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CHAPTER - 3

INVERSION FORMULAE

The “real ” and the “complex ” inversion formulae are given in this 

chapter. ,

3.1 Real Inversion Formulae

The real inversion formulae for the generalized function Stieltjes 

transformation were given by Pandey [14], Pathak [15] & Erdelyi [4], 

We give here the real inversion formula for the Tt„ transformation. 

We shall use the following differential operators from [4], From section 

1.4, relation (1.4.2) with P=l+n , q = 1+n & r+l+k instead of p.

Z n.r.k.s
1 '* 1(1 ‘ 1 ' k! D-'xI-"tlIDn-l,nelN 

(n + l)!r(n + r + k + l)

where D is the ordinary derivative .

The operators Znrkx,n e N„ are formally self-adjoint . 

Also , we shall use modified operators .

L
(-1) T(r + k + 2)

n.r.k.x (n + l)!T(n + r + k + 2)(r +1)
D n f k > . 2 n i r f k > .1 D"",n e IN,

k il

As wc arc going to use these operators in the distributional sense

with D - distributional derivative . We use the notation Zn k s ,L„.k.x if D
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is understood in the distributional sense and Zn r k x , L„.k.x . if D is

understood in the ordinary sense.

We shall use the following two formulae (1.4.3) & (1.4.4)

^n,.k.x(X + t) - = r(^n + r + k + 3) Q
(n + l)!f(n + r + k + 1) (x + t)2n+r+ko

(3.1.1)

and jznrkX(x +1) r k 'dt = l,x > 0,n + r + k > -1 (3.1.2)

Lemma 3,1.1

The function

^...„,,(rc- + l<+2)Tit)iF,Xx)-F,(x) 
xB(x)

where B(x) = (1 + x)r+k e if r+k-e >0 and B(x ) =1 if r+k-e <0,xe

(0,oo), converges uniformly to zero on (0, oo) as n —> co .

Proof

Using (3.1.1)

Z,,,k,(X + t) -r-k-l T(2n + r + k + 3) n + rikiWnU\ l
(n + 1)! l(n+ r + k + 1) (x + t)

-—— ,x > 0,t > 02 n 4 r ♦ k t 3 ’ ’

and (3.1.2)
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J Zr rk X(x + t)"r'k",dt = l,x > 0,n + r + k > -1

x

and also let us put F,(x) = jF(t)dt. x e R

The function F. is continuous F, (0) = 0 and F. ’ = F

from

|F(x)|<C,(l + x)r,k p that for some C|>0

|F,(x)|</|F(()|dl<C,(l + x) r + l + k -c, x >0

we get

<„,„,(r(r + k + 2)T„li:FlXx)-F,(x)

f (2n + r + k + 4)
(n + I)!r(n + r + k + 2)

;(F!(t)-F1(x))x... k,2tn"f-
(x +1) (2n♦rik r 4)

< T(2n + r + k + 4) ?F,(ux)-F,(x)un"
(n + 1)!T(n + r + k + 2) ! (l + u):"'r'k'4

< f(2n + r + k + 4) f- u nil

(n + l)!r(n + r + k + 2) fi(l + u)v (2n r-r * k » 4)
j]F,(xs)|ds

< r(2n + r + k + 4) u
(n + l)!r(n + r + k + 2) (1 + u) f2nir i ki4>

U

J|F(xs)|ds

r (2n + r + k + 4) |un,'A(x,u)|u-l|du
(n + 1)! T(n +r + k + 2) „ (1 + u) (2nirikt4)

(3.1.3)

. It follows

(3.1.4)

dt

du
( v F', = F)
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where for r + k-e >0

A(x,u)
(J + x)r,k\u 6(0,1)

(1 + Xll)r k f,U£ [ 1,oo)
(V 3.1.4)

A,(u) =
1,u e (0,1)

(l + u)r+k-c,ue[l,oo)

and for r + k-e<0 , A(x,u)= 1 , A,(u) = 1 x, u e (0, oo ).

ilA . (u)lu —1| , , . „
If we put a (u) = — t ... -'r —.u e (0,oo), then a satisfies the

(1 + u)

conditions of Widder’s theorem ([30],P. 344 Theorem 8.C) which 

mplies.

(2n — 1)! run a(u)—-------— -—-—-^-du -* a(1) = 0 as n -> oo .
n!(n - 2)!7) (1 + u)

cilice r(2n + r + k + 4)n! (n - 2)! 
(2n - l)!(n + 1)! r(n + r + k + 2)

-» 2 as n —» co.

:he assertion of Lemma 3.1.1 follows .

. A,l„,(r(r + k + 2)Ttll,JFlXx)-F,(x) n
xB(x)

2„.r,k(r(r + k + 2)TrU,2F,\x)-F,(x) -» 0 as n oo

<,.^i.x(r(r+J< +2)TMt,2F,Xx) ->F, (x) as n -> oo .

Hence the proof of Lemma 3.1.1.
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Lemma 3.1.2

x"k"(f(r + l)Tr+If)(x),x e (0,oo) is a bounded function in any 

interval (0,B) B>0.

Proof

For x>0 we have

;r,k" f 51^-Tdt
f,cx+trkt2

<x r i k 11

7. (x + t)r (x + ty k r 2
dt

<x..... ...........................................
t. (x + ty (x + t)r

lius we have to prove that

\

/

x k * t l^olI'

I
7. (x +1) rtkl2

dt is bounded when x —» 0.

From (3.1.4) it follows |F, (x)| < C, ,x e (0, B), where, C| is a 

mitable constant. So we have,

lF.wi
J
o (x + t) r s k t 2

dt < C,xr+k+1J
(x + t)n k + 2

dt

By the direct computation of the last integral the assertion follows, 

^hetproof of Lemma is complete.

Let us denote by jr+k+1] the greatest integer not exceeding i+k+1 

Since [r+k+1 ] - (r+k+1) > -1 and

xl"‘',i(r(r + l)Tillf)i(x) X
(r . k «n _ ^ • 0x "(F(r + lyr „f), (x)
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<Cx|,,M-("k+,)

where x e (0,B), B>0 & C is a suitable constant, it follows that 

xlr,k,l](r(r + l)Trt,f), (x) is locally integrate on 1R.

We put 1 = [r+kj.

Obviously, the cases, .

(r(r + l)T,„f), eL'ta(lR) or x‘(r(r + l)T„,f), eL'te(IR) 

are possible for the some s, 0<s < 1+1 which depend on f.

Let us suppose that x (F(r + l)Tt„r), eLV.dR). In tins case

fl (r +1 )jr,, denotes tlie following regularization of the function

(r(r+l)Tltlf),

Cr(r+l)Tt„f),(x),<Kx)) = /(r(r + l)T,11fXx)|4.(x)-<K0)----------+r(0)|.dx

+ ] (L(r +1 )T,, f Xx)(()(x).dx, (j) € S.
1

If we put

(3.1.5)

/„ ±, ,-,T cW . f(r(r + k + 2 + i)Tr,ll2,iF1 )(x),
(r(r + k + 2^T,lll,„Fl)i(x) = i Q

x > 0
x <0,i e N„,

from the proof of Lemma 3.1.1 we have to put

;(r(r + k + 2 + i)T„11!,nFl)(x),Kx)) = jr(r + k + 2 + i)T,il,,i!F1)(x)
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x m-m
X 1+f

(1 + 0!
<|)("o(0) >dx

+ J (r(r + k + 2 + i)Tr+k(2(i)F, )J(x)<Kx)dx. (3.1.6)
1

Let us find the relation between (f(r + l)Trllf)/m> and 

(r(r + 2 + in + k)Tr+k42+mF! ),m e IN. For m = 1, & (j) e S 

we have

((r(r + l)T„,f).(x),1Kx)) = -{(r(r + l)TMlf),(x),f(x))

= -J(r(r + l)T„,fXx) U'(x)-f(0) xVHO)
I!

dx

- J(F(r + l)TrftfXx)4>’(x)dx. (by v3.1.6)

= -(i + Ik, J(Rr + k + 2)T„k,:F, Xx){ ftx) - <K0) - 11l>(0) [ dx

- (r +1) J (r(r + k + 2)Tlll]F, Xx)f (x)dx
]

= -(i-+l)t,1(r(r + k + 2Xl'tlt,IF,Xl)|<t>(l)-<K0)
(1 + D! .

-(r + !)l.J(r(r + k + 3)rrtl.3FlXx)X
0

tKx)-4*0) — “~ }dx + (r +1),.,(T(r + k + 2)T„ll=F, XMO)

- (r + 0ko](Hr + k + 3)Tr,k(3F. Xx)<Kx)dx-
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Thus we obtain

(r(r + l)T„,f); =-(r+l)l,!(r(r+k + 3)T„llJF,)1(X)

+ (r +1), ,/(r(r + k + 2)Tr.1, .FXl)! (- D' S'" '
\ 1=0 J

and by repeating the preceding arguments we obtain

(r(r + l)T,„f);>=(-l)"(r + l)[,„„(r(r + k + m + 2)T,ltlm,JF1)+ + An,k(8)

(3.1.7)

where

l+m
(i)

i-0

(3.1.8)

Cm.u , i =0 ,1,2---- l+m are suitable constants.

Ifj elN (3.1.7) (3.1.8) imply

(r(77iyfjT”'" = ^r<r+i)T,„fX>)‘>

= (-l)m(r + l)k(hmlJ(r(r + k + 2 + m)TIlkl.(mFl)'(Amk (8))'°

= (-1)”*' (r + l)k+1.m.j(^(r + k + 2 + m + j)Tf+k+3Jm.jF1)+ A„„ k (8). 

So we obtain

(r(r + k + 2 + m)TI(kl,1JI1Fl)'i) = (-l)"’(r + k + 2 + m), 

x(f(r + k + 2 + in + j)Tt,t,mlk,,F,) + Amk j(8),

Am,,j(8)= Z Cn,k,,(8)'

(3.1.9)
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where

Cm k | j, i = 0,1,2,--------- 1 + m + j are suitable constants .

lf(r(r + l)T,„f), eL'k, then (r(r+l)T,„f), is a regular 

distribution.

Lemma 3.1.3

If <J>eS and n-» oo we have

(r + l)k^Ln,r.k,x x, r k '4(x)j -> (8(k)(x),<Kx))

Proof

Since -r-k> 1 and n-> oo , there exists s e 1N0 such that in the 

expression Dn+1x+r k '(n is sufficiently large) the regularizations of

x/ k '', j = s,---------,n +1 are to appear . From the fact that xpS0)(x) = 0

if p>j , we obtain

(r + l)k(-l) F(r + k + 2)

(n + l)!f(n + r + k + 2)(r + l)k(1
Dn"x2n,r*k*-,Dml. r k I

(-1) I~(r + k + 2)
(n + l)!F(n + r + k + 2)(r + k + l)

jD""((-l)""(r + k + lX>,x;,,)t,

Hence the proof of the lemma 3 .1.3 .

ck*l)(x)dx

e S.
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Lemma 3.1.4

-n.,kii.«(r(r + k + 2)Tr,k,,F,)(x)-F,(x)
X

converges uniformly to zero

cn (0,oo) as n-> oo .

R.eal Inversion Theorem 3.1.1

Let f e L’(r). Then for any <j> e S

lim{Ln,r.k.x(r(r + l)Tr+]f)+(x),(j)(xn = (f(x),<|>(x));

where k e lN0,x > 0,n e lN0,r e 1R \(— IN0).

Proof

By (T(r4-l)Tri!f)t we denote the distribution which corresponds 

to the function (T(r + 1)T (Tf) f where

(L(r + l)Tt+1f)t (x)
(F(r + l)Trilf)(x), x > 0

0 x <0.

If (T(r + l)Tr tf)i is a function from L’|0C(1R), then (T(r +1)T ltf), 

denotes the regular distribution which corresponds to (f(r + l)Tr(lf), and

if (T(r + l)TMlf), does not belong to L’^IR) then (T(r + l)Tr)lf), is an 

appropriate regularization of (T(r + l)T.(lf),

In proving the theorem ,we observe separately the cases r+k>-l and

i+k<-l .
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The CASE r+k>-l >

Let us put.

x

F, (x) = JF(t)dt, x e 1R. The function Fi is continuous Fi (0) = 0
0

and F’i= F .

It follows from equation (1.2.3) that for some Ci>0

|F,(x)| < J|F(t)|dt <C,(l + x)'",k*e,x > 0 (3.1.4)
0

(we choose esuch that r+k+l-e>0).

Since f = F,(k") from equation (3.1.4) by partial integration we obtain 

(F(r + l)T,„f)(s) = (r + 1)k„ (f(r + k + 2)T„l(!f )(s),s e 0 \ (- co,0}. 

hi the same way as in ([4],P.239) (proof of Ln x(j) -> <j)(x) as n-> oo), 

we can prove that for x>0

Zn.,kl.#(r + k + 2)Trlk,2FiXx)->I71(x) asn->oo. (3.1.10)

By Lemma 3.1.1 we gel complete proof of (3.1.10).

We shall give the proof for the extreme case 

i e we suppose

*,(r(r + l)T„l.!f). eL’JiR).

The other cases discussed above can be proved in a similar way in 

lemma(3.1.2). By equation (3.1.7), we obtain (<j>eS)
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'i.... 1..(rc + 0t,j),(x),<Kx)';

(-1)" T(r + k + 2)
(n +l)!r(n + r + k + 2)(r + l)kfl

DnHx2n + rtk + .?Dn,.^r--J^f^x^(|)(k + ,,^x^

(-1) f(r + k + 2)
(n + l)!f(n + r + k + 2)(r + I)ti

D"”x!""ll',((-))"‘,(r + l)....:)

(r(r + k + ,i + 3)ri(llnlll:l )l (x) +Anlll(5)(x),<|>.....(x

Using Leibniz formula, (3.1,9), the fact that

xp8( (x) = 0, if p>k & (3.1.5) (3.1.7)

we have

'Dn,'xln",“,Dnll(r(r + !)T,llf)i(x),(|)'k"’(x

Z n + lV!n'>,,l,r,,,((-l)n*,(r + l)l,nlJ(r(r + k + n + 3)T,lkl„,JFIfi,(x)

V 1 7

+ tA.,.#)),',(x)H<l*',(x

n + nZ . (x!"",‘'5r"’(-l)",l‘i(r + l)ll„11.!
V 1 7

(r( r + k + n + i + 3)Tr, k, n,.,, F,). (x), '0 (X))

n 11
ZH>" t I U

rn + n
(2n -t”i + k + i + 3) —(n T- r + k + 3 + i)(r + 1)|.IMI

V 1 7
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x
rxj

J(r(r + k + n + i + 3)T„k.... JFIXx)x"'''l,i,’<rll(x)dx

tl us, we obtain

U.^lrfr+TjT^.M.cKx))

ii k tl(—1)‘
z-

n + 1

i J
V(r + k + 2)(n + r + k + i + 3)n(l ,(r + l)kln(„.

(n + I)!f(n + r + k + 2)(r+ l)kil

x J(r(r + k + n + i + 3)T,t.n>1„F1Xx)x""“-yk*l)(x)dx.

For x > 0 we have

n * 1

i-
M>

fn + r 

k » >
(-1)' I (r + k + 2)(r + k + 2)nvln(n + r + k + i + 3)nll ,x n i r i k i i t 2

(n + l)!r(n + r + k + 2)

x(r(r + k + n + i + 3)T„l,„„„JF1Xx) = Zn.,JillJr(r + k + 2)Tikl!F,Xx)

(L,.a.,(r(r + 1)T,
r +1 A W9

n.,k+,.x(r(r + k + 2)T„kt2F1Xx).

Now Lemma 3.1.1 implies

L,,k,(r(r-H)Trllf),(x)-f(x),<Kx)\

= (-ir|L...,l,.(r(r + k + 2)T„MF,)(x)-F,(x))|)k*,(x)dx

:(-l)k "fk •x».i.(rtr + k + 2)T)1,.F,)(jO^J^(x)x^B^^ti ,(x)Jdx 
(i xB(x)
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as n-»oo .

(r(r + l)T„,f).(x)-f(x)-»0, as n-> oo .

Ln.r,k.x(f(r+ l)Trl]f)+(x) = f(x) as x oo . 

This completes the proof of case r + k >-l.

Case r + k < -1

Let us remark that r + ksf- IN.

0,x <0

Since we suppose that f e L’(r), (1.2.3) implies that there exists 

L3i>0 such that

|F,(x)J < J|F(t)|dt < B,(l + x)r"k'e ,x > 0.

In the sense of the distributional derivative , we have F, = F - a05,

where a0 = J F(t)dt (3.1.11)

By partial integration, we obtain (x > 0)

7. (X +1)

(3.1.12)



Let

K.l

[ 0 ,x < 0

Let <j>eS. If we prove,

(r + l)kll(r(r + k + 2)1,, .1,), (x),c|)(x)\

= (F,'">(x)J<Kx')) (3.1.13)

then (3.1.12), lemma 3.1.4 & (3.1.11) imply

lim/L„,k.x(r(r + l)Trj)+(x),<Kx)\
\ ' ' j

= iim^L„,.k,x(r + I)k (r(r + k + 2)T tkt2f, \ (x),<|>(x)^

+ a., lim^Ln.r.k.x (r + l)k xt r k 1 ,<})(x)^

= ^(f,(I) + a(1S)tk>,<|>^ = (Ffk>,4>) = (f,(|)) •

For the proof of equation (3.1.13) , we have to repeat the 

arguments of the proof of the Inversion theorem for r + k >-l . The 

regularizations of (f(r + k + 2)Tr(k(,F1 )(J) will occur for 0<s<j<n + l,

where s does not depend on n. At the end , instead of lemma 3.1.1 we 

have to use lemma 3.1.4.

Thus the Inversion theorem is completely proved.



84

3,2 Complex Inversion Formula

3,2,1 Introduction ,

In this section we shall prove the complex inversion theorem for 

the classical Stieltjes transformation given by Sumner in [26] is also 

valid, with the convergence, in S’ instead of the pointwise convergence , 

for the T(r + l)Trf|f,r > -1 where f belongs to a subspace of the space of 

T , - transformable tempered distributions .

First, we give some preliminary results. Let i)>0, teIR, we denote 

Cllb the contour in <C which starts at the point, -t-ir), proceeds along the 

straight line Imz = -r) to the point -irj, then along the semicircle | z | == rj, 

Rez > 0 to the point ir| and finally along the line Imz = r| to the point -t + 

it]. We notice that these contours were observed in [26] only for t > 0.

Let,

K(u,t) = K,(t-u), t,u e lR,t * u. 

where, .

K,(x) = x~'((- ri-ix) r ! -(r| + ix) r '), x e R \ {o}, rj > 0.

For convenience we take that determination of (s + t) ' k ' which occurs 

in this section for which

arg(s +1) r k '(argz rsl,se 1N„) has its principal value.

Using the identities
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%r f1
J 5Z+yr;- dz = —-~k(u,l) , 
r,(z+l) r+l

u > 0,t e IR,t * u,n > 0 ,

d'K(u,t)/dt' = (-l)'d'K(u,t)/du',t,u e lR,u * t,ri > 0. 

By Leibniz formula we have

a'K(u,t)/a'| < c, £|t - il‘ 1,p|(n2+(t - u)2) <r,Up)/~
p=0

where C, = 2 max
uv

(i-p)!(r + l)p;0<p<i

Thus with C0 = (i +1)0,, it holds

a‘K(u,t)/et' < c0|t- u|”(tf + (t- u)2)
(r + 1 )/2

(3.2.2)

V/e shall suppose that r > -1 . We denote by L'(rXr > -l) a subset of 

L’(r+1) such that

f e L'(r), if f = t rDkF,k e 1N0, F is continuous and if instead of 

(1.2.3) it holds |F(x)| < C(1 + x)r+,'\x > 0 (3.2.3)

for some C > 0 and some e > 0.

Lemma 3.2.1

Let F be a continuous function on 1R with suppF c= [0,oo) & let 

(3.2.3) hold. Then for every k e 1N() and t() e 1R
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Jl'(u)(akK(u,l)/5tk)!,,, du = ^
u)K(u,t)du . (3.2.4)

Leimna 3.2.2

Let F satisfy the conditions of Lemma 3.2.1 and let

<1)^) = J|F(u)9'K(ii,t)/5t'|dii,t e lR,i e 1N(). (3.2.5)

(i) There exists constants k(i,?i) and polynomials P,(t) such that 

<|>,(t)< k(i,i\)p(t),te IR,i e IN.

(ii) There exist a constant k() (which does not depend on p) and a 

polynomial P() (t) such that

11 l(l>n(t) - k0p0(t),t e 1R.

Proof

(i) Let t>l, we have

By (3.2.2) & (3.2.3) we have

because for f >0 and ue(0,t-l),(t - u)"1 (?]? + (t - u) ) ' > I.
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J, <cc (l + u) " ' du

C„Cj-

tn|t-u|"'(\V +(t-u)2)f 

(2 + t +v)r+l !

f)/:

Vr 11)/: -.dv
(v + l)"'(r|2 +(v + l)2 J 

Since r- e > -1 , from (2 +1 + v)r" ‘ < 2r" ' ((2 + t)" + vr' 

(v putting u = t+v+1|t - u| = | v +1|) 

v>0, we obtain

< 2r" C„C (2 +1)'
dv

[v + l)'*'(rr + (v+ 1 )2)

v £dv
r+l/2)o(v + !),+!(ti2 + (v+i)2)

For J2 we have

til !

J2 < sup {F(u)|}{|aiK(u,t)/ai|du<C(t + 2)r,, t J^K^O,s)/dsf|ds. 

Since the function H(0,s), se[-1,1]

where

K(u,t),u 5* t
H(u,t)=]Mu = t;(U;t)eR:

n
is a smooth one . We obtain that for some constant Mj which depends on

J, <Mi(t + 2)'" .
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Estimations for Jt, J2 and J3 imply that the assertion holds if t > 1. 

Let 0 < t < 1 . Then we have

and by the similar arguments as above we can prove that the assertion 

holds.

lft < 0 there is no need to divide the integral in (3.2.5) and assertion (i) 

follows by arguments given by above.

(ii) Let t > 1 . From the first part of this lemma we conclude that only in 

the calculation of the integral J2, the constant k(i,rj) depends on ip But 

on setting

s = r|tg<j> in J|d'K(0,s)/ds'|ds,

in the same way as in the proof of Lemma 4.b from [26], we prove the 

assertion.

For t < 1, we have to use arguments given above.

Hence the proof of Lemma.

Lemma 3,2,3

Let F be a continuous function on 1R with supp F cz [0,qo) and let

'i >0‘ 2rci J,
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Proof

For t >0 the proof follows from ([26],Lemma 4.C)since for enough 

large R

lim —— f F(u )K(u, t )du =0.
n ><•' 2m ,1

OO 00

Since r>-l and J|F(n)K(u,t)|dt < J|F(u)|(|t| + u)r ~.du < oo,t < 0
0 0

we obtain

r+i «

lim -J— fF(u)K(u,t)du =0,t < 0
>' ,0* 2711 1

The proof is complete .

If f € L’(r), then for teIR we have

<r+0{( Z + O'(l (r + 2)r,,;FXz)dz = (r + IX,,

J(z + t>(r(r + k + 2)rr,l,!FXz)dz

(F + OkM | (Z+ t)' J F(u)
o(z + u)r i k t -du dz

(r + lLJW Jr(^Ldz 
(z + »)

dll.

The last equality holds on the basis of the uniform convergence of
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for z e cm •

Thus we have by (3.2.1)

(r + I) J (z + t) (r(r + 2)Tr(2f Xz)dz = (- i)krf' JF(u)(dkK(u,t)/dtk )lu,
C . --r^v fit

t g IR.

Complex Inversion Theorem 3,2.

Let f e L'(r). Then for every (j)eS.

lim
■p—>0*

/ r +1
2 m

r( J(z + 0r(r(r + 2)Tr+2fXz)dz,<Kt)/ = {f(t),<j>(l)>.

Proof

We have

r + 1
27ti

r( J(z + t)r(T(r + 2)Tr(,fXz)dz,<j)(t)

2jti
:(r +1 )J f(z+ t) (T(r + k + 2)Tr+k+IFXz)<M(t)

(v by3.2.5)

(f + Ok 11

27ii

C, F(u)J(z + l)' J ’ (1/
U(z+u)

du,(|)(t)
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- (r + OfcH 

2m
fm }

(z+[J
J / Vc*(z+u)r+k-f 2 .dz du,4>(t)

(-1 )k r

2m

dk f (z + t)r
,r:j,,u|

at14(z+u)"
du,4><t)

(-1)
2m

-r| r41 ;K(u,t)/duk)du,(j)(t)) (byv (3.2.1))

<K(u,t)/atk)duJ(|)(t)dt.

£iffiF(u)(K(u’t))du}(t)dt
(by Lemma 3.2.1)

u,t)du 4>( 5(t)dt

(by partial integration)

Thus , by lemma 3.2.3 , lemma 3.2.2 (ii) and the Lebesgue theorem, 

we obtain

Jim —( \(7 + 0' (r(r + 2)rrl,f)(z)dz,(|i(t) 

= (-l)k(F(t),ftl(t)} = (f,'|)).

The proof is complete .


