


INTRODUCTION

The prime mathematical tool for studying the strain
variation equation in relativistic continuum mechanics in
this dissertation is the Newman-Fenrose formalism invented
in 1962. It has several exquisite advantages over the
standard tensorial presantaticn of Einstein field equations

of gravitetion in the presence of matter,

irst we observe thet Einstein hed utilized
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only four (contracted) Bianchi identities, viz.

F nab 1., ab o

Leading to the energy-balance eguaticns in Continuum

mechanics
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Unfortunately these four equations do not indicate the
interaction of free grevitational fiesld wWeyltersor (Cabcd)
and the matter field, Tab. One has to look up for the
twentyfour Rianchi identities in a 4 - dimensional Riemannian
space., The credit of utilizing all the twenty-four
identities for studying the interaction of Cabcd and Tab

lies in the Mewman and Fenrose formalilsm (NP formalism for

short).,



Next advantage in this spin-cosfficient formalism
is its easy adaptahility to athor formalisms. From null
tetrad formalism we can switch over very =2asily to a tetrad
comprising of one time-like and three space-like vectors,
(Vide 1.5, 1.6,1,7 for explcit example). Eisenhart (1964),
Lichnerowicz (1952), Shaha (1974) have used such formalism
consisting of one null vector field and three space like
vector fi-lds, while studying the Serret-rrenet formulae of

a curve representing the history of a massless particle.

Computational ease is an asset for the Np - formalism.
The covarient derivative of a vector field is again in terms
of the (suter product of) four null vectors, In particular,
the derivatives of null vector fields is again in terms of
null vectors (vide Anrendix vide : Chapt. II). The
algebraic computations are facilitated by tnhe idem potents
fzoro® and fTone® appearing in the defining relations (vide :
1.1, 1.2, 1.3). As a matter of fact even the computer
time is economized if the Np method is adopted., Campbell
and “ainwright (1977) hsve claimed that the null formalism
affords a saving of 60 % of thc computer time as comparcd
to the clossical method of Einstein,

Ths efficicncy of the nlewman Penrose formalism
lics in making the tensor ecguations transparent. This

means that the necoessary and sufficient conditions for the



validity of a TENSOR eqguation will be expressed in terms
of independant SCALAR equaticns, This is the reason for
caellino the Wewman Fenrose formalism as an AMAZLNGLY
USEFUL formalism, by Flaherty (1976), Carmeli (1982).

It 1s this advantage that 1s amply exploited in Chapter 11

and I1I of this disscertation.

EXPOSITION
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0.1 The four null vector fields

Newnan and Penrose (1962) invented a set of our rays:

a ¢ 4 =-a a{
X = 117, ma s M, N
AN - = i

1 } 7

e

a 2 , & a
there 1%, n” are two real ravs and m*, m° (an overhead bar
denotes complex conjugation) are complex ravs which

satisfv the following conditions.

e a_ _ & _ me=
'l =nmm, =n'n, =0m=0 (1.1)
(null relations)
a A= a 3.
= i = i Ti = n m = O 1.2
1my 1 m, nom 2 ( )
(Crtnoogonal relations)
a am
ln, =-nm, =1 (1.3)

(normal relations)



The relation between this tetrad and the geometry of

space~time is

Jab = Lalp * Taly = My T MMy, (1.4)

(corpleteness relation).

Thus at each point of the spzce-time manifold, a null
tetrad of basis vectors is postulated. Accordingly any
non zerovector Xk can be expressed as unique combination
ot the null vectors :

x? = ()17 + (©)n® + (B)F° + (B)n?
with

k Uk, _ ke

A=Xmn, B= X' lps ©=<=Xm

Thus A, 3, C ara the complex tetrad components (scalars)

of the wvector Xa.

In continuum mechanics the ubiguitous vector is the

. . - . a a a
unit. time<like flow vector, The choice X7 = u’, u u, = 1
is consistent with th: rzlation
1 a a
AR (1.5)
V2 Wz
A space=-like vector ET can have the form
a 1 .a 1 a
E" =2 lw-— n, (1.6)
V2~ V2

Tho oth r tws space-like vector fields which are

orthogonal to thase twe vectors can be cnumerated simply



=2 (® + @Y, = (0 -7 (1.7)
V2 Y2

with one time-like and three spece-like voctors. This
astablishes the ease with which one cen switch over from

null tetrad to the classicel tetrad.

0.2 The Twelve Spin Cocfficient :

e e e er—— e T 8T s TR

The following 12 'Greck' letters have besn famous in
all the works on gravitational redistion :

k=1 . m1P,

_ a=b
o= la;bm mo,

-7 Ya3b ’

o= = na;bﬁaib,
@ = 1/2(1, 0 m” - m ;bﬁaﬁb),
a_b =a b),



) a b -3 b

Y o= 1/2(la;bn nT o= om0 n ¥,
- a.b =a.b

& = l/Z(Aa;bn 1° - ma;bm 17).

0.3 TheEBleven Riccl Rey Scaiers

Pl m Lo e -

The cnumeration of the cleven scelars which are just
the tetrad components »f thes Ricci tensor Rab end R (Ricci

scerler) is given by -

¢oo: “% Rabla;b ?

Qol = - %ﬁabiamb ’

Poo = - %Rabmamb’

glO = . %Rab;aﬁb R

P17 = - %Rab(ianb + maﬁb) i
®l2 = ERabnamb,

Bog = - é ebmaﬁb ’

¢2l = %Rabnaﬁb,

G = -5 A pnn’,

AN\ = A



C.4 The Five Complev “levl Scalars :

oy

The free grevitational part of the curvature tensor

PPN 3 K A ~f g : ma o e ¢ 1‘

Robed (which is locally not dafined by matter tensor T,
is the Wevyl tensor Cabcd' The Weyl tensor Cabcd in NP-

formalism is expressed by (Corpbell and Wainwright ., 1977).

= R[ -2 U U 44y (U M MU ) -
Cabod el =200 g +an (U Mg + i Uog)
. : H 7 4? + V 1 4+
205U 00 g * Maptcq Wed!

+ ARV g BgpVog) - 20V Vgl

where
U1 - 5 =
ab < m [anb]
Y4 = 2 I.-m
Yab “ T[ap]
and
R foreed - n-
Moy e 1 m

Ther the totrad componsnts of C_ 4 ere lebaled :

Vo o 7 qubdie blcmd,
vy = - Sebcd;anbmlazmd’
s - CEde@anblcmds
V3= - ycdﬁ n?icnd,

~a‘b§c d
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N 1, Wos d1s bps W3 Cabed b4V apY cat



0,5 TIhg Four Intrinsic Derivative Cperations :

The 4 - Opcrators D 5, & arc defined as follows,

¥ Lo B

g = ¢ 1%

a
£P = B,,.n%,

a
¢ = f..m,
- =3
&P = ;E;am .

0.6 The Four Commutator Relations :

The commutator relatiors of successive intrinsic

derivatives are

[,0000 = (v + )DP - (T + 7)6 - (L47)80 +
+ (e+€ayg,

[6,0)p = (0+ B~7)Dp~ (3+C-Cop -
- o+ Kap ,
(6, AlF = = D20 + (v =7 + )68 + R3P +
+ (‘{:‘, ¢ - 3)/.,5@9
(3,630 = (0 - 0)Dp - (P alep~ (G- RSP+

+ ((3 - P)élsgy

Where
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If we now substitute X~ for the arbitrary function @ in

these ecuations and usc the fact that (Cermeli 1977, p. 332).

ne = X?bib _ ia ’
6x° = X?bmb = n°,
37 = ijﬂt = =?,
_z_’AXa = Z{E;bnb = na .

61° = tm® = (@ + g~ 7)1 - (3 + 6=~ B)m° -
- o5+ knY,

6n® - m® = = P1% 4 (1 -7+ F)n® + AR 4+
+ (7\' - 0 - E')na,

& - omt = (0 - w)1® - (P~ a)n® - (B~ p)R° +
+(§ - ?)na.
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The Eichteen iewman Penrose Equations

L
(e}
Oni
oy

Do . 8k

37\ £ 5;

i

M- OX

DV - (5T

AN - BV

2

(p°+ oo) + {(C+T)p ~ k —-('«1<(3c1+%;n}+

* Loy

(o + 3o+ (35 = §) o= (TT- 7 4 a + 30)kd

(0 + G - 26)a + For~ BS = kA - BY +
+ (€ + o)n + P15
(@4 m)os (57 6)F = (14 M)k = (&7)0r0,
(T+Fe+ (Tan)e- (5+E) -
(v +7:€+ (7 - 2k A - S B11s
(N + T u) + 7 4 (c-£)n - vk = (3C-CIN +
+ Do
(o + o A) 4+ T 7 - (€ + &) = 7(&-B) -
- vk A, A 20,
(74 Vv + (F+ O™ + (v=7)51 - (32+8) v+ 050

{1 L (3TN 4 (BoaTare T)w -y,
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NP1l @ 6Q = 8om = (dip) « (30 - R+ (g~ a) T+

+ (W~ 0k =¥ + Poy

VP12 : 60~ BB = (¥ Q- A O) 4l + £ - 208 %+ 7(g - O)
+ (¥ ~ ) ""!‘!'{2 AN 4 lel”
NP13 o oM -~ b = (q- a@?" + (v - Tyr + u(t 4+ p) +

+ A& - ) S, 4 D10

~

P14 8V = ol = ("2 e A A (v T e D o (T L36-C)

NP15 1 67 =af = (T=0 =)y 4+ 0T e or -8 2= Blo-ra)+

P16 : 6 T av= (wos A Q)+ (T - @) T (39)o-

NP17 ot A - 8T = QT 4 oA+ (P- e TT+ (v +7) Q4

NP18 ac -8 = (g+g)r - (T AN+ (v - m)a =+



0.9 The eleven Bianchi Identities :
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(st - \);;2:: + (J‘/Jl“ Qijll) N (5’*”) ’ﬁ‘@ul/ )
=3 b, T 6(Y = b T, =6 Ay - gy F

(T = B- Yy - 2 Ry 2T 20y
+ (2o + 20 v - 2 J{;}j().ﬁ- K (2‘5\,\‘, 2"’\“ N b/@12 l
+ 2 TFL, - 2 k3 )



B3

B7

3(8Y, - D3) + D@,y - s¥yn + 2(3¢,, -nly) =
6 A¥) - 9 mb, + 6 (B~ Qg+ 3 ki, -2 o+
2 Mg 2B - w - 2T F g+ (20 a) g+

+ (28 + 274+ 7 - 2 Q) ¢?O~20:¢12+

oo - 8Y -k
+ 2 (t; < £) 751 E.¢22 ,

. 4 - _
6'))\1Il-9 ‘px!!2+6 (B »-'7:)\V3+30-\!;4—2v¢01—

+ 2(n + T - 25')%12 +2 (B +T+m)g,; + (- 2B -

By - Dby + g¢2l '4\¢2@ = 3, - 2(a + AR

+ (4 E - c\;)\!f4 -2 9)¢lo + 2 ?“2‘11 + (27 - 27 + ‘U”)¢2O +

+ 2(T7- a) ¢21 - T Q;ZQ )

m!fB - 5\1/4 + 75'7522 w,g(z%é}_ = 3 wg - 2(y + 2,}.L)\l!3 +

ke : - r‘\“! - ’2'\,‘ . Py D Y

oY+ W, + (T~ 28 - 208, .
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B9 : D¢ll - 5¢lO + 5¢Ol +‘5¢OO + 3D~ =(2Y = u+2 7Y -

= Wyt 0= 20 - 270)F; + (5 - 22 - 20 4 +

W1+ 0 By + 08y - ki, - KDy,

Bl1O  : D@, - 5@11 - 8@, + 55@01 + 385~ = (2Y - py -

-

- 20 - T )¢O2 + (2 g+ Q-2 §)¢l2 + rr“¢2l - k¢22,

Bll D¢22 - 6¢21 - 5@12 + /\¢11 + 34 = ”¢Ol +

+5}¢10_2 (P’+:;I‘) ¢ll”A¢C2—X¢2O+ ( 2n - PC+

£28) gt (28 Teom) By (@ Re 26



0,10 Spin coefficicnt for

R i LRI "I

Definition

_ a=b -

¢ = ia;bm ‘ v
a b -

2) o- = lo,pmm o

A = n LM
4) Ath
-a b '
1t - - m m L =
5) Tasp? @
e b =

n) - m
6) T}a;bz n

By
1

[
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Asymptoticelly flat spacetimes:

pression for Asymptoticelly
et Spacectimes

L e v m w

-3
+ o(¢7)
o-1 2052 2 20,923
[ R e R e Al cI S
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"
Definition Expression for Asymptotically
Flat Spacetimes

A o Ly a_=b " _ a0 =.1 o .o =.2
8) o= 2\ a;bn m - = = QD - O a r -
-a b 0 =0 =0 1 .° . .3
- ma;bmm) - (o Ty« ) ‘fl)'y +
+ 0l 74
9) 7 = i(l nenP . y = 40 . Lo O.+
2'a;b - 2r2 2
=a b
=~ m_ 0mn ) Al soky 0
a; b *rg (BATY e -
O T
SAa g ey o(F

0.0 eyl Scalars for Asymptotically Flat space times :

Jefinition Expression for Asymptotically Flat

space-times.,

,,,,, W oa e > x s v e e e 5 w.a .t m o+ = e mowom omouwow o mca @ % 3t B . A w3 o acm W @ 3.3 "3 m s o3 3 . o+ m oa

M
or
O
%
G:.‘.
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H
H
-+
——~
53

. 1 a b,c d o =3 (ORI .ok - (=4
\'ij I o =T C 1 U = ¥ 2 7 e A %fj
5 5 abcd("n“l + b, 577 +(2 i~ A __‘g,\)r +
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+Definition

\ — a b Ce= d
Vg = ”abcdi n'n’m

Vg = = Sapedt @M

P

A v r s @ 3o o 3 ANWT® ¥ xR 3 3 sime T
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zxpression for Asymptotically
flat space-times.

3 s me 3 Al 5 o wimey A

w

i‘!r o= \{Ii: ’r .
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