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CHAPTER -3

INVERSION FORMULAE

The “real ” and the “complex ” inversion formulae are given in this

chapter.

3.1 Real Inversion Formulae :-

The real inversion formulae for the generalized function Stieltjes

transformation were given by Pandey [14], Pathak [15] & Erdelyi [4].

-

We give here the real inversion formula for the T, | transformation.

ril
We shall use the following differential operators from [4] From section
I.4  relation (1.4.2) with P=1I+n ,q= I+n & r+1+k nstead of p.

O =DTTa+1+k)
" m+DIN(n+r+k+1)

DnHX?.nwstDnH ’n € ]N”

where D is the ordinary derivative .

The operators £ n € N, are formally self — adjoint .

nrk.x?
Also , we shall use modified operators .

B (-D""'T(r+k+2)
MEC e DIT(n4r+k+2)(r+1)

ankélxl'mrckilel’n e lN”
ktt

As we are going to use these operators in the distributional sense

with D — distributional derivative . We use the notation £ me,x ifD

nk.x?
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is understood in the distributional sense and £, , Laxx .1f Diis

understood in the ordinary sense.

We shall use the following two formulae (1.4.3) & (1.4.4)

F2n+r+k+3) MR

LX) T = . X 20,00
(m+DIM(n+r+k+) (x+t)™ "
(3.1.1)
and {2 (x+0) " "'dt=Lx>0n+r+k >~ (3.1.2)

Lemmal3.l.l -

The function

An.r.kcl.x (r(r+ k + 2)rrr|kl2FI XX)_FI (x)
xB(x) ’

where B(x) = (1+ %)™ “if r+k-€ >0 and B(x ) =1 if r+k-€ <0, x e
(0,0) , converges uniformly to zero on (0, o) asn — o .
Using (3.1.1)

n+rtkil, n4l
Lo X+t = Fn+r+k+3) x"™'t

= x20t>0
M+ Tekr+k+D(x+t)mo e :

and (3.1.2)



1

| £ x+" ™ dt=Lx >0,n+r+k> -1

and also let us put F,(x) = IF(t)dt. xeR. (3.1.3)

The tunction F, is continuous F,(0)=0and F’ = F . It follows

from

[F(x)| < C,(1+x)"*" that for some C;>0
|F,(x)| < ﬂF(t)zdr <C(+x)" " x20 (3.1.4)

we get |

2 T +k 2T, LF Xx) = F, (x)

'Cn+r+k+4)

I(l“(t F(x))x" g
(n +DIF(n+r+k +2)

; dt
’ (‘(+t)( 2niriked)

I'Cn+r+k+4) l""F,(ux)— F(x)u""

- ———du
(m+DITMn+r+k+2) (l + u)-n : ’

'Cn+r+k+4) x[ ut"

F
(l3+1)’r(n+r+k+2) 0(""'“) nH0|\|4),J.[ (XS)'deU

(~F =F)

'Cn+r+k+4) ‘( Thi

B X du
M+ m+r+k+2) a(l+u)™m?

lﬂF( xs)(ds

<C

IF'Cn+r+k+4) ‘fu“"A(x,u})ludl
(n+])!r(“+r+k+2) ! (]_}_u)(lnortkhn
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where forr + k-€ >0

(I+x)"* ",ue(0,])

rik-e

A(x,u)z{ (-3.1.4)

(1+xu)"™ ",ue]l,o)

Lue(0,l
A,(u):{ ue@h

(1+u)™ " uell,o)
and forr + k-e<0 , A(x,u)=1, A (u) =1 x,ue (0, o).

uA (u)]u—lj

—,ue(0,»), then A satisfies the
l)f‘ +

If we put A(u) =

conditions of Widder’s theorem ([30],P. 344 Theorem 8.C) which

“mplies.

— ! “
(2n-1) _f A(u)d > A(l)=0asn—> o,
n'(n=2)5 (1+u)™

. r2n+r+k+4)n!(n-2)! ks
Since : - 2 as n — oo,
Cn-DHin+DITn+r+k+2)

-he assertion of Lemma 3.1.1 follows .

4n.r.kil.x (r(r+k +2)Tﬂk§2FIXX)~FI(X)

e =0asn— o .
xB(x)
ZiinLr+k+2)T,, FXx)-F,(x) >0 asn—> o
L o ek +2)T FXx)—F (x) asn — o .

Hence the proof of Lemma 3.1.1.
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Lemma3.1.2 ;-

x"*'(I'(r+ DT, fXx),x € (0,00) is a bounded function in any

r+l
interval (0,B) B>0.

Froof :-

For x>0 we have

‘X‘f F(1) 1‘“4,{,“ (1) disf JF (1) dt)

) (.X+t)r4k02 “(x+t)nk|2 “(X+t)rvk12

Sx“““f ’F’(t)# d+x"*“];~—~——»d’F'(t)) t.

t tka2

“(x+t)roko'2 B(X+t)r

~hus we have to prove that

dt is bounded when x — 0.

core | IR

. (X+ t)rskoz
From (3.1.4) it follows iF,(x)} <C,,x €(0,B),where, C, is a
suitable constant . So we have,

rik-1 h lFl(t)‘ r+k+l F l
— 2 _dt< C —
* .,J,(x+t)”"'3 X !,(mt)“m

By the direct computation of the last integral the assertion follows.
“he-proof of Lemma 1s complete.
Let us denote by [r+k+1] the greatest integer not exceeding rtk+|

Since [r+k+1] - (r+k+1) > -1 and

T, ) o) )



74
< CX (“k"L(HkH)
where x € (0,B), B>0 & C is a suitable constant , it follows that

xS+ DT

T

f),(x) is locally integrable on IR.
We put | = [r+k].
Obviously, the cases, .

(Fr+nT f) el (R) or x*(T'(r+ )T f)

ril

€L’ (IR)

are possible for the some s, 0<s <I4+1 which depend on f.

Let us suppose that x'(I'(r+ )T, ) e L', _(IR). In this case

(M(r+1)T , f), denotes the following regularization of the function
(‘r(r + I)Tnlf)s

1

(Tr+DT, ), (x),00x)) = [(F(r + I)Tmf)(x){(b(x)—d)(O) ————— %(b“)(o)}.dx

a

zn

+[(Fe+ DT, X)) dx, 0 €8,

(3.1.5)

If we put

(F(r+k+2+i)T. ., .F)x), x>0

Mr+k+280T . . F) (x)=
( ( “0 riki21i I)t( ) { 0 XSO,iEN‘,,

from the proof of Lemma 3.1.1 we have to put

P+ +24D)T, ., F X0,000) = [T(r+k+2+D)T, L E)(%)
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{ §(0) = 9(0) = = === == i l),¢< (0 )}

[ ke 24DT,, F)X00()dX, (3.16)

Let us find the relation between (F (r+ l)T”,f),("" and

(F(r+2+1n+k)T ),me—:lN Form=1,&¢ €S

+k+2+m™ 1

we have

(G + DT, £). (0,60) = <TG+ DT, 1), 00,0/ (x)

'I(r(m)T f)(x){d) (x) - ¢<0>—M “““““ x¢“[;”<0)}dx
~ (e + )T, )00 (x)dx. (by ~3.1.6)
==+ D, J(Cr+k+ 2T, F)(x){ $x) = 4(0)~ = mcb“ "(0 )} X
(e D), [([C(+k+2)T, L F Y08 (x)dx
=—(r+1),,(Mr+k+2)T F)(I){d)(l) $(0)...... "’“”(0)}

(I+n!
(DT k3B )X
(509-600) - ==L Yo (o (C+k+ DT, B XD0O)

(1+1)!
—(r+ 1)‘“2](1*0 +k+3)T,,,,FE Xx)(x)dx.
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Thus we obtain

(M + DT, ), =+ D, (T k43T, 00 F ), (%)

r4i

=0

# 4D+ DT, PR 18"

and by repeating the preceding arguments we oblain

(CaE+ DT )7 = (D), (TE ke m+ 2T, 0 R ) + A, ()

tikimi2

(3.1.7)
where
1+m )
A, ®)=2C. 8" (3.1.8)
C,..i,1=0,1,2 —-- I+m are suitable constants.

Ifj €IN (3.1.7) (3.1.8) imply

(T G (i M

= =Dy Cr ke 2om)T,, L F ) (AL (B)

F A, (5).

r+k+24m+jo |

= (=)™ @+ 1) Tk r 24 m+ T

So we obtain

(F(r+ k+2+m)T . _F )fj) =(-D"(r+k+2+m),

<(Crrk+2+m+ T F) +A,. (), (3.1.9)

rikimiji2

fimeg

‘Am.kﬁj(é): Z Cm‘k_[‘.(b‘)m

[
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where

C i=0,1,2,————1+m+ ) are suttable constants .

m.k. j.b?

If (F(r+ 1T f) eL'_, then (F(m)Tmf)P is a regular

foc ?

distribution.

Lemma 3.1.3 :-

If ¢S and n— o we have
(r-»l)k<anhxx, ’“”,¢(x)>-—>(8“’(x),¢(X))

Proof :-

Since -r-k>1 and n— o, there exists s € INy such that in the

~r-k-1
+

expression D"''x (n is sufficiently large) the regularizations of

vk opt

X ,j=8,————,n+1 are to appear . From the fact that x"3"’(x)=0

if p>j , we obtain

(r+), (="' T(r+k+2)
(m+DT(+r+k+2)r+1),,,

<Dmlx3mnk;3Dn:)x kol ¢(ktl}(x)> v

__1yntk . ) o
— ( 1) ) ]ﬁ(l + k+2) JD“”((_l)n”(r‘*‘k‘*'l)nHXP!H‘)b(k“)(X)dx
m+DTn+r+k+2)r+k+1) %

_ (=)' I(r+k+2)r+k+2)n

I'(n+r+k+2) (800,07 (x)) = (8*" (), 0(x)).0 €S

Hence the proof of the lemma 3.1.3 .
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Lemma3.14 :-

£ IF'or+k+2)T . ,F Xx)-F (x ,
ST TP ) )converges uniformly to zero

X

cn (0,0)as n— o .

Real Inversion Theorem 3.1.1 ;-

Letf e L’(r). Then forany ¢ €S

{

lim{L.,,,,k.x Cr+DT_f), (x),¢(x)> = (f(x),9(x)),

where ke IN,,x>0,neIN_,relR\(-IN,).
Proof :-
By (I'(r+1T,,,f), we denote the distribution which corresponds

to the function (I'(r+ T

rit

f), where

(I'r+ DT f)(x), x>0
0 x <0.

(Frae+DT ), (x)= {

If (F(r+ 1T f), isa function from L’ (IR), then (I'(r+ T, f),
denotes the regular distribution which corresponds to (I'(r+ DT, ,f), and
if ('(r+DT,,f), does not belong to L’ (IR) then (I'(r+1)T  f), isan

appropriate regularization of (I'(r + )T ),

In proving the theorem ,we observe separately the cases r+k>-1 and

1+k < -1 .
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The CASE r+k>-1 :-

Let us put .

F(x)= IF(t)dt, x € IR. The function F; is continuous F; (0)=0
0

and Fi=F .

It follows from equation (1.2.3) that for some C,>0

IF,(x)| < }{F(t){dt <C (I+x)"* ,x 20 (3.1.4)

(we choose esuch that r+k+1-e>0).
Since f= F*"” from equation (3.1.4) by partial integration we obtain
(C(r+ DT F)s) =@+ 1), T +k+2)T, f)s),seg\(-»,0].
In the same way as in ([4],P.239) (proof of L ¢ — ¢(x) asn— ),
we can prove that for x>0
4n_,.k¥,,*(r(r +k+2)T , ,FXx) > F(x) asn—> . (3.1.10)

By Lemma 3.1.1 we get complete proof of (3.1.10).
We shall give the proof for the extreme case
i € we suppose
x'(Tr+DT,, .f), eL' (IR).
The other cases discussed above can be proved in a similar way in

lemma(3.1.2) . By equation (3.1.7) , we obtain (¢€8S)
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<1,n.,.k.x(r(;:i‘ﬁj;f),(x),¢(x)>

B (-D"*T'(r+k+2)
T m+DIT(+r+k+2)(r+1),,

(D7D (D + DT, ), (3,64 (x)

_ (-D""I(r+k+2)
DT+t +k+2)(r+1),

(Dm&xznmksz((_nms(r_*_])k””z)

x(Pr+k+n+3)1 ., F), (x)+Aml.k(6)(x),¢‘“"(x)>
Using Leibniz formula , (3.1.9) , the fact that

x"8® (x) =0, if p>k & (3.1.5) (3.1.7)
we have

(o (T ) 0.0 00}

aifn+l A ‘
:<Z[ ' )(Xan.kaB)(m! I)(("‘l)nﬂ(r*‘})&m‘z(r(r”*”k”*'n+3)Tﬂkm”F‘)‘(")(x)

i ]

+ (A (8”064 ()

nifn+1 . ,
=<Z( 1 )(in'”k”)( ‘ )(-—l)n"u(r-*l)kmvnzx

iU 1

(Fr+k+n+i+3)T. . ..F )}.(x),d)“”’(x))

0l L+ . -
=( (=" 2n+r+k+i+3) ——(n+r+k+3+0)r+1)
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x [(Cr+k+n+i+3)T,,,. F)eOx™ 850%™ (x)dx

0

tl-us, we obtain

\
<an (Fr+ DT, ), (x),6(x))

itk ll+l .
- o T+ k+2)m+r+k+1+3) , (c+D,.....

1

nti
PG

(n+ DM +r+k+2) r+1),

X‘()xn+r+kn+7¢(k+n(x)dx

rrkeneit30 1

xf(l“(r+k+n+i+3)T
For x > 0 we have

n+l o3

n+l B ’
( : J(—I)'I (r+k+2)r+k+2) , (n+r+k+i+3) , x"e
i

ntl

2

i m+HT'(n+r+k+2)

x(Ca+k+n+i+)T . L FEXx)=2 ., ([Cr+k+2)T ,)(x)

<Lk (C(r+DTF). (x),¢(x)> =2 (T(r+k+2)T., EXx).

Mow Lemma 3.1.1 implies

<L,,.,.k‘x (rr+ DT ) (x)- f(x),d>(x)>

D (L (T K+ 2T, JF )0 F (OB (0)dx

:(Ml)k lj' nrk*l\(r(r+k+2)T F;)(X)"FI(X)

. (ks )yg :
o xB(x) X(XB(X)Q) (X))dx -0
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as N—>o .
mkx(F(rH) T f )+(x)-f(x)——>0, as n— oo .

v Lowis (T + DT F), (x) = f(x) asx — o0 .

This completes the proof of case r + k >-1.

Caser+k <-1:-

Let us remark thatr + k ¢- IN.

~jF(t)dt,x >0
We put F(x)=4

0,x<0

Since we suppose that f € L’(r), (1.2.3) implies that there exists

13,>0 such that

IF,(x)| < ﬂF(()}dt <B,(1+x)""¢ x> 0.

In the sense of the distributional dqrivative , we have F =F-q,9,
where o, = ];F(t)dt (3.1.11)

By partial integration, we obtain (x > 0)

(F(r+ DT fXx)=(r+1), j_@%~
+

—(r+l) ((I +k+l)J—-—~—l~—-&-,—dt+a l&"‘—). (3!]2)
X

(x+1t)
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Let

k)
X' x>0
r-k-1 >
x = .
{ 0 ,Xx <0

Let ¢eS. If we prove,

i Lo (40, (FTF K 20T ) (0,600)

= (F*'"(x),(x)) (3.1.13)

then (3.1.12) ,lemma 3.1.4 & (3.1.11) imply

0~

Iit}(}(l‘dn.r.m (F(I‘ + 1)-1—,?) (x), ¢(X)>

= li_§§'<Ln,,,k,x (r+ 1), (F(r +k+2)T, .1, ) (x), ¢(X)>
ra, 1iﬁnc}<Ln,,‘k‘x (r+1),x, "' ,¢(x)>

_ <(Fl(l) + a(]g)(k)’¢> = <F“‘),¢> = <f,¢> :

For the proof of equation (3.1.13) , we have to repeat the

arguments of the proof of the Inversion theorem for r + k >-1 . The

regularizations of (F(r+k+2)T . ,F )" will occur for 0 <s<j<n+1,
where s does not depend on n. At the end |, instead of lemma 3.1.1 we

have to use lemma 3.1.4 .

Thus the Inversion theorem is completely proved.
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3.2 Complex Inversion Formula :-

3.2.1 Introduction :-

In this section we shall prove the complex inversion theorem for
the classical Stieltjes transformation given by Sumner in [26] is also
valid, with the convergence , in S’ instead of the pointwise convergence ,
for the I'(r+ DT, f,r > -1 where f belongs to a subspace of the space of
T ,, - transformable tempered distributions .

First, we give some preliminary results. Let 11>0, telR, we denote
Cyy., the contour in € which starts at the point, -t-in, proceeds along the
straight line lmz = -1} to the point -in, then along the semicircle | z | = n,
Rez 2 0 to the point in and finally along the line Imz = 1} to the point —t +
in. We notice that these contours were observed in [26] only for t > 'O.
Let, ’(

Ku,t) =K, (t=u), t,LuelR,t = u.
where,

K, (x)=x"{n-ix)" —(n+ix)"" ) x eR\ 0}, n > 0.
For convenience we take that determination of (s+1) "' which occurs
in this section for which

arg(s+t) " '(argz "*',s€IN,) has its principal value.

Using the identities
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r RS
[ gr = k(uyy 3.2.1)
. \Z+ r+
n ( t)r l

u>0,telR,t#un>0,
O'K(u,t)/ét' =(=1)0'K(u,t)/du',t,uelR,u=t,n>0.

By Leibniz formula we have

(nz +(t- u)z)'(““p)i2 )

oK )/a0|<C Xft-u"

where C, = 2max{(l)(i ~p)!(r + 1)p 0<p< i} .
p

Thus with C, = (i+1)C,, it holds

O'K(u,0)/at|<Clt—ul (7 +(t-u)) """ (3.2.2)
| |<Cfe-ul " (

V/e shall suppose that r > -1 . We denote by L'(r {r > —1) a subset of
L (r+1) such that
feL'(r) if f=t 'D'F,keIN

F is continuous and if instead of

03

(1.2.3)itholds |F(x)|<C(I+x)"",x20 (3.2.3)

for some C >0 and some € > 0.

Lemma3.2.1 :-

Let F be a continuous function on IR with suppF [O, oo) & let

(3.2.3) hold. Then forevery k € INyand t, € IR
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o k e

j17(u)(8“K(u,t)/c’?t");t . du= %[IF(U)K(u,t)du) (32.4)
Lemma3.2.2 :-

Let F satisfy the conditions of Lemma 3.2.1 and let

0.(t)= T‘F(u)&‘l((u,t)/&t“du,t elR,ielN,. (3.2.5)

(1) There exists constants k(i,1) and polynomials Pi(t) such that
o, () <k(i,n)P()telR,ielN.
(11) There exist a constant k, (which does not depend on n) and a
polynomial Py (t) such that
ril ¢
N, (1) <k,p,(t)telR.
Proof :-

(1) Let t>1, we have

0. (t)< (f+f+[l }GF(u)aiK(u,t)/é‘ti[)du =J +J, +]

By (3.2.2) & (3.2.3) we have

t- L
J <CC, f (1+u)

ot —ul” (n2 +(t-u)’ )mw2

dusCC t(1+t)""

because for t >0 and u € (0,t —1),(t - u)i;t(n: Ft-u) )mm o1
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I, SCC”} (1 +u)" “du -
it~ 2+ (t-u) )"
ST LR K—y

T (v+l)" (n +(v+1) )(”)/
Since r- € > -1, from (2+t+v)" <2 "'((2+t)”' vt )
(~putting u=trv+l . |t—ul=|v+1)

v>0 , we obtain

n

e 1v
J <2 e ¢ —
' [( ) 7{(v+l) (n +(v+l)) )

j- edv J
2(va1) Gl+(v+n)‘”>

For J, we have

J, < Sup ﬂF(u)(}Ha K(u,t)/ot’ [du <C(t+2) H@ K(0,s)/ 05’ lds.

Since the function H(0,s), se[-1,1]
where
K(u,t)u =t

@‘*‘2“+”' —t(w0)eR’

is a smooth one . We obtain that for some constant M; which depends on
1

JosMA(t+2)"



Estimations for J;, J, and J; imply that the assertion holds if t > ‘l,'

Let 0<t<1 . Then we have

oy

6.(1)< (p [ )QF(U)@‘K(Ll,t)/at‘l)du.

and by the similar arguments as above we can prove that the assertion
holds.
If t <0 there is no need to divide the integral in (3.2.5) and assertion (i)

follows by arguments given by above.

(i) Let t > 1 . From the first part of this lemma we conclude that only in
the calculation of the integral J, the constant k(i,1) depends on n. But

on setting
s=1tgd in ﬂ@‘K(O,s)/&s*[ds,

in the same way as in the proof of Lemma 4.b from [26] , we prove the
assertion.
Fort <1, we have to use arguments given above.

Hence the proof of Lemma.

LLemma3.2.3 :-

Let F be a continuous function on IR with supp F ¢ [O,oo) and let

IF(x)<[C(1+x)" ", x 20 hold. Then lim

n o'

88

r) e
—]—L; fF(u)K(u,t)du = F(t),f elR
2m .,
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Proof :-
For t 20 the proof follows from ([26],Lemma 4.C)since for enough

large R

I1m~—_(l~(u u, Odu =0,

W 2T
Since 1> -1 and T]F(u)K(u,t)dt < T)F(u)(jt] +u) 7 du <ot <0
0 0
we obtain

r+l w

j F(u)K (u, t)du =0,t <0

hm
LR < I

The proof is complete .

If fel'(r), then for telR we have

(r+ l)cj(z +1) (I'(r +2)1, ,FXz)dz = (r +1),,,

cj'(z+t)’( (r+k+2)T, FXz)dz

~ ) (; R Jz

(z+u)™

=(r+1), “[F(u)( f (»gf{*—;———dszu

The last equality holds on the basis of the uniform convergence of



F(u)

I(z+ u)'t

du, for z e Cy.

Thus we have by (3.2.1)

(r+|)j(z+t) (r(c+2)T, fXz)dz= (- 1)'n ”'£F(ln)(a“K(ll,t)/atkhll,,

telR.

Complex Inversion Theorem 3.2.1 :-

Let feL'(r). Then for every ¢€S.

3&3(32%% Jl+t) (N+2y ,+zf)<z>dz,¢(t)>] = (F(1),0().

Proof :-

We have

r+l
2mi

<j (z+ ) (C(r+2)T, ,FXz)dz, ¢(t)>

= -2-]——(r + 1)k+i< [+t T +k+2)T,,,,,FX2)dz, ¢(t)>
i Co

90

(> by3.2.5)

RGN RO J
= F_[’(z+i) j(z+u) dz |du,¢(t)



(r—r—lN (z+1) Niu
< [F(u )[j T d )d ¢(t>>

3 (D" z+t
" 2mi <.{.F(U)( ou’ (I (/+u d7}du ¢(t)>
(1"

=32 n”“<}F(u)(akK(u,t)/au“)du,¢(t)> (by-: (3.2.1))

2mi

n! 0

_[(j F(U)(G‘K(u t)/ ot )du)(b(t)d(
= % T%}(TF(u)(K(u,t))du}d)(t)dt_ (by Lemma 3.2.1)
i 2dt* L

__111:__ Kt Py “©
T i(iF(u)K(“")duﬁ ()t

(by partial integration)
Thus , by lemma 3.2.3 , lemma 3.2.2 (ii) and the Lebesgue theorem ,

we obtain

oot 2

lim -—-——< [+ ) (C(r+2)T, f X2)dz, ¢(t)>

= (=D*(F(1),6" (1)) = (. ).

. The proof is complete .
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