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CHAPTER - III

Kannan Type Mapping in H. Space

In this chapter we have used Ishikawa 

iteration for process to obtain a fixed point for 

a Kannan type mappin Hilbert space. Further, it is 

shown that the teorem can be extended for two different 

mappints an(j T^ by the process of Ishikawa [19].

3.0 Kannan Mapping in Hilbert space [23]
Definition :

Let C be a closed subset of a Hilbert space 

H and T:C-*- C be a self map satisfy the condition, Q
+

1
I ITx-TyI |4| |X-Tx| 

for all x,y i C where 0 < a < -| 
Kannan mapping in Hilbert space.

y-Ty|| ]

Then T is called

3.0.1 In 1991 Kannan type mapping in Hilbert [24] 

space was defined by Koparde and Waghmode 

and proved the following theorem by using 

the Picard's iteration process.

Definition :

A mapping T : C -*■ C, where C is a subset 

of a Hilbert space H, is called a Kannan type mapping 

if

||Tx-Ty||a | ||x-Tx||2 + ||y-Ty||2

1for all x,y e C and 0< a < ■=•
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3.0. 2 Theorem : [24] Let C be a closed subset
of a Hilbert space H. Let T be a self mapping on

C satisfying
| | Tx-Ty | |2< a[| | x-Tx | | 2+ | |y-Ty| |2]

1for all x,y eC and 0 < a < y . Then T has a 

unique fixed point in C.

For our work we need the definition (1.0.1) 

and the theorem (3.0.2) and Ishikawa iteration process 

(I-1.1.8 and I- 1.1.9)

Our result runs as follows :

3.0. 3 Theorem :

Let C be a closed convex subset of a Hilbert

space H. Let T be a self map on C satisfying (3.0.1) 
2with a(l+Bn )< 1. Suppose xQis any point in C and 

the sequence {x^} associated with T is defined by 

Ishikawa scheme I -1.1.8 and I - 1.1.9. Suppose 
that {an} iS bounded away from zero.

i.e. 1im =0 >0. If the sequence {x^Jconverges 

to P, then P is a unquie fixed point of T.

Proof Equation I-1.1.8 implies that
x „ -x n+1 n “n(Tyn-xn)

2
suppose xn"* P, then | lxn+i-*nl I 0 and since 
{a^} is bounded away from zero we have

MTyn-xnll2- 0 .......
n'

(3.0.4)
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Using trianle inequality, we have

llTyn-pM2«{ I lTyn-xni I + I lXn_Xn+ll * ^

♦ 0 as n 00
i.e. ||Tyn-P||2 - 0

Using I-1.1.8 and 1-1.1.10, where t stand 
for we obtain the following

inequality :
Hy„-TyJi2 - H8„T3v(1-Bn)x„-TynH 2

ennTxn-Ty„H2^1-Bn)llx„-Tynl|2

- Bn(l-Bn)||Txn-xn||2

- Bnl|Txn.Tyn||2 - Bntl-Bn)l|lxn.xnll§

Since T satisfies that
||Tx-Ty|\24<{ ||x-Tx||2 +

by 3.0.4 
....  3.0.6

I|y-Ty||2}

we have,

HTxn*Tynl|2«0< Hxn-TxnH2 * I I yn-Tyn I I 2}

Using §.0.6, the above inequality becomes
HTxn-Ty„l|2««{ Hx-TxJ|2 + Bnl|Txn-Tyn||2

- Bnd-Bn)||Txn-xn||2
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!lTxn-TyJ|2«a<I1-Bn(1-Bn)1 llx„-TxnH2 *

B„MTVTy„llz

=» ,1“<lB n’l lTxn‘Tynl |2i?(1'Bn’-Bn)l lxn-Txnl I

| |Tx -Ty | 12 Q—i i m2n nl1* 1-«B-- llxn-Txn||
n

(3.0.7)

Now we use triangle inequality to get
I I xn-Txn M 2 « t l|Txn-TynIMITy„-xnll J1 

Therefore 3.0.7 becomes

I I Tx„-Tyn I I
, B(1-8*B„)z > n n

<*B,h
llTVTynl|2H|Tyn-Xnll

* 2||Txn-Tyn||.||Tyn-xn

n(1-Bn-Bn) I ITx„-Tyn

by 3.0.4
® (1-B + Bz) n n1 •- <*B n I|TVTynll « 0

1- a(l+ B )n Txn“Tyn'I « 0
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Since (1+ B2) < 1 for 0< a < 1 and 
n l

.|| *0 ; we have

I ITxn_Tyn1f 2 = 0 l-e- llTx„-Tynll+ 0

(3.0.8)

Hence,

Hxn-Txnll2N<{,||xn-Tyn|| + ||Txn^yn|| }2 * 0

....(3.0.9)
and

l|P-Txnl|2 < (||P-xnl|t||xn-Txn|| }2 - 0

.....(3.1.0)

Now we show that P is a fixed point of T.

As T satisfies the inequality in the 
statement we have,

I I Txn-TP I I 2<a I I VTxn I I 2* I IP-TPI I 2

| |P-TP| |2 by 3.0.9

(.... 3.1.1)

Next, using tringle inequality

Ilp-Tpl!2 « { llp-Txn|M|Txn-TP|| f
^ «||P-TP||2 by (3.1.0 and 3.1.1) 

(1- a) ||p-tp||2 ^ 0
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Since 0 < a < ^ and II•I I { 0 * we have
||P-TP||2 = 0 i.e. ||P-TP|| = 0

j TP=P i.e. P is a fixed point of T

Let if possible P and q be two fixed 
points of T, then

IlP_qlI2 = ||TP-Tq||2

a { | | P-TP | | ^ + [ | q-Tq | | 2 }
0

||P-q||=0 P = q

Therefore a mapping T : C-*- C has a unique fixed
point in C.

We verify the above theorem by the 
following example.

Example :

Let T : 10,1]-*- [0,1J be a mapping 
defined by

Tx-= | , for all x in [0,1]

Then 0 is the only fixed point of T 

Now,
||Tx-Ty||2 = ||f - |||2

= 1 |x-y| | 2
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And

a
x-Tx||2 + ||y-Ty2

- a [n*-fll2 * 11y-f 112]
[ IMI2 ♦ 11 y 112 J9a

16

Therefor for—x ^ a < 19 we have

| |Tx-Ty| |2 < a | |x-Tx| |2 + | |y-Ty( |

Also for any xc e [0,1]

1x = n ,n Xo

+ 0 as ♦ n

By the statement of the theorem this limit 0 is 

the unique fixed point of T. This verifies the 

theorem.

3.2.0 Theorem :

Let C be a closed convex subset of a 

Hilbert space H. Let ^ and ^ be ,w0 Belf

mappings on C satisfying

iiv-vii2*1* Ilx_Tdxt12+11y-T21!^

1 2v-x,y in C with 0< a < -s— and a +P < i
£ n

Suppose xG is any point in C and the sequence{xn} 

associated with T^ ancj t2 defined by Ishikawa
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scheme I-1.1.8 and I-1.1.9. Suppose further that 
{an} *s bounded away from zero. If the sequence 

{x^J converges to P, then P is a unique common fixed 

point of T^and T^

Proof :

From Chapter 1-1.1.8 we have,

xn.l = d-“n) xn * «nT2¥lI

x „-x = <* fT„y - x ) n+1 n n 1 2Jn n
2Suppose x ■* P, then | |xn+j xnl I "*■ 0 and 

{■o } is a sequence bounded away from zero we have

llT^-xJI2* o
....(3.2.1)

Using triangle inequality it follows
that

11 T2yn-P 11 * III T,yn-x„ | M | 11 }2 n n1 n n+1

-*■ 0 as n -*■

l.e. ||T2yn-P|| - 0 (3.2.2)

Using (I-1.1.8 and 1.1.10), where 
t stands for Bn we obtain the following inequality

I|y -T.y II2 =I|B T.x +(1-B ix -T„y II2 
1 |,7n 2Jnl 1 11 n 1 n nJ n 2JnM
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Bn1 IT1 VT2yn1 I 2 *' 1'B„ > I I *n-T,y, ' ' 2

- 3 (1-3 ) IIt.x -x I n n 1 1 1 n n1

*n ' ' n 2Jn\ 
2

....(3.2.3)

Using the inequality of the statement
we have,

I I TlWn I I’« ■ [l 1 Xn-Tlxn M ** I I y„-Vn I I *'

a I I Will2* BnllTlx„-T2ynl|2

+ (1-3 ) x -T.y -3 d-3 ) n 1 1 n 2 n1 1 n n
IIVn-xnH2]

by • • • 3.2.3

HVn-Vnll^nllVn-Vnlt2 *

[. -aBn(l-Bn) x -T.x n In
(l-«Bn)I|T1Kn-T2yn||Z< a-aB (1-B )n n IIx -T.x I I 11 n In11

HTiVV„ll „<2 a^a3+a3n n
1 - a 3n

x -T.x 1 n In1

___ (3.2.4)

Now,

11vWvr11‘ivwwivrtii j:
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Therefore 3.2.4 becomes

WVnll2* - -S.
1 -d 3 n lIVn-VnH

+ I IT_y -x ||2 +2 IIt.x -T0y ||x I IT_y -x II ii 2Jn n11 11 1 n 2Jn1' 11 2Jn nM

Using Triangle inequality

a- a 3 . a B2
n &

'I.~a"Fn
by 3.2.1

1 -a (1+p } n HVn-VnH < 0
Since 0^ a + a3 ^ < 1 for 0 < a <4 ,

n 2

we have |\^1^xrT2yn'

• • . (3.2*5)

Next, using triangle inequality, we have

H\rTixnll2«UK=T,yJI * IlT,x„-T,yJI J
n“ 2>7n 1 n 2Jnl

.. (3.2.6)
0 by 3.2.1 and 3.2.5

and

llp-TlxnM2« ( I lP“xJ l + l lx„=T1xn| I }n11 11 n~ 1 n1

0 as x-*- P and 3.2.6 n



Now we try to show that P is a fixed
point of both and T2 :

consider,

I I Tl-Xn-T2P | | 2 « o£ I I Xn-Tlxn I I 2, I I P-T2P I I 2~J

....(2.2.7)

- a ||p-t2 ||2 by 3.2.6 

Using triangle inequality we have

l|P-T2P||2« UlP-Vjl .+ IIVn-T2PH J2 

$ a | |P-T2P|I2 by 3.2.7 

(1- a) ||P-T2P|\24 0

Since 0 < ’ft < ■j and | | . | | ^ 0 we have,

(|p-t2p||=0 T2p = p
Similarly we can show that P is also a 

fixed point of T± i.e. T±P = P. Thus P is a 
common fixed point of and .

Let if possible P and q be two common fixed 
points of and T2, then

I|p-q|I2 - I|t2p - T2q|I2

« a P-TjPl|2+||q-T2q||2
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I |P-q|I - o 

+* P = q

Hence T.^ and have unique common fixed point 

in C.


