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CHAPTER II

2.1 Introduction

Zemanian [2,3] has derived properties of distributional 

Mellin-type convolution by using isomorphism between spaces 

L , and M But in this chapter we have derived these
3 I D 3 y D

properties of distributional Mellin-type convolution indepen­

dently, that is, without taking into consideration the space

La,b*

2.2 The Testing-function space M_ , .
al a2 ’

2
Let R+ denote the open domain of points (x,y), o<x<co;

2 2o < y < oo, in R . For a = (a^, a2) , b = (b^, b2) in R with

al ^ ^1 and a2 < b2 we de^ne

K a,b “ £ a^,a2; b^,b2 (x,y)

f x'

v

"al “a2 
: y 0 < X < 1 o <y<l

~al y"b2 o < x 4 1 1 <y <oo
-b -a2 

; y 1 < X < 00 o < y 4 1
.b -b
: y 1 < X < 00

•

1 < y < oo

M
1 ’ a2' b, ,b~ 1*2

is a linearspace of all smooth functions

20 (x,y) defined on H + with values in C. For every non-negative

URL MIASM®JHJM0WJ2
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integer k = (k^, k2) we define functionals nPk by

A

v (e) A K . W k (0)
k1’k2 “ dl,a2* d1,d2* *1’ 2

sup
0<X<00

o<y<oo

k1+i k2+i k^+k^
y ] Lt—r-e<*,y)

dxRl dy 2 < GO

... (2.2.1)

The tV are seminorms on WL , u u and 7^ is a norm, k a^, a2; , r>2 o

Therefore is a multinorm on Ma a . ^ ^ . We assign

to JVl , v . the topology generated by this multinorm 
*a2* °1 * °2

{^k} k^o * sm00^ function whose support is contained in

R , is in M•f

u-1 v-1

, _... . , . . Other members of the space are+ apa2; bpfc>2 r

x . y " for a^<Reu 4 b^; a2<.Rev<b2 and 

(log x) 1„ (log y) 2* xu~l , y^1 

for a^<fieu<b^; a2 < Rev < b2,

A sequence -f 0„ f 00 is a Cauchy-sequence in M , K h 
l yJ y_jL al,a2’ d1,d2

if and only if each 0 is in _ . , K and for each fixed
v al’a2' D1’D2

non-negative integer k = .(k^, k2) the functions

k +1 k k,+k2
t a,b tx-y) * V J------ u- 0 (X.y)3xkl 6yk2 y

2Converge uniformly on R . as y ~y oo .
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We shall call this type of convergence as "convergence in

al»a2* bl*b2 al’a2’ bl*b2

be denoted simply by b; unless it is specifically mentioned.

It is clear that Mg is sequentially complete and hence is a

Frechet-space.

t
2.3 The Dualspace M g b of Mg b

The dualspace of Ma b is denoted by M a b. Thus it 

consists of continuous linear functionals f on Mg b# Equality 

addition and multiplication by a complex number are defined in 

the usual way. M b is a linearspace over C. < f, Q>
9 I

denotes the number that f 6 M a ^ assigns with 0 6

If the support of distribution f is contained in a
2 •compact subset of R +, then f is in M a ^ On the other

i * o

hand every member of M b is a distribution on R +. We
I *

define a topology for M g b by using following set of semi­

norms. For each 0 6 Mg b we define a seminorm by

VQ (f) <f, 0 > | ; f 6 M’a>b (2.3.1)

It follows that a sequence fyj- 00

• _ 
in M 3 b if and only if for every 0 6 Mg b

sequence cd
{<fv * 0>}v=l converges.

is a Cauchy-sequence 

the numerical
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This type of convergence we shall refer as "convergence in 

• *M _ . It is clear that M K is sequentially complete.o | D a

2.4 The Distributional Mellin Transform m :

Now we turn to the definition of distributional Mellin- 
transform ro.

We shall say that a distribution f is m-transformable 
if there exists at least one pair of points a = (alfa2); 
b = (b^, b2) in R2 with a^ < b^; a2 < b2 such that

t
f 6 M a ^ For each such f there exists a unique set 

in c2 which is defined as follows.

A point (u,v) € C2 is in if and only if there
2exist two points a, b G R with a^ < b^, *2^2 such that 

a^ < Reu < b^; a2 <Rev<b2 and f G M*a b.

We assert that is a tube. Because if <r j^+iw^ 6

for some fixed <r and w^ then cr^ iw 6 for all w.
It is also clear that is an openset.

pIf x = (x1,x2); y = (Yi»Y2) 6 R such tha't 
Xi< y s x2 < y2 and the tube x^ ^ Reu ^ Yp x2^Rev ^ y2

t
is contained in *-A-^ then f 6 M x,y*

Let f be a Mellin transformable distribution. Its 
Mellin transform mf is defined as the function F(u,v) from 
subset of C2 into C* by
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(mf) (u,v) £ F(u,v) A <^f(x,y), xu”iyv'’* y ,,,(2.4,1)

for (u |v) 6

We shall state following useful result.

Theorem • (uniqueness)

If (i) mf = F(u,v); (u,v) G mh = H(u,v) for

(u,v) S *AL. h and -A- f fi is not empty

(ii) F(u,v) = H (u,v) for (u,v) 6 -TUf fl-TL^,
f

then f = h in the sense of equality in M ^

2.5 Mellin-Type Convolution 'V1 :

Convolution of generalized functions arises in a variety 

of mathematical problems and is related to the behaviour of 

many physical systems. There are two Mellin-type convolutions 

which we shall denote by 'V' and kA* . The section is devoted 

to discussion of convolution 'V', where the generalized function 

are members of M . ; a 4 b. Before coming to the definition 

of this convolution we prove the following Lemmas.

Lemma 2.5-1 :

Assume that g 6 M*a 0 6 Ma ^ and Y(x,y) is defined 

by
Y(x,y) * < g (E , tj) ; 0 (x£ , yrj) >

Then 'f' is smooth function and
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-------  y (x,y) »^g(S,l)i |lq——k2 9 (*?> Yl) V
dx i.ay 2 dx1 iy 2 /

Proof : Let k == (k^) be a non-negative integer.

We shall consider two cases.

(i) one of the k^, k2 is zero.

(ii) both kp k^ are non-zero.

For case (i) first we shall consider k^ = 1, k2 = 0; 

then increasing k^ case (i) will be proved.

We have y (x,y) = < g(£ ,n) > 0 (*£ , yTl) ^

Therefore for fixed x and Ax ^ O we have

~ [Y(* + Ax,y)-y(x,y)] -^g(^,n)t ~ (*£ » Yn)y
ox

= —•[ <g(^»il), © ((x +ax)^ , yn)>- <g(£,ri) , 0(xg , yii) ]

- <gU.il), ~(x^,yTi)> ...(2.5.1)
dx /

- 9(5 .l): -jfc [ s( (x + ,y>l)- S (x£ ,yr|) ]

- — (*ij . yi) >
OX ' *

= < gU ,H); $ Ax U .*l) y say. 

where $^(£,1])

= [0( (x+Ax)£ ,yrj)- 0 (x^.yrj)] - ~
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By Taylor's theorem [1, p.43] we have

0( (x + Ax)£ .,yn) = 0 (x£ ,yq) + Ax — (x£ ,yn)dx
AX
J (Ax-z)

d(x+z)
0 ( (x+z)£ , yT))dz

Therefore -----  [ 0( (x+ax)£ , yt]) - 0(x^, ytj) ]
Ax

Ax 2
- 60 (xE,yn) j (ax-z)J_-2q ( (x+z)5, yr|)dz

dx a(x+z)‘

AX
Thus {^(S.II) -4x ^ (Ax-z)

d(x+z)
-2e( (x+z)£, yn)dz

Hence
PX+P2

asPl
5 ,i)

Ax
1

AX
a 2 J?----  0((x+z)5 ,yri)dza2f (Ax-z) i-p----p~ 7”----

J an 2 ^(x+z)

But for o <Ax < 1 , 

K a,b (5 tH) sup
0< Z<Ax

a Pi+p2 a2
a/2 8(x+z)‘

0( (x+z)£ ,yri)

is bounded therefore we get
aP

^ a ,b “p ■' '3"_ x ax
J3 l+p2

a5pi anp2
B

AX
r

| Ax |
J ( Ax-z)dz

B
I Ax)

) AX| j I Ax |

Hence $ Ax ,ti) converges in ^ to 0 as Ax-► o . That 
is LHS of (2.5.1) tends to o as x -*> o . Thus
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f-'f'(x.y) -<g(E,r|)j . Yl) > =0
dx N dx

or
I- V (x.y) = <g(5 ,1); Is (XS • vi) >
3x dx

This, means result is established for k^ = 1, k2 =* 0 since 

Ma b c^osed under differentation we may apply this result 

for higher values of k^, to get

k^ k ^
-V" Y (*.y) = <g(H.i). (xE.yn) >
ax 1 3*

Case(ii) Let kj,, k2 be both non-zero; and

kl
% <*S ,yTi) = firr 6 (*? . yn)

OX 1
Now 0 6 Mg 6 Ma 5 therefore using the method of Case (i) 

v/e obtain
k kl+1<2

(^(xf.yn)) = ~-tet.-V7 9 (xf
dy"z 3y 23x ^

kj+k2 ki+k2
That is, ----- % Y(x>y) = t7!) • —£---- Ki ®(xH»yTl) />

ay^dx"1’ ’ 3y 23x

We conclude that y is a smooth function.

Lemma ; 2,5-2 ;

In addition to the hypothesis of lemma 2.5-1 assume that 

a 4 b then 6 Mg ^ where

y(x»y) = <C g(£*n)» © » y*i) )>



Proof : In view of preca-ding lemma, we need merely to

show that for each k = (k^, k2);

25

k,+k„k,+l k_+l <\ 1 2
ta.b (*.y) t *1 y2 ] ■■ k.-■ 'ir y (x-y)

3x 13y 2a,b

is bounded. We have

k.+k.ki"fl k_+l ^ 1 2 -II. .Cab(x*y> [*1 y ] r

k +1 k +1 *^1*^2
^a,b(x»yHx 1 y2 3 < g(^»n); 6(x^y^))

max sup
o<p^r o<£<oo
o^p2<r o<ri<oo

Ca,b^x,Y^* £a,b ^

x
k +1 k.+l p.+l p.+l ,'tl+k2+pl+p2

y 2 • E 1 ■ n 2 A-----:-----K---- u- QfxE.ytl)
A 2

max sup
c o^p^r o<£<oo

o^p24r o<t)<oo

ta,b(x-y> A.b^’’11

Z*,b (x5 -yi)
A,b(xS .Yl)

k,+l k.+l p.+l p.+l ,k1+k2+p1+p2
xl y2 A A V..pi-T,—Q te.™)

2dx 1dy 2



= c
sup

o<£<®
^>a,b^x»y) £a,b (H*^)

"s

0<T|<CD £ a,b (x£ - /
max

o^p^r j. ^ 
ocp2<.r

k,+l k +1
a#b(xH,yn) x y 2

p1+l p2+l

^1+k2+Pl+p2
0 (x£, Yl) ]

k,+k +p +p
But ..y. :....V k - 9

d^V2** V2

api+p2

d?Pl.anP2

aPl+P2

a^Plar,P2

ki+J^

\ k. ‘k- 6 ]dx 2 J

k.+k.
a i 2

ki k2
------- c------- k QCx^.yn) H 11
a(x'E) 1<^(yn) 2

P1 P2
E E 

i=o j=o
E E ( r) ( V )

pit , p2t a 
i ' 1 j

kjL+i+k2+j
---------ra-------- tttj 9
a(x^) 1 8(yt|) 2

i va C J‘l"Pl+i „k2‘P2+J
Y 5 °j,k2 71

t a,b (X-V> ga,b(S’^
£ a,b (x£ ,yn)

is bounded by 1And
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Therefore

sup
0<X<00

o<y<oo

k,+l k«+l k^+k,,
^a-b<x’Y)x Y A-v-isr V'(x.y)axKlay 2

^ C, max
o^p^f
o^p2<r

Pi
S

i=o j=o
E ak1,i • bk2,j

sup
o<x<oq o<y<oo
O<£<00, O <T|<00

^a,b(x^,y7*)(x^
k^+i+1 k^+j+l k^+i+k^+j

(yn) d______ 6iTTT k0+j
d(x£) 1 atyrj) 2

Thus 'i k (r> 4 C- ”a*

o<p2<r

<C oo , as 0 6 Mg ^ .

P1 p24 £ V.^(6)

Hence ^(x,y) 6 Ma^b, for ap4b2 ’ and

proof is complete.

Lemma 2.5-3 :

Let a = (a^, a2) b = (b^, b2) be points in

If (i) a -4 b and g 6 M a ,b

(ii) sequence $0 *]■ 00 converges in M . to
V. m S y. ^ a | w

(iii) y/y (x,y) A <^g ,T|) , 0y (x£ ,yn))

then the sequence V=1 converges in

O

a, b to zero



28

Proof : Since
K((x,y),(^)) = ^^(X’Y)^^(S^

C a,b(x? > Y1)

is a bounded function from lemma 2,5-2 we have,

k,+k.
sup

0<X<00

o<y<co

ki+1 k2+l '*2
£a,b(x'Y> [ x Y ] ~k^-—Yv <X'Y)

max
< c2 °<Pl<r

P2
E

i=o j=o

Pi
E

bx lby

sup
o<x<oo , o<y<oo
0<£<00 , 0<T|<00

kj+i+1 k2+j+l k^+i+k2+j

'C a,b^>yT1^x^ (yn) — kV+i k0'+j v 
d(x^) 1 a(yr|) 2

Q (x^,yt|)

This means for every v ,

^kl’k2 <Yi> ^ °2 maX i j ^ki+i* k2+J (6v 

But by hypothesis (ii) 6 o as v -* co ,

Therefore ^f/v -+ o as v co

Thus sequence i Ur f 00 also converges in Ma , to zero,
<• r VJ 5,=! a»D

We are finally ready to define convolution.

Definition of Mellin-type convolution tVt

Let f and g be two generalized functions in M* , and
3 } D

a<b. Then convolution of f and g denoted by fvg, is 

defined as a functional on Ma ^ by



n

< fvg, e> = <(f(x,y), <(g(^,Tl), 0 (x$, ...(2.5,2)

for 0 6 M ■d f 1)

RHS of (2.5.2) has a sense, since </g(£,T|), 0 (x^,yr)f^ is 

a member of Ma ^ whenever © 6 Ma by lemma 2.5-2.

Moreover this functional is linear on M K and its continuitya ) u
follows from lemma 2.5-3,

Theorem 2.5-1

2
Let a = (a^, a2) b = (b^, b2) 6 E ; a^O^; a2 < b2 .

If f and g are members of M b then fvg defined by (2.5.2)
t *

is also a member of M , ,0)0

Proof : By lemma 2.5-2; <^g(^,Tj) , 0 (x£,yTj)^> is a member of

M , whenever 0 is a member of M , .
& fD 3)0

Now for ©2 6 Ma b we ^ave

<^fvg, a ©jl + 0 02^>

= <\f(x,y), <(g(^,n)» a 0i + 0 02)>>

= <s/(x»y); «<g. ©!>+ 0<g* e2)-^

= a <(f(x,y), ^g(^.ri), 0JL(x^, Y^)^

+ 0<f(x,y), <g(^,Ti), 02(x^, yr,)>>

= a <^fvg, + 0 <(fvg, ©2> ; a, 0 6 C

which shows that fvg is linear on MQ fa.
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if % (*,y) = 0„ (xE,yTi))> ; by

lemma 2.5-3 the sequence J\i/ j- 00 converges to zero
*- y=l

function in A/L whenever 0 -*o in M„ . . Since f isa,b v a,b
continuous and linear <^f, ► o as v -+od ,

Thus fvg, 0 \ > o whenever 0 —»-o in ,

and hence fvg is continuous on Now fvg, being

a continuous linear functional on Ma . , is a member of M* .a, b’ a,b

Theorem ; 2.5-2

If f 6 M*a>b and g 6 D(I) where I =* R2+, then in 

the sense of equality in D* (I) ; fvg is equal to a smooth 

function on I namely

(fvg) (E,n) = <(f(x»y); x y 9 ^ | ’ y O

where (£ ,Tj) 6 I i

Proof : We shall prove that <^f(x,y), ~ ~ g ( ~ 1

is a smooth function. Let k = (k^, k2) be a non-negative 

integer. First suppose that k^ = 1, k2 =0, and

Y(E ,1) = <f(x,y). 77 9 < I • y >)>

for £ fixed and a£ ^ O we have

-St -y<5-i)] -<f(x,y), 775! ( | • ?)>

[<f(x,y); ^9 y )>-<f(x.Y); 7 7 9( x-y>> ]
X
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<f(x,y); ( I’ 7) >

= <f(x,y), A_ -g(i.a) ]

11 ia ( £ . i) \
x y x x Y7/

-•<Cf(x,y); 5A^(x,y)^« ; say.

By Taylor's theorem we have

9(l^S,a,-g( |,i)+ A6||(|.i)

&
+ j (A$=_z) *2

3(£+z)
dz

Therefore £ £ [ g , Z) . g ( £ 1) ]

|| ( I, a ) +-iy/w-z) -§i—2
xy x y dOj+z)2

9(4^ . y )dz

or n).g(| i)]
y

A?
= _1_ $3 ( I ,1 )+ -i— f (45-z)-^------ , g (l±s a )dz

xy ag V x y ' xy At J \vp+,)2 9 ' X Y 7xy A£
o
At*

dK+z)'

Hence $A5 (x,y) = Xy aj= { (^-x) 2 9(7**. £) dz



33

consequently
dPl+P2

3xPldyP2
$Ag U.y)

p +Pa 1 * - i
Pi P2 *• xyA^

ox oy o

/ (AH-z)
d(£+z)‘

9 (E-r - 7 >d2 ]

1
= AH

,pi+p2f <*5-z) 1 p--— [

3x idyP2 L x y
a2

a(^+z)
s(*LLi , a ) ]

) ' V * V j
dz

But for o<a^ < 1 ,

Y a b(x»y) sup^ a*D 0<Z<A£

,Pl+P2

3xpl ayKZ L xy a(H+z):72 [ «(¥-7) ]

is bounded and therefore we get 

pl*p2
a_

axrAa/
Ca,b<*-y> 7pI7p2

^ _S_ | ( ASU z) dz = 11 ^ I
|AH|

This shows that $A^(x,y) converges to o in D(I) as A£ -*o

=* l?r (e ,’l) “ <f<X-y)’ ^7 If ( I • y ) >

tends to o as A£ —»• o.

=* =<f(x,y), JL If ( | . ^ ) >

Thus result is established for = 1, = 0. Since D(I)

is closed under differentiation, we can apply repeatedly this

MHfi. BALASAHEB KHARUEKAR lUMAT
9U1VAJI UNlVcBSlTY. KQLfciAPWft
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result for higher values of ; to have

d 1
-----u- Y (E .1) = <f(x,y), -±- |4- g ( \
3Ek1 xy 3? l *

>>

For k2 4 O, k^ / 0 we take

■*. ( 1 3) =Li-g(i,l)
A ^ 1 y ; i’U x y

Since g 6 D(I), 7^ 6 D(I) using the same method as above 

we obtain

ak2

X (!•*)

That is

3n " ' * y ' a-f2^

k,+k0

Ak,+k0
a 1 2 a ( £ 1 \

kn k, ^ ' x' y )

3tj 2' *
k i + X

< *(*.*>. r^-~-/ £ -
a *2 3^]T|

r.g (\ . J ) >

We conclude that Y is a smooth function,

2#6 Mellin Transform of convolution tVt

The following theorem states the exchange formula for 

Mellin transformation and two properties of Mellin-type 

convolution that can be derived from the exchange formula.

Theorem 2.6-1

If mf(x,y) = F(u,v) for (u,v) G -fLf, 

mg (x,y) = G(u,v) for (u,v) 6 -H-g and -A-f fi ^H-g is
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nonempty then fvg exists in the sense of Mellin-type 

convolution in M g b and m (fvg) = F(u,v) G(u,v)

Moreover (i) fvg = gvf (commutativity)

(ii) if mh = H (u,v) for (u,v) 6 -H-h 

and -H-f A -TLgD -TTub is nonempty then

fv (gvh) = (fvg)vh (associativity)

Proof :

By Lemma 2.5-2 if a 4 b then 

^(x.y) s<(g(£ ,ti); © (x£ ,yt]) ) is a member of M b . 

Then by theorem 2.5-1, fvg defined by

< fvg?e >= <f(x,y) ; <(g (S ,n) , 0 (x£, yTj) >
I

is a member of M , , .a ,b

Now m (fvg) = < f (x ,y) , <g(? ,rj) (x^)u“1(yTi)v"1 >^

= <f(x,y), x^V-1) <gU.ii), *u-Y"1 >

“ F(u,v) G(u,v)

Also m (gvf) a < g( £ ,rj) , <f(x,y), (x ^ )u“1(yr))v”1 >)>

*<gU.i>. fV‘1><f(x,y),

= G(u,v) F(u,v)

Therefore by uniqueness theorem we get

fvg = gvf; which proves result (i) .
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Now chodse (u,v) 6 -TL-f H -TL.g ^ -0-^ then as above we get

m [fv(gvh) ] = F(u,v) G(u,v) H(u,v)

= m [(fvg) vh ]

The uniqueness theorem implies again that 

fv (gvh) = (fvg) vh in M , .

2.7 A Second Mellin-type convolution ’A*

Before defining this Mellin-type convolution we prove 

the following lemma

Lemma 2.7-1 i If f(x,y) 6 M*a b then the function

x y f (x • y} G M'l-b, 1-a •

Proof : We have < £ £ f ( 7 ~ ), 0 (x,y) >

= <f(x,y), “ ~ 0 (~. ~ ) >

Therefore we require to prove that

e«i|b => eMl.bia.a.

Consider

^l-b.l-a,^,^ ( x y ^ ^*y) )

sup ax 1 ay 2
t

..(2.7.1)
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For k^ 5* O, and k2 = O

k +1 k2+l -^kl+k2 
x 1 y r-

8x ^’dy 2
r I l 

L L x y
(I I) iVX V7 J

k,+l 1 1 11= X 1 . y [ I i 0 ( 1,1 ) ]
OX x

k i tl i 1 i ii
x 1 2-— ( I 0 (ii) )

dx 1 x x y

k, +1 1 31 ^,1 h
x 1 [ (-1) 1 “KJTi x1 Wi r’x' r«f- 7> ]

kl 1 1
(-1) £ -*T- c.

i=o

d1

*<T>

< 0 (i~)
1=0 X 1 d(5* x’y

Therefore for k, f 0 and k0 4- o we obtain

k,+k.k.+1 k.+l i 1 2 XI 11
x . y ° k, k_ t jf y ^x' y^ 3

a* 1ay 2

1 1'

1,1 k n k_k,+k« 1 2i v X Z SEC 
i=o j=o

1 1 ai+J
ij xl y1 aCA)ia(^)J

0 (P7>

Also * Z, l»b, l-a^x,yi ” x y ^»a,b ^ x ’ y1 1 )

Using these results in (2.7.1) we get

A-b, l-a, krk2 >
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Sup Ca,b( x-y > J0 j“0 “ij x y
kl k2 1 . 1

2 cn „m tt
^------ k<H>
a(i)iacijJ y

kl k2 
Sup 2 2 C

i=oj=o ij
^a.b^'y1 (-)1+1ty)J'1'1 al+J

a(±)ra(±)J

kl k2
S E C,, f b i < (0)i=o j=o 1J

<03 as 0 6 M b .

Haooe 110(1,1)6 Ua>

:t follows that f 6 M . implies thato (O

f ( b ) e m!x y x ’ y 1-b, 1-a.

f
Remark : It is clear that f(x,y) 6 M , , ,1 — d »i— <

^ X’ 7 ’ SM'a.b •

Definition of second Mellin-type convolution *A>

2
Let a = (a^, a2), b = (b^, b2) be in R such that

i i
a1<b1, a2<b2 . If f 6 M and g 6 M b; we

define second Mellin-type convolution product f A g of 

f and g by

(fAg) (x,y) i f (|,i) ] V g (x,y) ...(2.7.2)
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That is for any ® 6 ^3tb *

<fAg, 9 > = i f (i,i), <g(E,il), e (x£ ,yn) >^,

= < f(x.y). <9(5.1). 77® ( | . 1 ) >>

Right hand side of (2.7.2) has a sense because

" f ( ) 6 w'a^b when f(x,y) 6 by lenrma

2.7-1, and <^gU,ri), - ^ 0 ( is a member of Mj_b A_a.

The next theorem gives two results about second Mellin-type 

convolution ' A

Theorem i 2.7-1 ;

(i) Convolution product f A g defined by (2.7.2) is a
I

member of M a b,

(ii) If mf = F(u,v) for atleast 1-bj, <( Reu <l-a^^

1_b2- <( Rev < l-a2 and mg « G(u,v) for atleast a^<Reu<b^; 

a2 < Rev <b2 then

m (fAg) - F(l-u, l-v)G(u,v)

Proof : (i) Since f 6 M 2_b* 1-a by ^emma

x y f (x’y) e M'a,b * Then by usin9 defn» (2.7.2) and 

theorem 2.5-1 we conclude that fAg is a member of M . .



39

(ii) By lemma 2.5-2 for 9 9 M a ^ »

^(x.y) = <g(^,Tl), 9 (x£ , yn) >

is a member of Ma )-> • '

Hence £ i Y (j- A) S MUb>1_a by le ran a 2.7-1.

That is. <g(6 , 9), iie ( | , 1 ) > 

is a member of b l a *

By part (i) above fAg defined by

< fAg. ® > = < fCx.y), <g(6 ( | . 1)»

t
is a member of M K *a, o
Now consider m (fAg) (u,v)

= <( f A g) (x.y), xu-1yv"1>

= <f(x,y), <9(6.1), ^ ( I )U"1( 1 )V_1 > y
= <f(x,y), <g(? ,9), -S—JL----- > N,

= <f(x.y). x-VV> <9 (E .1) 6U_V_1>

= F(l-u, 1-v) G (u,v)

Thus we have proved

m(fAg) (u,v) F(l-u, 1-v) G (u,v)
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