CHAPTER 1

- BASIC CONCEPTS AND

- SYSTEM EQUATIONS




1. I ITIE

The general idealisation of space-~-time demands
that it will be filled with relativistic perfect fluid

described by the well-known stress-energy tensor

T,p = (P + p) u,up - PY,p- ceesfl.l)

Here p is the matter energy density, p is the isotropic

pressure and u, is unit flow vector (uaua = 1).

An important case of this distribution is always
considered by choosing p = 0. This distribution @s called
as Relétlvistic dust distribution, which has the stress

energy tensor

Tab = Duaub. -...(1.2)

The stress tensors exhibiting coupled fields occur
‘at many places in the literature of General Relativity{
Accordingly, the Relativistic maqnetéiE}drodynamical theory
g !'/__M\'
comprises the stres{?}nerqv tensor @mbodiﬁ§ the perfect
fluid tensor and the electromagnetic field tensor with
infinite electrical conductivity and constant magnetic
permeability. This system is known as magnetofluid system

and 1is introduced by Lichnerowicz in 1967.



It is given by the stresgféherqy tensor

2 2

Here n is the constant magnetic permeability and hé is the

-
magnetic field vectoqigzgi\fiqnitude fie;;\;;;:;E)with

s e

magnitude haha = -hz. Moreover it is orthogonal to flow

aﬂ
vactor u, (uah 0).

If this system is pressurefree then we call it as

Relativistic Incoherent Magnetofluid distribution (RIM

distribution), which will be given by the stress energy

tensor

=

nb

‘ 2 2
Tab = (P 4+ uh*) u vy - $ uh Jap ~ “hahb' eeesfl.4) v//

This form of stress'enerqy tensor ylelds the following

results.
T,pu° = (P + ¢ uhz)ub, ....(1.5;_
T,utu’ = (P + ¢ whPiu, eri(1.6)
W ragca = - dwn’u, | cee (1T
T, h%h® = - ¢ wnf, . (1.8)
T,,uh® = 0, i (1.9)

ab
Tabq = T = p, eee(1.10)



It follows from these results that
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(1)u? is the time-like eigen vector for the RIM distribu-
tion with the eigen value e, = P+ ¢ nhz.
(11)h® is the space-like eigen vector with the eiqen value

- - 4
e, t uh .

This implies that the stress energy tensor for RIM

distribution has two distinct eigen values e, and e,

Also we have the rest mass for the RIM distribu-
tion as given by
| T = p vee(1.11)
we recall the theorem given by Hawking and Ellis 1973, "Any
stres{}éﬁerqy tensor with dlstinct eigen values has distinct

eigen vectors which are orthogonal to each other".

We observe that this theorem is valid for RIM
distribution given py equation (1.4).

2. ENERGY CONDITIONS
According to Hawking and Ellis, 1973, the stre&é}

energy tensor has to satisfy the following energy condi-

tions.

(i)Weak Energy Condition : This condition is described by
the inequality

Tab uaub 2 0 . eeaef2.1)



This for RIM distribution takes the form

(P + ¢ wh?) 2 0. | eeal2.2)
(ii)The Strong Energy Condition : This is given by the

1nequa11£y ' |

Top w3120, | ee..(2.3)

f.e. (P +uh?) 20,  (Vide 1.4). e (2.4)

(11i)The Dominent Enerqgy Condition : This is described by
the inequalities

(1) Tabu‘ub 2 0

and

a

(2) Tabu is non-space like vector.

These inequalities with (1.4) yield

P+ ¢ wh? 2 o0

.and

(P + § uhz)ub which is time-like vector.

The validity of above three energy cgonditions (i),
(11) and (iii) justify that the streerqy tensor (1.4)

is physically transparent.

3. E ETRIES
We present below definitions leading to geometri-

cal symmetries.



(a) orma tio t '
According to Olivar and Davis 1977, a one
parameter group of continuous infinitesimal transformations

described by
x2 = x® + Efst, ce..(3.1)
is said to exhibit a group of conformal motions if

LE qab = Z*Qab, -.0.(302)

where V¥ 1is scalar function of space-time co-ordinates and

'Lg denotes the lie derivative along vector & .

Note (il t+ If ¥ = constant, then (3.2) will lead to a group
of homothetic motions, where ¥ = 0 leads to a group of

motions (isometries).

/\ Note (ii) : A conformal group of motiong}gg/qiven by (3.2)

generates a group of special conformal motions provided
VabW = 0and V,¥ = 0. Hence the special conformal

vector £ is a particular case of the conformal vector ¢

(b) The transformations (3.1) lead to curvature inheritance

(cr) if

Lg Rabcd = 2a Rgcd, vee.(3.3)

where a is the scalar function of co-ordinates.



Note : In particular if a = 0, then equation (3.3) describes
curvature collineation given by

a
Lg Rbcd = 0- 0-5‘0(3¢4)

(c) rical s et : The we(&:i}own geometrical
symmetry known as spherical symmetry has a standard

form of the fundamental quadratic metric as
ds? = aA%(r)at? - B%(r)1dr? - r?(de®+sinede?). ..(3.5)

We have from equation (3.5)

-

-82(r) 0 0 o |
‘ 0 -r? 0 0
9p = . . 2,20 ... (3.6)
0 0 0 Aztr)J

s v
- For the choice of comoving frame the sphericalgj)symmotry
vields

ua = (0' 0' 0' “4) ]

SNER T
and h® = (nl, 0, 0, 0)

4. E E IONS G )
The geometry and dynamics of the space-time is
coupled with well-known Einstein's field equations through

the tensor equation

Rab - i Rgab = -k Tab‘ uooo(‘ol)



Here the Right hand side describes the dynamics through the
stress énerqy tensor of the RIM distribution (Vide, 1.4).
The Left hand side involving Ricci tensor and Ricci scalar
fully describes the geometry of the space-time with the
signature (-2). We know that (4.1) are sixteen n&n-linear
partial differential equations of order two. From (4.1) we

can write
R = kTO .0.0(402)
This with (4.1) produces

Rab = -k(Tab - * Tgab’o ooo;(‘os)
In particular {if k = -1, then
Rab = ‘Tab - i Tqab)- . 0000(404)
723
for the RIM distribution (1.4), this ylelds
o maER el

- 2 - '+ uh? -
Ryp = (P + uh“)u uy - #(p + wh®)g,, - mhyh,. ..(4.5)

‘ This implies

PR, = R = -0, ee.(4.6)
wuPR, = #(0 +un?), TR
n®hPR_, = (e - pa?)n?, ver(4.8)
uwnPry, = 0. | ceeo(4.9)

Note : Throughout the diqaertatlon we use V to represent



covariant derivative and over head star (f) for

covariant derivative along frow vector u.

5. E IONS

'

Further the magnetic field comprised in RIM

distribution (1.4) satisfies the following Maxwell equations

{Lichnerowicz, 1967).

Vb(uahb - uPh?) = 0.

2]
This leads/the following results.

*a b
u ha + Vbh = 0.
and

th? + n? e+ (v,u®) hnP =0
a
Here we have the conventions

; - (Vbu‘)ub + acceleration

a
e = Vaua :+ Expansion of u
'and
he = (vbhz)ub ¢ Variation along u
6. I ITIES

‘000(5.1)

.‘..(5.2)

..0.(5.3)

..0‘(5.4)

oco.(SnS)l

cees(5.6)

The conservation laws of energy and momentum are

implied by Bianchi Identities as
ab
vbT = 0,

This with equation (1.4) p:ovides

.'..(6.1)



—— koA Drn
e

9

[Vhip + uhz)] Wl + (0 4 uhz)(vbua)ub +

+ (0 + ph2)u®(vpuP) —pu(v,n?)g®P - wiv p®n® -

b

- wn?(v,h) = 0. : oo (6.2)

This when contracted with u,, we get

b 2 b

(v, #)uP + pe + n(gh? + he + (vyu®)h h°1 = 0, ..(6.3)

i.e. (V, o) uP + pe =0, (vide, 5.3) e (6.4)

‘This is the continuity equation for RIM distribution. This

exhibits the rate of change of matter density along the

flow.

Further if we transvect equation (6.2) with ha' we

get
xa 20 xa b |
pu ha + h lu(u ha + Vbh )] = 0 | ceee{6.5)
This yields
;a
P u ha = 0, (vide, 5.2) ,
*a
i.e. u~ha = 0 , since P ¥ 0. sees(6.6)

It follows from equations (8.2) and (6.6) that

S b ‘
V. v () = 0. ceee(6.7)
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By rearranging the terms in (6.2) and using the continuity

equation (6.4) we get
(P + ph®)u® + u(h? + nlejud -
- u[t(vbh2>q‘b - (vbh‘)hb] = 0. cer.(6.8)
This represents the system of stream lines for RIM distribu-

tion which explains the deviation of actual path of fluid

trajectories from geodesic path. It appears from (6.8) that

this deviation is caused only because of the magnetic field.

7T

c ons ¢+ For the RIM distribution we observe that

(1) the matter density is conserved along the flow lines
iff they are expansionfree. (vide, 6.4).

(i1) the acceleration is normal to the diQerqencetree

magnetic lines. [Vide (6.6) and (6.7)].

7. oM EOUS MAGNETIC FIE

The homogeneous magnetic field is characterised by

vb ha = 0- ’ oan‘(701)

This implies that

W h =-hud=0 ' 7
uaa au ) ¥ c.oi( 02)
h ao. veea(7.3)

Consequently equations (5.3) and (5.4) produce
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b
Vbh = 0' 1000(70‘)

8 = o. ,I.'(7.5)

Similarly equations (6.4) and (6.8) generate the féllowinq

results.
(v, p)uP = 0. ceei(7.6)
‘*la. 0’ 81nce p +“h2 # 0.. 1000(757)

Thus for RIM distribution with the homogeneous magnetic

field we have

(i) Fluid flow lines are expansionfree. (vide, (7.5)1.
(ii) Magnetic lines are divergencefree. [Vide, (7.2)].

(111) The matter energy density is conserved along geodesic

path. [Vide equations (7.6) and (7.7)].



