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CHAPTER-1V

0-1 DISTRIBUTIVE LATTICES

4.1 INTRODUCTION

A 0-1 distributive lattice is a lattice which is both 

O-distributive and 1-distributive. A suitable example oi a 0-1 distri

butive lattice is a lattice sketched in the following diagram.

1

0
Fig. 8

Ihis lattice Ng is pseudocomplemented as well as cuasicom- 

plemented but not distributive.

In this chapter mainly we will characterize complemertedness 

in 0-1 distributive lattices.

Ramana Murty 19] has proved the following 

Result : Let L be a distributive lattice with O and 1. Ihen the 

following statements are equivalent.

1) L is a Boolean algebra.

2) Complement of every ultralilter in L is a maximal ideal.

3) Complement oi every maximal ideal is an ultralilter.

4) Every prime filter is an ultrafilter.

Every prime ideal is a maximal ideal.5)



Adams 11] has proved

Result : Let L be a lattice with greatest element 1 Mid least

element O in which an ideal, or dual ideal, is maximal il and 

only ii it is prime. Then L is complemented.

Ihese results are generalized in Article 2 to characterize 

the complementedness in a 0-1 distributive lattice.

A very special result that "A 0-1 distributive lattice is

distributive if it is weakly complemented" has been proved.

lhe lattice Ng (see Fig.8) is a 0-1 distributive lattice

but not weakly complemented. Hence it is remarked that It is not 

distributive.

Article 3 deals with a diagram which exhibits the total

outline oi our study.



40

4.2 PROPERTIES

It is well-known that in a Boolean algebra the set-theoretic 

complement of a maximal ideal is a maximal filter and vice versa. 

Ramana Murty [9] has proved that this is a characteristic property 

of the Boolean algebra by proving that a distributive lattice with

0 and 1 is a Boolean algebra if and only if the complement ol

every maximal ideal is a maximal filter. But it can be observed

that the conditions given in [9, Theorem 1] characterizes 

complementedness in a bounded distributive lattice. The following 

result generalizes the result of Ramana Murty for a 0-1 distributive 

lattice.

4.2.1 Result : Let L be a 0-1 distributive lattice. Then the

following conditions are equivalent.

1) L is complemented.

2) Every prime ideal 1e maximal.

3) Every prime filter is maximal.

4) Complement of a maximal filter is a maximal ideal.

5) Complement of a maximal ideal is a maximal filter.

Proof : Claim :(1)==^ (2)

Let P be a prime ideal of L.

Let x e L such that x 4- P.

As L is complemented, there exists an element ye L such 

that x a y = 0 and x V y = 1.
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But OE P (since P is an Ideal) implies that x A ye P.

As x i P we get y e P by primeness of P.

Thus for any x4 P, there exists an element ye P such that 

x V y = 1.

Hence by Result 1.2.7, P is a maximal ideal proving (2).

Claim : (2) =1 (4)

Let F be a maximal filter.

As L is O-distributive, F is a prime filter (see Result 2.3.10). 

Then L-F is a prime ideal (see Result 1.2.11).

By assumption L-F is a maximal ideal proving (4).

Claim : (4) (1)

Assume that complement of a maximal filter is a maximal

ideal.

We show that L is complemented.
*

Let x c L and let { x) * { y e L/x A y = o} and 
{ x}X={ ye L/x V y = 1} .

jgc
As L is O-distributive and 1-distributive, 1 x) is an ideal 

x
in L and (x) is a filter in L (see Result 2.3.4 and Result 3.3.2). 

$ J-
If {x}n(x} 4= 0, then we are through.

# JL
Suppose lx)n{x} = 0.

Let F * {, D/D is a filter in L such that D 2 (x

and D nix} = jJ] .

X
Clearly as {x} e F,F 4-

A
12021
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Applying Zorn's lemma we get a maximal element, say F,in f. 

Claim 1 : xe F.
*

It x4 F, then [F V {xMfllx} £ 0.
Jjc

Hence there exists an element y e {x} such that y ^ : A x for 

some f e F.

Now fAx^yAx = 0 implies that f e { x} , which is 
*

impossible since Ffl{x} = 0.

Hence we get xe F proving the claim.

Claim 2 : F is a maximal filter .

Let z e L such that z 4 F.

Then [F V (z})n{xf * 0.

Hence there exists an element ye {x}* such that 

y i A z for some f e F.

Now iAzAx^yAx = 0 implies that f A z A x = 0.

As xe F and feF we have xAie F (since F is a filter).

Thus for z$F there exists x/\feF such that zAxA,f=0.

Hence F is a maximal filter (see Result 1.2.7) which proves 

the claim 2.

By assumption L-F’ is a maximal ideal and x i L-F.

Hence there exists an element y e L-F such that x V 

(see Result 1.2.7)., which is a contradiction since (x}SF.

Hence fxfnix}^ jfc 0 proving that L is complemented. 

Similarly we can show that (1)=*(3)==H5)=#(1) • I

y-i
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Adams [1] has proved the following result "Let L be a 

lattice with greatest element 1 and least element 0 in which an 

ideal, or dual ideal, is maximal if and only if it is prine. Then 

L is complemented." But when every maximal ideal, or filter, is 

prime then L will become a 0-1 distributive lattice. We generalize 

the result of Adams as

4.2.2 Result : Let L be a 0-1 distributive lattice. If every prime 

filter in L is maximal, then L is complemented.

Proof : Let ae L be any element such that it has no complement in L.

Consider (a) ={xe L/a A x = 0} .
*

As L is O-distributive, {a} is an ideal in L (see Result 2.3.4),

As a has no complement in L we have a V x / 1 for any xe {a} 
Define T = {t c L / Ha V x, xe{iaf}.

1. T40 (since ae l)
#

2. 14T (since a V x 4= 1 for any xe{a) )

3. t^t^eT ==» t^ 1 (since t 4 a V x and t^^ implies that t^aVx)

4. Let tj.t^cT.

jJj

Then t^ a V x.^ and t2* a V x2 foi some x^x^la) .

* $
As {a} is an ideal, x^V x2e (a } .

Then t^4a V x^V x2and t^a V x^ x2 gives that 

tjV t^a V x1V x2.

Therefore tV tJT.1 2

l-4==£ T is a proper ideal in L.

As 1 e L ,T is contained in some maximal ideal, say M,in L

P)
(see Result 1.2.6).
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As L is 1-distributive, M is a prime ideal (see Result 3.3.2).

Hence L-M is a prime filter in L (see Result 1.2.11).

By data L-M is a maximal filter and as a e T — M,a 4 L-M.

Then there exists an element z e L-M such that a A z=0(see 

Result 1.2.7).

This implies that ze{ a} .

As (a}CM, zeM.

Thus z e (L-M)fl M=0, a contradiction.

Hence a must have complement in L proving that L is 

complemented. |

It is observed that every O-distributive/l-distributive 

lattice need not be distributive (see Remark 2.2.6 and Remark 

3.2.6). O-distributivity and 1-distributivity put together will not 

sufficient to prove that the lattice is distributive. A sufficient 

condition for a 0-1 distributive lattice to be distributive is 

established in the following result for which we need the

4.2.3 Lemma : Let L be a O-distributive weakly complemented

lattice. Then if x,ye L (x.y^l) and if

(*) x e P 4=4 ye P for all prime ideals P then x=y.

Proof : Suppose that x and y satisfy the conditions of the lemma.

If y < x V y, then there exists an element c such that 

c A y = 0 and c A (x V y)?0 since by hypothesis L is weakly 

complemented (see Def. 2.4.8),
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Then there exists a maximal filter F in L such that 

cA(x V y) e F (see Result 1.2.6).

As L is O-distributive, F is prime (see Result 2.3.10).

Therefore M=L-F is a prime ideal in L (see Result 1.2.11).

As cA(x V y)e F we get ca(x V y)$.M.

As c A y = 0 we have ca ye M.

This implies that ceMoryeMasM is a prime ideal.

But ceM implies that ca(x V y)e M, which is not possible.

Thus c 4 M and hence y e M.

If x e M, then x V y e M and hence cA(x V y) $ x V y 

implies that ca(x V y)e M, which is not possible.

Thus x$ M.

Hence we get that M is a prime ideal which contains y but not x.

This contradicts the assumption (*) of the lemma.

Therefore y = x V y.

Similarly we can show that x = x V y, and then 

we have x = y. |

4.2.4 Result : Every 0-1 distributive lattice is distributive

if it is weakly complemented.

Proof : Let a,x,y be arbitrary elements in L.

Let s = aA(x V y) and t = (aAx) V(aAy).

We shall show that s =. t.

Obviously s^ 1.

IMX- BSL"'"7.HARDEKAR L1BRAP 
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11 t = 1, s» t, then s=t=l and we are through.

Suppose t*l. Then there exists a maximal ideal P such that 

teP (see Result 1.2.6).

As L is 1-distributive, P is a prime ideal (see Result 3.3.2).

Now (aAx)V(aAy) €. P implies that a A x e P and a A y £P 

(see Dei.1.1.12).

Then either a e P or if it doesn't, x and y both belong 

to P, by primeness of P.

Thus either a e P or x V yeP.

Hence in either the case aA(xVy)ePi.e.; stP.

Thus we have shown that s belongs to a prime ideal that t does.

As s» t, t belongs to a prime ideal containing s.

Thus we get s e P if and only if t e P for any prime ideal

P in L.

Then by Lemma 4.2.3 we get s=t.

i.e; a A (x V y) = (aA x)V(aA y) for all a,x,y e L.

Hence L is distributive. ■

As a conclusion we get the following

4.2.5 Remark : A lattice L is a Boolean algebra if and only if

1) L is O-ldistributive;

2) Every prime filter in L is maximal filter and

3) L is weakly complemented.

* * *



47

4.3 A DIAGRAM

9k the following diagram, Indlpa tia* various possible

* * # * #


