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CHAPTER II.

FUZZY IDEALS

2.1 FUZZY IDEALS :

Definition (2.1.1.) :

Let R be a ring. A function S:R —> I is called a fuzzy
subring of R if/
(1) S(x + y) > S(x) A S(y)
(2) S(-x) S(x)
(3) S(x.y) S (x) A S (y) .
where I denotes the closed interval jo, l3- 

Remark (2.1.2) :

(1) If d:R —* I is a characteristic function of a 
subring 3 of R, then S is a fuzzy subring of R.

(2) For t£I, the set,
St = -^x £ R / 3(x) ^ t j' is a subring of R. 

Definition (2.1.3) :

Let R be a ring. A function J:R —► I is called left 
fuzzy ideal if.
(1) J(x + y) ^ J(x) A J(y)
(2) J(-x) > J(x)
(3) J(x.y) ^ J(y)
J is called a right fuzzy ideal if J satisfies (3)' 
instead of (3)
(3) ' J (x.y) ^ J (x) .



Remark : (2.1.3)

(1) A characteristic function of a left ( right ) ideal 
of a ring R is a fuzzy left (right) ideal of R.
(2) If J is a fuzzy left (right) ideal of R then for 
t € I the set,

Jt= [ x£R / J(x) > t} 

is a left (right) ideal of R.

If left fuzzy ideal is aame as right fuzzy ideal then in 
that case it is called as Fuzzy idea' 1. If R is a 
commutative ring then its left fuzzy ideal is same as 
right fuzzy ideal.

Here after unless stated otherwise R denotes commuta
tive ring with unity and X denotes the closed interval
[p. i.l •

Definition (2.1.4) :

Let (R, + ,’ ) be a ring. A fuzzy ideal J of R is a 
function J : R * I, which satisfied 

(Jl) J(x+y) >x J(x) A J(y)
(J2) Jtx)> J (x)
(J3) J(x.y) ^ J(x) V j(y).

Remark (2.1.5) :
If J is an ideal of a ring R, then characteristic function 
of J, "Xj : R —> I is a fuzzy ideal of R.
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Moreover converse is also true.
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Proposition (2.1.6) :

If T is a subset of R such that characteristic function 

of T satisfies (Jl), (J2), (J3), then T is an ideal of R.

Proof :

X*Y € T =£> T(x) = T(y) = 1.

But T(x+y) ^ T(x) A T(y) = 1 x + y 6 T.

Also T(x) = T(-x) = 1. Next, if xeT and yeR then 

T(x.y) T(x) V T(y) = 1 =£. T(x.y) = 1.

Hence T is an ideal of R.

Remark (2.1.7) :

If J is a fuzzy ideal thep,

(1) J(x) / J(l) =£■ J(x-l) = J(l-x) = J(l+x) =J(1).

and J(l+x) » J(l-x) / J(l) =*> J(x) = J(l).

(2) ^ J(x ) | is a monotonic increasing sequence

n = 0

which is bounded above, by J(0). Hence convergent.

(3) If J(x) / J(l) then J(l) = J(l+ nx) for all n.

Proposition (2.1.8) s

Let J : R —> I be a function. Then J is a fuzzy ideal 

of R if an only if J(x-y) J(x) A J(y) and J(x.y) ^

J(x) V J(y).

Proof :

Suppose J is a fuzzy ideal of R. Then

J(x-y) = J (x+(-y)) J(x) a J(-y) = J (x) A J(y) and

J(x.y) ^ J(x) V J(y).
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Conversely, suppose that conditions holds. Thep,
J(0) s* J(x-x) J (x) A J(x) = J (x) for all x€ R 
Therefore J(-x) = J(O-x) ^ J(0) A J(x) = J(x) and

J (x+y) = J (x- (-y)) J (x) A J(-y) >y J (x) A J (y)
Also, J(x.y) J(x) V J(y).
Hence J is a fuzzy ideal of R.

Proposition (2.1.9) :

Let R be a ring and J be a fuzzy ideal of R. Then for 
any x € R, J(x) = J(-x) and J(0) >,, J(x) ^ J(l).

Proof :
J (x) = J (-(-x)) J(—x) ^ J(x).

Hence J(x) = J(-x)
Next, J(0) = J(x+(-x)) ^ J (x) A J(-x) = J(x)A J (x)
- J(x). Also, J(x) = J(x.l) >, J(x) V J(l)^ J(l)
Hence J(0) >y J(x) > J(l).

Proposition (2.1.10) :

If J is a fuzzy ideal of a ring R, then J(x-y) = 0 
J(x) = J(y) for all x, y £ R.

Proof :

Since J is a fuzzy ideal of R,
J (x) = J(x-y+y) ^ J(x-y) A J (y) = J(0) A J (y) = J(y) and
J (y) a J (y-x+x)"^ J (y-x) A J (x) = J(0)AJ(x) = J(x)
Hence J (x) = J(y).'
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Proposition (2.1.11)

SeX
The intersection of any^of fuzzy ideals of R is a 

fuzzy ideal of R.

Proof :

Let jji 1 be a family of fuzzy ideals of R and let 
1 lei

xeR , yeR be arbitrary, Then,

0 J± ( x -y) as A ( Ji(x-y) ) ^ A (^(x) a J. (y) )
1 i. t

= ( A J i <x) ) A ( A J ±(y) )

= ( 0 J^) (x) A ( 0 J.^) (y)
i l

and

(f)j, ) ( x.y) =t A (J, (x.y) )
<■ 1 t x

$ A ( J. (x) v J. (y) )
i 1

= ( i\ J±w) V (A J^y) )
L l

= (0 J ) (x) V ( 0 J.) (y)
t 1 i 1

Hence by (2.2.5) 0 J, is a fuzzy ideal of R.
i x

Proposition (2.1.12)

Let J be a fuzzy ideal of R. Then nonempty level 

subsets J. t€I is an ideal of R.t i
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Proof :

Let x€Jt and y£Jt. Then J (x-y) ^ J (x) a J(y)

^ t a t = t. Hence x-y Jt.
Next, let t€R be arbitrary and x£Jt. Consider,

J(rx) Ss J(r) v J(x) ^ J(r) v t ^t rxeJ^ 
Therefore Jt is Gin ideal of R for all tel.
Corollary (2.1.13)

Let J be a fuzzy ideal of R. Thep,
^xcR/lCx) = J(o)| is an ideal of R, where 

0 is an additive identity of R.
Proof :

Since J(0) ^ J(x) for all x*R,
^ xeR / J(x) = J(0) } =[xeR/J(x) i J(0)j = JJ(0)

Hence by proposition (M-'i) it follows that
^ xeR/J (x) = J(0)| is an ideal of R.

Definition (2.1.14)

Let R be a ring and J be a fuzzy ideal of R. Then the 
ideals Jt, tsl are called level ideals of R.

Remarks ( 2.1.15)

If J is a fuzzy ideal of a ring R and t., t € I with12
< *2

For xeJ

then J. C J+.2 “ rl
*2 J(x) ^ t- > t. x € J,
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Proposition (2.1.16)

Let R be a ring and J be a fuzzy set in R such that 
J*. is an ideal for all t«I . Then J is a fuzzy ideal of R,

Proof
Let x, ygR be arbitrary and let J(x) = t^ and 

J(y) = t2- Since I is totally orderd, we assume that

ti < t2. Hence y€Jt =¥ • Also xeJ . Therefore,2 1 x
(x - y)£Jt i.e. J(x-y) i t^ , Hence

J (% -y) ^ t1 - tj^ A t2 as J(x) a J(y)

Next, for any x.ygR, let J(x) = t i.e. xeJ^.

Since Jt is an ideal of R x.ycJ^ ^ J(x.y) ^ t =J(x)

Similarly we can show that J(x.y) iJ(y)

Hence J(x.y) ^ J(x) v J(y). This proves that J is a 
fuzzy ideal of R.

Proposition (2.1.17)

Let J be a fuzzy ideal of a ring R. Two level ideals 
J. , J. with t1 < t , are equal if and only if there is^ X- 2 -L
no xeR such that t^ ^ J(x) < t2 

Proof

Let J. = J. . If there is xeR such that t. ^ J(x) < t~ tx t2 12
then x 6 J. but x/J which is a contradiction. Conversely, rl 2
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suppose that there is no x such that t^ 6 J(x) < t£ .
Since t- < t_ , J C J. And if, xgJ then 

1 ^ *2 " T. *1
J(x) ^ t^. Hence by condition if follows that J(x) ^ t£
i.e. x£ J . . Therefore J. = J. • t2 tl t2

Remark ( 2.1.18)

(1) If J is a fuzzy ideal then, J (n.x) S:J(x) and 
nJ(x ) J(x) for all positive integers n.

(2) If J is a fuzzy ideal then 
of R. Moreover,

[J. } is a set of ideals 
t£lmJ

JJ(0) = { xcR /J^x^ = J(0)} is the smallest element 
of this set and = ( x«R/J(x)> JO)} is the greatest element
of this set. ( Jj(2) ~ R when we consider J (x) a J(l))

(3) If J is a fuzzy ideal of R, then J is constant on each 
coset of Jj

is the coset of JJ (o)* Let U6X + JJ(0)of R then x +•
in R. For, if x€R is an arbitrary element

then u. = x + y, where Jj(q)* t^s implies

J(u -x) = J(y) = J(0) Hence by proposition (2.2.7), 
J (x) = J(u)

Proposition (2.1.19)

A homomorphic image or preimage of a fuzzy ideal is a 
fuzzy ideal.
Proof

Let f be a homomorphism of ring R onto R‘. Let J be <- 
fuzzy ideal of R. Define,
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K : R------- >J

K(y) « V J (X)

X6f“1(y)

We prove that K is a fuzzy ideal of R*

LetusR* andVeR* . Since f is onto there exists 

xeR, yeR such that f(x) = u f(y) = V.

Hence f(x-y) = u-v

Thus,

K ( u -v) = V J(z) = V J(x - y)

z€f™1(u-v) x-y€f”1(u-v)

^ V (^J(x) a J(*) )

xef"1 (u)

yef”1(v)

<>tt (v J (y) J
xcf”1(u) ycf-1(v)

= K (u) A K (v)

^ V J ( x . y) 

x.ygf”1 (u.v)

^ V (j(x) V J(y)) 
xef”1(a) 
yef”1(v)

and

K (u.v) = V J (z)
—1zef (u.v)
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* (V J (X) ) V ( V J(y) ) 

xef(u) yef-1(v)

= K (u) v K(v)

Therefore K is a fuzzy ideal of R'

On theother hand, if f : R --------* R‘ is a homomorphism of

a ring R into R' and if K is a fuzzy ideal of R‘ then, define,

J j R ------- » I

J (x) = K of (x)

J is a fuzzy ideal of R.

For

J (x + y) = K of ( x + y)

- K ( f (x) + f (y) )

^ K ( f (x)) A K (f (y) )

= K of (x) A K of (y) 

as J (x) A J (y)

And , J (x.y) * K of (x.y) =* K (f(x) .f(y))

^ K of (x) v K of (y) a J(x) v J (y)

Remark (2.1.20)

If f:R ------> R* is not an epimorphism then image of fuzzy

ideal of R need not be a fuzzy ideal of R.
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Proposition ( 2.1.21)

If f:R ------ > R' is an epimorphism of a ring R onto R'

and if J1 and J2 are fuzzy ideals of R, then,

(1) fWjOJg ) C f(J:) 0 f(J2)

(2) f(J1U J2) * f(Jx) U f(J2)

Proof

(1) f(Jj_) and f(J^ are fuzzY ideals of R'. Clearly 

f(J1) n f (J2 ) is a fuzzy ideal of R' ,

Let x'£ R' be arbitrary. Then,

f(Jx)n f(J2) (x') = f (Jx) (x1 ) A f (J 2* (x>)

= (v Jx(x) ) A (v J2(x) )
xef’^x') x€f"1(x')

/

^ V (Jj (Xj) A J2 (x) ) 
x6 f^U')

* v (j,nj2)(x)

X £ f-1 (x‘ )

« f (Jjl n J2) (x) .

Thus f hj2) c f (J1)0f(J2)

(2) Let x'e R' be arbitrary Then 
<>

(f(JL) u f(J2)) (x1) = f(J1)(x') V f(J2) (x* )

= V ( Jjl (x) VJ2 (x) ) 

x £ f (x*)

a f(JX U J2) (X')

Thus f(J,_. U J2) = f (Jjl) u f(J2).
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Remark (2.1.22) :

The above proposition, is also true for more general case.

If {} is a family of Fuzzy sets in X and if f:X—> Y 
i el

is a function, then

f ( 0 j, ) c fi i (j±)
id ” ‘l€X

and f (U J±) = U f(J.)
iel iei

Proposition (2.1.23)

Let f:R —>R' be a homomorphism of rings R into R'. If 

and J2 are, fuzzy ideals of R1 then,

(1) f“1(Jinj2*) = f“1(j*1 ) H f“’1(J'2 ).

(2) f”"1 (J\ U J'2 ) = f"1(J,1) U f”1^* 2).

Proof :

(1) Let xeR be arbitrary. Thep,

f”1 (J^ nj'2) = (J'iHj'g) (f (x) )

= (f(x))A J' 2(f(x)).

= f“1(J*1) (x) A f“1(J' 2) (x).

= (f~1(j,1)n f_1(j» 2)) (x). ,
Thus, f”1 (j^nj'2) = f”1 (j1^ n f’1^'>

(2) Let xf R be arbitrary. Then

f"1 (J'i U J'2 ) (x) = (J'jUJ'j) (f(x)).

= Jx' (f (x)) V J2' (f (x))

= f**1 (' ) (x) V f"A(J2') (x)

= (f_1(Ji,) U f”1 (J2'0 (x)

Thus, f"1(^' UJ2') = f”1(J1') U f”1 (J2* ).
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Remark ( 2.1.24)

The above proposition is also true for more general 

case. If i6l is a family of fuzzy sets in X and if

f:X ----- -> Y is a function, then

f”1 ( U Ji) 
id

U f-1
iej

i

Proposition ( 2.1.25)

If f: R ------> R' is an epimorphism of a ring R onto

R* and if and J2 are fuzzy ideals of R then,

j1 C J2 =* f(Jx) C f(J )

Proof

Let x'sR* be arbitrary. Then,

f(Jj) (x1) « V J (x) ^ V J2(x) » f(J2) (x*)

xef-1(x1) xcf"1(x')

Thus f (Jx) C f(J2)

Proposition (2.1.26)

If f:R ------ > R' is a Homorphism of a ring R into R*

and if and J2 are fuzzy ideal of R', then

J* c f"1 (J* ) C f-1 (J'2 )

Proof :

Let xeR be arbitary. Then,

f"1 (j‘) (x) » (f (x)) ^ J'2 (f (x)) = f-1(Jp (x)

Hence f”1 (J*) C f ”1 (Jp
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Lemma (2.1.27)

Let f:R > R' be an epimorphism of rings with Kernel K,
Then f 1(f(J))= J for every fuzzy ideal of R which is 

constant on K.
Proof

Let xeR be arbitrary. Then, 
f“1 (f (J)) (x) = f (J) (f (x))

= V J(y)
yef-1(f(x))

- V J(y) 
y-xeKerf

= J(x) , since J is constant on Kernel K. 
Therefore f""1(f(J)) = J.

Remark (2.1.28)

If f:,R —> R' is a homomorphism of rings and J' is a 
fuzzy ideal of R* then,

f (f"1(J')) = J'

Theorem : (2.1.29)

If f : R ---> R' is an epimorphism of rings with Kernel
K, then there is a one to one correspondence between the set of 
fuzzy ideals of R' and the set of fuzzy ideals of R which are
constant on K.
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Proof :

Let J be a fuzzy ideal of R which is constant on K. Since 

f is an epimorphism, f(J) is a fuzzy ideal of R'. Thus there is

a correspondance J ----> f(J) from the set of fuzzy ideals of

R which are constant on K into the set of fuzzy ideals of R*. We 

show that this correspondance is bijective.

Let J' be a fuzzy ideal of R" then

f ^(J1) is a fuzzy ideal of R and f"*3'(J) is constant on 

K. For, if xeK then f(x) = 0 and,

f^J') (x) =J'(f(x)) =J'(0).

Therefore correspondance is onto.

Let J1 and J2 be fuzzy ideals of R which are constant on 

K and let f(Jj) = f(J2), then

f“1(f(J1) ) » f"1 (f(J2) )

^ J1 = J2

This shows that correspondance is one-one.

Corollary (2.1.30)

If R is a ring and Q is an ideal of R then there is a 

one-to-one correspondance between fuzzy ideals of R/Q and fuzzy 

ideals of R which are constant of Q.

Proof
......... ■ ■■    *

Since there is a natural epimorphism F : R —R/Q, from

above Therem , the result follows.

(. . .
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Definition (2.1.31)

Let J be a fuzzy ideal of a ring R. For any xeR, define

J/ v : R (x) I

(x) (y) = J ( y _ x )

Then is called as fuzzy coset of a fuzzy ideal of R.

Remark (2.1.32)

U) j(0) = j
(2) For any t€I } ( J(x) )t is a coset of an ideal Jt of R.

i,e* (J(x)Jt Jt + x

(3) If J is a characteristic function of an ideal Q of R. 

then J(x) is a characteristic function of coset Q + x of R. .

Proposition (2.1.33)

Let J be a fuzzy ideal of a ring R and let 1R be a collection

J (x + y)

J (x.y) for a11 x»yeR*

Then TR is a ring under these two operation.

Prodtf;

First we show that these two operations are well defined. 

Let J(x) = J(x') 30(3 J(y) =J(y')

Therefore J ( x - x*) = J (0) and J ( y - y*) = J(0)

of all fuzzy cosets of J. Define 

J(x) + J (y)

J(x) * J(y)
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Let zeR be arbitrary. Then,

J(x+y) ( z) * J ( z - x - y)

= J (z-x1 - y'+ x'-x +y'-y)

^ j (z-x'-y1) a j(x'-x)a J (y'-y)

= J (z -x* -y') since J(x'~x)= J(0)

J(y1 -y) » J(o)

“ J(x'+y') (z)

Similarly J(x, +y,) (z> ^ J(x+y) lz)-

Hence J(x+y) “ J (x* +y')

Next ,

J(x.y) (z) “ J ‘ z -xy)

as J(z-x'y' + x'y' -xy)

^ J(z-x'y1) A J (x'y' -xy)

But J(x'y* -xy) =* J(x'y' -x'y + x'y -xy)

=s J^x'(y'-y) + (x* -x)y^

(x'(y'-y)) A J ((x'-x)y)

^(j(x') v J(y' —y))A (j (x'-x) vJ(y)^ 

aa(j(x') v J(0)) A (j(o) v J(y))

Thus J (x'y* - xy ) » Jfo)

Therefore,
J(xy)(z) >s J (z -x'y' ) A J (o) 

J ( z -x'y')

(x'y') (z)
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Similarly J (x,yl) (z) ^ J (xy) (z)

Thus + and . operations are well defined. , Further

(x) (y) (z) (x) (y) (z) (x+y+z)

(x) (-x) (0)

J(x) + J(0) ' J(x)

J, X. ( J, X . J/ X ) St ( J / X.J, J . J, V = .(x) (y) (z) (x) (y) (z) (x.y.z)

J(x) * J(l) " J(x) • and J(x)*J(y) 3 J(y)*J(x) * J(x.y)

Hence 1R. is a commulative ring with unity.

Remark (2.1.34)

Define a function 6 : R ------- > ^ by

9 (x) a J(x) where J is a fuzzy ideal of R. Then,

9 (x -ty) = J(x +y) * J(x) + J(y) * © <*) + s(y) 

e ( x.y) - J(x>y) = J(x)-J(y, - » <*> -e<y)

9(1) = j(1)

And for any J6TR , 0(x) = J(x)

Hence 9 is an epimorphism. Therefore by proposition (2.1.29) 

there is a one-to-one correspondance between fuzzy ideals of 

TR and fuzzy ideals of R which are constant on Kernel of 9. 

But Ker 9 = ^ xeR/ 9(x) a J(o)l
' { XSK/J(x) - J(0)}

= { xeR/J (x) = J (o) } since
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J(x) " J(0) J (X) = J(o)

Thus Ker Q = Jj(qj • 

which is constant on J

Clearly J is a fuzzy ideal of R 

J(0)*

Definition (2.1.35)

Let R be a commutative ring with unity and let J be a 

fuzzy ideal© of R. Then 0(j) is called fuzzy quotient ideal 

determined by J. Where 0 : R —is an epimorphism from R 

onto a ring of fuzzy cosets of J.

6 (J) (J(x)) = V J(y)

V J (y)

(y) =1 \(x)

J (x) since J (y) “ J(x)

& J {y) = J (X)

of R and "iR Be a ring of

Proposition (2.1.36)

Let J be a fuzzy ide; 

cosets of J. Then each fuzzy ideal of TR corresponds <bo a fuzzy 

ideal of R which is constant on 

Proof :

Since 0 : R—>TR defined by 9(x) = is an epirnorphism,

there is one-to-one correspondance between fuzzy ideals ofTRand 

fuzzy ideals of R which are constant an In particular if

J is a fuzzy ideal of "SR then 0_1(J) defined by,

(J) (x) = J (0(x)) . J (J(xj)

is a fuzzy ideal of R which is constant on Jj^i.e. Kernel of ©.

MfK. HALASAHtB KHAHULKAK LIBRAH
••iVAJI UNIVERSITY. KOLUSrva.
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2.2 PRIME FUZZY IDEALS 

Definition (2.2.1)

Let R be a ring. A prime fuzzy ideal of R is a fuzzy 
ideal of R such that

J (x.y) = J(x) or J(x.y) = J(y)
Remark (2.2.2)

(1) A fuzzy ideal J is a PM me ideal if and only if
J(x.y) = J(x) v J(y)
(2) For any lattice L with 0 and 1 if p:R—>L is a prime fuzzy 
ideal of a ring R, then P(R) is totally ordered subset of L. 
Proposition (2.2.3)

Characteristic function of a prime ideal of R is a prime 
fuzt'j ideal of R.

Proof :
Let Q be a prime ideal of R. Define ,

j . R ------ > I
J(x) =1 if x€Q

a 0 if X^Q
Then J is a fuzzy ideal of R. We prove that J is a prime fuzzy 

ideal of R. Let x€R and y € R be arbitrary.
If x.y £ Q , then since Q is a prime ideal of R, x£Q 

or y£ Q. Thus J(x.y) = 1 ^ J (x) = 1 or J (y) = 1
i.e. J(x.y) = J(x) or J (x.y) = J(y).
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If x.y^Q , then x^Q and y ^ Q.

Thus J(x.y) =0 = J(x) a 0 , J (y) = 0

i.e. J(x.y) = J(x) or J(x.y) = Jfy).

Therefore J(x.y) = J(x) or J(x.y) a J (y) for all at, 

y e R. .

Proposition (2.2.4)

If P is a PVi-me -fuzzj ideal of R, then for all t e I,

Pt - { xeR/ R(x) ^ t j- is a prime ideal of R.

Proof :

Since P is a fuzzy ideal of R, Pfc is an ideal of R.

We prove that Pfc is a prime ideal of R.

Let x.yePt =* P (x.y) t . But P(x.y) = P(x) 

or P (x.y) a P(y). therefore P (x) ^ t or P(y)^t.

Thus x.ye P^. x € P^. or ye P^_ .

Remark (2.2.5)

In other words above proposition means, ' A level 

subset of a P^Wne fnxy ideal i^ prime ideal of R'.

Remark (2.2.6)

Proposition (2.2.4) is true even if I is replaced by 

an aribltrary lattice with zero and one.

Corollary (2.2.7)

If Q a ^ xeR/P(x) = P(0),| then Q is a prime ideal of

R where P is a P^irne ideal of R.

Proposition (2.2.8) ’

Let f:R—**R' be a homomorphism of a ring R onto a ring 

R' with kernel K. If P is a fuzzy ideal of R which is constant

on K, then P is RirVme« fuyij ideal of R, if and Only if f(p) is
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Prime. fuzzy ideal of R'#
Proof ;

Suppose that P is a Prime fuzzy ideal of R. We show that 
homomorphic image f(P) is a prime fuzzy ideal of R1. Clearly 
f(P) is a fuzzy ideal of R'„ Let x', y'g R' be arbitrary. 
Since f is onto, there is xe R and y€R such that 
f(x) = x' and f(y) = y*, consider,

f(P) ( x'.y') V P (z) 
zcf"’*(x*,y')

V P(z) since f is a ring
f(z)=f(x.y) homamorphism
y e f"1(y') C*^

V p (z)
z-x.y 6 K
x £ f“1(x' ) 
y € f"*1 (y‘)

V ( P(x-y) ) 
xef 1 (x* ) 
y e f-^ty’)

constant on K
since P is

* v ( P (x) V P(y) )

xef™1(x*) since P is a

ygf (y') Prime fuzzy ideal
= (V Pfx)) V (v P(y) ) 

xef""* (x) yef”*(y)

= f (P) (x1) v f (P) (y')
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Thus f(P) is prime fuzzy ideal of R*. Conversely suppose 
that f(P) is a prime fuzzy ideal of R', where P is a fuzzy 
ideal of R which is constant on K. We show that P is a 
prime fuzzy ideal of R. Suppose that P
is not a prime fuzzy ideal of R. Then there are xfiR 
and y e R such that,

P (x.y) > P (x) v P (y)
Now x, y e R , hence f(x), f(y)€ R* 
consider,

f(P) ( f(x). f(y)) = f(P) (f(x.y) )

a V P(r)
r £ f"”1 (f (x.y))

* V P(r)

f(r) s f(x.y)

a V P(r) 

r-x.y € K

= P (x.y) since P is constant on 
K

> P(x) v P(y) By hypothesis
on the other hand,

* V P (r) 
ref 1(f(x))

f(P) (f(x))

V P (r) 
r-xeK
P (x)
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And, f(P) (f(y) ) = V P(r)
ref”1(f(y))

Thus,

V P (r) 
r-y e K

P (y) since P is constant
on K

P(X.y) > p ( X ) V P (y )

^f(p) (-ft*)* f(y)) > f(P) (-fW) V f(P) (-f 0»)

Which is a contradiction since f(P) is a PVnroe ideal.
Hence P is a Pv*-me fuzzy ideal of R.

Proposition (2.2.9)

Let -f:R-- > R' be a homomorphism of a ring R onto a
ring R'. If P* is a fuzzy ideal of R', then P' is a prime 
fuzzy ideal of R1 if and only if f~^(P') is a prL'ne fuzzy 
ideal of R.
Proof :

Suppose that P1 is a a prime fuzzy ideal of R1. Clearly 
f(P) is a fuzzy ideal of R. Let x,yeR be arbitrary. Consider 

f"1(P‘) (x.y) = P' (f(x.y))

= P' (f (X). f (y)) since f is a ring
homomorphism

= P' (f(x))v P'(f(y) ) since P' is
a .Pvirne uzzy 
ideal

= f"1^' ) (x) V f”1(P' ) (y)
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Thus, it shows that f *(P') is a prime fuzzy ideal of R. 
Conversely, suppose that f“1(P’) is a Prime fuz-zv ideal of R.

Suppose that P' is not a Ptime. fut-ty ideal 
of R1. Therefore for some x'y' £R'.I 4

P' (x* .y') > P' (x *) V P* (y* )
Since f is onto, there is xeR and yeR such that 
f(x) = x' and f(v) = y‘, consider

f 1(P') (x.y) = P'(f(x.y) )

_ p' (f (x). f (y))
= P* (x'.y*)
> P* (x* ) V P* (y' )
= P*(f(x)) V P'(f(y))
= f”1(P1)(x) V f”1(P*)(y)

Thus, f_1(P') (x.y) > f”1(P')(x) V f“1(P*) (y)

Which is a contradiction. Hence the proof.

2.3 PRIMARY FUZZY IDEALS

Definition (2.3.1)
If J is a fuzzy ideal of R, then fuzzy radical of J, 

denoted by J, is given by
J . r -----> i

3*(x) = V J(xn) , n e IM +n ■
Proposition (2.3.2)

The radical of a fuzzy ideal J is a fuzzy ideal of R 
containing J.



Proof

Let J be a fuzzy radical of J and let x,yg R be 

arbitrary. Then,

J (x+y) = V J((x+y)n)
n

(V J ((x+y)2n)) V ( V J ( (x+y)™*1) j2n+l»

Consider,
J((x+y)2n)

2n
V j ( 2 Cr x2n-ryr )

r=0
Now,

2n, / ,, 2n-r r\ _ f zn _ zn-i _J \ Cr x y )= J {x +C x y + C
r=0 1

2n-2 2x y +

_ n n _ n-l n+1...+Cx.y + C .X y +... n .jt t n+1 x

_ 2n-l 2n \•••+ °2n-l xy + V )

Where C = C = 1 o 2n

> J (x2n) A J { x2n y) A......................

. . . A. J (xnyn) /\ J (xn”1yn+1 )A ....

. . .AJ(xy2n_1) A J(y2n) .

^ J(x2n) A (j(x2n_1) v J(y))A * * *

.../\(J(xn> v J(yn))A(j(xn‘"1) v J (yn+1)j ------

...a(J(x) v J(y2n—1)) A J(y2n) ^
^J(xin5AJCxin"')A--AJ(x"'Mj(y"4')A.**A j(yln_')AlCVln)

J (xn) A J(yn+1)



Therefore,
X jO+y>2n; » x ( j(xn)Aj (yn+1) )

= (X J (xD)) a (X J(y"+1))
"(X J(xn)) A(V J(yn))

Similarly,
X(J (x+y)2n+1) ^(V J(xn)) A (v J(yn))

Thus,
V (J (x+y)n) £ (V J(xn)) A (V J(yn))

i.e. J (x+y) J (x)A J(y) . 
next ,

J (-x) = V J ( -x)nn

= V J ( xn ) 

a J (X)
And lastly,

J (x.y) = ^ J (x.y)n

.. T t n n .= V J (x . y )n
^ ^ (j (xn) v J(yn))

= (V J(xn) ) v ( V J (yn) ) 
n n

Heuee,
J (x.y) ^ J(x) v J (y)

This proves that J is a fuzzy ideal of R, And
J(x) . V J(xn) ^ J(x) for all x e R i.e.

(.. .34

J C J



(....35

Proposition (2.3.3)

If and J2 are fuzzy ideals of R, then following holds

(1) If J2 C J2 then J C J2

(2) j2 = n J2

(3) J J
1

Proof :

(1) Let C J2 and xeR. Consider,

J.(x) = V j.(xn) ^ V J9(xn) = J2 (x)
1 " 1 n ^

*^GnCG « -r /-* t

J1 £ J2

(2) Let xfcR consider

iJ~FTT2) (xj = v ( j1 n j2) (xn)
n

= V ( Jx (xn) A J2(xn) }
• n

= ( V J^x")) A ( V J2( xn ) )
n n

J^x) A J2 (x)

(Jx 0 J2) (x)

Thus, 0 J2

(3) J, (x)
n

(x)

J 1 J 1Thus
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Proposition (2.3.4)

Let J be a fuzzy lAco-l- of a ring R. Then for each 

t£ I, J^ is a radical of where

Jt = { x e R/ J(x) > t }

Er.,g.fif ; ciea^lj Jt is am ideal of R ■ j
Jt = (x6R / Jcx)>t J = ^3ce R / V J(xh)>t j

= x £ R/J(xn) > t for some n J
Now, if x 6 Jt then J(xn) > t for some n. This shows that 

Jt is a set of all the elements x in R such that xn£ Jt for 

some n. Hence Jt is a radical of Jt

Proposition (2.3.5)

Let J be a fuzzy ideal of a ring R. If J. = J.
tl t2

then J, = J.H t2
Proof:

If

Hence

n

tl < fc2 and J. =
*1 ■s-

^ J(x) < *2

£ J+. J (x) > *2

=*>■ J (x) >

X £ J ,
h

J*2 “ \
other hand, if x € J then

) ^ J (x) and there is no x£

J (xn) Hence

= J. , there is no x € R

n.

J+. C J. . This shows that J.tl - t2 tx

*2
Therefore



Proposition (2.3.6)

If P is a prime fuzzy ideal of R , then P r P.
Proof :

Let xeR be arbitrary. Since P is a £nime fuzzy ideal,
P(x2) = P (x.x) = P (x) v P(x) = P (x) ,

P(x3) = P(x2.x) s P(x2) V P(x) = P(x) V P(x) = P(x)

and so on.
Thus for all n, P (x11) = P(x). Therefore,

P (x) = V p (xn) = P (x).
n

Since x is arbitrary, P = P.

Proposition (2.3.7)

Let f:R-- ► R* be a homomorphism of rings R onto R’,
and let J be a fuzzy ideal of R.
Then f(J) C f(J) and equality holds if J is constant on 
Kernel of f.
Proof :

Let x'£R' be arbitrary. Consider,
V J(x) 
xef“1(x*)

V ( V J(xn) )
_ 1 n J

x ef~x (x'n)

v ( v J (xn) )
« xngf-l(x»n)

V f(J) ( (x1)n ) 
n

(■.... 37

f(J)(x')

f(J) (x1)
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Thus f(J) (x*) ^ f (J) (x*) . °ince x'eR' is arbitrary,

f (J) C fUj .

Next/ if J is a constant on Kernel of f., then for every 
xef there is x^ € f~1(x'), such that J(x) = Jtx^)

Hence V J(xn) v J(xn)

xef ^(x*) n .-1. ,n. x ef (x* )

Therefore,
f(J) (x') = V J (x)

x e f ”1 (x* )

a V V J(xn)
n xef”1(x‘)

= V V J(xn)
n n -1, ,n, xef (x* )

= V f(j) (x'n) 
n

= f(jj (x')

Since x*6 R' is arbitrary, f(J) = f(J)

Proposition (2,3,8)

Let f:R-------> R' be a homomorphism of rings R onto R'

and let J* be a fuzzy ideal of R'. Then,
f"1(J) = f^tJ')

Proof.'. \_et x 6R be QTfbitrar^ .

■f"c J)cx) = 7(«*))= VJ(f(*)").

= v j (f(xn) ) 
n

= n f (J) (x )

= f-1(J) (x)

-l - -tt------
Therefore f (J) = f (J) .
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Definition (2.3.9)

Let R be a ring. A fuzzy ideal J of R is called a primary 
fuzzy ideal if,

J(x.y) = J (x11) or J(x.y) = J(yn) for some n€Z +

Remark (2.3.10)

If P is a prime fuzzy ideal then P is a primary fuzzy 
ideal.
Proposition (2.3.11)

If P is a primary fuzzy ideal of a ring R, then fuzzy 
radical F is a prime fuzzy ideal.
Proof :

Since P is a fuzzy ideal of R, P is a fuzzy ideal of R.
Let x, ye R, then,

P (x.y) = V P ( x.y)n
n

a V P (xn.yn) 
n

= V P (x ) or v P ( y ) 
m m

^ V P(xn) or V P (yn) 
n n

= P (x) or P (y)
Thus P (x.y) <1 P (x) V P- (y) . But since P is a fuzzy ideal,
P (x.y) "p (x) v P(y). Hence P (x.y) = P(x) v P(y) which proves 
that P is a prime fuzzy ideal.
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Proposition (2.3.12)

If P is a primary fuzzy ideal then for each t<£l, P is
v

a primary ideal of R.

Proof :

P is a primary fuzzy ideal of R. For each tei,

Pt = { x 6 R/P(x) ^ t J
Clearly Pfc is an ideal of R 

Let x.y £ P^ => P (x.y) ^ t

=$> P(xn) > t or P (y11) ^.t for some n £ Z+ 

n ^ n _=> x e Pt or y g P^ for some n.

Thus Pt is a primary ideal of R.

Proposition (2.3.13)jf P is a Primarj -fuzz^ ideal of R er> for 
each t£i, CP)t is a -radical of P* .

Proof ; Since P is a primary fuzzy ideal each P is a primary

ideal of R for tel. P is a fuzzy radical of P. Hence (P)

is a radical of P. for each ti.e. ( P). = P.t t t

Proposition (2.3.14)

Let f: R -----*■ R' be an epimorphism of rings. If P is a

primary fuzzy ideal of R which is constant on Kernel of f, 

then image f(P) of P is a primary fuzzy ideal of R#.

Proof :

Clearly f(P) .is a fuzzy ideal of R' . Let x^y'eR',
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Then,
f(P) (x*.y*) = V P(z)

zef"1(x1.y')

= V P( x.y )

X€f 1(x’)
yef"*1 (y')

= v p(xn) or V p (y11) 
xef"*1 (x* ) yef”1 (y‘ )

= V P(x) or V P(x) 
xef“1(x,n) xef”1(y,n)

= f(P) (x'n) or f(P) (y*n)

Thus f(P) (x'y‘) = f(P) (x n) or f(P) fy'n)

Which shows that f(P) is primary fxizzy ideal of R*.

Proposition (2.3.15)

Let f:R'--R" be an epimorphism of rings. If P’
is a primary fuzzy ideal of R* then f ^P) is a primary fuzzy

ideal of R.
Proof :

Clearly f”1^') is a fuzzy ideal.let x,y£R . Then,

= P' (f(x.y) )
= P' (f(x).f(y))
= P* ( (f (x)) n) or p' ( (f(y)) n)
= P' ( f (xn)) or P' (f (y11) )
= f”1(P') (x11) or t-1^1) (yn)

f"1(P*) (x.y)

A
5961
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Proposition (2.3.16) :

Let P and J be two fuzzy ideals of R. Then P is 

primary and P = J if.

i) P C J i) J(x) = P(xm) for some m iii) P(x.y)=J(x) 

or J(y).

Proof :

Let x, yeR. 'P(x.y) = JCx) ov J(y). But J(x) = P(xm) for

some m. Therefore P(x.y) = p(xm) or p(ym)^ For some m £ Z4. 

Hence P is primary fuzzy ideal. And,

J(x) = P(xm) ^ V p(xm) = P (x).

Therefore J C P. But p C J because P C J

J c P = P C J P = J.Hence

2.4 finite valued fuzzy ideals 

Definition (2.4.1)

Let J be a fuzzy ideal of a ring R. If ImJ is finite 

then we say that J is a finite valued fuzzy ideal.

Remark (2.4.2 )

The characteristic function J:R --------» I of an ideal Q

of R is a typical two valued fuzzy ideal However if t.,
• J.

t2 £ I and t^ ^ then

I defined by

t1 if reQ 

t2 if r^Q
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Can be identified with characteristic function J of Q.
Hence C can be more appropriately described as 
J1(r) = J1(0) if x£Q and J (r) = J(l) if x^Q.

Proposition (2.4.3)

If R is a simple ring and J :R—* lisa fuzzy 
ideal of R, then for all x ^ 0, J(x) = J(l),x 6 R.

Proof :
Let Q = | x £ R/J (x) = J(O)]’ . If Q = R then there

is nothing to prove. If J(y) ^ (J(l) for some 0 ^ y€ R, then,
I =| x£ R/J(x) ^ J(y) j- is a proper ideal of -

which is a contradiction. Hence J(x) = J(l) for all 0 / x€R.
Proposition (2.4.4)

If R is a division ring then J(x) = J(l) for all 
0 ^ xe R. Where J is a fuzzy ideal of R.

Proof :
Let 0 / x£R be arbitrary. Then there is x”1 e R such

-1 -1 m that x.x = x ,x = 1 . Therefore,
J(l) = J(x.x_l) J(x) V J(x“1) > J(x) ^ j(l).

Hence J(x) » J(l) for all 0 / xCR.
Proposition (2.4.5)

If J:R—>1 is a fuzzy ideal of R and Q =^xeR/J(x)=J(0 
is maximal then J(x) = J(0) for xeQ and J(x) = J(l) for x ^ Q.

Proof:
Since Q is an ideal of R, R/Q is a ring. If x+Q = y+Q, 

then J(x-y) = J(0), and hence J(x) = J(y).. Therefore fuzzy
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ideal J :R—»-I induces a fuzzy ideal J : R/Q—*1 .
*

defined by J (x + Q) = J(x). Since Q is a maximal ideal 

of R, R/Q is a division ring. Hence by above proposition
(2.4.4) , J* (x + Q) = J(0) if x£ a and J*(x+Q)= J(l) if 

x^f 3. i.e. J(x) = J(0) if xcQ and J(x) = J(l) if x^Q.

Proposition (2.4.6)

If R is one of the following rings

(i) Principal ideal domain,
(ii) Boolean ring,

(iii) Artinian ring,

and if P : R-->1 is a prime fuzzy ideal such that

P(x) = P(0) for some x / 0, then either P(x) = P(0) 

or P(x) = P(l).

Proof :

Since P is .a poime fuzzy ideal,

PP(0, * { x € R/P(x) = P(0) } is a prime ideal of

R and since P(x) = P(0) for some 0 / xeR, Pp^ is a nontrivM 

prime ideal of R. Moreover, if R is one of the above rings, 

then Fp(0} is a maximal ideal of R. Hence by proposition

(2.4.5) , either P(x) = P(0) or P(x) = P(l) for all xeR . 

Remark (2.4.7)

The following example shows that the condition 

P (x) = P(0) for some 0 / xeR is necessary for P to be two 

valued function.

Let R be a principal ideal Domain and Q be a prime ideal

of R.
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Define P : R-----*■ I

P(0) = 1

P(x) = t if x c Q - {0}

P(x) =0 if x ^ Q

where 0 < t < 1 . We show that P is a prime fuzzy ideal of R. 

Let x, y € R be arbitrary.

(a) i) If x(ye Q then x -y e Q.

Hence P(x-y) ^ P(x) A P(y)

ii) If x fe Q and y ^ Q, then x - y 4 Q

P(x) =1 or t, P(y) » 0, P(x-y) a 0 

Hence P(x-y) ^ P(x) A P(y).
iii) If x iQ * Q , then either x -y e Q or x-y 4 Q.

=> P(x) = P(y) = o# P(x-y) = 0 or P(x-y) = 1 or t.

Hence P(x-y) P(x)A P(y).
(b) i) If x e Q and y e Q then x.ygQ

=$► P(x)= 1 or t, p(y) =1 or t and P(x.y) as 1 or t.

Hence P(x.y) = P(x) v P(y).

ii) If x£ a, yfQ, then x.yeQ
P(x) a 1 or t, P(y) » 0 and P(x.y) = 1 or t.

Hence P(x.y) a P(x) V P(y)
iii) If x4 Q# y4 Q, then x.y 4 Q, Since Q is a prime 

ideal ^P(x) 3 P(y) = P(x.y) = 0
Hence P(x.y) = P(x)VP(y)

Thus P is a prime fuzzy ideal of R and clearly P is not

two valued.
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Remark (2.4.8)

If R is a Boolean ring, then the condition 
P(x) = P(0) for some x / 0 is satisfied trivially 
whenever P is prime fuzzy ideal of R. For, if there 
is no x £ 0, such that P(x) = P(0), then pp(0) = [o }
And since P is a prime fuzzy ideal of R, ^0} is a prime 

ideal of R. This shows that R is an integral domain 
which is a contradiction.
Remark (2.4.9)

If R is an Artinian ring then thecondition P(x)= P(0) 
for' some. 0 / X€ R is necessary. If R is not a domain then 
for any prime fuzzy ideal of R, the condition is satisfied, 
and if R is a domain then any for any prime ideal G of R, 
a function P:R—* I defined by,

P(0) = 1
P(x) = t if xeQ - 

= 0 if x ft Q
is a prime fuzzy ideal of R. which is not two valued.

The above discussion leads to the question 
" Under what condition any fuzzy ideal of a ring R 
assumes finitely many values ? "
Proposition (2.4.10)

If R is any ring and L is a lattice of finite length 
with 0 and 1, then any prime fuzzy ideal P:R—*L assumes

e

finitely many values.
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Proof :

The result follows from the fact that any totally 
orderd subset of L is finite. In perticular P(R) is 
finite.
Proposition (2.4.11)

If R is both Noetherian and Artinian then every fuzzy 
ideal J : R—>1 has only finitely many distinct values.
Proof :

If P(R) is not a finite set, then since P(R) is totally 
orderd , it contains

eithcYj (T) an increasing sequence of distinct elements,

al < a2 < a3 < .............<an<---- with

= J(xJ for some x R, ox.}

(ii) a decreasing sequence of distinct elements

bl > b2 > *>3 > --- > bn > .... with

b^ = J(y ) for some y^€ R

If (i) holds then we have an ascending chain of dinstinct 
ideals.

c Ja2 C Ja3 C Ja4 C ..... CJan C___

This contradicts the fact that R is Noetherian.
If(ii) holds then we can get a descending chain of distinct 

ideals
^ Jb, = Jb, ^........3 ••••12 3 n

This contradicts fhe fact that R is Artinian.
Hence P(R) is finite.
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Remark (2.4.12)

Following examples shows that it is necessary to asstime 

that R is Noetherian and Artinian.

Example-1

Let R be a ring which is not Noetherian. Then there 

is an ascending chain of ideals of R,

Jo C J1 C J2 c J3 c J4 c ....... c Jn c ....

Define J : R —>• I

J(x) =1 if x e JQ

= if x e Jn - J„_, n e N .

We show that J is a fuzzy ideal of R.

Let x, ye R. be arbitrary. Let m and n be least

numbers ( m > n) such that x 6 J_ and y € J„. Then J(x) =—~m -1 n m+j

and J(y) = ““

Since m > n , J • C J . Hence x,ye Jm ^x-yg

* ^ ^ • Also n+T > m+I 3ince m > "

Therefore J(x-y) J(x) A J(y).

Next X G , y e Jn and Jn C Jm 

^ x.ye Jn since Jn is an ideal of R.

Hence J (x. /) r~7 Also —> ~T~n+l n+1 m+1

Therefore J(x.y) ^ J(x) V J(y).

Thus J : R---- *■ I is a fuzzy ideal of R. and clearly J(R) is

not finite.
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£xainpl&~il

Let R be a ring which is not Artinian. In perticular, 

we take R = Z. Then we have descending chain of ideals of Z,

<2> O <22> O <23>Z5-------D<2n> D______

Lefine,
J : Z ----- > I

JU) * is X e <2 > - <2 >

= 0 if x ^ < 2 >

= 1 if x = 0

Then we show thit J is a fuzzy ideal of R.

Let x,y€Z be arbitrary.

(a) i) if x = v = 0 then x-y = 0 . Hence J(x-y)^.J(x) A J(y

ii) If x = 0 and y / 0 ye <2> . Then J(y) = —

for some n. Hence J(x ~y) " - K+5~ » J(x) A J(y) .

iii) x / 0, y / 0 and X»y£<f2> . Let J(x) = n+" an<3

J(y) = , m> n Then x -y £ <2n> since

<2m> C <2n>. Therefore J(x-y)^~ = A

= J(x) A J(y)

Iv) If x 6<2> and y ^ <2> then x-y^<2^>.

Therefore J (x-y) J (x) A J(y)

v) If x £ <2> , y^<2> . Then x-y 4 <2> or x- y£<2>

nence J(x-y) ^ J(x) A J(y),
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(b) (I) If x = y = 0 then x.y = 0 Hence J(x.y)>J(x) v j(y)

(ii) If x = o,y / 0 then y =0 , Hence J(x.y) ^ j(x) V J(y) .

(iii) If x /O, y /0, x,yg<2> Let J(x) = , J^) » -- - ■ >u-ri TC\ •r 1

m > n , Then x.y e <2m>

Therefore J(x.y) >. pp-j - V = Jlx) V J(Y>

(iv) 0 / x£ <2 > , y^<2> Let J(x) = -—j- for some n. Then

x.y g <2n> Hence J(x.y)^ —~ VO = J(x) V J (y)
n-ri n ti

(v) x^<2> y^<2> Then x.y ^ <2> . Hence J(x.y)^,J(x) v J(y).

This shows that J is a fuzzy ideal of % and clearly J is not finite

valued.

Definition (2.4.13)

Let J : R---- > I be a fuzzy aet , A smallest fuzzy ideal containing

J is called a fuzzy ideal generated by J and it is denoted by <C J ,>

Remark (2.4.14)

Let R be a ring and let be a set of all fuzzy ideals of 

R. Then ( Xj , A , V ) isa lattice where

J1 V J2 = < Jl U J2 >

J% a J2 • * J1 n J2 for all J , J2 e

R roposition (2.4.15)

If v:R------ > R' is an epimorphism of ring R onto R* and if K is

a fuzzy set in R, then

f ( < K > ) = <f (K)^
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Proof

Clearly f( <K\) is a fuzzy ideal of R' since <(K>is a 

fuzzy ideal of R.

Since K)is fuzzy ideal generated by K, K C <^k).

Hence f(K) C f(<K>) . Let J' be a fuzzy ideal of R* 

such that f (k: C J* We show that f (<K>) C J'

Now f(K) C J* 4 f"1 (f(K) ) C f"1 (J')

4 K C f”1 (J')

since K C f"1 (f(K) )

Since <(K^ is generated by K, and f“1(J') is a fuzzy ideal 

containing K,

<K> C f”1 (J*)

4 f(<K>) C f(f"1(Jl) )

4f(<K>) C J1

Thus f(<(K>)is the smallest fuzzy ideal containing f( K ) . 

Hence <( f (K))> = f ( <K» .

Proposition (2.4.16)

Let r :R-----> R* be an epimorphism and let

K* . r•—> I be a fuzzy set in R1. Then

f”1 ( <K> ) = <f-1 ( K* ))> if either

K'(0) =1 or f is one-one.

Proof :

Since < K'> is a fuzzy ideal of R' generated by 

K', K' C<K‘>

4- f"1 (K‘ ) C f"1 ( <K*> )
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Let J be a fuzzy ideal of R such that f*"1 (K') C j.
^e show that f“* ( (K'> ) C J , Now f"1(K*) C J 4

f(f_1(K') ) C f (J)

* * In l-
h c7

4<K‘> C f(J) since <Ck'^ is generated
by K'

4 f"*1 ( < K* > ) c f"1 ( f (J))
If K' (o) = 1 then for x e Ker f,
f 1(K') (x) = K' (f(x)) = K■C0)= i and since
f”1(K*) c J, J(x) = 1 . Thus if K’(o) = 1 , then
J is constant on Kernel of f. And when J is constant on
Kernel of f, f * (f(J) ) = J , Next if f is one-one then
Kerf = { 0} And hence J is constant on Kernel,
therefore,

f”1 (K1) C J 4 f”1 (<K'> ) C J
which proves that f_1 (<K'>) is the smallest fuzzy ideal 
containing f *(K'),

i.e. < f”1 (K1 ) > = f"1 (<K*> )

Proposition '[2.4.17)

If f :R--- > R' is an epimorphisrn of rings and if
and J2 are fuzzy ideals of R, then

f ( < J. U J, > ) = < f(J.) U f(J ))Proof ; ' 1 2 ' N 1 2
by proposition (2.4.15)

f(<JiUJ2>) =<f(J1UJ2 )>
= <f (Jx) U f(J2)>

Hence, f(<J1U J£>) = U f(J2))
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Proposition (2.4.18)'

Let f:R--> R‘ be an epimorphism of rings and let
and J| be fuzzy ideals of R* such that J|U (0) = 1 

Then f_1(< J' U J^> ) = < f_1(J^) \J f”1^ )>
Proof :

Since (J^ \J J* ) (0) = 1 , by proposition (2.4.16)
f"1 !<J|U JJ>) = <f_1 U ) >

= < f”1 (jp u f"1^ > >

Proposition (2.4.19) •

A fuzzy ideal of R is finite valued if and only if it 
is generated by finite valued fuzzy set in R.
Proof :

..  S,}
Let J : R-- I be a finite valued fuzzy ideal of

R. Let ImJ ss Z2* ^3

fcl ^ ^2 ^ * * * •
Then we have a chain of ideals of R,

> tn •

J«_ C J. ctl - t2 • £Jt 
n

Let S , S~ ...... S be the sets such that S, is a set'1 ' 2 ------ n
of generators of J for i = 1 , 2,

Define K : R--> I

i
* • n •

K (x) if x e s.

^ if x£Si - 3,^
3* 0 otherwise
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If xeR and K(x) = then xe
Hence x € since 3. generates Ji 1

=» J(x) ^ t^ • Thus K(x) ^ J(x) .
X e R is arbitrary K C J.

Let J be any other fuzzy ideal of R , such
xherefore

X
r* J. for each iH

si JS Jt
i

■H
-P
•o C J for each i
i

* J c J.

Since

that K C J.

Thus J is the smallest fuzzy ideal containing K i.e.
<K> = J . And clearly K is finite valued fuzzy set in R. 
Conversely let K : R---I be a finite valued fuzzy set in

........ fcn } *1 > H 9">tn

= 1 ,2, 3.........n
=(S1 U S2^ • • •

i = 1, 2 . . . .n

Define J : R--- ► I by
J(x) = ti if x e Jj

a tj! if X£ - *1^

Then J is a fuzzy ideal of R. Let x€R and let K(x) = tj_
=^> x e ^ x e Jr where r is the smallest index r<i

J(x) = tr > ti => J(x) > t±

R.
Let ImK =t { ^*1' ^2

Let 3^ * K-1 (t±) i

Let • J2
iji - \ u si yj»i 7
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Hence K C J. 

such that K c J 

But K
h

Let J be any other fuzzy ideal of R

K C J for each i = 1,2. 
t ii _

y c>5 which generates = J 
j=l " \

Hence J C J , i
H ti

J C J

1,2 n

n

Thus J is a smallest fuzzy ideal of R containing K 

i.e. J = <^K^> And clearly J is finite valued fuzzy

ideal of R.

Proposition (2.4.20)

Tor an exact sequence, 

oC ti
0 —* R' —R ------v R"-----> o of rings, every fuzzy

ideal of R is finite valued if and only if every fuzzy ideal 

of R' and R" is finite Valued.

Proof :

First suppose that every fuzzy ideal of R* and R"

is finite valued. Let J : R ----- > I be a fuzzy ideal of R.

Then £< 1 (J) and /& (J) are fuzzy ideals of R' and R" 

respectively and hence finite valued. Thus, since 

jnd Im/3 (J) are finite, ImJ is finite, i.e. J is finite 

valued fuzzy ideal. Conversely, suppose that every fuzzy, 

ideal of R is finite valued.

Let J" be a fuzzy ideal of R". Then /J1(J") is a 

fuzzy ideal of R and hence Im is finite i.e. ImJ"is

finite.
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Next, let J* be a fuzzy ideal of R* . Then K(J') is a 

fuzzy set in R. Let ^cKrCJ')^ be a fuzzy ideal generated 

by ^(J') . Then by hypothesis is finite valued.

By proposition (2*4*10 ) this implies c< (J1 ) is finite 

valued. Therefore ImJ* is finite since cK is monomorphism. 

Hence the proof.

(« •.


