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CHAPTER-2 

Source For Electromagnetic Fields

8 Introduction

The utility of the HP spin coefficient formalism 

is profusely demonstrated in electromagnetic field theory 

by Debney and Zund (1971, 1972 -a, b) zund (1973, 1974,

1977), Tariq and Tupper (1976, 1977), Wallace and Zund 

(1979), The novelty of this formalism can be realized 

through thorough exploitation of Bianchi Identities.

In this chapter by exploiting the eleven Bianchi 

identities we have characterized the source term for non

null and null electromagnetic field of Ruse-Synge classi

fication when interacting with different types of free- 

gravitational field. It is shown, for the non-null electro

magnetic field interacting with the free gravitational 

field of Petrov-type N, that the current vector Ja is 

necessarily a zero vector. It is proved to be space-like 

or null accordingly when purely real (Im 0^ ** 0) or purely 

imaginary (Re * 0) non-null electromagnetic field interacts 

with the Petrov-type III field. It is also observed that 

when purely real non-null field interacts with the Petrov 

type D field then the current vector is either space-like 

or zero vector, however, it is proved to be time-like when 

purely imaginary non-null electromagnetic field interacts
A

12008



with Petrov type D gravitational field. In case of null 
electromagnetic field of type B (02 ^ 0) coupled with 
various types of free-gravitational fields (except N,
¥4 <ia> f 0) it is computed that the current vector Ja 
is necessarily null, while for N N field (null electro
magnetic field and null free-gravitational field with the 
common propagation vector la) it is space-like. The results 
obtained in this chapter are summarized in the following 
table -
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G ravitational 
fields —>
Electromagnetic 
fields

V

¥o ^ 0 Vi »» o ¥2 * ° ¥3 * 0 ¥4 * °

Non-null

fi 0 Im 0j*O Ja - 0 Ja^ra< o JaJa< 0 
or

Ja ■ 0

jaj»< 0 Ja « 0

©NHu Ja * 0 JaJa* 0 J.Ja> 0 a j Ja *0 ja « 0

Null
*2 * 0 JaJa-° JaJa« 0 J Ja* 0 a •va -° va< 0

*o * 0 JaJa< 0
r

JaJa« 0 JaJ®» 0 0
-

JaJa-0
l

Here Ja is the current vector with conventions

(i) Ja * 0 **>> Ja is zero vector
(ii) JaJa * 0 ■**> Ja is null vector

(iii) j_ja < 0 *■*> Ja is space-like
a

(iv) JaJa > 0 *m> is ilk®
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8 2. Electromagnetic Field Equations :

The stress energy momentum tensor Tab of electro

magnetic field satisfies the equation

T;b " F% jb ••• <2*1)

Here the conservation of stress energy momentum tensor

*ab>b * 0 —> Pa b Jb « 0 , ... (2.2)

where the electromagnetic bivector Fab and the stress 
energy momentum tensor Tab of electromagnetic field are 
defined in (9.10) and (9.15) of Chapter 1 respectively ass

Pab “ '2 Re *1 ^“b] + 21 Im *1 ■ [.%] + *2 +

+ *2 X[a*b] ' *o "[a^b] -"o” [a”b ] ••• (2-3>

Tab * 5 { *22 Vb + *oo Vb + *20 Vb + *02 Vb} +

+ *11 ^(."b) + "(a”b) 1 - *21 1(a”b) *

* *12 X(a"b) - *10 n(a”b) * *01 n(a“b)- — (2-4>

The source term Ja is given by Debney and Zund 

(1971) as

ja m i na + I2 la - ma - Ij ma • • ♦ (2.5)



Sere V *1' *2 are the source scalars and the magni- 
tude of current vector is

JaJa - 2(I0 I2 - Ix lx) ... (2.6)

The scalar form of Maxwell equations

p [ab?c] “ 0

and Fab . « i ja
*b 2

can be worked out in following equations

D0i - 6 0O « (It - 2«) 0O + 2 ^ 0X - k 02 + I0,

6 02 “ A 0^ * “ + 2H 0^ + (X - 2p) 02 +

D ^2 “ $ * - X 0O + 2Jt + < ? - 2 €) 02 - Ix #

6 ll -A0O- 2^ ) 0O+ 2T0X - <r02 - Ix. ... (2.7)

§ 3* Non-null Electromagnetic field Interacting with
free-gravitational field *

The nature of the source Ja of electromagnetic 
field is examined under the choice of particular fields.

Theorem 1 For the non-null electromagnetic when coupled



with the Petrov-type N gravitational field, the current 
vector Ja is necessarily a aero vector.

Proof s We consider the amalgamation of the Petrov-type 
N gravitational field characterized by (la) ft 0 or 

(tA) ft 0 with propagation vector la and na respectively 
and non-null electromagnetic field characterized by 
0^ ft 0. For such fields the Bianchi identities are 
respectively (vide, appendix A)

^ * 1* - <T- T * k » 0# ... (3.1)
and

... (3.2)

The Maxwell equations (2.7) for the non-null electro
magnetic field provide

D01 * 2 ^ + I0 ,

6 0i m -2 n ^ + Ip

6 0i - 2 T ,

A * — 2 0^ — ^2* ••• (3.3)
mY\Consequently, the energy balance equations T * 0 

for the non-null fields yield
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0]_ Iq * 0 4

Rg 0^ ̂ 2 ** ® ,

In I^ ® Of

Im 0X Ix - 0 . ... (3.4)

(1) If the Maxwell scalar Is complex then we have 
Re 0^ 0 0, Im 0^ 0 0 and hence from (3.4) we 
obtain

Xo " X1 " *2 * °* •** (3*5)

This shows from (2.5) that the current vector Ja * 0.
This means that Ja is zero vector field.

(ii) If 0^ is purely real, we have Re 0i 0 0 and Im 02. “ 0. 

In this case equation (3.4) yields

Xo * °' I2 * °' II 0 0 ... (3.6)

The value of the component 1^ is obtained from

pab*b * 2 ja ... (3.7)

at I1«-2(T + *)0 ... (3.8)

For non-vanishing current Ja, we must have ( X + n) 0 0.
But by using the set of Bianchi Identities (3,1) or (3.2) 
we obtain 1^ « 0. Hence (3.6) implies I0“Ii*I2* °*
This proves that Ja is a zero vector.
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(ill) If the Maxwell scalar 0^ is purely imaginary we 
have Re 0i * 0 and lm 0± 0 0, then for such case 
equations (3.4) give.

Ix - 0 and Ic ? 0, I2 ? 0 ... (3.9)

The nonvanishing components IQ and I2 of Ja are obtained 
from equation (3.7) as

I© * * 2( S
I2 * - 2 (H - ?) ... (3.10)

By the use of Bianchi identities (3.1) or (3.2) we see 
that I0 * 0 and I2 * 0.
Hence this with (3.9) shows that the current vector Ja 

^ is zero vector.
Here the proof of the theorem is completed.

By using the same process we study the characteri
zation of the source term for the non-null electromagnetic 
field interacting with Petrov-type III and D fields. The 
results obtained are listed below :

I) If the two fields are such that y^ 4 0, 0^ ? 0j

then Bianchi Identities (vide, A 2) imply

ft * A ■ u * -) 0 e • • (3.11)
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Case i) when Re 0± 4 0 and 2m j0j » 0.

This yields from the equations (3,4) and (3.7) that

IQ * 0, I2 * 0 and Ix - - "T ... (3.12)

We note that asi; i* =0 the component Ij 4 0 and hence 
m ^ ^ ma + X 0^ raa . It follows therefore 

J Ja < 0.

Proving that the current vector Ja is space-like.

Case ii) when Im i* 0 and Re 0^ ■ 0

Por this case the equations (3.4) and (3.7) provide 

II * I2 * 0 and

Ic * - 2 ( ? - ? ) 0X ... (3.13)

It follows from the equation (2.5) therefore that 
Ja - i? - 2( ^ - f )£f1 na .
Hence the current vector is a null vector.

II) when the fields are such that y2 j* 0 and ** 0

If we use these conditions in the set of Bianchi identities, 
we get (vide, appendix A)

T « 7r * k « ~) »0,
^ + + ... (3.14 a)
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or <T* X * k « » 0. ... (3.14 b)

Discussion t

In the case i) (Re 0± 0 0 and Im 0^ * 0) we have 
Ic * 0, l2 * 0 and Ij is either zero (due to 3.14a) or 
-2 (T + I) 0^ (due to 3.14 b). Accordingly it follows 
from (2.6) that the current vector Ja is either a zero 
vector or space like vector.

In the case ii) (Re 0^ * 0 and Im 0± 4 0) we have 1^ » 0 
and Ic « • 2( ^ - f) 0L 0, X2 • - 2(* - 7 ) 0X 0 0.

Consequently, Ja * - 2 ( ^ ^ )0j na - 2(|i - 7) 0^ la.

This shows that Ja Ja > 0 and consequently Ja is time 
like vector field.

Ill) when the two fields are such that f< 0 and 0^ 0 0

The Bianchi Identities are,
^ « cr * T - k - 0. ... (3.15)

In the case i) (Re 0^ 0 0 and Iro 0± * 0) we have 
IQ - 0, I2 * 0 and Ij * - k 0± (due to 3.15)

This gives from (2.5) that ja » 7 0^ ma + jr 0^ raa,
and hence Ja Ja < 0. This proves that Ja is a space like
vector.

In the case ii) (Re 0^ * 0 and Im 0^ 0 0) we get
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Ix » 0, IQ - 0# I2 - - 2(1» - ?) 01#

This shows that Ja is null vector since Ja * 0, 
where Ja * - 2 (1^ - ?) 01la.

§ 4. Hull electromagnetic field coupled with
free-gravitational field.

In this section, we prove that the current vector 
field Ja is necessarily null (JaJa * 0)for the null electro
magnetic field with propagation vector la when interacting 
with different types of free gravitational field except 
for type N field with propogation vector la. If the 
propagation vector for both the null fields is same, the 
source term for such fields is shown to be space-like.

Theorem 2 s If the null electromagnetic field (02 7* 0), 
interacts with Petrov-type D free-gravitational field 
( y2 ** 0)# the source term for such fields is null.

Proof t We recall the Bianchi identities for fields under 
consideration are (vide appendix B)

<r* X ■ k » 0,

6 022 * 3 * ?2 + ( ^ ~ 2? “ 2a) **22 (4*X)

The Maxwell equations (2.7) for the null electromagnetic 
field direct that
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D 02 m ( ? - 2 €) 02 - Ix . 

k 02 " Jo '

6 02 " “ 2P> **2 + *2'

O- 02 + * 0. ... (4.2)

The mixing of equations (4.1) and (4.2) give 

IQ * 0, 1^ ■ 0 and

I2 “ *2 C 3 * *2 - 2<* #22 " ^2 $ 02 3 ... (4.3)

For any choice of I2# we have from (2.6) that JaJa * 0.

Hence the source for null field coupled with type D 
field is null. Here the proof is complete.

Note * In the case, when both the null fields ( 02 f* 0*

¥4 * 0) have the common propagation vector 1*. the Bianchi 
identities (B 5) give

k - 0. ? 022 *

6 ¥4 " * *22 " (* - 40) ¥4 - (^ - 2« - 20) *22.

D W4 - 0*022 " (4 « - ^ ) ¥4. ... (4.4)

By using (4.2) and (4.4) we then obtain

I© * 0# *1 02 + *1 I2 - 0.
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and 12 * 0^ [6 V4 “ ^2 ® 02 - 2 a ^22 "

- (^ - 40) V4 3 ... (4.5)
Consequently

Ja - 021 <6 V4 - 6 02 ^2 " (^ - *0) V4 “ 2a022)la.

we observe that JaJa < 0 and hence the source term for 
such fields is space-like.

The nature of the source term for other fields can 
be studied in similar fashion# and the results are discussed 
below t

1) Por the field 02 0 0 and £_07

The Bianchi identities for these fields are 
(vide appendix B),

^»<T«X*k*-) * 0,

D 022 *

6 022 * ( ^ — 20 ) 022 (4.6)

On combining (4.2) and (4.6), we have

Iq * 0, I ^ * 0,
I2 * — (2af922 t ^2 ® 02 ) (4.7)

Hence it follows from (2.5) that ja * - (2a 022 + ^2 602)la#



0and consequently JgJa »

This shows that the current vector is a null,

2) For the field 02 0 0 and ^00 j

We have the Bianchi identities (vide, B 2)

<T * k * A * 0,

D 022 ** ( ^ t P )022'

^2 ^ ^2 * ** ^ ® 022 • * • (4.8)

We derive from (4.2) and (4.8) that

Ic » Ii * 0,

and I2 - 602 - ( T - 20)02.

Consequently, the equation (2.6) yields 

JaJa - 0,

where Ja - ( 602 - (*t - 2p)02 )la.

This proves Ja is a null vector.

3) For the field 02 0 0 and V3 0 0 s

We deduce from (2,6) and the Bianchi identities 
given in the appendix B (B 4) that JaJ » 0. Hence the 
current vector is a null.



Results of the similar type are also hold good 
for the null electromagnetic field 0O 4 0 when interacts 
with various types of free-gravitational field. These 
results are summarised in the table cited above.
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Appendix A

When Petrov-type classification of free gravita
tional field coupled with source free non-null (and with 
null electromagnetic field in appendix B and appendix C) 
electromagnetic field, the simplified forms of the 
eleven Bianchl Identities are found by Katkar (1989) and 
are cited below for our ready references, while simpli— 
fying the eleven Bianchi identities (7.7) it was assumed 
without loss of generality that the vector field la is 
geodesic (la;b lb * 0) i.e. k » € + e ■ 0.

1) VQ 4 0, 0X it 0,

.o#

6 Vc * 4« T?0,

* ?o - 4 r »o + 2 «■ "ll •

D0H * ■ 6 * 0. ... (A 1)

2) Vi ? 0, 0X ft 0

D - 2 (2 ^ + 6) Vi #

6 - 2(2 T + 0) - 2 <T011#

6 = 2« - 2 ? 0n#
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A Vl - 2 r Vx + 2<t0n,

D0U * 2 ( ? + ? > 0n,

60n “ 2 T 0n#

A0H * 0. ... (A 2)

3) V2 * 0, 0i ft 0.

9 ♦ ? » H + ? - 0,

11CM
U- 2

3
D 0n ■ D 0X1 * 6 0ii * 0.

or,
6** k « ^ - k - 0,

D V2 * ? < 3 V2 + 20n),

8V2* - n (3 y2 - 2 0U ),

6 ?2 “ * <3 ?2 - 2 0n ),

A v2 “ - 1^(3 V2 + 2 0Xi)#

D 011 - 2 <? + ? ) 0n.

60ii - -2 («-*) 0u,

A 011 « - 2(P + ?) 0n. ... (A3)
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4) ?3 * °' *1 * 0.

^ - <r* k * x - o,

Wf3 + 2 € v3 + 2Mn • o 

6 V3 + 2(271 + a) ¥3 - 2 X 

6 V3 + 2 jj V3 - 21* 0<q ■

A ?3 + 2 7 V3 - 2 ^ 011 - 

A 0ii * - 2(1t + 11) 0n#

6 0H - - n 0n ,

D ^11 "

5) V4 ¥ 0, 0i 4 0.

^ » <r = k = T * 11 ■ 7t * 0

D + 4 « ?4 + 2 Ulu *

& V4 + « P ¥4 - 2 ”» *11 -

D 011

0H - 0,

0,

0#

... (A 4)

0

0#

0#

0# A 0 °' 0. ... (A 5)
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Appendix B

When null electromagnetic field (02 4 0) interacts 
with various types of free-gravitational fields the 
Bianchi identities are

1) V 4 0, « 4 0.O 2

^»A*k*d~**,J "0,

A Vo - <4r - V 
6 022 m - 2a - 20) 022,

6 Vc » (4e - n) Vc . ... (B 1)

2) ^ f* 0, 02 4 0.

er* k ■ A = o#

D Vj. * 2(2 p + € ) ?1#

Mi + 2 (H - a) * 0,

5 ?! * 2(2f + p) Vi#

A ?! - 2 (y - 10 ,

2 * ?i - ? *22'

6 *22 " ” 2a - 2p) 022. ... (B 2)
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3) v2 no. e2* o.

k * C * X * 0#

D V2 - 3 ? f2- 

6 V2 - - 3 K V2,

6 V2 - 3C U2,

8 022 * (=? - 2« - 2p) 022 + 3 ■“$ tJ2#

31* 1?2 + V 022 * °- ... ( B 3)

4) V3 f 0, 02 0 0.

G « k - 0#

D V3 + 2 (€ - ^ ) V3 * 0,

& V3 + 2( Jr + «) f3 * 0,

6 V3 - 9 *22 * 2 <* - * > f3*

A V3 - (? - 2a - 2f) ^2 "6^22*

- 2(y + 2V) ?3 ... (B 4)

5) V4 0 0, 02 0 0.

k * 0, <TU4 - $ 022



0(

D V4 - cr 022 - (4 e - f ) f4( 

6 I?4 - ( < - 40) V4 + 6 022 + 

+ (% - 2« - 20) 022

or

& ?4 + (40 «"T ) ?4 - |f 6 02 + 2« 022___  (B 5)



Appendix C

Bianchi identities for electromagnetic field 
( G) when coupled with various types of free-
gravitational fields

1) ?0 f* 0, 0Q ^ 0.

* - 0,

6VC “ 6 *oo “ (4a ’ "> V0 + (* - 2« - 2p)0oo, 

a V0 * <4y - Vc - *

* Ve * 11 *oo * ...(Cl

2) Vi * 0# 0O * °*

A - ^ « 0#

D Vl * 2( e + 2 V ) Vl - (i - 2^ - 2p) 0^ +

+ & ^oo'

6 Vi + 2( n “ «) Vi + 11 #oo *

a Vi - 2< y - V) Vx

6 Vi - 2(2* + p) Vi • • • (C 2)
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3) V2 * 0. 0O 4 0.

<r» x - -) * o#

3* ¥2 + 0OO “ 2« “ 2P> + « 0OO ■ °'

D ¥2 + 2 ? ?2 + * *oo " 0'

6 V2 + 3 n ?2 - 0,

6 ?2 + 3H2 • 0,

5 V2 " 3f U2' ... (C 3)

4) V3 * 0, fSQ t 0.

cr » x * <■$ * 0,

6 *00 + - 2« - 2P> *00 “

* <*00 - 2k ¥3 - 0,

D ¥3 + 2( € - ? ) V3 - 0,

6 ¥3 + 2(2ft + a) ¥3 - 0,

6 ¥3 + 2(0 “ < > ¥3 - 0,

A ¥3 + 2(? + 2¥) ¥3 * 0. (C 4)
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5) V4 * 0, 0O 0 0

0-a & - k - *) • It ■ 0,

6 0OO + C* - 2« - 20) 0^ - 0,

d y4 + (4 e - f ) y4 ■ o,

6 V4 * ('C - 40) V4. (c 5)


