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INTRODUCTION

The prime mathematical tool for studying the strain 

variation equation in relativistic continuum mechanics in 

this dissertation is the Newman-Penrose formalism invented 

in 1962. It has several exquisite advantages over the 

standard tensorial presentation of Einstein field equations 

of gravitation in the presence of matter.

At first we observe that Einstein had utilized 

only fjour (contracted) Bianchi identities, viz.

( Rab - lR/b ).b = 0.

Leading to the energy-balance equations in Continuum 

mechanics :

Ta^ = 0.
; b

Unfortunately these four equations do not indicate the 
interaction of free gravitational field ueyltersor (Ca^ 

and the matter field, Tab. One has to look up for the 

ty/entyfour Bianchi identities in a 4 , dimensional Riemannian 

space. The credit of utilizing all the twenty-four 
identities for studying the interaction of C d and Tab 
lies in the Uevvman and F on rose formalism (NP formalism for 

short).



N^xt advantage in this spin-coefficient formalism 

is its easy adaptability to oxhor formalisms. From null 

tetrad formalism we can switch over very easily to a tetrad 

comprising of one time-like and three space-like vectors, 

(Vide 1,5, 1.6,1,7 for exploit example). Eisenhart (1964) 

Lichnerowicz (1955), Shane (1974) have used such formalism 

consisting of one null vector field and three space like 

vector fields, while studying the Serret-rrenet formulae of 

a curve representing the history of a massless particle.

Computational ease is an asset for the Np - formalism 

The covariant derivative of a vector field is again in terms 
of the (outer product of) four null vectors. In particular, 

the derivatives of null vector fields is again in terms of 
null vectors (vide Appendix vide : Chapt. II). The

algebraic computations are facilitated by tne idem potents 
;czoro;t and 3one;,: appearing in the defining relations (vide : 

1,1, 1.2, 1.3). As a matter of fact even the computer 

time is economized if the Np method is adopted. Campbell 

and bainwright (1977) have claimed that the null formalism 

affords a saving of 60 % of the computer time as compared 

to the classical method of Einstein.

The efficiency of the Newman Penrose formalism 

lies in making the tensor equations transparent. This 

moans teat the necessary and sufficient conditions for the



validity of a TENSOR equation will be expressed in terms 

of independent SCALAR equations. This is the reason for 

callinq the Newman Penrose formalism as an AMAZINGLY 

USEFUL formalism, by ^la’nerty (1976), Carmeli (1982).

It is this advantage that is amply exploited in Chapter II 

and III of this dissertation.

EXPOSITION

0.1 The four null vector fields

Newman and Penrose (1962) invented a set of our rays

a , a - a £X_ = J 1 , ma, m , n

Where j.a, n5 are two real rays and ma, m3 (an overhead bar 

denotes complex conjugation) are complex rays which 

satisfy the f ollowina conditions.

, a, a a a—ll=mrrr=nn_=m mn- 0—a coo

(null relations)

a t a- a a—1 rn = 1 m_ = n m = n m. ■™a a a r.
0

(1.1)

1.2)
(Orthooona1 rela tion s)

jp'n = -m m_ = 1
3 o

(normal relations)

(1.3)



The relation between this tetrad and the geometry of
space-time is

q , = 1 n, + n 1 - m m, - m m, "ab —a b ab afc ab (1.4)

(completeness relation).

Thus at each point of the space-time manifold, a null
tetrad of basis vectors is postulated. Accordingly any

1cnon zorc'vector X can be expressed as unique combination 
of the null vectors :

X3 = (A)la + (C)ma + (c)ma + (B)na
with

A = Xknk, B = Xklk* C = -Xkmk

Thus A, B, C are the complex tetrad components (scalars) 
of the vector Xa.

In continuum mechanics the ubiquitous vector is the
3 33unit- time-like flow vector. The choice X = u , u u„ = 1a

is consistent with th: relation

u I p- r - + n
\/2 - |/2

3A space-like vector E can have the form

(1.5)

Ea = — na. (1.6)
\/2 |/2

The oth r two space-like vector fields which are 
orthogonal to those two vectors can be enumerated simply
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-i (ma + ma) 
\/2

, -4 ma -
Y 2

ma) (1.7)

The new basis is, theref ore,

2“1/2(la + na i a a, 1 - n , ma + ma, ma - ma)

with one time-like and three space-like vectors. This
establishes the ease with v\hich one can switch over from 
null tetrad to the classical tetrad.

0.2 Th e I we 1 ve_ .Spin Cooff i c i ent :

The following 12 'Greek' letters have been famous in
all the works on gravitational radiation :

i n a bk = 1 , m 1 ,—a; b
p = A»,b"^b'

•, a be = la;bm m -
a b

v

1 . m n—a i o
-a b 

" na;bm n ’
— ^ bu = - na ; bm~m • 

X = a; d
a, ba;b'“ -i >

n ,m3mb, 
a; b *

n = - n_um 1
a-b -a-b, n m - m , m m■a;b a; b .
a b — a b, n m m , m m■a • b a; b
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_, a b — s b >,^ = l/2(la bn n - mA.hm n ),a; b

<B = 1/2(1 , nalb m , malb) .
—a; b — a;b — '

0.3 ThGEloven Ricci Rey Scalars :

The enumeration of the eleven scalars which are just 

;etrad componeni 

scalar) is given by

the tetrad components of the Ricci tensor R b and R (Ricci

0oo

001

002

010

01

0 112

020

021

J; D ] a •] b 
2 ao— — *

1,, ,a b
- 2nabi m -

- . mamb,
2 ao *
1 „ •, a--b

1„ /, a b , a-bx
- 4Rab^ n + m m )

lrx _a.__b_t-» a u
o3bn ra •

1_ a-b 
2Rabm m J

Id „a-b 2Rabn m ’

1 n a b ”■* R , n n ,2 . an J

/\ 24 R.
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0.4 The..Five Comp,lgvJ;,/ey 1..Sjjalars :

Rabed

The free gravitational part of the curvature tensor 
(which is locally not defined by matter tensor T^)

is the Weyl tensor The Weyl tensor Cabcd in NP-

formalisrn is expressed by (Campbell and Wainwright., 1977).

C bed [ U ,U . +4t , (U M ■+• M , U ,) ,L o ab cd ‘ 1 ab cd ab cd

where

(U , V , + 4M , hi + V U ,) + 2 ab cd ab cd ab cd

+ 4*3<vabMcd + MabVcd> " 2*4vabvcdl

Llab < m [anb]

Vab 2 Ir m, n [a b]

and
JV: . = 1“ - mr -ab "r n, -» r m, lab] [a bj

Thor the tetrad components of C.,^^ are lobaled

4f o 

* 1 

* 2

* 3
4

~ , a b.c dC 1 m 1 m ,abed"" "
, a b. c d3 , T n 1 m ,abedh- — *

„ -a b,c dC , ,m n 1 m sa o c d — s
„ -a b.c dRbcdf" n i n •

-a b— c d C , ,m n m n . abed
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0. 4.1

Petrov
t^pe

I

II

III

D

:ive types of Cabc(J.

P r o p a q a ti o n V a n is'aing 
vector components Form of C , ,aoed

n ^ qs l'j39 ^ 4
4 abed 0 ab cd

.',r“ U ,0 , 
0 ab cd

n '^V ^2* ^3,

a *

C , , = 2$,(U M +abed 1 ab c 1

+M ,V J+C.C.ad cd

^ o5 ^ 1 * 2* ^4 Cabcd 2li/3^UabMcd+

+M3bVcd)+C-C-

na and la tQ, tp t3» ^4 c3tbed 42(UabVcd+

‘ab cd"1

+V ,11 ,) + ab cd
+C. C.

4fo5 ♦1» ir 2* *3 Cabcd “ ^ 4VabVcdH
C n
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0,5 The- Four ^Intrinsic Derivative Operations :

The 4 - Operators D, , 6, c are defined as follows,

D0 = 0 la,
l d

/J0 = 0 na,; a

60 = 0 rra,

60 = 0;ama.

0,6 The Four Commutator Relations :

The commutator relations of successive intrinsic

derivatives arc :

!> ,D]0 = (y + r)D0 - { x; + 7i)& - (^+7i)60 +

+ (e + e)4^0 ,

[6,D]0 = (a + JB - tt)D0 - (3 + C - C) 60 -

— cr 60 + Kzj 0 ,

[6, (£Oi>j0 = - ?’D0 + (.'! - 7 + 7)60 + X'60 +

+ (ip - 5 - 3 )<^05

[6,6j0 = (3 » M)D0 - (3 - a)60 - (a - 3)60 +

+ (p - p)z^0>

Whore

[ 6,D ] = 6D - D6.
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If we now substitute Xa for the arbitrary function 0 in 

these eauations and use the fact that (Cermeli 1977, p. 332).

DXa = xaab =
; fcr- 1 ,

6Xa va b
= X;bm =

3m ,

6X9 = xa,ifc =
• by KJ

-am ,

AX8 „,a b
= ibn =

an .

We obtain.,. the._foyJi.roeJt3ric jjr■u at ions. :

£ga - Dna = (7 + 7)1° - ( ^ + n)ma - (-^- + n)™ +

+ (G + G)na,

5la - Dma (a + /s - n)ia
*■'"3 ,3- erm + kn ,

- + S - S)ma -

6na - /£jma - 7;la + (/-! - 7 + r)ma + Xm° +

-f i -r - a - /3) n3,

’Bm3 - 6fRa (u - ju.)la - ( P - a)ma - (a - p)ma +

+(^ - o)na.
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o

The E iqhteen Mewrnan. Penrose .Equations :

MP1 : Do -ok — (+ cr o ') + (C + -)P - k —1< ( 30C-r P— Ti ) +■

MP2 : Do - Sk = (o + 6) o"+ (3D - e)cr- (*T~ jt + cc + 3£)k+

^0*

MP3 : Dl - /; k = ( ( + Ti) P H> ( ( '+ K)0~+ ( G - 6) T •

(37 + 7) +tx + 0O1,

MP4 : Dec ■- 5C = (o + € ■ 26)a + Per - 'h -. kA - i7 +

+ (G ! p )ri -r 0 ,
i 1U

MP5 : DP ■ - 6C = (a -s r,) o -»• ( c • G) r » (U + 7) k - (a-n )Of ,f ^

:>TP6 : D7 -- ,:\G = ( T + ‘fi )a + ( “f + k )P - ( 6 + S)r -

. (r + 7;g + ( 7' -■ rk +’! r2 ” A+ ^11»

MP7 : Da .
— 2» '6l, = ( pA + 0" JU) + Ti -i- (

-i- 02Q,

a • £)?; - rk - (3G-G)A +

MP8 : DP 67 = (p.u + o- A) + k n ™ (G + G;)‘ - Tr(a-.jS) -

- vk -i- + 2/\,

MP9 : Dv -- on = (a+'X)1-1 + (n+ X)A + (7-7) i~ ■- ( 3S+€) 7+ >f-.+0pX»

MP10 : iiA 6M = ~(.u.+J3)A ( 37 -r)A ( 3K-S-X+A-- T ) ^ ” Jr ,,
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NPll •• a9 - 6o~ = oja-i P) ~ cr(3a ™ TO + ( Q^- Q~ ) T +

+ (jw - '-)k a + ^01*

-P12 •« 6CX - 6/3 (2 Q - X cr) + c«X + £f . 2C'P + 7 ( ’ 5 )

+ e(p „ 6) _ *!/} '2 + ~ + 01V

MP13 •
• 6 A - 6,U = (9. - o)%' + (p -■ r} r + u(a + r) +

+ A(a. - n -*3 + 021-

MP14 : ov — aU = f 2 AXj -i- (7 + T jf.f. - V j; + ( T ,3P-c)'’H-

4- 0
221 >

NP15 ; 67 - A /? = ( T- a - r)7 4* " T - 0 r .. S v .= /3(7-7-*0 +

+ a A ’■ 012.

MP16 ; 6 f - /VO*' = (cr A O) + ( r-HB - a) T ■■• ( 37-7 ) cr~

- k“' * 0Q2’

MP17 • a- q_ - 6 P' = ~ (^ rf -i- crX) CP - a - T)T + (7 +7) r) +

a>k - »|f? - 2 a 9

NP18 « a® - Zy = ( ^ v N. s) v . ( r + P) A + (7 -* 11.) a -i'

-S' (? . T)7
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0,9 The eleven Bianchi Identities :

B1 : 6t0- D i 1 «i- D0O1 - 60QO = (4a .. K,)'!fQ , 2(2q-t 6) 4^ +

t 3 ki 2 + (n ~ 2 a - 2/3#^ + 2(0 + q)0Q1 + 2a~0lo - 

+ 2 k0xl - k 0Q2 ,

6'!^ + 00 - 60 = (47 - ,u) 2(2T. + f)'!^32 : A vq o'"2 •»- :^02 '* ^oi

+ 2 cr-A - ?’0,-v t 2(r . ?) 0Q1 + 2 cr0n +
03 '11

(23 - 29 + q)0q2 • 2 k0lo ,'12

B3 3(6!'^ =■ 0v!? ) + 2(D0XX - 60Xq) + "&0QI "^^00

3A' } - 9 q'!r? -i- 6 (a . / ) '••, J- 6 k 3+

( a - 2V - 27 - 27) 0Oq + (2c: + 2jv + 2 T) 001

+ 2(X - 2 a + r) 0lQ + 2(2 V- oj 0 +

+ 2 Cf'02Q - ^0O2 ’ - - ^1202 ’ 2 k ^12 ’ 2k '021 *

3( A'i'j - 6v2) 3 :: (O012 o01X) + (S0Q2'~ A0qi/

3 vA, - 6(y - ^)A U -
+

'l '-'2 “ ° "'3 “ ,w00

21 - - h - 

(2a -r 2it -i- ‘

) 001 A'- 10
■f 2(T, 2)1) 0, 1 +

i - 22)0,0 + (2^- 2^

11

6)012

2 3"02X - 2 kO
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B5 : 3(5*2 - 0^3) + D021 - 502O + 2(50n ~ A0j_q )

6 V*1 - 9 Kty0 + 6 (6 ~ 9*31 + 3 kl!4 -2 ^00 +

+ 2 + 2 (4 -4-2 X) 01O + ( 2k + 4 T) 0n +

+ (20 + 2T + I .- 2 a) ^20 - 2 0- 012 +

+ 2 (9 -■ (^ - 6) GL, -
si

%2 5

36 : 3(Ai!f2 - 6^3) + D^22. ~
602i + 2(6012 ” <^11 ^ =

6 yty- 9 \s&}2 + 6 (P ~ i;)*3 + 3cr ty^ - 2 v0Q1 -

1 N
>

'^1 SL
H
-* 0 + 2 (2 4-4) <*11 + 2 i\0Q2 A02O +

+ 2 ( TC + •X - 2 P ) (*12 + 2 (P + T+ k)021 + - 26 -

- 26 - 2X )022-

B7 : sty - Dty4 + ^21 ~ '-^2:0 3 \t|f2 - 2(a + 271)^3 +

+ (4 6- 9'(,4 - 2 ’^lO + 2 X0U + (2 T - 2Y + u)02O

+ 2( f- a) 021 •- ^ 8-2 ’

B8 : A^3 - oty^ + 50,?? “ A021 ~ 3 ^ - 2 (Y + 24)^3 +

+ (4/3 -r)t4 - 2 OA011 " ~470 + 2 \012 +

+ 2 ( Y ■+• 6 )04 + ( r - 24 - 2a)0?2 .
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89 : D0j^ “ 50^q + + ,&0qq + 3 ~ (2Y - jJ- + 2 Y -

- ^)0OO + (n ~ 2a - 2 X)0Q1 + (n - 2a - 2'x)^10 +

+ 2(<j, + 9,)0U + ^ 002 + cr02O - E012 - k^21 ’

BIO : D012 - 50u “ 5002 + ̂ 0Q1 + 3 5/'"' = <2Y " V "

- 2 IL)0ol + 50^ - K01q + 2(n -T)0n+ (n + 2 £ -

- 2a - x ) 0q2 + (2 X + Q^“ 2 6)0^2 + (r~$2l “ k^22 ’

Bll : D022 - 5022 ” S0^2 + + 3;V\ = v$qi +

+ 50^0 “2 ( P- + H) 0n - ^0q2 ~ ^20 + ( 2k - T +

+ 2 P) 0^+ (2 P - t + 2 it) 02 2+(^+Q>-26-



O'. 10 Spin .coefficient for Asymptotically flat spacetimes:

Def in.it ion hxprossion for Asymptotically 
Flat Spacetimes

i \ i a-b11 •? = m a. 0-0 .3 + 0(1- )

\ , a b2) o- = la;bn. m cr .0-2 ,-0 JD2 1.., 0N - 4(o~-cr 2 0 )r +
o(f° )

a b
3) r = la.(P'n ~r\

1 •, 0{—I) 
2r 3; 1 H ok ,!f 0

0, k

8crc"° + <r° $1 ) + oGT)

i t. -a-b4) 4 = n ,m m' a ’ .D

5) 2 = -n bm ita b

A o»l = 0 o-2 t - <T F ±
-3/ ^0-0 , 0 u (cT cr X

X° +t")r

1 ^ o . 0 \ (4\+ 2 cr t 2) +ov r )

oN -2

/ 0 -o ,.o4. ( cr CT- ! •

2‘ 
o 0 +

+ ¥**U*3 +
. - a b6) *” = na.bm n

o -1 0 1-2-ok7' - £ t3 + 2- <0 i.f 0ak1lf V +
9

+ o( r )
. 1,. a-b

7) a = o(.l~. un ni2 ™a" b
• m , m m a; b

■ b

o-1 ■- aO-2 o -o or3
a = P t + O'* p -l- b~ cr/3 r +

/ - 4\ oi r )
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Definition Expression for Asymptotically 
Flat Spacetimes

s) p = k Knanfb

-a b*- ma;bm m }

d° r-1 ™ cr° a° r'2

o-o -o 1 , ,,3cr ^ ^ ^ ^ ) r +

+ o( ~4)

9) r = Ml nanb ■ 
2 -a*b

— a b \ - ma:bm n 5
2 V* 2 +

■L (1 ^ok t ?o V3 ' 1, k

a vr o 1 „o.,
6-

1- 2 a. ) + o( r )

L'.lX VVeyl Scalars for Asymptotically Flat ..space times :

Sefinition Expression for Asymptotically Flat 
space-times.

ilr' 0
„ , a b, c dCabcdl rn 1 m A" + 0(f6)

8<
_n

oooK
o!<

I-
[

+ 
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'•
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Definition Expression for Asymptotically 
f lat_space-times. _ ^ _ ____

abed
-1 a b c» d 1 n n m = do2 - aok y -r3 + orr4)

■'abed
_a-b c-d n m n m

4 4
"~Tl „ (2 a° ^ + A°Kti J:r2+

3 ,k
+ O(r^)


