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CHAPTER III

SUBSTITUTION THEOREMS FOR 
DISTRIBUTIONAL MELLIN TRANSFORMATION
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CHAPTER III

3.1 Introduction :

In this chapter we shall prove substitution theorems for 

distributional Me 11 in Transformation with two variables. These

theorems are similar to those given by Buschman [1], For this, 

first we shall define space L , and establish isomorphism
3 ) D

between spaces M , and L K. Then using the isomorphism3)0 3)0
between spaces M , and L we derive the results.^ a, b a, b

3.2 Testing function space L , and its Dual3*0

Suppose a (ai a2) » = (bj »b2) . (s,t) 6 R ; a < b

we define a function

K b(s,t) = K6*0 a $

f a,s a9t 
e 1 • e ^
a,s b^t 

e • e
b s at

P * P
l b,s b?t 

e 1 . e “

(s,t)

o 4s <ro , 

o -4> s < CD ,

- 00 < S < 0

- CO <4 S <( o

O 4 t <00

-OO < t < o

O 4 t < 00 

-00 < t < o

Let Lal’a2’ ^1*^2 denote the linear space of all 
complex-valued smooth functions 0(s,t) on R ; such that 

for non-negative integer k = (k^, k^) the functionals 

satisfy
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H (0) ^ a2; br b2; kr k2

A SuP 
— -00 <S < 00

-OO <t <00
Ka,b^’^

akl+1<2

askj- a^2
0 ( S,t) < OD ... ( 3.2.1)

The collection -£\k is a collection of seminorms, and
k ^ o

further a multinorm on L ;b., b„. If we assign to

L . k k the topology generated by this nultinorm then it 
al,a2' d1’d2

becomes a multinormed space. e_su e-bv is a member of 

L , . u u if and only if a. 4 Reu ^ b, ; a0 < Rev Z b0 .
0 $ o^ t *^^*2 x £

f ? 00A sequence < 0 f , is a Cauchy-seouence in L . ,
L V J V~ X 1 0 ^ | 02 J 0 j , U2

if and only if each fiv is in L,al ’ a2' bl’b2 and for each

fixed non-negative integer k = (k^k^) the functions

kl+k2
Ka.b(Slt) 7 k! A 1<2- 0 (5>t)

as 1 at ^
2

converge uniformly on R as v —► od . This type of convergence

we shall refer as convergence in L „ . , . . Hereafterwards
al’a2* bl»b2

the space L . will be denoted simply by L , unless
’a2* 1 * z a’^ *

it is specifically mentioned. It is clear that L , is
3 1 O

sequentially complete and hence a Frechet space.

t t
Dual space of L , is denoted by L , . Thus L .

3)0 3)0 3)0

consists of continuous linear functionals on L K. Since L .
3 » b ✓^TTTr^c- 3 * b03*%* 

mr,.
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i
is a testing-function space, L , is space of generalized

0 f D

functions. We assign to L , its customary, (weak) topology.
3)0i

It follows that L g b is also complete.

3.3 Laplace Transfortnation £ :

Now we shall define Laplace transformation £ of a*distri- 

bution f. We shall say that a distribution f is £-transformable

if there exists at least one pair of points a = ^ai,a2^’ 5:5 =
2 »

in R with a2 < ^2 such "^at ^ 6 L a b* For eac^
2such f there exists a unique set in c which is defined

as follows.

2A point (u,v) 6c is in if and only if there exist
2two points a = (a^, a2) , b = in R with a^ < b^;

a2 ^ ^2 su
f

a^ < Reu < b^ ; a2 4 Rev ^ ^2 anci f e ^ a b ’ ** a

tube, since if <r ^ + iw^ 6 for some fixed cr ^ and ,

then cr ^ + iw 6 for all w. Moreover is an open set.

2
Note that if x = (x1»x2^» y = ^yl’y2^ 6 R 

such that the tube x^ 4 Reu 4 y^, x2 4 Rev 4 y2 is contained 

in , then f 6 L .i . x »y

Let f(s,t) be a £-transformable distribution. Its 

Laplace transform £f is the function F(u,v) from -Tl. into

c1 defined by

(£f)(u,v) ^ F(u,v) ^.<^f(s,t), e”US e”v^ ... (3.3.1)
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The RHS of (3.3.1) has a sense as the application of 

f 6 L a k to e-us e”v^ 6 Lg ^ so long as (s,t) 6 

Note that this definition is independent of the choices of a and b.

Lemma 3.3^1 :

Let £ [f(s,t)] = F(u,v), for a^ < Reu < and

a2 Rev < b2 and ^Ef (u^vjs,^.) 6 L^ ^ such that

oo oo

Y(u,v;s,t) = / f Y (u,v; %,r}) e" ^s e"nt d^ dr]
wOO -oo

oo 00

then f / <C f ( s, t) , e“^Se“T1t/>M/(s,t;^,r|)d^dii

-oo -oo
oo oo

= <^f(s,t); j' f Y( s,t; ^,t|) e‘^s e_Tltd£dT|^ ...(3.3.: 
-oo -oo

Proof : Since ^(u,v,;s,t) £ La ^ is of rapid descent by 

similar arguments as that for lemma 3,5-1 [ 2, p.64] we have 

for fixed reals r and r'

j | <^f(s,t), e-£s e”Tlt)> y(u,v; ^Ti)d^dT)

-r -r*
r r*

= /f(s,t), f j y(u,v; ^,r|) e~^s e-T,t d 5 dll's... (3.3.3) 
x _r -rf /

where r = (r^, r2) and r' = (rf^ r'2^ satisfy a^<r^ < b^,

a2 < r2 < b2 ; a^^ <r* ^ < bj ; a2 < r'2 < b2. Moreover since

Y(s,t; ^ f t|) is of rapid descent while <^f(s,t), e“^s y
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is bounded by a polynomial in | £|| tj| , the integral on LHS of 

(3.3.3) converges to the integral on LHS of. (3.3.2) as 

r -> oo , r ’ —> oo .

Also kn+kA1 2 oo oo r r'
Ka.1 f/ r - / / >

-oo -00 • r -r'

Y(u,v; 5,1) e-l1 d?dn

If J_ If
s i 2 oo oo oo -r* oo r*

K b(s,t) —£-----[(// + / f + / f
a,b 6?-^72 r -r'

-£s„r r*
+ 11) Y(u,v, ^,ri) e ’ e-T,t d£dr] ]

-ao -rr

<
k,+k0 \ i z oo ao

r t -S£ -tT?
—%--- k J J Y(u’v'> e e d ^ dr]
3s ^ 3t ^ -oo r*

Ka.b( s*'t)
k,+k0i 1 ^

askl a^2 -® -®

oo , r1

/ / Y (u,v; £,T]) e"s^ e“tT1d5dT|

k,+k0 oo r —s£ -tr)
K, b(s,t) ------- j- I f » ^d,

’ a5 1 at '2 r -r*

k, +k. • r r
Ka,bC s*t) 3 k~, / / t(u.v;5,T|)e ^ dsdn

3s i3t _ -oo -r'
...(3.3.4)



Consider first term on RHS of this inequality (3.3.4). 

^l+^2 00 00
K b(s,t) --- r- f f Y(u,v,z,r\) e“s^ e~tT1d£dT]

ds 1 dt 2 -ro r
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/ f Ka>b( s,t) y(u,v; g,T]) (-1) 1 2 S 1 T] 2 e_s^ e"tT,d^dr|

-oo r'
oo oo

< / /
-00

3k k kl,K2
Y(u,v; £,t|) H 1 t) d^dt)

where B, , are constants.
K1’K2

Since y (u,v, £,r|) is of rapid descent, the above integral, 

which is independent of s and t, vanishes as r’ -*• oo .

*

Arguing similarly for other terms on RHS of (3.3.4) we 

finally obtain as r oo , r* -»oo

rr r1
f / y(u,v; £,t|) e" s ° e 1 "d^dri

-r - r’

?s

| J y (u,v; £, T]) e"^s e_Tlt d£dr|
-ao -oo

in the space L , . Proof of the lemma is now complete, 
3 ) D

00 00

Isomorphism between spaces M , and L , is established
3)D 3)0

in the following theorem.
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Theorem 3.3-1

Let (x,y) 6 R^+ and (s,t) 6 be relat°d by x = e~s, 

y = e-^. Then the mapning

0(x,y) •»—► e“se”^ 0(e~s,e"’^) A 0(s,t) . ..(3.A..5)

is an isomorphism of ^ onto Lg ^

The inverse mapping is given by

0(s,t) *—y x_1y_1 0(-log x, -log y) = 0 (x,y) ...(3.4.6)

Proof : Let : 0 (x,y) *-----► e”Se'""t 0(e”sfe”^) and

t]2 : 0(s,t) ••—► x_1 y_1 0 (-log x,-Iog y).

Then (t^ot^) = \ t1^0) 1

= ti2 [ e-s e-1 8 (e'S.e-1) ]

= x”'*'y“^ ^(-log x, -log y) where 

v|/(s,t) = e”se_t © (e"*5,e_i:)

Therefore (r^M©) = x^y-V0^ el0^ 0(elo^x, eloc^)

= x-V1 xy © (x,y)

= 9 (x,y).

Similarly it can be shown that ^loT^2 ~ 0-

Thus and ig2 are inverses of each other. Hence they

are one-to-one and onto. Further it is clear that these 

mappings are linear. ’JVhat remains to prove is continuity of 

Tjj_ and t}2.
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Let 9(x,y) 6 M u. If we computea l D

ki+k2
----- £ [ e”Se*"^ 9(e”s, e*"^) ] then we get

3s ^3t 2

Pi+1 Po+1 /l+P2
Z Z a x J y ^ - - - - - ------- — 0 (x
pi ps p axPl aYP2

where are constants and p = (p^, p?)

ki+k2
Therefore K K(s,t) ------- F [

3,b' ' 7 a5kl atkp
e e 0 (e ^

= 2 S ap £a,b(x’y) x y
Pi p2 p

Pl+i p2+1 api+p2

dxPlayP2

Hence Xa^.a^ b^b^ ki>k2 (0)

^a 1 ’ a2 ’ bl ’ b2 ’ kl’k2 t 6 S® 0 5,6 ^

< E Z
pl P2

a 1 V_ _ . l K . _ _ (9)
P I 0 1 J 0^ » I j p^

Consequently is a continuous mapping of Mg ^

Now assume 0(s,t) 6 L„ We have0 } O

k, +1 k9+l k.+k^
x y ' J_______  [ x“ y” 0(-log x, -log y) J

k i k0
dx dy 2

pl+p2
= Z Z b_ ------- - 0(s,t)

Pl P2 P v Pl , Poas 1 at 2

.y)

•_t >]

- 9(x,y)

]

onto L , a ,b
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k,+l k0+l akl+k2 r _l _l 
Therefore £ h(x,y)x 1 y ^ “IT kT x v 

a,b ax 1dy 2

/l+p2

fx“ y A0(-logx,-loay)]

r E b K b(s,t) a—— 0 Is.t) .
P1 p2 3s x3t z

Consequently . h h . k k (®)d1, 2

^ p p 'p * ^al'a2' bl’b2J pl,p2 ^

where are constants. This proves continuity of from

L , onto N1 , . It follows that space M , is isomorphic to
3 * D d|D 3|D

space L , , and proof of theorem is complete.
3 i D

» f
The next theorem relates dual spaces M , and L , .

3 y U 3 ) D

Theorem 3.3-2 :

The mapping f(x,y) f(e~s, e~u) defined by

<^f(e“S, e-t) , 0 (s,t)^> ^ <^f (x ,y) , 9(x,y)^>

f t

is an isomorphism from M a b onto L g b. The inverse mapping 

is given by

^g(-logx, -logy), G(x,y)^> * <^g(s,t), 0(s,t)^>

f

Proof : For each f(x,y) 6 M g b we can associate a functional 

f(e*“s,e"b) on L , such that
a ) D

<^f(e~s, e-t) ; 0(s,t) ^> = <^f(x,y) , 0(x,y)
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This means the mapping f(x,y) -t----- } f(e ,e“1') is the adjoint

mapping of 0(s,t) ■*—vQ(x,y). It follows that.f(x,y) *—► f(e‘"s,e”'t)

t 1
is an isomorphism from M a ^ onto L a ^ .

t
Now suppose g(s,t) 6 L ,. We associate functionala > d

g(-logx, -logy) on ^ with g(s,t) by

</g(-logx, -logy), 0(x,y)^>= <^g(s,t), 0(s,t)^>

Therefore the mapping g(s,t) h—> g(-loqx, -logy) is the 

inverse mapping of f(x,y) h—* f(e , e )
i i

It is isomorphism from L „ , onto M , .
3,0 d f 0

Under the mapping defined in theorem 3.3-1 the functions 

e , e correspond to the functions x , y respe­

ctively. Therefore by using theorem 3.3-2, we get following 

theorem.

Theorem 3,3-3 :

The distribution f(x,y) is m-tran s forma bl e if and only
q t

if f(e , e” ) is £-transformable. In this case the two
s ttubes of definition of m[f(x,y)] and £ [f(e~ ,e ) ] coincide 

and m [f(x,y)] = F(u,v) = £ [f(e""s, e~^) ] for (u,v) 6

3.4 Substitution Theorems :

Let A, K be single valued analytic functions real on 

R2+, and G, H, Cf"^ = g, H"'*' = h be single valued analytic
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functions real on (o,oo) such that

G(0) = 0, H(0) = 0 and G(oo ) = oo * H(oo) = oo

( or G(0) = oo , H(0) = oo , and G(oo ) = 0, H(on ) = O )

Let m [f(x,y)] = F(u,v), m[A(x,y)f(x,y)1 = F*(u,v)

for a^ <C Reu < ; a^ <C Re v <

Also suppose that

£ [ y (u,v; ?,T]) ] = Y (u>v; p, g) and

£ [ \ff(u,v; H*7!)] ~ Y*(u’v; P»q) where

Y(u,v; -logx,-logy) [gwr1
g’ (x)

[h(y)]V lK(g(x),h(y)). 

| h *(y) ] xy

and Y* (y*v; -logx, -logy)

= [g(x)]U_1[h(y)]v-1K(g(x),h(y)) ]g*(x) h‘(y) j xy [A(x,y)J“

The following theorem is obtained from lemrna 3.3-1 by using 

isomorphism between ^ and Lg

Theorem 3.4-1 :

Let m [f(x,y)] = f(u,v) for Reu < b^ and

a? Rev < b^. Let Y (u,v; P,q) be in La -0 such that

Y(u*v; p»q) =
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= / / Y (u,v; 5,1) e-5? e"*11 djdn ,

-00 -CD

then
00 CD
/ I <^f(x>y)> x^"1 y71”1/^ Y(u,v; ^,T])d^dTi 
o o

00 CD

= <^f(x,y), / f Y(ufv; 5,T]) x^-1 yn_1 d£dti y

o o

Now we shall prove our main result.

Theorem 3.4-2 :

Let m [f(x,y)] = F(u,v) for a^ Reu b^ and ap<(Rev<Cb2.

Let K(x,y) be a suitably chosen single-valued analytic function 

on R +, and G, H, G = g, H ^ = h be single valued analytic 

functions real on (o, oo) such that

G(0) = 0, H(0) = O; and G(oo ) = cn , H(oo) = oo

(or G(o) = oo , H(0) = oo and G(cp ) = 0, H(oo ) = 0 )

then m [K(x,y) f(G(x), H(y)) ]

oo oo
= f f <(f(x,y); xLly1]"1)T(u>v;^’l) ci^dri

o o x

where £ [ Y(u,v; ?,t]) ] = 'F (u,v; p,q) 

and ^(u,v; -logx, -logy)

= [g(x)]u_1 [h(y)]v_1 l<(g(x) ,h(y)). |g’(x)| ] hf (y) | xy



Proof : Let c = (c|»c2^ ’ d = (di»d2^’

O

be in R~. Let 6(x,y) be a member of M .. ‘ where a < c, d <b.C | o
Then the mapping 9(x,y) h—v 0(s,t) is an isomorohism of M ,c »o
onto L , by theorem 3.3-1, The mapoinq 0(s,t) ■<—► K(s,t)0(sft)C ) o

is an isomorphism from Lc d onto ^ where cC < c, d < p. 

Again applying theorem 3.3-1, we see that K(x,y) 9(x,y) -t—y 

K(s,t) 0(s,t) is an isomorphism from M „ onto L ft. Hence 

for suitably chosen K(x,y) the mapping 9(x,y) 4—> K(x,y) Q(x,y) 

is an isomorphism from M ,, onto M for a <c, d < 0. 

Further in accordance with section 2.5 [2] it follows that

f (x ,y) a—> K(x,y) f(x,y) is an isomorphism from M p
OL ^ P

f
onto M , and we have c f d

^K(x,y)f(x,y) , 9(x,y)^> = <^f(x,y), K(x,y) 0(x,y)^>

Therefore if mf = F(u,v); <C Reu -Op cr.0 Rev (3^

the equation

<^K(x,y) f(x,y) , x0-3^-1 ^> = <^f(x,y), K(x,y) xU“1yV“3^>

has sense. Indeed we have

f(x,y) 6 K(x,y) x^V"1 6 ,

k(x,y) f(x,y) 6 and xu“1yv"1 6 M^d

If >C(x,y) = f(G(x), H (y)) G m'^ then

x ,y) *----- >■ K(x,y) 7^(x ,y) is an isomorphism
i i

from M onto M . and we can write,
ct,J3 c’d



U-l v-1
x y ,

a 4

<^k(x,y) f(G(x) , H(y))

= <f(G(x), H(y)) , k(x,y)xu-1yV“1)>

Here f(G(x), H(y) ) € ^(x.yjx^V"^

k(x,y) f(G(x),H(y)) € Mc^ and xu”1yV”1 £ Mc ^

.(3.4.1)

Let K(x,y) ©(x,y)
2M Choose a,b € Ra ,p

T11 [g(x) , My) ]

= T^(x,y) bo an arbitrary member of

a < a, 0 <C b such that

g'(x)]| h*(y) € M a ,b

Let K(s,t) 0(s,t) = tj^(s,t) 6 La ^ . By theorem 3,3-1 the

mapping r^(x,y) ^—* ^(sjt) is an isomorphism from g 

onto L^ g. Then the mapping r]?(s,t) •»—¥ [g( s) ][h( t) ].

g' (s)| [ h’ < t)I is an isomorphism from L^ ^ onto Lg ^ .

Again applying theorem 3.3-1 we see that the mapping

[g( x) , h(y) ] | g' (x)|| h' (y)| h-----►

i]2 [g(s), h( t) ] | g’(s)| | h* (t) | is an isomorphism

from M , onto L , . Hence the mapping 3 , o a j D
n1(x,y) 1—-► r^1(g(x) , h(y)) [ g* (x)| | hf (y)|

is an isomorphism from g onto We denote the

adjoint mapping

ri1(x,y) i[g(x) , h(y) ] |g’(x) 

f(x,y) H-----> f(G(x), H(y) )

h’ (y) by

Then we c an write <^f(G(x),H(y)), T1^(x,y)\>

= <^f (x ,y) , ri1[g(x), h(y) ] | g* (x)| | h' (y)|



By similar arguments to theorem 1.10-2 [2] the mapping 

f (x ,y) h—*• f(G(x) , H(y)) is an isomorphism from M ,
3 ) D

onto M'a>$ .

Therefore if m [f(x,y)1 = F(u,v), a^ Reu <4 a^Rev^b^,

then the equation

<^f(G(x), H(y)) , k(x,y) xu-1yV"1 ^

= <f(x,y); K(g(x), h(y)) [g(x) f”1 [h(y) j^1 g' (x) | | h' (y)|^>

...(3.4.2)

has sense. Indeed we have

f(x,y) 6 M a^b, K(g(x), h(y)) [gCx)]0”1 |g*(x)

[h(y)]v"1|h'(y)| 6 Ma>b,

f(G(x), H(y)) G M a^e and K(x,y) xu”1yV"1 6

From (3.4,1) and (3.4.2) we conclude that

f(x,y) 1—y lf(x,y) f(G(x), H(y)) is an isomorphism
I I

from M , onto M , where a < c and d < b and a j o C|Q
we write

<^K(x,y) f(G(x), H(y)) , xu-1yv-1

= <^f(x>y)» K(g(x), h(y) rq(x)U-1[h(y)]v-1 ’ g' ( x)| [ h* (y) |^>

... (3.4.3)

Indeed we have f(x,y) 6 M , ,
<3 I 0

K (g(x), h(y)) [g(x)]u”1 [h(y) ]v-1 Jgf(x)J | h'(y)j 6 Ma 5



K(x,y) f (G ( x) , H(y)) 6 x^1 yV 1 6

The equation (3.4.3) further can be written as 

m [ k"(x,y) f (G(x) , H(y)) ]

= <(f(x,y), K(g(x),h(y)) [g(x) ]U_1[h(y) ]V'

= <^f(x,y); Y(u»v; - lo9x» -logy)

g*(x)| J h' (y) | xy

= <f(x,y), /"/Vfu.v.M). e-U09(lA) e-H°gU/y)_I_ dxdy

0 o 

00 OD
= <^f(x,y), / / Y(u,v;^,tj) x^"1 y71”1 d^dT] \

0 0 /

00 00

~ f f <^f(x,y), x^1 yn“1^>Y(u,v; $tTj) d^dtj

by using theorem 3.4-1.
o o

Theorem 3.4-3 :

Let m [A(x,y) f(x,y) ] = F*(u,v) where

a^ Reu b^, a2 ^ ^ev ^ ^2 then

m [K(x,y) f(G(x) , H(y) ] 

oo oo
= | | <^f(x,y); x^"1 y71"1^) (u,v; £,t]) d£dT}

o o

where A, K are single-valued analytic functions real on 

R2+ and G, H, G_1 = g, H_1 = h are single-valued analytic
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functions real on (0,oo) such that

G(O) = 0, H(0) = 0; and G(oo ) = oo , H(oo) = oo

(or G(0) = oo, H(0) = oo, and G(oo ) = 0 , H(oo) = D )

and £ [ \|/ (u,v; £,t|) = vp* (u,v; p, q)

where vp (u,v, -logx, - logy)

= [gCx)]11”1 [hCy)^"1 K(q(x), h(y)) (x) [h'(y)J xy[A(x,y)]“

Proof : The proof of this theorem follows on the same lines 

as that of* theorem 3. d-2.

Theorem 3.4-4 :

Let m [ f(x,y) ] = F(u,v), a^<^Reu and

ap Rev bp; then

m”1 [ K(u,v) F(G(u), H(v)) ]

00 00

= / f f(E .Ti) 0 (*.y; E.1!) dEdn .
o o '

where K, G, H are analytic functions and

G(u)-1 H( v)-l
m [ 9 (x ,y; £,?]) ] = K (u,v) £ . tj

= K (u,v) $ [G(u) , H(v); £,*1 ]

Proof :
/ P-1 Q-l^F(p,Q) = ^f( £ ,n), E 'n /

= E ,ti) ; <j> (p, Q; E. n)
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Therefore F(G(u) , H(v)) =

<^f( £ ,r\) , $ (G(u) , H(v) ; rj)

Therefore K(u,v) F (G(u), H(v) )

= <^f( H *7l) » K(u»v) $ (G(u)» H(v);E^ti)^

= <J( ?,Tl), J J o (x,y; ^,T|) xu yV_i dxdy^> 
o o

OO 00
= <C f f 0 (x,y; H,l)d^dri, xu~1yv_1

o o

by using theorem 3.4-1.
oo oo

= m [ f f f(£,Ti) 0 (x ,y; £,t|) d£ dr] ] 
o o

Consequently

m_1 [K( u ,v) F(G(u), H(v)) ] 

oo oo

f ( £ ,“n) 0 (x,y; S; ,T]) d^dT] .
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