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1e PRECURSORY ASSUMPTIONS

The preliminary concepts necessary for the development
of dissertation work are introduced. We mainly deal with
four-dimentional space-time manifold Vy with the Lorentzian
metric of signature ( -,~-,~,+ ). The geometrical units are

such that C=G=-K=1, The various symbols used are as follows,

Covarient derivative,

-

Partial derivative,

-
..

b 4]
.

Covarient derivative of X with respect to
time-|like vector,
$ Symmetrization bracket,

Antisymmetrization bracket,
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$ Lie derivative with respect to c.

()
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L
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2. FORMATION OF THE STRESS ENERGY TENSOR FOR

INFINITELY CONDUCTING FERROFLUID

Lichnerowicz (1967) has developed a stress energy tensor
characterizing perfect fluid with infinite conductivity and
constant magnetic permeability. The form :o§this stress energy
tensor which he has used to study the relativistic magneto-

hydrodynamics is given by

T.p = (reptmn?) U U - (prmn®) g, ,- 4h_h (2.1)

(L) °

where p is isotropic pressure and

r is proper matter density .



Here the time-like vector Ua has the unitary character
ieee,

vay, =1 . (2.2)

This implies that,

ua U = 0, .3)
A 0 (2.3

The magnetic field vector h, is normal to the flow

vector U, having its magnitude (~=h2)

ie€ay

U,h® =0 and h h? = -h% . (2.4)
It follows from these results that

ho.ph? = = ne (2.5)

b 4
a a )
This formalism is used by Ray and Banarji (1980) for

relativistic ferrofluidﬁj’

[QAccording to these authors in ferrofluid the magnetic
induction vector and polarization vector are linearly
related and the magnetic permeability is a variable quantity.
They have considered the stress energy tensor characterising
ferrofluid with infinite electrical conductivity and variabie
magnetic permeability as given by
T.. = (repsah2) U U, - (p+han®) g owh h . (2.7)
ab a b ) ab ab

(8)
Note that though the form (2.7) is just simitar to (2.1) it

differs only in term of magnetic permeability which is treated

as variable in (2.7).



Further in 1972, Maugin has coined a stress energy tensor
for polorized, magnetised perfect fluid with infinite electri-
cal conductivity and constant magnetic permeability eshtablish-
ed by making use of the Action Principle in the format

((};)ab = (repmh®) UUp - (pa(l- -’g‘)ha) 9,5 NN, (2:8)

We consider the infinitely conducting perfect ferrofluid
’fgéompassing the effects of polorization and magnetization
as considered by Maugin which is deéscribed by the stress
energy tensor given by (2.8) and by keeping the magnetic

permeability as variable. Hence the form of the stress energy

tensor which is used throughout the dissertation work is
2 M2
T.nh = (r+p+mh U U = |[p+m{1-&=)h -#h h . (2.
ap = (r+p+mh) U U - [p+m(1-55) ]gab Py (209

This tensor with variable magnetic permeability will
describe the propertiesof the infinitely conducting polori-
zed, magnetized perfect fluid which we denote hereafter by

the name Infinitely Conducting Ferrofiuide

NOTE
It is observed that if we keepAA as constant in (2.9)

then we have the Maugin's stress energy tensor given by (2.8),.
Further if we put the constant magnetic permeability as
unity then the Maugin's form (2.8) gets reduced to

Lichnerowicz form (2.1)



S CHARACTERISTIC. PPROPERTIES OF THE INFINITELY

CONDUWCTING FERROFLUID STRESS TENSOR

(i) Components of T3P

For the stress energy tensor of infinitely conducting
Ferrofiuid given by (2.9). We Aist the following results

derived by contractions.,

1
Taby  _ (r4 4h2) P (3.1)
a 2
2
2Py U, = r+/“'2h2 : (3.2)
. p
Tabha = _(p_ M_,_n_2) hb ’ (303)
2
3% h, = [p- 4éﬂ—jh , (3.4)
2-
Tabgab =T = r-3p-2uh®+2M4n° , (3.5)
TabUahb -0, (3.6)
2 2 2y
TabTab = AHB"-24B-2Bah "+ M N, (3.7)
where >
A = r+pi#h ’
B =

p+M(1-%§)h2 ,

DISCUSSION
It follows from the above relations,
(a) The infinitely conducting ferrofluid has a positive
is given
time-like eigen value/by (3.2).
(b) The infinitely conducting ferrofluid has a space-like
eigen value given by (3.4).
(c) The rest mass of infinitely conducting Ferrofluid is

given by (3.5).
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(ii) Energy G@onditions 3

The energy conditions followed by stress energy
tensor associated with infinitely conducting Ferrofiuid

space-time are

(a) Dominmant Energy Condition (Tabuaubao).

We have
a

b P) *

Therefore this energy condition becomes

M h2
h 30. (3.8)

r+

(b) Strong Energy Condition 3

It is given by

a, b 1
TabU u” - v T >o0.

Vd

For infinitely conducting ferrofluid it provides

> r+@p+2/~h2-/~fh220 . (3.9)

4, EQUATIONS GOVERNING PHYSICAL FIELDS

(i) Einstein Field Equations

The well known Einstein Field Equations governing
the geometry and dynamics of the space~time are given
by
Gab = Tab b4 (401)

where the symmetric Einstein tensor Gab has the usual



expression comprising the terms of the Ricci tensor Rab

and the curvature scalar R, in the form

1

NOTE 1
The left hand side of (4.1) is forced to be the

Einstein tensor under the assumptions,
1+ G vanishes when space-time is flat,
2. G is given by (4.2),
3. G satisfies the condition arising out of
contracted Bianchi identiies i.e. divergence
of G is zero,.

NOTE 2
The more general Einstein Field Equations including

the cosmoligical term are {(EiastetmtoTT),

Gabv+/\gab = Tab . (403)

The inclusion of A\ term is abandoned by Einstein after
the conformation of Hubbles law, but still many workers
in the field of General Relativity use Einstein Field
Equations (4.3). We use the Einstein Field Equations

given by the equation (4.1).

NOTE 3 :
The right hand side of Einstein Field Equations

(4.1) involving a Symmetric Stress Tensor speaks about

the dynamical features of the space-time,

(ii) Equations Governing Electromagnetic Field

Sov
The Maxwells equations from the electromagnetic

field with source are given by ,



Fab;c + F'bc;a + Fca;b = 0. (4.5)

Here the skew-symmetric electromagnetic field tensor
Fab i{s defined through the vector potential Aa in
the form,

Fab = Ab;a - Aa;b . (4.6)

The term J? in equation (4.4) gives the four-current
vector which is always conservative.
These equations under the constraints that,
(i) infinite conductivity (ii) variable magnetic

, due
permeability are related to (Lichnerowicz, 1967),
[MU3h® - uPh?)] ;b = o. (4.7)

NOTE 1 3
The Maxwell equations in Special Relativistic

Space are given by

ab _ a
Fab | = 4, (4.8)

Fab,c + Fbc,a + Fca,b = 0. (409)

Here the components of four-current J are
Jo = ¢ = charged density ,

and (J J, JB) = components of current density.

1 72

NOTE 2
In empty space we write the Maxwell Equations

n
in iﬁdex free notations in the form



dF = 0 , (4.10)
d¥F = 4Ty (4.11)

where d denotes exterior derivative and ¥ denotes the dual,

NOTE 3

Source free Maxwell Equations in curved space

time are
Fab =0, (4.12)
9
Fab;c + Fbc;a + Fca;b =0 . (4.13)

We use the set of Maxwel} Equations (4.7) throughout
the dissertation work for the space-time of infinitely

conducting ferrofluid .

(iii) Heat Transfer Equations

The retativistic laws of thermodynamics available
in literature are stated as .follows,

(a) First law of Thermodynamicss$

The relations interlinking the thermodynamical

variables are governed by the law, (Maugin 1970)
T.dS = d€ + pd(l) = si=m(1-M)dn? (4.14)
o = To Z7o ) .

where the proper material density Fo? the internal
energy density &€, the specific entropy 8, and the

rest temperature'T; are related by ,

-
I

r0(1+e) ’ (4015)

and x

1+e+p/r0 . (4.16)
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REMARK ¢ This law is merely the law of conservation of
energy in Special Relativity.

(b) Second law of Thermodynamics 3

The entropy flux four vector 82 is defined as

(Greenberg, 1971)
o
s? = rosua + /T, (4417)

where q2 is the four flux vector.
This entropy vector sarisfies Clausinsduhem inequality
given by ,

s >o. (4.18)

HE: |

REMARK s (i) The second law of thermodynamics plays an
effective role whenever there exists heat flux vector
in the stress energy tensor for the field under
consideration,

(ii) This law also states that the entropy

can be generatieed but cannot be destroyed.

5. GEOMETRICAL ASPECTS

(a) Kinematical parameters connected with the time-1ike

vector

The gradient of the four flow vector u? s expressible

in the form (Greenberg, 1971),

1 .
Yasb = 6ab + Wap + 3 b T YaY o (5.1)

where the parameters on right hand side are,



® = U5 : (Expansion) , (5.2)
vt Ua;bub ¢ (4-acceleration) , (5.3)

Cab = Ulasp) = U(aUy) = F6P_ t(Shear tensor),(5.4)
Wop = U‘?;sl - B[?Ub3 s rotation tensor, (5.5)
Pib = 9.p - Uan ¢ (3-space projection

operator) , (5.6)

It follews from these defining expressions of parameters

o=w =0, (5.7)

€ab = 6;a » Woa = Wap » (5.8)

p: =3, PabUb = 0, Pab = Pba ’ (5.9)

wabub = g;bub =0 . (5.10)
We define two scalars

el =26 (5.11)

W wab _ o2 | (5.12)

ab

(b) Lie Derivative ¢ (Carmeli 1982)

Let there be some tensor field T{x) which is
defined in our space-~time. At the point Q@ we can
evaluate the tensor T(x) in two different ways. First
we have the value of T at the points Q , namely, T(x).

Then we have the value of T(;), namely, the transformed

11
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tensor T using the usual co-ordinatq#’transformafions
for tensors at the point Q . The difference between
these two values of the tensor T evaluated at the point
Q with co~ordinates X .leads to the possibility of

defining the concept of Lie Derivative of the tensor T,

(1) Definition 3 Lie derivative of covariant tensor T2D

with respect to vector field é is defined as

[ C
LT, =T TC T . .
£ ab ab;c'§'+' a §c;b * b Ec;a (5 13)

(2) Definition sLie derivative of contravariant tensor

Tab with respect to vector field é;is defined as ,

ab _ rab - ac be
-E;T = T;C g - T gc;b - T '&c;a . (5.14)

(3) Einstein Collineation ¢ The Einstein Collineation

with respect to any arbitrary vector field & is defined by

~§ Gab =0 ,
ioeC, 1
4 2 ab
ie€e
LT =0 (via Einstein field equations) (5615)
£ ab

This by definition (5.,13) implies

[
Tab3C§ + Tac é;b + ch‘i;a =0 . (5.16}

NOTE s No original results are claimed in this section.



