1 (x'n)

£3) ( xH7)

.-

(x')

i
+h
P
(N
S



(....38
Thus £(J) (x') & £(J)(x') . ®ince x'eR' is arbitrary,
£(3) ¢ £(3).
Next, if J is a constant on Kernel of f£., then for every

X € F_l(x'n) there is X1 € f"'l (x'), such that J(x) = J(xln)

Hence v J(xn) = v J(xn)
xef-l(x‘) anf"l(x‘n)
Therefore, -
£(J) (x') = V J (x)
X € f"1 (x')
=V \ J(Xn)
n xef’l(x')
=V vV IM
n
e £ (x'™)

=V £(3) (x'")
n

= £(J) (x')

————

Since x'€ R' is arbitrary, f£(J) = £(J)

Proposition (2.3.8)

Let f:R——> R' be a homomorphism of rings R onto R’
and let J' be a fuzzy ideal of R', Then,
e = e
Proof: 1.t x €R be oabitrary. Then,

.(_'(3)(7:) = j:({'(x)) =V J'({(x)“) .
n

J (£(x") )

5 <

1) M

o<

1) (x)

Therefore £ (J) = £ “(J) .
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Definition (2.3.9)

Let R Dbe a ring., A fuzzy ideal J of R is called a primary

fuzzy ideal if,

J(x.y) = J (x") or J(x.y) = J(y") for some n€z +
Remark (2.3.10)

If P is a prime fuzzy ideal then P is a primary fuzzy
ideal.
Proposition (2.3.11)
If P is a primary fuzzy ideal of a ring R, then fuzzy
radical F is a prime fuzzy ideal.
Proof :
Since P is a fuzzy ideal of R, P is a fuzzy ideal of R,

Let x,y € R, then,

Vv P ( x.y)"
n

P (x.y)

=V P (x.y")

o)

i
<

P (x™) or VP ( v
m m

n n
&V P(x)or VvV P (y)

Thus P (x.y) £ P (x) VvV P (y) . But since P is a fuzzy ideal,
: . \
P (x.y) =T (x) v P(y). Hence P (x.y) = P(x) v P(y) which proves

that P is a prime fuzzy ideal.
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Proposition (2,3.12)

If P is a primary fuzzy 1deal then for each te€1I, Pt is

a primary ideal of R,
Proof :

P is a primary fuzzy ideal of R, For each t€ 1,

Py ={xeR/P(x)z t}

Clearly P, is an ideal of R

Let x.y € P > P (xy) > t
n n
2 P(x') > tor P (y') >t for some n e 2+
n n
> X €P. or y g Pt for some n.
Thus Py is a primary ideal of R.

Proposition (2.3.13)1f P is a Pvimary fuzzy ideal of R, then for
eacn t €I, (P)y is a <~vadical of Py.
Proof : Since P is a primary fuzzy ideal each P_ is a primary

ideal of R for teI, P is a fuzzy radical of P, Hence (?)t

w——

is a radical of Pt for each t i,e. ( P)t = Pt

Proposition (2.3.14)

Let £f: R—> R' Dbe an epimorphism of rings., If P is a
primary fuzzy ideal of R which is constant on Kernel of £,
then image £(P) ¢f P is a primary fuzzy ideal of R’.
Proof :

Clearly £(P).is a fuzzy ideal of R' . Let x!y'eR',
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Then,

£(P) (x'.y') V P(z)

zef"l(x'.y')

]

vV P( x.y )

xef™t (x')

Yef”l(y')

VvV E(x") or V P (y")

xef~t(x") yef-l(y')

I

V P(x) or vV P(x)

x ef'l(x'n) xef_l(y‘n)

fl

£(P) (x'™ or £(P) (y'™)

Thus £(P) (x'y') = £(P) (x ™) or £(P) £y'?)

Which shows that £(P) is primary fuzzy ideal of R'.

Proposition (2.3.15)

Let f:R—-+ R' Dbe an epimorphism of rings. If P!
is a primary fuzzy ideal of R' then fﬁl(P) is a primary fuzzy
ideal of R,
Proof :
Clearly f~l(P')vis a fuzzy ideal.let x,y& R . Then,

£ (p') (xuy) = P' (flx.y) )

1|

P'(£(x).E(y))
Pt ((EGN™) or o' ( (£(y)) ™)
p* (£(x")) or P (£(yM)

ey M) or £71(RY) (v

A
0961

fl

]

]
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Therefore £~ (p') is a primaryfideal of R.

Proposition (2.3.16) :

Let P and J be two fuzzy ideals of R, Then P is
primary and P = J if.
i) PE€J i) J(x) = P(X") for some m iii) P(x.y)=J(x)

or J(y).
Proof :

Let %, YyER, P(x.y) =J0)oxJ(y). But J(x) = P(x") for

some m. Therefors P(x.y) = p(x™) or p(ym)J For sume me 24

L4

Hence P is primzry fuzzy ideal. And,

J(x) = P(xXM v p(x™ = P (x).
Theresfore J Z 5. But E c J because P C J,
Hence JZP = PCJT = P = J.

2.4 FINITE VALUED FUZZY IDEALS

Definition (2.4.1)

Let J be a fuzzy ideal of a ring R, If ImJ is finite
then we say that J is a finite valued fuzzy ideal.
Remark (2.4.2)

The characteristic function J:R ——> 1 of an ideal Q
of R is a typical two valued fuz:zy ideal_ However if tl,

t2€ I and tl'a :2' then

J1 : R——~—> I defined by,

Jl(r) = t1 if reg

t, if rgQ

it
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Can be identified with characteristic function J of Q.
Hence 7, can be more appropriately described as

J, (r) =J1(O) if xe€Q and Jl(r) = J(1) if x;lo.

Proposition (2.4.3)

If R is a simple ring and J :R—> 1 is a fuzzy

ideal of K, then for all x # 0, J(x) =J(1),x € R,

Proof :
Let 3 = [ x€R/J(x) = J(0)} . If Q=R then there
is nothing to prove. If J{y) # (J(1) for some 0 ¥ y € R, then,
I = { x € R/T(x) > J(y)} is a proper ideal of :
which is a contradiction. Hence J(x) = J(1) for all 0 # x €R,

Proposition (2.4.4)

If R is a division ring then J(x) = J(1) for all

0 # x€r. Wwhere J is a fuzzy ideal of R.

Proof :

Let 0 £ x€R Dbe arbitrary. Then there is x'le R such

that x.x-l = x-l.x =1 . Therefore,

Lys o0 S Ja1).

J(1) = J(xex"") 3 T(x) v I(x”
Hence J(x) = J(1) for all 0 # x€R,

Proposition (2.4.5)

If J:R—>1 is a fuzzy ideal of R and Q :{xeR/J(x)zJ(O)}

is maximal then J(x) = J(0) for xe¢Q and J(x) = J(1) for x¢ Q

Froof:
3ince Q is an ideal of R, R/Q is a ring. If x+Q = y+Q,

then J(x-y) = J(0), and hence J(x) = J(y). Therefore fuzzy
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ideal J:R—1 1induces a fuzzy ideal J*: R/Q—>1 .,

defined by J*(x + Q) = J(x). Since Q is a maximal ideal
of R, R/Q is a division ring. Hence by above proposition
(2.4.4), 3 (x + 2) =J(0) if xe @ and J*(x+o)= J(1) if

xg Q. i.e. J{x) = J(0) if xe€Q and J(x) = J(1) if x¢Q.

Proposition (2.4.5)

I1f R is one of the. following rings
(1) Principal ideal domain,
(ii) Bo»olean ring,
(iii) Artinian ring,
and if P : R—>1 is a prime fuzzy ideal such that
P(x) = P(0) for some x #£ 0, then either P(x) = P(0)
or P(x) = P(1).

since P is .a ppime fuzzy ideal,

Pe (o) = {xeRpP(x) =P} is aprime ideal of

R and since P(x) = P(0) for some 0 # xeR, P is a nontrivia

P(0)
prime icdeal of R, Moreover, if K is one of the ahove rings,

then F is a maximal ideal of R, Hence by proposition

P(0)
(2.4.5), either F(x) = P(J) or P(x) = P(1) for all xeR ,

Remagrk (2.4.7)

The following example shows that the condition
P(x) = P(0) for some 0 # x€ R is necessary for P to be two
valued function,

Let R be a principal ideal Domain and o be a prime ideal

of R,
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Define P : Reem—m>» I

P(0) = 1

P(x)

t if xeo - {0}

P(x) =0 4if x¢0

]

where 0 < t < 1 , We show that P is a prime fuzzy ideal of

Let x,y€ R be arbitrary.

(a) i) If x,ye Q then x -ye€ Q.

Hence F(x-y) > F(x) A Ply)

ii) If xeQ and y¢Q, then x - y¢gQ
> P(x) =1 or t, P(y) =0, Plx-=y) =0
Hence P(x-y) 3 P(x) N P(y).
1ii) 1f x¢Q, y¢ Q, then either x -yeQ or x-y¢Q.
3 P(x) = P(y) = 0, P(x=y) = 0 or P(x-y) =1 or t.
Hence P(x-y) > P(x)A P(y).
(b) 1) If x€Q and y€Q then x.vy€Q
= Px= 1lort, ply) =1 or t and P(x.y) =1 or t.
Hence P(x.,y) = P(x) v P(y).
ii) If xeQ, y¢Q, then x.yeQ
2 P(x) =1o0r t, Ply) = 0 and P(x.y) =1 or t.
Hence P(x.y) = P(x) Vv P(y)
i1i) If x¢Q, y¢ Q, then x.y ¢Q, Since Q is a prime
ideal S P(x) = P(y) = P(x.y) = 0O

Hence P(x.y) = P(x)V P(y)

Thus P 1s a prime fuzzy ideal of R and clearly P is not

two valued,
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Remark (2.4.8)

If R is a Boolean ring, then the condition
P(x) = P(0) for some x # 0 is satisfied trivially
whenever P is prime fuzzy ideal of R, For, if there
is no x # 0, such that P(x) = P(0), then PP(O) = {O }
And since P is a prime fuzzy ideal of R, {O} is a prime
ideal of R, This shows that R is an integral domain
which is a contradiction,
Remark (2.4.9)

If R is an Artinian ring then thecondition P(x)= P(0)
for some, 0 # X€ R is necessary. If R is not a domain then
for any prime fuzzy ideal of R, the condition is satisfied,
and if R is a domain then any for any prime ideal ¢ of R,
a function P:R—>1 defined by,

P(0) =1

P(x)

il

t if xe (Q - {_O}
= 0 1f x g Q
is a prime fuzzy ideal of R. which is not two valued,
The above discussion leads to the gquestion

Under what condition any fuzzy ideal of a ring R

assumes finitely many values ?
Froposition (2.4.10)

If R is any ring and L is a lattice of finite length
with QO and {, then any prime fuzzy ideal P:R—>L assumes

finitely many values,
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Proof :

The result fc.lowg jrom the fact that any totally
orderd subset of L ig finite. In perticular P(R) is
finite,

Propogition (2.4.11)

If R is both Noetherian and Artinian then every fuzzy
ideal J : R—>1 has only finitely many distinct values.
Proof :

If #(R) is not a finite set, then since P(R) is totally
orderd , it contains

cithev, (1) an increasing sequence of distinct elements,
3 < 3y L 3¢ ceces R 4. with

= J R
a, u(xi) for some x ER, or,

(1i) a decreasing sequence of distinct elements
by > B, > By> oot > DB > ... with
b, = J(Yi) for some y; € R

If (i) holds then we have an ascending chain of dinstinct
ideals.

J c Ja c Ja
!

This contradicts the fact that R is Noetherian,

C Ja4 C.o..- CJanC.co'

2 3

If(ii) holds tnhen we can get a descending chain of distinct
ideals

e I N 5 e
Jbl b, b, %n

This contradicts fhe fact that R is Artinian.

Hence P(R) is finite,
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Remark (2.4.12)

Following exanples shows that it is necessary to assume

that R is Noetherian and Artinian.

Example-1

Let R be a ring which is not Noetherian. Then there

is an ascending chain of ideals of R,

JO c Jl CJZ 3 4 . n LI B B 4

Define J : R—%» I

J(x) 1 if x e J

il

) if x € 'Tn - Jn-1 neN .,

we cshow that J is a fuzzy ideal of R,

Let x, ye R, be arbitrary. Let m and n be least

1
numbers { m > n) such that x € J, and y € J, . Then J(x):—;:;—
nd Jly) = ——r
a YJoo= T
Since m > n . Jn- c %n' Hence x,ve {n D X=Y € %n
1 1 .
2> J(x=-y) > 1 . Also e} > —y) since m > n

Therefore J(x-y) > J(x) A J(y).
Next X € Jdy ., yeJn and Jn C Jm

> X.yeJ, since J, is an ideal of R,

1 : 1 1
Hence J(x.7) > =~ Also ) > 1

Therefore J{x.y, > J(x) Vv J(y).
Thus J : R—>» I is a fuzzy ideal of R, and clearly J(R) is

not finite,

GARR. BALASAHEB KH
SHIVAJI umvsas&#ﬁ%&ikﬁnﬁm
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Examplewlil

Let k be a ring which is not Artinian, In perticular,

we take R = <, Then we have descending chain of ideals of 2,

2> D <2’> D <«2’>o ... o<2> o ...

vefine,

<y
[\
e

is xe<2> - 2Pty

J{x)

i

it

0 if x€<2>

Then we show that J is a fuzzy ideal of R,

Let x,y€ 4 Dbe arbitrary.

(a) i) if x =y = 0 then x-y = 0 . Hence J(x-y)>J(x) A J(y

ii) If x =0 anéd y £#0 v€ (2> . Then J(y) = nil
for scme n. Hence J{(x -y} = J(y) = n?—l > Jx) A Jly) .
iii) x £ 0, Yy £ 0 and X,y€<€2> . Let J(x) = nil and
J(y) = mT»l ., m>n Then x -y € <2n> since
(2™ ¢ {2"). Therefore J(x-y)),m_? = nil mrzl

J{x) A J(y)

Iv) If x€42) and y ¢ {2) then x-y¢<{2).

Therefore Jx-y) » J(x) A J{y)

v) 15 x g 2) , y¢<2> . then x-y ¢ {2) or x-ye{2)

nence J(x-y) > J(x) A J(y),



('O.SO

(b) () If x =y =0 then x-y = 0 Hence J(x.y)2J(x) Vv J(y)
(11) 1f x = 0,y # 0 then y =0 , Hence J(x.y)y j(x) Vv J(y) .
. F __n __m
(iii) If x #0, y #0, x,y€<2) Let J(x) = T ¢ ) =
m > n , Then x.y € 2™>
T m e m -——n —
Therefore J(x,y) }.nl+_1 = =3 \V} el = J(x) V J(y)
(iv) 0 # xe >, y¢(2> Let J(x) = ;%T fcr some n. Then
x.y € (2" Hence J(x.¥)2 ir = IV o0 =300 V I(y)
(v) x¢<2> y ¢ {2> Then X,y ¢ {2y . Hence J(x.y) > J(x) vV J(y).

This shows that J is a fuzzy ideal of Z and clearly J is not finite

valued.
Definition (2.4.13)

Let J : R—> I be a fuzzy set . A smallest fuzzy ideal containing
J is called a fuzzy ideal generated by J and it is denoted by < J>

Kemark (2.4.14)

~

Let R te a3 ring and let I be a set of all fuzzy ideals of

R, Then (b 3 Ay V) is a lattice where
J, V9, = <J1 U J2>
I, A9, - Jlﬂcr2 forallJl,JzeL

P _roposition (2.4.15)

If “:R—> R' is an epimorphism of ring R onto R' and if K is

a fuzzy set in R, then

£ (<k>) = £ (K>
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Proof

Clearly  f( {K)}) is a fuzzy ideal of R' since {K)is a
fuzzy ideal of R,

Since { K)is fuzzy ideal generated by K, K C <K},
Hence £(K) C f(<KD>) . Let J' be a fuzzy ideal of R®
such that f£(K; ¢ J° We show that £ ((K)>) ¢ J°

-1 1

Now £f(K) C J' = £~ (£(K) ) C £~ (J')

s k¢l

since K C g1

(£(K) )
Since {K) is generated by K, and £13") is a fuzzy ideal
containing K,

Kxk> ¢ £t

s £(<KkY) ¢ g

3 £(<K>) ¢ J
Thus £( <KD>)is the smallest fuzzy ideal containing f{ K ) .
Hence (£ (K)) = £ (<KD) .
Froposition (2.4.16)
Let {:R—> R' be an epimorphism and let

K' : R®*=—> I be a fuzzy set in R'. Then

b (K> = {£1 (O K')D Af either
K'(0) =1 or £ is one-one.
Proof

since < K'> is a fuzzy ideal of R' generated by

K', K 9<K.>
1 -1

> £ (K') C £ (<K'>)
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let J be a fuzzy ideal of R such that f-l(K‘) c J.

1

de show that £71 ((K'> ) C J, Now £ 2(k') ¢ 7 3

(K') ) ¢ £(J)

>{K'>Y ¢ £(J) since {K'> is generated
by K!
s £ ¢xyy ¢ £ (s

If K' (0)

1 then for x € Ker £,

£l k) (x) = K (£(x)) = k' {0)= 1 and since

£~ (k) c g, Jx)

1 ., Thus if K'(0) =1, then

J is constant on Kernel of £, And when J is constant on

Kernel of f, f"1 (f(J) ) =J , Next if f is one-one then
Kerf = { O} And hence J is constant on Kernel,
Therefore,

£l k) ¢ 0 s £hkry) ¢ o9

1

which proves that £ = ({K')) is the smallest fuzzy ideal

containing f-l(K').

f.e. £ (> = £ (k')

Proposition (2.4.17)

If f:R—> R' 1is an epimorphism of rings and if J1

and J, are fuzzy ideals of R, then

roof £(CI,UT,>) = {fW@)V f(J2)>
by proposition (2.4.15)
E({I,U9%) = KE U, 0D

CE @ U £ )
Hence, £(<J; UJ)) = (£GP U £(3,))

]
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Proposition (2.4.18):

Let f:R—> R' Dbe an epimorphism of rings and let

]
J1

Then £ ((0jUI3Y) =< et U ey 0>

and J% be fuzzy ideals of R' such that JiL}Jé (0) =1

Proof :

3ince (Ji U J5 ) (0) = 1 , by proposition (2.4.16)
-1 [ [ - -1 '
£ (<I1 VI = (£ CHERVIS LD I

1

et upuetey oy

Proposition (2,4.19):

A fuzzy ideal of R is finite valued if and only if it

is generated by finite valued fuzzy set in R,

let J ¢ R——> 1 be a finite valued fuzzy ideal of
R, Let 1ImJ = {tl, thy ty o ... t
tl>/t2>’ ceen }'tn'

Then we have a chain of ideals of R,

J c J C e o« o« CJ

y = t2 - - E}
Let Sl ' 82 easeaas Sn be the sets such that Si is a set
of generators of Jti for i =1, 2, .. . . . 0.
Define K: R—>1
K(x) =1t 1if x es

i

= O otherwise
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If xeR and K(x) = ti then xe Si - Si-l

Hence X € Jp . Since 35. generates J_ |
i i

= J(x) » t; - Thus K(x)g J(x). Since

t

xXx€R is arbitrary K C J,

Let J be any other fuzzy ideal of R, such that K C J.

‘herefore K C J for each i

t, - t.

i 1

> $§ & J

ty
> Jo € I for each i
i i
3 Jc J.

Thus J is the smallest fuzzy ideal containing K i.e,
<K> =J . And clearly K is finite valued fuzzy set in R,

Conversely let K : R—> I be a finite valued fuzzy set in

R,
Let ImK = '[ tlr tz R EEE tn} tl > t2 ooo)tn
Let § =K1 (t;) 4 =1 ,2, 3 ..... n
Let J; = <855, I, =<sl U s . . .
i
\:1 = < U Sj> l = 1, 2 « « o o0
j=1
Define J s R——> I by
J(x) = t1 if x € J1

i

ti if XeJi—» Ji-‘l

Then J is a fuzzy ideal of R, Let x€R and let K(x) = t3
D> XE5 > x € J, where r is the smallest index rgi

> T = t. > ty S Jx) >ty
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Hence X £ J. Let J be any other fuzzy ideal of R
K

such that K CJ = C J, for each i =1,2. . . n

t = Yt
i i i
But Kt = V] 53 which generates J; =J
. o t
i J:l i
Hence J c J ., i=1,2. . . .n
Yy ty
> JCJ

Thus J is a smallest fuzzy i1deal of R containing K
i.e. 3 = < X> And clearly J is finite valued fuzzy
ideal of R,

Proposition (2.4.20)

ror an exact sequence,

o

0 —> R' —> R—> R"—> 0 of rings, every fuzzy
ideal of R is finite valued if and only if every fuzzy ideal
of R' and R" is finite ¥alued.

rroof

First suppose that every fuzzy ideal of R' and R"
is finite valued, Let J : R—> I be a fuzzy ideal of R,

Then 06‘1 (J) and B (J) are fuzzy ideals of R' and R"

1(J)

respectively and hence finite valued. Thus, since Ime<
mnd ImB3 (J) are finite, ImJ is finite. i.e, J is finite
valued fuzzy ideal, “onversely, suppose that every fuzzy,
ideal of R is finite valued.

Lat J" be a fuzzy ideal of R". Then Afl(J") is a

fuzzy ideal of K and hence Im /3'1(5") is finite i.e, ImJ"is

finite,
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Next, let J' be a fuzzy ideal of R' ., Then X (J') is a
fuzzy set in R, Let <:o<(J’)>> be a fuzzy ideal generited
by «(J') . Then by hypothesis (X (J')> is finite valued.
By pronosition (2+4-19 ) thisg implies o< (J') is finite
vzlued,., Therefore ImJ*' is finite since o i3z monomorphism,

Hence the proof.



