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CHAPTER 1

MELLIN-TYPE CONVOLUTION
AND [TS PROPERTIES

>>>>>>>>>>>>>>>>>>>>>>>>>>>5>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>



CHAPTER II

2.1 Introduction

Zemanian [2,3] has derived properties of distributional
Mellin-type convolution by using isomorphism between spaces

L and M . But in this chapter we have derived these
a,b a,b

properties of distributional Mellin-type convolution indepen-
dently, that is, without takiné into consideration the space

La,b‘

2.2 The Testing-function space M b :

by,

al’aZ;

Let Ri‘_ denote the open domain of points (x,y), 0 {x (™ ;

2

o<y<w,in K%, For a=(ay, a), b= (b, by) in R? with

a; £ bl and a, < b2 we define

 oa,p (KoY = C ajsayi bysby (x,y)
x_al y.a2 o (x K1 o<yl
—_ x‘-al y_b2 o (x K1 l<y<oo
x-bl yma2 l<x<w o<y<1
\ ;bl ymb2 l1<x< o '1<Y‘<oo

M b..p. 415 @ linearspace of all smooth functions

a11855  Dyaby

8 (x,y) defined on R2+ with values in C., For every non-negative

n
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integer k = (k;, k,) we define functionals o, by

9 (8) & o e . (8)
ky ky = "aj,ay3 byubyi kyaky

N sup Z . o) [xkl+lyk2+l ; k,+k,

2  ox<mw a,b*"? ] X e 8(x,y) | < ®
o<y<oo| Ox L 9y 2

cee (20201)

The "/k are seminorms on M and '/o is a norm.

Therefore {'{k} K20 is a multinorm on M We assign

311855 by,by°

to M the topology generated by this multinorm

31’82; bl’bZ

{'fk} k2o ° Any smooth function whose support is contained in
2

R™, 1s in Ma ,a.; b, b, Other members of the space are
1'%2 1172
u-1 _v-1
XU,y for a;<Reu < b, azgRev<b2 and
kl k2 u-1 v-1

(log x) *, (log y) “x x .« Y

for al<Reu<bl; a, < Rev < b,.

31932; bl'bz

. and for each fixed
61,32, bl’bz
non-negative integer k = (k;, k,) the functions

A sequence {Bv} ool is a Cauchy-sequence in M
y=

if and only if each 8v isin M

k.+1 k kl+k

1 2+1 2
Z a,b (x,y) x Y —ér—*-—g- B (x,y)
ax Lay2 ¥

Converge uniformly on R2+ as v -» o ,
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We shall call this type of convergence as "convergence in

Here afterwards the space Ma b..b will

1°324 2109
be denoted simply by M; pi unless it is specifically mentioned,
?

M . .
a)18y3 bl’b2‘

It is clear that Ma b is sequentially complete and hence is a
’

Frechet-space,

|
2,3 The Dualspace M a,b of Ma,b

The dualspace of M is denoted by M' . Thus it
a,b a,b
consists of continuous linear functionals £ on Ma pe Equality
»
addition and multiplication by a complex number are defined in
1]
the usual way, M a.b is a linearspace over C. <L f, 9
14

denotes the number that f € M'a p assigns with € € M_ .
14 ’

If the support of distribution f is contained in a
compact subset of R2+, then f is in M'a,b' On the other
hand every member of M'a,b is a distribution on R2+. We

'
define a topology for M a,b by using following set of semi-

norms, For each © € M, , Wwe define a seminorm by
y

T (£) = | <f,05]; £ € m cea(2.3.1)

o)

y=1
1 .

in M if and only if for every ©® € M_ } the numerical
a,b a,b

It follows that a sequence -{fv} is a Cauchy-sequence

sequence ®
{<fv , e>}v=l converges,
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This type of convergence we shall refer as "convergence in

M ", It is clear that M is sequentially complete,
a,b . : a,b

2.4 The Distributional Mellin Transform m :

Now we turn to the definition of distributional Mellin-

transform m.

We shall say that a distribution f is m-transformable

if there exists at least one pair of points a = (al,az);

2

b = (bl, bz) in R® with a; < bl: ay < b2 such that

f € M'a pe For each such f there exists a unique set
’

--f“--f in ¢2 which is defined as follows.

A point (u,v) € c® is in -N-. if and only if there

2

exist +two points a, b € R® with a < bl’ a2<b2 such that

1
31 £ Reu < bl; a, <Rev<b2 and f € M a,b’

We assert that J'\-f is a tube, - Becéuse if o‘l+iwl € ---f\--f

for some fixed oy and wy then o + iw € --ﬁ-f for all w,

It is also clear that -ﬂ-f is an openset,

If x = (x),%); ¥ = (y]»¥,) € B° such that
x; < Y35 X, <Yy, and the tube x; { Reu vy;; x, {Rev £y,

t
is contained in —ﬂ—-f then f EM X,y

Let f be a Mellin tran-formable distribution., Its

Mellin transform mf is defined as the function F(u,v) from

2 1

subset -n-f of C° into C~ by
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(mf) (u,v) & F(u,v) & {EOxy), xS hyY=t s L (2.401)

for (u,v) € '_n.f

We shall state following useful result,
Theorem : (uniqueness)

If (i) mf = F(u,v); (u,v) € Jﬁ-f, mh = H(u,v) for
(u,v) € v h and <% £ 1 Nop  is not empty

(i) F(u,v) = H (u,v) for (u,v) € gl Ny,
then f = h in the sense of equality in M'a b
]

2,5 Mellin-Type Convolution 'V'

Convolution of generalized functions arises in a variety
of mathematical problems and is related to the behaviour of
many physical systems, There are two Mellin-type convolutions
which we shall denote by 'V' and ‘A’ . The section is devoted
to discussion of convolution 'V', where the generalized function

are members of M'a pi @ &b, Before coming to the definition
|

of this convolution we prove the following Lemmas,
Lemma 2,5-1 :

Assume that g EM _ ,; © €M and ¥ (x,y) is defined
a,hb a,b

by :
Y(x,y) = <Q(E.Tl): 6 (x& ’YT()>

Then ¥ is smooth function and
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3 kl*kz < 3 kl+k2
’ = sl e (XE: Yq)
mz \]l/ (X Y) 9(2 Tl) MQ >

Proof : Let k = (k;,k;,) be a non-negative integer.

We shall consider two cases.
(i) one of the kl’ k2 is zero,

(ii) both k,, k., are non-zero.

1’ "2

For case (1) first we shall consider k; =1, k, = 0;

2
then increasing kl case (i) will be proved,

We have V(x,y) = { g(€,n), ® (xg, yn) )

Therefore for fixed x and Ax # O we have

fe.c)
-.i.; [V(x +ax,y)=W¥(x,y)] -<g(’E.n). g: (x& , Yﬂ)>

it

i—;[(g(!im). © ((x +ax)E , yn)) - <g(E,n), 6(xE , yn) > ]

fors
- <9(E sM) 'é"“' (xE ’YTI)> eee(2.5,1)

X

i

{alem)s 2= [ 00 (x +2x)E ,yn)- © (xE ,yn) ]

-9
3 (xg, yn) >,

X
Cole i &, (E,m) > say.

where @ Ax(Epﬁ).

—= [8( (x+4x)E ,yn)- © (xg,yn)] - gﬁ (XEZ57H)
X

—
-
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By Taylor's theorem [l, p,43] we have

O( (x + AX)E ,yn) =6 (xE,yn) + AX -3—9- (XE ,yn)

X

f (ax-2) —"""7 o ( (x+2)E , yn)dz

o x+z)

Therefore —f: [ 8( (x+4x)E , yn) - ©(xE, yn) ]
. Ax 32
= Lty +3z g (Ax-z)a(x+z)26 ( (x+2)E, yn)dz
AX 9
Thus ¢ , (E,1) = '-%; f (ax-z) a?x+z)29( (x+z)E, yn)dz
P1*P2

Hence ai:-: T & A (E .

pl )

AX
1
— S—— A-
ax !(XZ) glan] ax+z

But for o <ax <1,

5 8((x+2)E ,yn)dz

p,+p 2 -
g ~ ° 9 8( (x+2)E ,ym)

Ca,b (Esn) sup
6Epl Bnpz a(x+z)2

0L zLAX

is bounded therefore we get

apl+p2 @ ( P B éx ( '
( "q) W——————— E ’n ~3 ' A X z
CaQb E aEpl aqu ax ’AX\ )0
2
=B 1A
= TA%) " = l Ax\

Hence @ ax (Ean) converges in My p t0 O as Ax-» 0, That
is .LHS of (2.5.1) tends to 0 as x =0 . Thus
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9.... . 13.@. ’ =0
ax\y(x,Y) ." < g(E,T]) ’ aX (XE Yn) >

or

%’; WV o(x,y) = {glE ,0); -g-g (xE , yn) >

This means result is established for kl =1, k2 = 0 since
My g is closed under differentation we may apply this result
3

for higher values of kl’ to get

k

1 k)
akl Yxy) = goE,m), %;FT 6 (xk,yn) >

ox

Case(ii) Let ky» k, be both non-zero; and
k

1
K (xE ,yn) = 9 B (x£, yn)
ox L

Now 8 € Ma,bJL € Mé,b therefore using the method of Case (i)

we obtain
k ky+k,
2 )
Qo (K (xE,yn) = Sgp—p= 0 (x& ,yn)
dy 2 dy 29x 1
k,+k ki+k
N 3 1 2
That is, (x,y) =<q(E,n), 8(xge,yn)
M O T e i S )

We conclude that YV is a smooth function,

Lemma : 2,52

In addition to the hypothesis of lemma 2,5-1 assume that
a{ b then Y€ Ma,b where

Vix,y) =< g(E,m), 8 (XE , yn) >



Proof : In view of prece.ding lemma, we need merely to

show that for each k = (kl, k2):

k,+k
k,+1 k2+l y 1

2
G (x,y) [x 1y ] S V¥ (x,y)
a,b ax lay 2

is bounded, We have

k,+k

k,+1 k. +1 1 72
1 2 =
l Z a,b(x’Y) [ X Y J axkl a‘y‘k"2 \fj (x,y) l
k,+k
ky+1l k,+1 1 72
= Za p{xyy) [x 1 y 2 IRECEIE iﬁz 6(XE,yn)> }
’ : ox 1 dy
max
£c 0P <L oiuzp<oo Za,b(x’y)' Ca,b (E ,n). -
Ogp<T o< N

kbl k¥l prel porl K1MKpPPIYR
< oxt oLy® LES L 11— B(xE,yn)
oF lan 23x lay 2

_ max sup
B Ogp&T 0<E<® Za.b""y) Za.b(E’") Z a ptXE s¥M) .
04p,&T o< n<@ Ca,b (XE »¥M) 3
kj+1 k+1 pr+l py+l  y<1tRa*PLPy
. X Y £ U n 6 (XE,YTI)

k
AEFlanpzax 1oy 2



| ~ sup
= G ol L@

Za,b(x»Y) Za,b (E."i) l J .

oM@ | Z 4 p (xE» ¥1)
max
k,+1 k. +1 p,+1 p,+l
°4pljr & a,p(XEsyn) x 1 y?2 gl Ta? .
0<p,4LT
2\ .
akl+k2+pl+p2 6 )
P oy R K 0GR
AE 5n dx ay
k,+k. +p,+p
1727172
But 9 w— 0 (xE ,yn)

5K
SOF Lon 23x Lay 2

k +k2
NP2 3 - 8 (xe,ym)
- p p [ axklé ‘2 )
dE l.a'f} 2 Y
apl-l-p2 akl+k2 k k2

H

k
3 Lan 2 3(xx) La(yn) 2

k,+i+k +]
I T B (x&,yn)
REEARLALE echamne B R
= 9( xE) a(yn)
k,=p,+i K,=p,+]
i 17P1 27Ps
X yj Ci,kl E Cj,k2 n

Z: a,b (x,y) Z'a,b(E’n)
Z a,b (XE Y1)

And

is bounded by 1

1
¢ Bxg,ymy BT ]

26
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Therefore
sup | kl+l k2+l ak1+k2
: Za b(xo‘)’)x Y \I/(x y)
0<x<00 ) -'-1;—-7;-6 16 > ’
o<y <@ X oy
£C; max Zl ZZ a b '
OSplSr i=o j=0 kl’i kzyJ
O<p KT
sup : kl+i+l k2+j+l kl+i+k2+j ’
0<x<0q 0Ly C, L(xE,yn)(xE) (yn) J
a,b
’ K,*1 Ka+3
0<E<00, 047K aixe) L d(ym) 2 |
v max P1 P
Thus W <K¢c . . (O
kl,k2 < 2 0gp T izo jio 7k1+1,k2+3 (0)
0P KT
{ o, as B¢ Map e
Hence Y (x,y) € Ma,b’ for al.é'bl; a,< b, , and

proof is complete,

Lemma 2,5~3 :

- - . 2
Let a = (al, a2) b = (bl, b2) be points in R® .

)
If (i) a< b and geEM ;|
?

(ii) sequence {ev}oo

converges in M b to O
v=1 a

(111) y, (xy) 2 Lo (E,m), 6 (xE ,ym) >

then the sequence {\K’} y=1 converges in Ma,b to zero,
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__Z:a’b“(sY) Z:a,b (E,n)
C a,pl*E s ¥

is a bounded function from lemma 2,5-2 we have,

k4l kol 3F1tko

Proof : Since K ( (x,y), (E,ﬂ))

|y [x Py 2] Ay, (k)
0¢x<® Ka,b ! [ ] a-xklaykz \f/v !
o<y<{m

max P Py sup
£ C, OpKrT z T 0<X<0 , 0LYL O
OSPZSI‘ i=o  j=o 0{¥F<00, 0<N<m™
kl+i+l k2+j+l kl+1+k2+j

T 5, p{XEayn) (xE) (yn) 3 B (xE,yn)

a, -7y

k.41 k
3(xE) I “a(yn) 2

This means for every » ,

o C, max £ T (8.)
But by hypothesis (ii) ev-—? o as v #CO.
Therefore

efor \y& -0 a5 Y -0 ,

Thus } @ ‘
nus sequence {\U& =1 also converges in Ma,b to zero,
We are finally ready to define convolution,

Definition of Mellin-type convolution 'V!

Let f and g be two generalized functions in M'a p 2nd
]
a<b, Then convolution of f and g denoted by fvg, is

defined as a functional on Ma b by
’
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Ctvar 0> = Letoy)s CaEam), 8 Gk DD enn(2.52)

for O € Ma,b .

RHS of (2.5.,2) has a sense, since <g(§,'q), () (xg,yn)>

a member of Ma,vb whenever 6 € Ma,b; by lemma 2,5-2,

Moreover this functional is linear on Ma b and its continuity
]

follows from lemﬁla 2.5=3,

Theorem 2, 5=1

2
Let a = (al, a,) b= (bl’ bz) € R™; al<b1; a,<b, .

If f and g are members of M'a p then fvg defined by (2.5.2)
¥

t
is also a member of M .
a,b

Proof : By lemma 2,5-2; <g(‘a,n) , O (xE,yn)> is a member of

Ma,b whenever © 1is a member of Ma,b‘

N
ow for 91, 9,

{tvg, @ 0, +B 8

= <f(x’y), <9(E ,Tl) y el + B 92>>
= <f(><.y)': «<g, 937+ B<9y 9,55
o {£(x,y), Lg(E,1), 8,(xE, ya)H»
+ B<f X;Y <g(E ’Tl)’ 92(’(27 YTI)>>

a<fvg, 81> + B <fvg, 92>; a, BEC

which shows that fvg is linear on My e
4

€ Ma,b we have
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If ¥ (x,y) = < g(E,m), o, (xE,yn) >

lemma 2,5-3 the sequence {\Vv} o converges to zero
=1

function in Ma,b; whenever 97’ -0 in Ma,b' Since f is

continuous and linear < f, V,)—> 0 as v,

Thus <fvg, 9v>-> o whenever 6 ~-»0 in Ma,b

and hence fvg 1s continuous on M, p» Now fvg, being
]

a continuous linear functional on Ma b? is a member of M; b
9 1

Theorem : 2,5.2

1]
If fEM,,and g€D(I) where I =R’ then in
?

the sense of equality in D'(I); fvg 1s equal to a smooth

function on I namely
- 4 g 1
(tvg) (E,m) = {ex,y)i £Fa (5,30
where (E ,n) € I .
: i1 E 1
Proof : We shall prove that <f(x,y), xy 9 ( X1y )>

is a smooth function., Let k = (kl, k,) be a non-negative

integer, First suppose that k k =0, and
Y (&) = {Exay) £ 5 g (‘i ﬂ)>

for £ fixed and AE # O we have

3
A veEsarm v m] - iy, £ 20 5.1

— [(f(x,y); ;(:'1‘% g (E:AE’ 3)>“' <f(XDY); ';]'(."}17 of 5’3)>]



1

g

(&

)7

< |3

= {Exy)s 5%
. E,
- ety b BLo(EESE D) g (B 1) ]
11 99 ﬁtﬂ.
T Xy o <x y)>

=, £x,y)5 Qe () 5 say.

Q-

By Taylor's theorem we have

g (22, 1) =g (

X Iy
<=
S~
+
i
lc»
(o]
~~
e Fard
<3
-

- 32 E+z q
At , d
g. e 3(E+2)2 ° ) dz

Therefore -)-(l-% (_E,:’:_‘_\E ﬂ)_g-(é.’ll.>]

2
T Xy of Cxoy) fo a(E 2)2 (%
- E T‘
ot qx (g D05, 3) - (5 3) ]

AE 2 .
1 %3 (E ny, L f AE—z) D Btz 1)y,
Xy dE ( x 'y )+ Xy A% ( a(E+z)2 9 ( X )

E
Hence B,y (x,y) = xyAE j (48-2) a(é 7)2 o( ¥, ) oz
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P1*P,
consequently Pi. P QAE (x,y)
ox ~dy
p,+p AR 2
al 2 1 I(AE-Z) 6 (E..._t-g’l)dz ]
5. Py L xyor 29V X 'y
ax la 2 Y o 6(E+z)
AE
Pl+p2 2
L S St [Q. L B
AE . ax 1ayp2 Xy a(E+z)2 X Y ]
But for o<4g<1 ,
P17Po 3
0 1 E+z M
. sup =z -
Za,b(x v ocz<at | axPl asz : ¥ 9(E+2)? ° ( X y) ]

is bounded and therefore we get

P1+P;
3

Capxey) So—s &, (x,7)
2,0 3xplayp2 °

AE
B - B ‘
\< m f (AE- Z) dz = ‘z"lAE‘
(o]

This shows that @AE (x,y) converges to o in D(I) as AE =0 .

==>%E-‘f’ (E.ﬂ)—<f(x'y)’->l<" JE (§’3)>

tends to o as A - o,

3 _ L 39 ¢k n
#dEW(EoW)’“<f(x'Y)’ Xy aE<X’Y)>

Thus result is established for k, = 1, k2'= O. Since D(I)

is closed under differentiation, we can apply repeatedly this

SARK. BALASAHER KHABUEKAR LIBRAR
SiVAJ) UNIVERSITY, KOLEAPYR
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result for higher values of kl; to have

k Kk

T _ L 3l Eon
mw<z,n)~<f(x.y). il oy s ( 5:5))

For k2 # 0, kl #0 we take

k
rony o 9% £
Tlewg) = gmoelxy)

Since g € D(I), % € D(I) using the same method as above

we obtain
k
d 2 kl+k2
% fg-.ﬂ =§"'E"‘"E‘_9(§"1)
e Xy dn 29E 1 o
k,+k
172
That is ak - y/(E ) =
on 2 3 1
k,+k
3 172 ¥
f! ’ v ' =
< £(x,y) 5;§E-ggglg (% y ) :}

We conclude that YV is a smooth function,

2,6 Mellin Transform of convolution 'V!

The following theorem states the exchange formula for

Mellin transformation and two properties of Mellin-type

convolution that can be derived from the exchange formula,

Theorem 2,6-1

If mf(x,y) = F(u,v) for (u,v) € L¥,

mg (x,y) = G(u,v) for (u,v) € ~vg and ~ﬂ—ff7 g is
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nonempty then fvg exists in the sense of Mellin-type
convolution in M'a,b and m (fvg) = F(u,v) G(u,v)
Moreover (i) fvg = gvf (commutativity)
(ii) 4if mh = H (u,v) for (u,v) € Jﬁ~h‘
and s gl is nonempty then
fv (gvh) = (fvg)vh (associativity)

Proof :

By Lemma 2,5-2 if a{b then

V(x,y) =<a(% ,1); © (xE ,yn) > is a member of Ma.b .
Then by theorem 2,51, fvg defined by

< fvg @ Y= {£(x,y) ;<9 (E,0), © (xE, ya)> )

f
is a member of M a,b *

Now m (fvg) = <f(X,Y) , {a(%,n) (XE)U-I(YTI)V-l >>

i

< £(x,y), xu'lyv"l> {ole,m), =41y

F(u,v) G(u,v)

Also m (gvf) = {g(E ,n), {f(x,y), (xE )u-l(Y'ﬂ)v-l>>

]

L9(g,m), E""lnv"1> CElxyy), x* V=1
= G(u,v) F(u,v)
Therefore by uniqueness theorem we get

fvg = gvf; which proves result (i) .
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Now chodse (u,v) € -Omg N g/l Lo then as above we get

F(u,v) G(u,v) H(u,v)

]

m [£v(gvh) ]

m t(fvg) vh ]

n

The uniqueness theorem implies again that

fv (gvh) = (fvg) vh in M .
a,b

2,7 A Second Mellin-type convolution 'A’

Before defining this Mellin-type convolution we prove

the following lemma

Lemma 2,7-1 : If f(x,y) € M'a b then the function
4

1
X

<

l ]
f(?'%) € M b, 1-a°

Proof : We have <'% % £ ( % % Yo B (xy) 5

1
= {txay)s 55 GG y) Y
Therefore we require to prove that

11 11
g(xy)em, = 228 (F5)EM b, o

Consider
ilg 411
‘{l-b,l-a,kl,kz ( Xy ¢ (x’y) )
k.+k
k,+1 k. +1 1 2
_ 17 279 11411
= sup | Zpp,1-a0%0Y) X Ty ‘S"EI“S'Eé(x y 2oy )
: X Y

ees(2.7.1)



For klafO, and k2=O

. kytk
xkl-!—l k2+l 3 1"™2 11 ; (_l_ .L)
Y "‘EI"“T{Z [xy Xy ]
_ dx “dy
ky+l 311 11
= X .Y-a-;kz [';;;¢(;»‘§)]
k+1 5K L1l
= X m(;g(;’?) )
k) +1 Ky 1 1 . o gk ) ]
= X [ (-1) x-T_l"'lio x ia(;(l_)i x'y
k .
k 1 i
1 ) 11
= (=1 » v C. . =y
(=1) oo Rryare @ (3 y)

Therefore for ki #o and Kk, # o we obtain

k,+k
k,+l  k,+l 172 |
1 2 rilg i 1
Xt .y "a'T;l——rgz[ny’(x,y)]
dx “dy
k. k .
_ Btk 1 2 11 3i+d g (L4
= (=L Lo Gy 1T X'y
ete A TR TR

AlSO, Z:l-b, l_a(xoY)' =")J;:"§J;' Za b ( ')'(]'-' ’ %‘ )
o7

Using these results in (2,7.1) we get

11,1 1
Tlob, 1-a, Kk, (XY Gy

36
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i
= (L1 o C i+1Al+l ke ¢(%%)
= Sup Za,b ')-(.’;,' 5.20 jEO ij x yj a(%)ia(%_)j
k, k
- 1 2 (1 1y (Lyi+l Ly3+l  gi+]
- P lzgjzo Za b*x X ( §7( 'L)I
3(x) o) Y
kj K
=% % CuTanyy @

{ ®» as @€ Ma,b .
11 i1
Hence xyg(x’y)e Ml-b,l-a.
It follows that f € M'a , implies that
1 1, (L1 1
Ly ECE ) e M

Remark It is clear that f(x,y) € M

f
l"b, l"a

11 1 1
- ;;;‘F(;,?)GMa,b-

Definition of second Mellin-type convolution 'A'

2

Let a = (a;, ay), b= (b, b,) be in R such that

] f
al<bl’ a2<b2. If fEM and g € M we

l-b, l-a a,b’
define second Mellin-type convolution product f A g of

f and g by

(£A9) (xy) 2[5 £ (D 1V g (xy) cer(2.7.2)
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That is for any 8 € Ma,b ’
Cing, 0=LEL e (22, Lolem), @ (xe ym) >

1 1 E
= £y Galeamy 1 §0 (50 3) >

Right hand side of (2.7.2) has a sense because

t

,%) € M, when f(x,y) € M'l-b,l-a; by lemma

x|

£ (

]

il
Xy
2

.7-1, and (g(&,n), %%9 ( % -3-)) is a member of Ml—b,l—a'

The next theorem gives two results about second Mellin-type

convolution ' A ',

Theorem ¢ 2,7=1

(i) cConvolution product f A g defined by (2,7.2) is a

]
member of M a,b
(ii) If mf = F(u,v) for atleast l-b; < Reu {l-a; ,
1-by <RGV<1-32 and mg = G(u,v) for atleast a; { Reu <by;
a, < Rev <b2 then
m (fAg) = F(l-u, 1-v)G(u,v)
Proof : (i) Since f € M'l-b' 1-3 by lemma 2,7-1

11 11 !
rir f (;,v) EM a,b * Then by using defn. (2.7.2) and
. f
theorem 2,5-1 we conclude that fAg is a member of M a.b °
’
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(ii) By lemma 2,52 for g € M'a,b ,
Y (x,y) = <aqlg,n), 8 (xg, yn) >

is a member of Ma,b .

11 11
Hence £ ;-\V(;-;) € Mj_p i-a by lemma 2,7-1,
11 g
That is, <{g(&, 1), 550 (3, 3) >
is a member of Ml-b, l-a *
By part (i) above fAg defined by

< fag, 8O =L£(x,y), <ot ,n), %%9 (£, 3‘)>>

1
is a member of Ma,b .

Now consider m (fAg) (u,v)

={(£Ag) (x,y), U=l yv-1s

- 11 u-1 4 v-1

=< f(x,y), <9(E ,n), ;(-;;()—EL)‘ (3) >
u-1_v=1

=f(x,y), Lg(& 4n), Ex“ y"v >>

={E(x,y), xS (o () wigvls

= F(l-u, 1l=-v) G (u,v)

Thus we have proved

m(fAg) (u,v) = F(l-u, lev) G (u,v)
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