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INTRODUCTION :

The theory of rheology comprises the study of flow and
<>

deformation df matter. According to Fredrickson (1964) the development 

has led to a division of rheological research on three levels

a) Physico-Chemical Research

b) Engineering Research

c) Mathematical Research

In rheology matter is treated as continuum (structurless substance) 

and its molecular structure is ignored so that kinematical variables 

associated with a fixed point in space may be regarded as contineflus 

function of the spatial co-ordinates of the points. The dynamical state 

of a body is determined if we know the forces which act on an 

arbitrary located and arbitrary oriented element of surface in the 

body.

C

The "Relativistic Rheology" is the study of deformation and

flow of ponderable matter at high speed comparable with velocity of

light (Radhakrishna, 1978). In general relativistic rheology the strong

and rapidly changing gravitational field can not be studied in
is made

terrestrial laboratory. An attempt/ to overcome these difficulties by 

Narlikar (1978) using the relations

GM . p
d C2P

1. 2 ,„2v /C

Where G is universal gravitational constant, R is the radius of the 

gravitating body, and M is the mass of the body.



The subject being of recent origin, we find very few persons 

working on relativistic rheology. The probation- * equation for the 

expansion parameter is obtained by Ray-Chauduri (1955), Grot and 

Eringen (1966), Paria (1967) have investigated some aspects in special 

relativistic rheology. The propagation* equation of Shear Tensor is 

expressed by Greenberg (1970). Carter and Quintana (1977) has 

obtained the equation for strain tensor in general relativity. Using 

the Ricci identity the kinematical strain variation equation is workedout 

by Radhakrishna and Singh (1983).

The kinematical strain variation equation along the time like 

vector u is presented in section 2, while the section 3 deals with 

the dynamical form of strain tensor for ferrofluid system. The strain 

variation equation along the space like vector h is obtained in 

section 4. The last section speakes about the dynamical form of strain 

variation equation for ferrofluid.

2. RELATIVISTIC STRAIN VARIATION EQUATION :

From the 3-space operator hgb the expression for the 3-space 

projection of the flow gradient ua.b can be expressed as follows 

(Trautman, 1964).

u- - a; b
, e .x
ha '’b ue;f (2.1)

a - u\> 1 Sb uub)ue;f

(by definition of hab)



This can be simplified by using the relations u . uc
3 f D

n b -a0, u . u = u a; b >
u u a 0 in the form

u- r = u . - u u, .a; b a; b a b (2.2)

The second rank tensor which is written in the form of symmetric 

part of u- r is the strain tensor 0 (Greenberg, 1970 a).
3 i D 3 u

This means that

9
ab 1/2 ( ua;6 + Ur -b; a (2.3)

From the equation (2.2) we write the equation (2.3) in the form

0
ab 1/2 ( ua;b + u b;a u u. - u u, ) a b a b (2.4)

This equation implies that the Strain Tensor 9 can be expressed 

in term of the gradient of flow vector and acceleration vector.

The rotation tensor Wgb is defined as the antisymmetric part of the 

Ua;b

i.e., W . = 1/2 ( u- r - up -).’ ab a;b b;a (2.5)

From equations (2.2) and (2.5) we get

Wab * 1/2 [ua;b ‘ ub;a " (Vb ‘ Vb»' (2.6)

The Shear tensor ° , has the expressionab
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o = 1/2 [u , + u, - u u, - u u. )-rJLh , 0 .ab a;b b;a a b a b 3 ab

!2.7)

This is trace free and u-orthogonal.

So that from (2.3) and (2.5) we have

u-r- = 6,+ W . . a;b ab ab ......... (2.8)

To derive the strain variation equation we prove the following Lemma

regarding the derivatives of material tensor. Any u- orthogonal tensor

M , is called material tensor, ab

Lemma : For the material tensor M ab

L M . = M-r uC + M uC - + M . uC -.
ab ab;c ac ;b cb ;au

(2.9:

Proof : By using the definition of Lie derivative (vide 0.5.1) we have

L M , = M . uC+M uC.+M . uC .
ab ab;c ac ;b cb ;au

Further from equation (2.2) the above equation becomes

L M . = 6e 6^ M . uC + M (uG - + uCu ) + M . (uC - +uGu ). 
- ab a b ef;c ac ;b b cb ;a a

(2.10)

Also M , is material tensor, hence we write ab

M . u = 0. ab (2.11)

By substituting the value <5^ * h^ + uaufa in equation (2.10) we get
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L M = (h® + u®u ) (h/ + ufu. ) M . uC + 
u ab a a b b ef;c

. c+ M*n(U~-h + “Xl + M.h(U".5 +
ac ; b cb ;a

i.e., L M = (h® hb + h® ufu + hf u®u + ueufu u ) M „ uC + 
u ab a b a b D a a b ef;c

+ Mu" — + M . u" - + M uCu, + M , uuu (2.12)
ac cb ;a '‘ac“ “b' "“cb" "a"

On using the results (2.1) and (2.11) the equation (2.12) reduces to

, .. c . e » f . f eL M = M-r u + h M_uu, + h M.uu + u ab ab;c a ef b b ef a
xx

+ M .u^ u u. + M uC - + M . uC +
ef . a b ac ;b cb ;a

c c c+ M u r + M u U.+ M . u u . ac ;b ac b cb a (2.13)

Further we have

h®M „u*u, = ( <5^ - ueu ) M_* . u*u
a ef b ef b ’

i.e., h® Mgf ufub = Mgfufub, (vide (2.11)

• v,e f .. . fi.e., h M uu = - M _u u,. a ef b af b

This with equation (2.13) reduces to

L M = M-r U® + M UC r + M. uC - .
ab ab;c ac ;b be ;au

This is the required result of Lemma,

Now for obtaining the expression for deformation tensor 0ab we use

the above Lemma and write
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L 6 = h® tv 6 f u
- ab a D ef;c

c a c AC+ o u_+o u_
ac ;b cb ;a

By the definition of 9gb (vide equation (2.4)) the above equation 

becomes

e _fL 0 . - 1/2 h h, [u _ + u~ - u u_- ab ao e;f f;e e f u &,] u + e f ; c

+ 0 uC *: + 0.uC- ,
ac ;b cb ;a

i.e., i, 6ab = 1/2 h® h^ [u^.^u® + uf.o. ^u® - ujx
a b e; f; c f;e;c e f

c c- u u. - (u ) u u„ - (u J u u ] + e f e ;c f f ;c e
c A c+ 0U — + 0 , uac ;b cb ;a (2.14)

The contracted Ricci identity for the flow vector u is given by
cl

c c c d nur u-u 11 = u u R , „ ,e;f;c e;c;r defc (2.15)

On addding and substracting u . u , f and uf, u . in equation (2.14)
© i C \ I 1^ C i©

and using (2.15) we get

k hj hj I(ue. , o'- * u ..

+ (u, u® + u, uC ) - u uc , 
f;c;e f;c ;e' e;c ;f

uf;c uC;e * u° u<1(Rdefc * Rdfec>

2 Vf 1 + eac uYb * V UYa •

(Since f>ab u = 0)



i.e., L 6 = 1/2 he h[ [ ii , +
- ab a fcy e; f

G

u, ] + 1/2 he hf [- 2u u, -
I« S S I
c du u.-u.u +2uu R _ ] + 0 ue;c ;f f;c ;e defc ac ;b

* 0cb u ;a ■ ......... l2-16>

Further by using the equation (2.16) and then making use of the

definition of P, we write
' 3, D

L Q = he lv u, + 1/2 ( 5e <5^ - 6 ^ u^ u, 
- ab a b (e;f) a b a b

6“ u3 u + ueuf u u. ) ( -iu uf- u uu „ 
b a a b' - e f e;c ;f

C n C d n ■» A c 
- u U + 2u u R , f ] + e„r u r

ItC ,© U0IG dl ,U

+ 0 . uC - .
cb ;a

After simplification we get 

L ^ , = he h^ u , + 1/2 E-2il tX u uG
ab a b (e; f) a b a;c ; b

u uc +2 ucud R , . + u uC u, +
b; c ;a dabc a;c b

+ub;c “““a - 2uCud u' ub Rdafc

0 C d e n c « C- 2u U U u R , . j + 0 U r + 0 .u -.a debc ac ;b cb ;a

.....(2.17)

But we note the results

c cu- -u u, = (u - u u ) i u. , a;c b a; c ac b

c ci.e., u- - u u. = u u u. , a;c b a;c b
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C CSimilarly u . u = u-.-u . ,3 * C tD a, c i D
, c d e „and u u u R , „ =0.defc

The expression (1.17) with these results yields

e .f .
ab ” aa nb u(e;f) ^aL ® ^ = he hf u, ri - u u. + 1/2 (- u- - uc r 

- ah a;c ; b

C v a C a C- Ur - U -)+0 u r+y.U - +b;c ;a ac ;b cb ;a

c d+ u u Rdabc’

This immediately gives with the definition of u-,g (vide (2.8) )

L 0 oh = fi ~ & u. + 1/2 [-(0 + W )*
- ab a b (e; f) a b 1 ac ac

*( 6 C . + WC ) - ( ® + W. ) ( 9° + WC )] +
.b b' be be 1 .a .aJJ

+ 6 ( 0C . + Wc . ) + 0 , ( 0C + Wc ) +
ac D .b .b cb .a .a1

c d _ + u u Rdabc ’

‘■e" fab * ha ^Vf) ■ "a ab ^ Wac "'.b *

* 0acwC.b * ecbeC.a * ecb w°.a * Rdabc '

i.e. ^ab - he hf o(e;f) - % nb * (ec.a + wc a) (ecb . wcB) .

c d _+ u u R dabc’

i.e., L 0 = h® hf u. - u u + uC - u- r + ucud R, . .
- ab a b (e;f) a b ;a c;b dabc

(2.18)



o 0

This equation is described as the kinematical equation for deformation 

tensor field. Carter and Quintana (1977) has derived this equation 

for the signature ( +, +, +, -). Where as we have chosen the metric 

signature

The Weyl's Tensor has the defining expression

^abcd Rabcd + ^®ac *\)d ®ad Rbc

+ ®bdRac - ®cbRad^ ~ R^® ^®ad®cb ®ac®bd^ (2.19)

So that the eequation (2.18) is transformed as

6 f C
L 0 . = h h. U. - U U, + U -U- r -ab a b (ef) a b ;ac;bu

- ueufC , , + 1/2 h . (R _ueuf -R/3]+ 
aebf ab ef

. 1/2 h® hj Ref. (2.20)

This is the strain variation equation along flow.

3. DYNAMICAL FORM OF STRAIN VARIATION EQUATION IN FERROFLUID 

SYSTEM :

The stress energy tensor for ferrofluid is characterized by

(0.3.1)

Tab = ( P + P + P H2) uaub - (P + 1/2 p H2) gab -

- pH H a b’
......... (3.1)



We recall the value of Rici Tensor for ferrofluid from equation (0.3.3) 

in the form

Rab = -K[ ( p + p + p H2) uaub - 1/2 ( p - p + p H2)*

^ab-yHaHb]' .........

The twice contracted Bianchi identity yield for ferrofluid

O o O a K
( p+ p + MH ) ii - ( p + 1/2 p H ) h - 

- ( PHb) H3 = 0, ( Vide (*.4.9))

i.e., ua = A"1 [ ( p + 1/2 H2).b hab - ( ^Hb).b Ha]..................(3.3)

Here the value of A is given by 

A=(p+p+pH2).

Now recall the kinematical form of Strain variation equation

L 9 h = h ab
e .
a t V;f) ‘ “ u. + u - u- - a b ;a c;b

- u°“f eaebf * 1/2 hab IRef ' R'3 >

♦ 1/2 hX Ref (3.4)

Let us write this in the form

b 9ab = L1 + L2 + L3 + L4
u

B f *Where L. = h h. u, ,1 a D (e; f_)
. . . cL_ = - U U. + U -U- r ,2 a b ;a c;b

e f „ u u C aebf ’
e f e. f1/2 hab (Ref u' u - R/3 1 + 1/2 hA ef

(3.5)

sx



To simplify : We note the following trivial result

, e. f 1 . - eh h, u, „ = h . h. >f u . ,a b (e;f) e(a b) ;f

This result under the expression (3.3) provides the value of as

L1 ■ he(a».b)f l A'l!'P * 1/211 h“ *

► ( pin. hb]

—7 r y ppi.e., Lt = \(ahb)f A { A[( p + 1/2 p H^);chce +

( PHC).cHe].f - A;f[(p + 1/2 M H ).chCe + ( ,UHC);cHe]} ,

i.e., L1 = he(ahb)f A"2 { ( p + 1/2 MH2).c[AhCe.f-A;fhCe] + 

+ ( M HC) [ AH6. „ - A. Ji6] +
y C t I 1 A

+ A [ (p + 1/2 M H2);cfhCe + ( m HC);cfH6]} . (3.6)

To simplify L^ : We have

L„ ='U U. + U - U-.r ,2 a b ;a c; b

i.e., l2 = - uadb Mi/l'l I eob* wcb) (3.7)

To simplify Lg : We write Lg in the form

e f
L3 " U U Caebf’

e fIf we denote the expression Caebfu u by Cab

Hence L. = C . . 3 ab
(3.8)



To simplify : We have

L4 = 1/2 hab [Refu8uf - 1 * V2 h® h£ R0f.

This with (3.2) takes the form

L4 = 1/2 hab { - K [ P + p + M I32) - l/2( p - p +tiH2)]-

- K/3 (p —3p)} + 1/2 ( 6® - ueu ) { & ! - ufuj
3 a D d

{ - K [ ( p - p + p H2)ueuf - 1/2 ( P - p + p H2)gef- 

, - H H ] | , (by definition of h )
6 1 3 U

After simplification we get

L4 = - K/2 [ (P/3 + p) hab ~p HQHb]. ......... (3.9)

By substituting the values (3.6), (3.7), (3.8) and (3.9) in equation

(3.5) we get

h * A"\(ahb)f { C P - 1/2 pH2);c(AhCe;f-A;thCe) ,

+ ( H HC).c (AH®.f - A>fHe) +

+ A [( p + 1/2 p H2).cfhCe +

. ( MHC),cfHe]) - uaub . ( 0= . WaC),

'< 0cb * Wcb>

-bHaHb).

Cab - K/2 (Cp/3 + p) hab

(3.10)

This is the required form of Strain variation equation in dynamical 

form as it consist of kinematical parameters as well as dynamical

variables of ferrofluid.



24

4. STRAIN VARIATION EQUATION ALONG SPACE LIKE CONGRUENCE :

In order to obtain the decomposition of h , on 2-diamensional3 t D
projection plane we start with

h . = 6e h
a;b a b e;f (4.1)

i.e., ha; b
(pe + ueu - heh ] 

a a a
6hh f-
b e; f

JVhere pab is, given by (0.2.10)

"urther
, , 6 r I Gha;b = ( Pa 5b * u ua 6b> he;f'

(Since h „ h = 0)
G y I

■e" ha;b = pa pb he;f * pa ' hfhb)he;f tu<iuahe;b' (4.2)

e fSince p p h „ = hA A and h = h . h we write the equation (4.2) a d e;i a j u a a j 6

Therefore

h . = hA A + u.h - u u u h - h h + a;b a; d ba abc ba

+ u u h,h + u u h . . abc a e;b

h ^ = hA A - u, h + h.h + u u u.h a;b a;b b a b a abc

- u u h.h - u u h . . abc a e;b (4.3)

Definition (1) : The Strain tensor for space like unitary congruence

n is the symmetric part of hA A (Greenberg, 1970)
B y D

l.e. 0ab = 1/2 ( ) ....... (4.4)



This expression from (4.3) directs

6. = 1/2 [(h , + h, ) - u.h - u h. + h.h +
ab a;b b;a b a a b b a

> c c 1 c *
+ h h. + 2u u u, h - u u h, h -u u, h h - ab abc abc bac

- ucu h - uCu.h ]. ......... (4.5)
a c;b bc;a - ;

# .
2) The rotation Tensor is the antisymmetric part of hA/j^

\b = 1/2 < *4A - .......(4-6)

From equation (4.3) the equation (4.6) becomes

“ab. = 1/2 1 (ha;b " hb;a> ’ ubha + uahb * Va - 

* c * c l
- h h. - u u h.h + u u, h hab abc bac

- uCu h . + uCu.h ]. ......... (4.7)
a c;b b c;a

Thus equations (4.5) and (4.7) give

i'fi

hA A = 0 . + w h ,, ..a;b ab ab 4 .........(4.8)

The decomposition of the Strain Tensor (4.5) provides

ab * *a * .a . a b 
8 8ab = 0a = 8 = h ;a‘ ha;bu u '

❖
3) The Shear Tensor a .is defined asab

o , = 3 . - 1/2 0p . .
ab ab ^ab

So that its expression in terms of h is given by



o ^c U

6 , = 1/2 [ (h + h. ) - u.h -u h, + h,h +
aJD DJB H<a o H Koab b a a b b a

* c * c *+ hh, + 2uuu. h - uu h,h - ab abc abc

- ucu h h - ucu h - uCu, h ] -1/2 §p . . 
b a c a c;b b c;a Hab

(4.9)

Note : It follows from the definitions

9ab ua = 0 and 0abha = 0. ......... (4.10)

Hence 9 gb is u - orthogonal and can be treated as a material 

tensor. So also 9ab is h - orthogonal.

According to the definition of Lie derivative along space like 

congruence h we prove the following Lemma for material tensor

Lemma : For the h - orthogonal tensor M ab

L Mab
M^;chC' * Mac/;fc * Mcbh>

(4.11)

Proof : We know the expression of Lie derivative of Mab along the 

space like congruence.

L M . = M . hC + M hC + M , hC ,
- ab ab;c ac ;b cb ;ah

i.e., L M . = 6e 6^ M , hG + M hc + M , hc .
’ - ab a b ef c ac ; b cb ;a h

On using the defining expression of pgb this equation can be written

as

L M = ( p6 + ueu - heh ) ( p^ + ufu - hfh )a 
-3b a a ab D V

* M „ hC + M hC . + M hC ,
ef;c ac ;b cb ;a
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i-e., L h,ab = pa 4 Mef;chC * pa u'ub Mef;c 1,0 ’

e f ,, . c f e . c- p h h. M _ h + p.u u M , h +a b ef;c Kb a ef;c

p^ heh M f hc + ueu7i u. M . hc- 
b a ef;c a b ef;c

- uehfu h. M * hc -
a b ef;c

f, e. . c , e. f. . ,, . c
- u h Vb Mef;c h * h h hahb Mef;c h *

+ MachC;b + McbhC;a- .........(4-12>

e f f f
Following the results p& pb Mef.c = MA^,C and Mefu = Mgfh = 0 the 

equation (4.12) reduces to

L M .ab
h

= MM;chC * pa ufpbM'ef ~ pa h'hbMef 

* pb - pbh\M'ef *

+ M hC . + M whC . . ..... (4.13)
ac ;b cb ;a

By substituting the value of h from (4.2) in equation (4.13) we
3 \ D

get

L M .ab
h

= MM;c h° + pa u% M'ef ‘ pa h\ M'ef *

A
+ p^ u6u M o - Pk heh M _+M hC A + M hCu.

Fb a ef Kb a ef ac ;b ac b
A

- M hC h, + M , he A + M , hc u - 
ac b cb ;a cb a

- McbhC'v ......... t4-14)

Further we note the results
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of 1 p f I
-p h h M f = p h h. M P, a b ef K a b ef

ex® G , G. - .. . f*
' (S a * u “a - h ha> Mafh V

= he' h. M , 
b ae

i.e., - pe hfh, M _ = he h, M , 
a b 6f b ae .........(a)

Similarly pea u^m'^ = -

-pe h^ u, M _ (vide Co.2.14))
cl 0 61 ^

M h u, , ae b

i.e., pe ufu. M „ = M heu, . 
^ a b ef ae b (b)

These results (a) and (b) when used in equation (4.14) produces

AcL = MAA._h + M__h 4 + Mcbh 4-
h ab ab;c ac

This is the required Lemma.

This Lemma is the computational aid in obtaining the strain variation 

equation along the space like congruence h. The process is given 

below.

We use the Lemma (4.11) to Strain Tensor 0 ^ to get

A
L 9 «= p® pf 0 f hd + 5 hd A
r ab ^ ap b ef;d ad ;bh

This equation with definition of Strain Tensor 0 ab

A.;a

(4.5) yields
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# 6 f • •
L 0~h = !/2 P K[ (h f+h - u h _u h„ + ^ ab a b e;f f;e f e e f

+ h h + hh_+2uu u.h - u urh h ie ef efc fee

- ucu_h,,h _ - uCu h - ucu.h ) ,hd] 
ee;f f c; e , de f c

k a
+ 0 jh A + 0 ,.h A.ad ;b db ;a (4.15)

3 3We know the results p . u = o and p , h = 0.ab *ab

Hence the equation (4.15) becomes

L 0 = 1/2 peopf. [h _,hd + h. , hd - u. , hdh
ab a b e;fd f;e;d f;d e

d* d 1 d 1-u , h h. + h. ,h h + h .h h J + e;d f f;d e e;d fJ

* 3. * 3
+ 0 ,hQ A + 0 hd A ,

ad ;b u db ;a

i.e., L 0 = 1/2 pe pf [h hd + h„ , hd - u u h -
- ab a b e;f;d f;e;d f e

i • t i c ' c 1
-u h„ + 2h h . - u u h . - u u . h ] + ef ef ec;f fc;e

♦ e’ad hd;fe * eSdb hd;l ......... (4-16)

The Ricci identity for the unitary space like vector h is given by

h , . hd - h . . hd = hd hk R, ... 
e;f;d e;d; f kefd (4.17)

From equation (4.16) and (4.17) we write

e f r. . d , . d , d, k
i 0ab ' 1/2 p aP b he;d;f h * hf;d;o h * h h ’ 
h

Is. I . II

x( R. .. . + R. r .) - u rh - u h_ + 2h h . -keld kfed f e e f e f
A

* d
A

* d-u'u h ,.-u'u h ]+ 0 ,h A t- q h A.e c; 1 1 c;eJ ad ;b udb ;a

(4.18)
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By adding and substracting the terms he-d h and hf.d h 

equation (4.18) we get

in

L 0 , = 1/2 p pf, [(h f hd + h ,h . f) +
- ab p a K b e;d;f e;d ;fh

+ (h. . he + h„ , hd ) - h hd 
f;d;e f;d ; e e;d ;t

- h, . hd + 2hd hk R, .. - u h - 
f;d ;e kefd f e

-u h„ + 2h h.-u u h „ - u u „ h ] ef ef ec;f fc;e
A A

v H % , ri
* 8h ;fe * 8db h A'ad

Further h . r hd + h , hd ,, = (h , hd) r 
e;d;f e;d ;i e;d ; f.

= h e; f’

. . d . , d . '
i.o. , h , .. h + h . h .. = h ...e; d ; 1 e; d ; 1 e; 1

This with the above equation produces

L 0 . = 1/2 pe pf. (h' . + h' ) + l/2 xh6 hf 
- ab ^a'b e;f f;e' » 11a n b

x[-u „h - u hf + 2h h „+2hdhk R „ ,-h ,hd
f e e f e f kefci e;d ;f

. . d c ' c ' .-h„ . h - u u h „-u u _ h ] + f;d ; e ec;f f c;e
A A

« d * d
+ 0 h A + © h A.°ad ;d udb ;a (4.19)

From the definition of p . the equation (4.19) yields3 D

.n e f , ' ,, e e . e, ,
t eab ' P a p b h (e-.n'i 5 a ' u Vh ha”

«( «fb- ufVhfhb) t-u'fhe - u'0hf ♦ 2h’eh'f ♦

+ 2hdhk R, „, - h ,hd . - h. . hd
kefd e;d ;f f;d ;e

A
* d AU ^ pdr ■ f ~ u ^ fh ] + q ha Ax a Kd a6 C’f fc;e 9adh ;b+ °dbh ;a‘
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‘■B- h ' "Vb h" (e; f) * V* ' 6'b ‘ *% “V «>V

6^k ueu„ + s*. heh + ueufu„ut, - ueh*u„h^+
a a b a b

u h u, h o. f. . . , ' ; ' ■»b a + h h h h. ) ( -u „h - u b. + » a b f e e f

11 d k „ . . d+ 2h en f + 211 *ll K,_r,. - h„. J1kefd e;d ;f
. w ci o', c ' ,h„.h -u u,h „ - u u _h + f;d ;e d c; f f c;e

❖
+ 0'ad h A * 0db h A ■ ___ (4.20)

After simplication and rearranging the terms in equation (4.20) we 

get

L 0 . = pe pf, h . „. + 1/2 [- u h - u h ^2h h . 
- Dab *a 1 b (e;f) b a a b a b

+ 2hdhk R , , - 2ufhdhk u. R , - 2uehdhku *
kabd b kafd a

* + 2ueu*hdhlSjLU,_ R,+ ueu_u ,_h +
kebd a b kefd

t I
a b e

I ift- e ' ' fu u.u h. - 2u u h . h - 2u u. h h , - . baf abe baf

- heh u h. - hfh. u 'h + 2ueu^u u. h h , + 
aeb bfa abef

e. f . : ' f. e , ; ' , , d+ u h u h.h u . + u h u,h h u - h ,h u- abef bafe a;d ;o

, ,d e , , d e . , d- h, . h +uuh ,h ,+uuh. ,h + b;d ;a a e;d ;b a b;d je

f . . d f . ,d , e. . , d+ u u. h , h o + u u, h, . h - h h n. ,hb a;d ;f b f;d ;a a b;d ;e

,f, . ,d ef , , d- h h, h , h - u u u u. h . hb a;d a b e;d ;f

e f . . d e, f . . , d- u u u u^h. .h + u h u h, h ,h . +a b f;d ;e a b e;d ;f

f © d © * jp 1+ u h u, h h. , h -uu h ,-uu , h, + b a f;d ;e a e;b b f;a
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+ u u u , h + uu u, hr - u h u ,h -a be 3 u i 3 D 0
fit 0 f I • f 0 I -

- u h, u h . + u h u h, u Jo + u h u.h u h„- baf abfe baef

e.f, ' f. e, ' f, e, . ' , '- u h h, u „h -uhhu ht , - u h h h.u h r-q fugja 0 0 f j b 3 u 0 ' f
4

- “'"Vb “Ve1 * ®ad hd;& * 9<Jb h-!h...........(4'21)

(Since ^kabd= h^hah^)<

* R. , . = 0) kahd '

Further from the natural transport law (0.2.14) the following terms 

from the equation (4.21) becomes

ft* f t • f I *
u u.u h. = 2u u.u h„ - u u.u h~ baf baf baf

ft. f • • e f * •
= 2u u, u h„ - u u. h h. + u u u u. h h_- baf baf abef

- ueu^h Ulh h„, 
aub e f

ft f • ft
and -uu h_ . = - 2u u h. ,+uu h. ,a f;b a f;b a f;b

f' f- e f •= - 2u u h„ . + u h h. . -u u u h h. , + af;b af;b aef;b
e f. . ' .+ u u h h h,. , . a e t ;b

o 'o 1 * oSimilarly for the terms u u u h and - u u . hJ a b e b e;a

By substituting these values in equation(4.21) and after then 

simplification we get



l eab
c? r »

p ap' h
h“ fo-fi + l-/2 f“u Kh^_u h, + 2h h ,+ b (e;f) b a a b a b

+ 2h h (R, - uSu R. . - u^u, R, +
kabd a kebd b kafd

6 f g ' f i+ u u u u, R. ... + 2u u u . h + 2u ulu h,- a b kefd) a b e b a f

*2ueu h h 
a b e

f ' ' p f ' '2u u h h „ + 2u u u u, h h _ +b a f a b e f

+ 2ueh*u h u Ji + 2u^heu, h u h„ + ueu u,h + 
abfe baef abe

+ uu.uh. - uhu.h - u h.u h. - baf abe baf
e f 11u h h h, u Ji abfe

f p > '
u h h h, u h a b e f

- 2ueu h - 2u*u , hP + 2ueu^h h h. . +
ae;b bf;a aef;b

. , L d ild . d'+ 2u u h, h „h - h .(h , - h u.+h h, +b f e;a a;dv ;b b o
e d ' e d, ' e d. . ,+ u u u,h - u u h,h - u u h . )-h. ,»be be e;b; b;d

,.d • d . d' f d •dh -hu + h h + u u u h. ;a a a a f
f d, . ' u u h h a f

f d, , e , ,.d .d . d'.-u u hc ) + u u h ,(h ,-h u. +h h. +f;a a e;d ;b b b
f d * f dK . ' f dK , f '+ u u u. h„ -uuhh»-uuhP1)+u u. h. , b f a f f;b b f;d

d ' d , d' e d , e d, '(h -hu + hh + uuuh - u u h h - ; a a a a e a e
A A

ueudh ) + 0 . hd A + e hdA .
e;a ad ;b db ;a (4.22)

Again using the natural transport law (0.2.14) and rearranging the 

terms the equation (4.22) reduces to

* e f ' ' ' ' 'L 0 . — p p.h „+ 1/2 [-2u u + 2h h . + r Dab K aK b (e;f) a b a bh
+ 2 hdhk(R. , , - ueu R. , , - ufu R. f, + 

v kabd a kebd b kafd
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+ ^Vb Rkefd) + 2u\u bhe + 2ufubu'ahf

e ' 1 f ' 1 e f 11- 2u u h h -2u u.h h + 2u u u u, h h . + abe baf abef

+ 2uehfu h u _h + 2ufheu h u h. - 2 uehfh h.u' h' 
able baef abfe

- 2ueu h - 2ufu hF + 2ueufh h h. , +
a e;b b f;a a e f;b

, A A
+ 2ueu h^h - h .n A - h, ,hd A +

a; d ; bb f e;a
A A

+ ueu h hd A + ufu h. ,hd A] 
a e;d ;b b f;d ;a

A A
+ § A + 0 hd A.

ad ;b db ;a

b;d ;a

(Since uahc - lA* h and u ha 
a a a

■r—u ha') 
a

* e f '
i. e., L 8 , = p p h- ab ^ at" h

d, k,
l“ , .f, + u u , + h h . +h h (R, . .a^ b (e; f) a b a b v kabd

0 £ 6 f
u u R. , , - u u. R, F , + u u u u, R. „. + 1/2 a kebd b kafd a b kefd

[ - 4 u ti
, a b

+ 2u u.u h. „________b a f

2u "u h - 2u u . Hr * 2u Zi u , h a o;b_ b“f;a a be

e
'1 ----

I 1

2u u h , h . a b e _ T<2_

f ' '2u u, h h r + b. a f
.................... ................................. ■ ............ i

+ 2ueh*u^h. u -h + 2uei4h. h -h + 2i4heu.h u b. + 
,________a b f _e__ __ ~r. b f e;a___________b a e f

P f • P f ' ' p f • •
+ 2u u h h h_ . + 2u u u u.h h . - 2u h h h . u ,haef;b. a b e _ f abfe--------------- - --------------- -Ti,------ j.-------------------
- hd A(h , - ueu h , - 2 e“ .) - hd A(h. . - 

;b^ a;d a e;d °ad b;d3

- u u,hc . b f;d 2 9bd} (4.23)
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Step 1 : To simplify T
1

fii e i

T =-4u u.-2uu h + 2u*u, u hr - 1 a b a e;b b a f

- 2u u , h. . + 2u u u . h ,b f;b a b e

- 4uA A uA 4 heh^ + 2hXu (u„ . - u.u, ) 
a;eb;f a f; b fb

+ 2h u , ( u -uu ),b e;a e a

(Since uj.^h = (ua;(, - u^lh = u
= -2u^. Aujl ,^hehf + 2uA,| uA, A heh^

2%AS ub;f hV ♦ H;{ “U h“ he , f

' - 2ul!;e ^ ' ub; f - uf;b 1 ‘H:i h
e hfh

x (u A A - uA A ) a;e e;a

e,f= - 2( 0 + W ) (2 W. . ) h hae ae bf

>( 2 W ) hehf,

(Vide equations (2.3) and (2.5))

2 ( ebt . wbf).

i.e., T = - 4hehf [ 2 W W. . + 0 W. . + 0 W )............... (4.24)
’ 1 1 ae bf ae bf ae ae

Step II To simplify :

T2 = -
n e2u ua

1 t
h , h - 2b e

ufufc

= 2 . e ' h u ( u h +e a b
Ubh'

= 2 ,e, f h h uA A ( u h
e; f a b + U1

* 2 . e. f h h C
D

C
D *-
+>

+

C
D
*“
+: ( u



Step III : To simplify T :J

T- = 2ueufh h' h, . + 2ufheu. h u' hr +
3 a e f;b b a e f

* 2 "e,,thb h'fhe;b * 2uehfuahbu'rh0 ’

= 2 hehfhau'e ( uf;b - ufub) . 2 hehfhbu't.

(u - u u ) e; a e a

a1,(by u h =-u h )
a a

= 2h^heh^hauA. A u^.A + 2 huhehIh^uA.>^uA.

' ^^e-d Iha(uf;b > + hb( uf;£> 1 •

= 2hW ( ®ed * Wed> [ ha < «fb * Wfb> *

+ h, ( 0 + W. ) ] ,b fa fa

(By definition of uA A )
a; o

d, e, fi•e• • T, = 2h h h 0^ [ hfl( 6 fh + Wfh) + hh( 0fa ♦ Wffl) ]fb fb fa fa

(4.26)

Step IV : To simplify T :



= 2hdhkhei/ uA AUA A ( u u, + I 
e;d f;k a b Vb )

= 2hdhkhehf ( 9 , + W . )
1 ed ed ( 9 + VVfk fk ) > i > .

Vb * haV

i.e., T4
= 2hdhkhehf 6 , 9f, ( u u + h h

ed fk a b a b )• ..(4.27)

Step V : To simplify :

A
T_ = - hd £ ( h . - uBu h ,

5 ;b a;d a e;d
A

- hd A ( h - ufu h
;a b;d b f;d

- 2

- 2

id>-

*
9db } ’

Since by the definition hA A (4.8) and 0a.
a;b b h = a

0a. U . 
b a

* aW . u = bua
wa 1)

1) ia 0 the above aquation becomes

T5 = - ‘A + *db>CA;5 - 2 9 ad }
r]

-( e , +a
* d
W )*a

»( hA A - 2 Q., )d;b db

= - ‘ fdb * "db» ' id * 'ts
9 ^ ad

»«•
~ 2 ead> •

*d * d *
u a a db

#
9db -2 db )

i.e. T5
* a * *

* < «b ■ ♦ * b> 1 °ad - wad> * <
*d 
° a

# d+ w ) a

(
*
ebd

❖
- W 1 bdJ . . .(4.28)

By substituting the value from (4.24), (4.25), (4.26) ,(4.27) and

(4.28) the equation (4.23) reduces to



u

X ( R

ab P aP b h (e;f) + u aU b + h ah b +

kabd
uGu R u^u, R. + ueufu u. R, ,

a kebdJ b kafd a b kerd

2hehf f (2 W W,, + 6 W. . + 9.-0' )
ae bf ae bf bf aeJ

1/2 9 [ u h + u h ] + hdhehf 0 '
ef abba ed

" 1 "a ( °fb * “fb1 * hb ( 9fa * Wfa > 1 *

+ hdheh*hk ® , 6. ( u u + h h. ) +
ed fk a b a b

+ 1/2 ( od. + Wd ) ( e , - h ,) + 
b b ad ad

+ 1/2 ( ^ + WdJ ( 0 - W ). db dbJ . .r4-29:

This is the required strain variation equation along the space-like 

vector h.

5. DYNAMICAL FORM OF STRAIN VARIATION EQUATION :

To bring the dynamical quantitives in the strain variation 

equation (4.29) we use the Weyl Tensor expression given by (2.19)

Let us consider the term in strain variation equation (4.29) 

ndhk‘ "kabd - u\ Rkebd - u\ Rkafd * “^Vb Rkefd’-
(5.1)

We write from (5.1)
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. d, k e f n , d. k e f , „ . ,h h u u Vb Rkefd = h h u u uaub [ Ckefd - 1/2 ( gkfned

^kdRef + ®ed Rkf ^ef Rkd^ R//® ^®kd^fe ^kf®ed^’

. d. k e f _ , d, k e f .i.e., hhuuuu R, = hh uuu u C. - 1/2 u u R *
3 D KBIQ 3. D KGIQ 3 D Gl

^(ueuf - heh^) + R/6 u u .
3 D

This equation with Ricci Tensor expression (0.3.3) gives

, d. k e f „ , d, k e f „ „ ,,2.h h u u u u, R, .. = h h u u u u. C. + K/2 (2p + y H * a b kefd a b kefd ^

u u. + R/6 u u, , a b a b

. d. k e f n , d, k e f „
i.e., h h u u u ub Ri<efd = h h u u ugub Cke£d +

+ k/6 ( p + 3p + 3 MH ) u u .
3 D

(Since R = K ( P - 3p)) (5.2)

Similarly we get

hdhku\ Rkebd “ hdhku\ Ckebd + K/6 ( P a 3p a »»VA,

(5.3)

hdhkufub Rkafd = hdhkufub Ckaf(j + K/ 6 ( P + 3p + PH2)uaub,

(5.4)
and

hdhkRkabd = hdt,k Ckabd - K/2 ( p . p a ^Z],a%

1/3 KP ( hahb a gab) (5.5)

It follows from equations (5.1), (5.2), (5.3), (5.4) and (5.5)
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hdhk ( R - u6u R. , , - ufu. R. +
kabd a kebd b kafd

e f „ . , d.k, „+ u u u u, R, ., = h h (Caub kefd k
e, , . - u u C, . . kabd a kebd

f e f- u u.C, f, + u u u u. C,b kafd a b kefdJ

+ K/2 ( P + p + UH ) u ira b

- 1/3 K P (h h. + g J - a b 6ab'

-2K/ 6 (p+ 3p + 3 M H2) u u.+
a b

+ K/ 6 (p + 3p + 3 pH2) u u^,

H U o f
i.e., h h ( R, , , - u u R, , , - u u. R. ,, +kabd a kebd b kafd

e f n - . d, k . _ e „+ uuuu. R, ) = h h (C, ,,-uu C, . ,a b kefd kabd a kebd

f s f
- u u. C. ,. + u u u u. C, ., } - b kafd a b kefd

-1/3 K p Pab

This in terms of tensor C

............ (5.6)

ab
d kh h produces

, d, k . — e f_ e f n ,
kabd a kebd b kafd a b kefd

= -C . + ueu C, + u*u, C ueu^u u, C „-l/3KP p , .
ab a be b af a b ef ab

(5.7)

I Ion r.o from equation (5.7) and (4.29) wo have

t l&b " p ap bh (e; 1) " " a" I) 
h

»i »i _

+ u u . h h , - Ca I) a U

e - f e i = e.t+ uu C. +uu. L.-uuuu. L r -2h h * a be b af a b ef

[2 'Vbin. Wbf -0bf Wae 0ef(ua» b *
ubh'a) *



41

+ hdhehf , [ h ( 9 + w,.) + hK ( 0 + w. )) +
ed a fb fb' b fa fa

+ hdhehfhk 0 , 9 ( u u. + h h. ) + 1/2 ( CT “ + w“ )<
ed fk 1 a b a b ub b

*d * d

x( 0 . - W ,} + 1/2 { ad + Wd ) e* . - w.. ) -ad ad a a db db

1/3 Kp pab. (5.8)

This is the required dynamical form of strain variation equation 

along the space like congruence involving the kinematical parameters 

and parameters associated with the space like congruences.

I. INERTIAL REFERENCE FRAME (IRF) :

A cloud of free test particles which moves rigidly and 

without rotation represents an inertial reference frame (Audretsch, 

1971). So it is characterized by

u = 0 ( covariently constant flow)
3) D

u = 0= W. = 0 , = 0a ab ab (5.9)

From Ricci identity (2.15) we have

k
ua;bc ~ ua;cb ~ " kabc'

This implies that

K . . u - 0abed

Consequently

R . u = 0. ab
/i

JL Jl ;

(5.10)
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In case of the space-time admiting IRF, the strain variation equation 

(4.29) becomes

L 9* , = pB n^th t + h h . + R
ab K an b (e; f) a b a kabd

❖ rt * r\ .u+ 1/2 ( a b + Wab) ( 0"
ad adW ,) +

+ 1/2 ( ada ♦ Wda ) ( ^ - ^b )

(5.11)

UNIFORM MAGNETIC FIELD (UMF)
This is described through the condition h . = 0.a ; b

i.e., h , h*3 = h = 0, ha = 0 ,
a; b a ; a

(5.12)

i.e., e=w,=0.=O,ab ab

Hence the Ricci identities for space like congruence given by

h. -h . = hk R, , ,
a;b;c a;c;b kabc

yields

R . h = 0. ab .....(5.13)

Thus the strain variation equation (4.29) in UMF is in the form

t eab = ?Ba pfb h'(e;f) * u’au’b ’ 2 WaeWbf>*

♦ eacWbf ^ 0ae Sbf 1 * hV»f V

-t ha < 6fb * "fb> * ”b ( 9fa * "V 1 *

. hdhehfS9ed V (Vb * W’ .....(5.14)



1. INTRODUCTION :

The general transport equation in classical rheology is due to 

Fredrickson (1964). There exists several types of transport equations 

available in the literature of classical continuum mechanics. The 

well-known types of transport equations deals with material transport 

of entities like mass, energy and momentum. The extension of these 

transport equations in relativistic domain are due to Narlikar (1978).

He has given a concept of parallel transport facilitating the difinition 

of constant congruences. The astrophysical applications of optical 

transport equation have been given by Dyer (1977). The transport

equations of the kinematical parameters are found by Greenberg

(1970). The consequences of Lie transport of a 3-space projection 

operator leading to Born-rigid motion has examined by Pirani and 

Williams (1962). Lie transport of different types of tensor fields have 

been extensialy studied by Davis (1977), Oliver and Davis (1976), 

Radhakrishna and Rao (1976), Asgekar and Date (1978). The concept 

of convective transport for non-geodesic congruences is introduced by 

Oldroyd (1950)and further developed by Carter and Quintana (1977).

The relavance of Truesdell transport is explained by Radhakrishna 

and Walwadkar (1984).

In this chapter we examine the special types of transport 

equations concomitant with ferrofluid space- time. Our efforts will be 

directed to evaluate the effects of these transport conditions on the 

geometrical structure of the space time. Especially we examine how 

strain and stress and their rates of change are affected by these 

transport equations.



The section 2 includes the study of self similarity of space 

time corresponding to ferro-fluid system. The contributors in this area 

are Taub (1971), Eardely (1974), Asgekar and Date (1977) and Wilson 

(1986). Our aim in section 3 is to expose the rheological properties 

of form fluid under .1 munann transport. The section 4 includes the 

Truosdell stress rale and stress Held of fnrrofluid system. The last 

section is demoted to study of Fermi-Walker and Convective transport 

along space like congruences compatible with ferrofluid space-time.

2. RHEOLOGY OF FERROFLUID SPACE-TIME :

We consider two special types of spaces in this article.

I) A Self Similar Space-time :

Definition : This space is characterized by the following mathematical 

expressions (Davis; 1984).

^ ®ab ^1 ®ab' (2.1)

Where X is any arbitrary vector and ^ is any scalar function of Co

ordinates.

We present two special cases of condition (2.1) 

Case (1) : Let X = X.u ,

Where u is time like unit vector.

For this choice equation (2.1) produces

Xu , + X , u + Xu, + X u = \g . . 
a; o ; b a b;a ;a b l6ab (2.2)

q I3 3 3 fa
If we contract these equations, with g , u u and H H we get the

following results
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X0 + X = 2 Xi , ......... (2.3)

2X = Xi , ......... (2.4)

X.bHb + X ubHb = 0 , ......... (2.5)

and

X.H2 = - (2X) 9 HaHb . ......... (2.6)
1 f5 D

INTERPRETATIONS : We conclude from the above results that the scalar 

^ and the deformation tensor field 9gb depend explicitely on the 

magnitude of vector X. [Vide equation (2.3) and (2.6)].

REMARK : It follows from (2.1) that X^ = o for unit vector X. This 

states that, the self similar transformations are not compatible with 

time like unit flow.

Case (2) : Let X = H (Magnetic field vector). Then the equation (2.1] 

becomes

|8ab = XAb- ........ (2'7)

Where X^ (s scalar function.

i.e., H , + H.a;b h>b;a
= X l®ab* (2.8)

^ A , ... ab a b a..b , „a,.bThese conditions when contracted with g , u u ,u H and H H give

rise to following results respectively.

X = 1/2 Ha , ......... (2.9)
i ta
2H ua = X , ......... (2.10)

a 1
9 KHaHb + 1/2 H2 = 0 , .........(2.11)

ab
(H2,ibHb . (2.12)



From equation (2.11), the equation (0.4.3) reduces to

M0 + M = 0. ......... (2.13)

This implies that

0 = = 0 . ......... (2.14)

We infer from this that the magnetic permeability of ferrofluid is 

preserved' along the expansion free flow.

Further we obtain from equations (2.13), (0.4.3) and (0.4.8)

P + (P + p + 1/2 P H2) 9 = 0. ......... (2.15)

This produces the result

P = 0 «r=> 9 = 0. ......... (2.16)

Hence we conclude that the energy density of the ferrofluid remains 

constant along the expansion free flow.

On using the results (2.9) and (2.10) in Maxwell equation (0.4.4) we 

get

^ X± = "2/3 M.bHb

31)From the local conservation laws T , =; b

, ,»a,. ,.b ..2 r , • a( p + p) u H - p..H + H [y(u
3 i u

+ 1/2 M .bHb] = 0.

Further by substituting equations (2.9)

(2.17)

= 0, we get (0.4.10)

H + Hb ) +
3 , D

.........(2.18)

and (2.10) in equation (2.18)

we derive
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X! = -4 (2P +2p - 3 PH2)_1p,bHb. ......... (2.19)

This shows that the explicit dependence of isotropic pressure 

p on ^

Thus it follows from (2.17) and (2.19) that

y ;bHb = 6P (2 P+ 2p - 3y H2)"1 P.bHb. ......... (2.20)

This provides

y. bHb = 04=> P;bHb = 0 . ......... (2.21)

It is observed from this result that the magnetic permeability along 

the magnetic lines is preserved if and only if the isotropic pressure 

to ferrofluid remains constant along the magnetic lines.

II) EINSTIEN SPACE :

Definition : The Einstien space is defined through the following 

expression (Petrov, 1969)

R . = ab ^2^ab

Where R , is ab Ricci

(0.3.3) of the Ricci

-K [(P+ p + y:

-PH H. a b ] =x2g.

(2.22)

X u,a b 3ab

(2.23)

The transvections of this result (2.23) with uaub and HaHb 

respectively produces the following results



43

-K/2 ( p + 3p + M II2) = X2 , ......... (2.24)

K/2 ( p - p - u U2) = X2. ......... (2.25)

From the equations (2.24) and (2.25) we get

P + 2p = 0 ,

This provides the results

P = 0, p = 0, .........(2.26)

and

( pH2) = 0 =£> M = 0 or H2= 0. .....(2.27)

The equations (2.26) and (2.27) states that the ferrofluid space-time 

cannot be Einstien space.

3. JAUMANN TRANSPORT WITH HYPOELASTIC MEDIA :

I) Jaumann Transport of Ferrofluid :

From the definition of Jumann stress rate (0.5.3) and the stress energy 

tensor expression (0.3.1) for ferrofluid we get

J T , = (P + p + MH2)'uu' + (P+ p + UH2)(uu. +
5 ab a b a ha b

+ uaUb} " (p + 1/2y H )‘§ab

+ PH H, WC + U H H Wc . . 
c b .a c a .b (3.1)

The condition J T , = 0 characterizes Jaumann transport of ferrofluid.
u ab

We write from equation (3.1)

(P+ P + P H2)‘uaub + (p+ P + P n2^ ^aub + ua%J

" ( P + ^^'j’Sab - ( MHaHbr +p HcHbWa

+ P H H WC = 0 ......... (3.2)
c a . b



From this we derive the following results

( P - 3p)*= 0 , ... .(3.3)
2 2 (P + p+yH)'ub+ ( p + p + p H ) ub-

- ( p + 1/2 yH2)-ub -nHauaHb = 0, ......... (3.4)

( p + 1/2 pH2)’ = 0 , ......... (3.5)

( p + p + pH2) UaHaub - (p + 1/2 pH2)'Hb + 

+ p H2Hb + p H2Hb + p H2Hb -

-pH2 H wj" = 0 , ......... (3.6)
C D

( p - 1/2 P H2)* = 0 . o .........(3.7)

Again by inner nultiplication of (3.4) with Hb we get 

( P + P) ubHb » 0 ,

ubHb = 0 , aS p h- p 4 0. ......... (3.8)

This shows that the acceleration is normal to the magnetic lines. 

From equations (3.5) and (3.7) we have

P + p = 0 .........(3.9)

Hence we deduce

P = 0 , p = 0,

and

M = 0, H2 = 0, (by (3.4)) ......... (3.9)

On using the above results in equation (3.6) we get

% ~ HcWb = 0. . .........(3.10)

From (3.8), (3.9) and (3.4) we get

Pig = 0 ..........(3.1 o’)



iTjb=»i=Mi=H2 = VO,

»b - “X = .....(3.11)

INTERPRETATION : If the Jaumann stress rate of ferrofluid system 

vanishes then the density, pressure, magnetic permeability and 

magnitude of the magnetic field are preserved with respect to the 

geodesic flow (vide (3.11).

II) J-Type Hypoelasticity : Hypoelstic material is characterized 

through the constitutive relation (Prager, 1961)

ab X . . 6abed
cd (3.12)

Where T . is stress rate of T , and X is the responce tensorab ab abed ^
which is the function of deformation tensor as well as stress energy 

tensor.

There are twelve choices of X ^ (Synge's Cuckoo Process) 

out of these we have considereed only four cases with T ^ as the
t

stress energy tensor of ferrofluid system. In case of Jaumann 

relativistic stress rate, constitutive relation (3.12) becomes 

(Walwadkar, 1983)

J T H u ab
_ X „c d

abed

We study the four cases due to

X . . in the formabed

.........(3.13)

the choice of the response tensor
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Case (1) X — h h
abed ab cd’ .........(3.14)

Case (2) X = h Tahef] nb cd .........(3.19)

Case (3) X = T habed ab cd' .........(3.16)

Case (4) ^ = h h. , +
abed ac bd

hadhbc- ...'..(3.17)

Case (1) : Let us choose ^ . ,abed = h . h .. ab cd
Theorem (1) : For the Jumann stress rate of ferrofluid system with

abed = habh the following relations are equivalent.

A) IT — X~ ab abed y = 0,

B)
* * » *
P=P=Ua=M= H2 = 6 = 0, H - H WC . = 0. 

a c a

Proof * To prove (A) (B). We use the constitutive equation (3.14)

for a general hypoelastic material

cdJ T , = h . h , e , ab ab cd 0 
u

i-e- 1 Tab M hab0 u
.........(3.18)

By using equations (3.1) and (3.18) we have

(p* P + pH2) ua“b ♦ (P+ P * M H2)( uaubtuaub)-

- ( PW . MHcHbWCa.

tpHH W . - h . e = 0. c a •b ab (3.19)

31) 3 3 b 3 3 b
The various contractions of equation (3.19) with g ,u,u u;H and H H 

yields

( P —3 p)' -39=0, (3.20)



2 2 ( P + P + pH ) ,ub + (p+ p + pH ) u -

- (p + 1/2 y H2)‘ub- P HguaHb = 0 , ......... (3.21)

C P + 1/2 PH2)- = 0 , . 1 . ..(3.22)

( P + p + P H2} u Hau. - (p + 1/2 p H2)' +
a D

+ P H2Hb + P/2H2Hb + H2Hb - MH2Hcw£ -Hb6 = 0, .........(3.23)

( p - 1/2 P H2) * +6 = o . .........(3.24)

From equations (3.20) , (3.22) and (3.24) we obtain

P= 0, p = 0, P = 0 and H2 = 0. ......... (.3.25)

Also from the equations of continuity (0.4.8) and (3.24) we get

® = 0 , and u = 0 (vide equations (3.21) and (3.25) .........(3.26)
3

So also (3.23) and (3.25) provide

H - H WC = 0. .........(3.27)
a c a

Hence the equations (3.25), (3.25) and (3.27) proves (A)s^>(B).

To prove (B) (A) We substitute (3.25), (3.26), (3.27) and 9 = 0

in equation (3.18).

Hence the proof is complet.

Thus (A) and (B) are equivalent conditions.

Case (2) : Let us write X = h T .abed ab cd
For this the constitutive equation (3.12) of hypoelisticity yields
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\bcd eCd " ‘Wed sCd ■ ' . ......... (3-28»

rH 2
1-B" Lbed 9 = hab I(p* P * MH ) ucud -

- ( p *1/2 p H2)gcd- p HcHd) eCd. vide (0.3.1)

i'e" Xabcd 9Cd " - >W tp * 1/2 -ph2)0 *HcHd fdl‘

. . . . . . . . . (3.29)

This equation together with equation (3.1) prod aces

f*H » , . « O

i Tab ' Xabcd6 = P-V-H =0.
U

0d:O,a =e.. ......... (3.30)ab ab v '

Hence we conclude that if the constitutive relation (3.28) holds then 

the pressure, density, magnetic permeability, magnitude of the 

magnetic field remains constant along deformation free flow.

Case (3) : Let us take A . , = T , h ,.' * abed ab cd

Theorem (II) : If for the ferrofluid distribution with uniform

magnitude of magnetic field the response tenser is governed by

^ w ^ = T , h ,, then 
abed ab cd

Proof

J Tab abed

For hypoelastic material

04* P = p ■ = y = 

0=0 and 0 

we write

u = 0, a
= a

ab ab'

J T . = T . h , 8~ ab ab cd
cd

i.e., J T . = T , Q , - ab ab° ’ u

i.e.,J Tab = ((p+ p + mH )uauh- (p +1/2 MH4)pn2„. .. „„2,
a b 3ab

“w9' mmn imm



From equation (3.1) and (3.31) we have

2 2( p + p + pH )'u u. + (p+p + yH) (li u. + u u. ) ab ab a b
-<p . 1/2„ H2)'gab - (M HaHb)' . .

+ M HcHawC b" (P+ P + M H2^uaub0 + (P + */2 P H2)8ab9

+ pHgHb6 = 0. .'....(3.32)

For the uniform magnitude of magnetic field (H . = 0), We obtain
3 i D

the following results from (3.32)

(p - 3 p) ‘ - (p -3p) 0 = 0, .........(3.33)

( p +1/2 p H2)'ub + ( p + p + pH2)ub-pHauaHb - 

- ( P + 1/2 MH2) UjQ = 0, ......... (3.34)

(P + 1/2 PH2)'- ( P+1/2 M H2)0 = 0, ......... (3.35)

(P+ P + MH2)ugHaub +M H2Hb +M/2H2ub +

+ M H2Hb - (p + 1/2 M H2) -Hb-p H2HcWCb -

- ( p + l/2MH2)Hb9 + MH2Hb0 = 0. ......... (3.36)

( p - 1/2 p H2)' - ( p - 1/2 PH2)0 = 0, ......... (3.37)

and u Ha = 0. ........... (3.38)
a

From Maxwell equation (0.4.4) and (3.38) we get

li = 0 . (since H2 * 0) ......... (3.39)

Further the equations (3.33), (3.35) and (3.37) yield
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and

p = 0,P = 0.

u = 0, (vide 3.34)3

H " Hrw a = °- (by 3-36)
Cl Li Cl

Consequently,0 =0, 0 . = 0 .
3D 3D

Finally the equations (3.39), (3.40), (3.41)

J T , - ^K^,0Cd = 04=» P =
- ab abed

(3.40)

.........(3.41)

.........(3.42)

and (3.42) imply

* * . • 2 p =y = ,< = H = 0,
3

0 0 and 0 •_ a
ab ~ - ab"

Case (4) : Let us consider ^ = h h, , + h ,h. .
abed ac bd ad be

This with the constitutive relation (3.12) of hypoelastic material 

produces

abed
cd , . K . cd9 = (h h. ,+ h ,hu ) a ,u ' ac bd ad be 0 ’

i.e., cd
abed = 2 0 . ab

This equation together with equation (3.1)and (3.12) with expansion 

free flow yields

IT = A 
q ab abed

>cd • . »»
P = P = M = H

= 0
ab ~ ab

0,

and or



Ill) RELATIVISTIC- LAME’S PARAMETERS :

5G

The isotropic elastic material characterized by the relation 

(Walwadkar, 1983)

abed :rA h .h ,.+B(h h, ,+h .h )]. L ab ccf ac bd ad ac (3.43)

Here the constants A and B are the Lame's parameters.

We recall the J-type constitutive equation for hypoelastic material

j t = X 6 - ab abed u

cd

~cdi.e., J T . = [Ah ,h ,+B(h h. ,+h. h )] 0 , vide (3.43)’ - ab ab cd ac bd bd ac'u

l'°" '}■ 1 ab ’ Ahab° * 2 13 °ab-
u

.........(3.44)

From equation (3.1) and (3.44) we have

(P+ p + MH2)‘uaub + (P + p + M H2)(uaub + uaub)-

(p + 1/2 pH4)gab -n(HHaHb)’ +MHcHaWu>b +

+ pH H. W = Ah .0 + 2B 0 , . H c b .a ab ab (3.45)

By contracting equation (3.45) with gat^pai-pand UaUb respectively we 

get the results

( P -3p)' = 3 0 A + 2B0 , ......... (3.46)

( p - 1/2 p H2)"H2 =-A0 H2 + 2B 9abHaHb................(3.47)

( P +1/2 P H2 )= 0

After solving the above two results simulteniously we obtain the value

of A and B



B (Vide 3.47 )) (3.48)
2 2(uhVhz

0H2 + 3 0 KHaHb 
ab

Remark : This equations give the Lame's coefficients in terms of 

kinematical and dynamical variables.

4. THE TRUESDELL STRESS RATE :

Truesdell transport of a vector field X has the defining 

expression (Walwadkar, 1983)

T X3 = X 3 - XCu 3 + A Xa0 . ......... (4.1)
u ; C

By using the Leibnitz rule the value of Scalar SI is 1/2

Hence if the field vector X along the magnetic lines then we write

T H3 = H 3 - HCua + 1/2 0 Ha. ......... (4.2)
0 ,C

The magnetic field vector H is Truesdell rate free if

T Ha = 0. .....(4.2*)
u

i

The contractions of this results (4.2 ) with u and II nroducosa a

respectively the results

u Ha = 0, .........(4.3)
a

1/2 (H2)' - u HaHb + 1/2 9 H2 = 0. ......... (4.4)
3 t D

It follows from (4.3) and the Maxwell equation (0.4.3)
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P;bHb^H;b = °- ........ 0.5)

Further by using equation (4.4) in Maxwell equation (0.4.3) we have
i

U/2 0 + V = o. ..........(4.6)

OBSERVATIONS : We note the following results

1) T tla = 0 =7-M = o^»e = 0, .........(4.7)
u

2) T H3 =0 =7> y Hb<=> Hb.b= o. .........(4.8)
il * *

The equation (4.7) states that the magnetic permeability is invariant 

along the expansion free flow and (4.8) shows that .the magnetic 

permeability is invariant along divergence free magnetic lines.

TRUESDELL TRANSPORT TO FERROFLUID :

Theorem : The necessary and sufficient conditions that the stress 

energy tensor of a ferrofluid is Truesdell transported with expansion 

free flow that the matter density, isotropic pressure, magnetic 

permeability and magnitude of magnetic vecter are conserved along 

u with respect to killing flow ( u = ^ . = 0).
3 3D

Proof : (Necessary) :

The Truesdell transport of ferrofluid is given by

T Tab = (P+ p +y hV uaub - (p+ 1/2 y hVgab - 
u

- (yHaHbr + (p + 1/2 y H2)(ua;b + ub:a) +

+ yHC(Haub. + Hbua ) + (p+ p + MH2)iPub0 -
t c »c

(p + 1/2 u H2) gabe - p HaHb6 . ................. (4.9)



3 bNow we impose the condition of T T =0 and the. medium is
u

expansion free with suitable chosen contractions, we obtain the 

equations

( P- 3p)'+ 2 U H I
3

. a; b
'bu = 0, .........(4.10)

( p+1/2 MH2)’ub - (p + 1/2 li l l2)iib - a nau nb = o, a
.........(4.11)

( P + 1/21H2)' = 0, .........(4.12)

- (p + 1/2 MH2)‘ub + li 2h 2Hb + P H2H b 

*H2Hb + (p + 1/2 yH2} (ua;bH + ub:aH ) = 0,
3 3

.....(4.13)

(p - 1/21H2)'H2 + 2 (p + 1/2P H2)ua;bHgHb = 0,

.........(4.14)

u H3 = 0. ......... (4.15)
a

We recall the equation of continuity
2 2 (P+ 1/2 1H )' + (P+ p + y H ) 0 +

+ M ua’bH H. = 0. 
a b

This with above deduction supply

ua’b H H. = 0. (by 0 =* 0) ......... (4.16)
a b

From equation (4.10), (4.12) and (4.14) we get

P - p =y=H2 = 0. ......... (4.17)

Also u = 0. (vide equation (4.11) ......... (4.18)
a



From Maxwell equations (0.4.2), (0.4.4) and (4.15) we gat

’ a a „b n H - u , H = 0. 
;b .........(4..19)

By substituting the equations (4.17), (4.18) and (4.19) in equation

(4.9) we obtaining the result.

i.e., 6 ab = 0 and o ab = 0. ......... (4.20)

Sufficient Part : If we substitutes the conditions (4.17), (4,18) and

(4.20) in equation (4.9) implies

T T = 0. ...........(4.21)
u

Hence the proof of the theorem is complete.

5. FERMI-WALKER, CONVECTIVE TRANSPORTS AND FERROFLUID 

RHEOLOGY :

Fermi-Walker Transport along a space like congruence :

A Fermi-Walker (F-W) transport along space like vecter is physically 

much less similar than F-W transport along time like congruence. To 

discuss the physical interpretation of F-W transport along a space 

like vector, We can use the same argument of F-W transport along 

time-like vecter with making the suitable changes in sign (Synge 1960) .

According the F-W transport of tensors along the time like 

vector is studied by Radnakrishna and Bhosale (1976). Adopting the
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same procedure and taking into account the sign changes we define 

the F-W transport equation along h as follows

F
h

Xa X h a;c X (h h -h h ) c a a

and

l Xab = xab;c hC ‘ *cb ‘V"' ’ hahC)-

X (h. hc' - h'hc). 
ac b b ’

.........(5.2)

It follows ,from (5.1) and (5.2)

Fh
h a 0 and _F gab = 0 

h
(5.3)

Then we observe that the metric tensor and the magnetic field vector

are Fermi-Walker transported along the magnetic field vector h.

\

FERMI-WALKER TRANSPORT OF FERROFLUID :

Theorem (1) : The stress energy tensor of ferrofluid is Fermi-Walker 

stress rate free along then magnetic lines if and only if the matter 

density, isotropic pressure, magnetic permeability and magnitude of 

the magnetic field are invariant along the Fermi-Walker transported 

flow.

Proof : (Necessary Part) :

/f A

The Fermi-Walker transport of stress energy tensor is given by 

equation (5.2)
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This for ferrofluid distribution yields 

F T 2 ' 2 ab = (P+ p + y H ) uaub + (p+ p + pH )* .
I i 2 1

*(u^uK + u„u J-(p + 1/2 pH ) ga b
.2, '

a b

- ( y H ) hahb

3ab
(p + p + y H2) u u.h hc 

M ^ c b a

- (P + p + y H2) u u * h, hc
C <3 D

(5.4)

If T . is Fermi-Walker transported along h then we have F T . = 0.
3D t 3Dh

Hence we write from (5.4)

(P+ P + PH2) uaub + (p+ p +P H2) (u gub +

+ u'u. ) - ( p + 1/2 P H2)'g . - ( y II2)'h h, - 
ab ^ /eab ab

- (p+ p + PH2) u u,h hC - (p+ p + PH2)*
^ c b a ^

* u u h. h = 0. cab c (5.5)

It follows easily from this

, (p+ 3 p) = 0,

(P+ 1/2 MH2)'ub + (P+ p + P H2) u' b - 

+ yH2) uchbhc = 0,

(p+ 1/2 pH2)' = 0,

( p - 1/2 pH2)' = 0.

From equation (5.6) , (5.8) and (5.9), we obtain 

p = 0 , p = 0, pj=0 and H2 = 0.

(5.6)

(P+ P +

(5.7)

(5.8)

(5.9)

(5.10)



G3

These conditions when used in equation (5.4) provides the result

I I Q t Q I
u u, + u u . - u u, h h -u u h. h =0,

3u 3b CD3 C3D ’

i.e., u - u h ha c a

i.e., F u 
h a

= 0.

Hence the flow is

(5.11)

Thus the equations (5.10) and (5.11) are the required necessary 

conditions of the theorem.

Sufficient Part : Now on substituting the results (5.10) and (5.11) 

in equation (5.4) then we easily get

F T . = 0. r ab h

Here the T ^ is F-W transported along h. 

Here the proof is complete.

Theorem (2) : For ferrofluid system

F T 
u ab 0 (A) P = p = U = H = 0.

(B) F h = 0.
* 3u

Proof : If part :

Let F T . = 0. ab u
(5.12)

From the definition of Fermi-Walker operator (vide (0.5.6), we write 

the stress energy tensor of ferrofluid as,
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F T . = (P+ p + PH2)' u u. -
- a b 1 a b

-(p + 1/2 PH2)- ggb - ( pH2hahbr-

•PH2hchbuauC- PH2hchaubuC.  (5.13)

From the equation (5.12), we get

( P + p + P H2)- uaub - (p + 1/2 pH2)’gab -

- < ^W- PH2hcV/ - M "V.V' =

......... (5.14)

3 b 3 b 3On account of contractions of equation (5.12) with g ,u u , h and 

hahb, we obtain

( P - 3p)‘ = 0, ....,.(5.15)

(P+ 1/2 pH2)’ = 0,  (5.16)

- ( p + 1/2 PH2)-hb + PH2hb + pH2hb + MH2hb +

+ \M2 h h. uC = 0,  (5.17)
^ c b

( p - 1/2 pH2)’ * 0 •  (5.18)

Byusing equations (5.13), (5.14) and (5.16) we deduce that

P = p= p = H2 = 0.  (5.19)

Consequently the equation (5.15) implies that

h + h u uC = 0, 
a c a

i.e. F h = 0.  (5.20)a



Only if Part : If the conditions (5.19) and (5.20) are satisfied then 

the equation (5.13) implies

F T , = 0.abu

Here the proof of the theorem is complete.

Remark : We observe from the result (5.19) and the equation of 

continuity (0.4.8) that 0=0 .This means that the flow is expansion 

free.

CONCLUSION : The equations (5.19) and (5.20) imply that the 

isotropic prossurn, map,antic pnrmnahi 1 i ly, matter density and 

magnitude of magnetic field are conserved along u and the magnetic 

lines are F-W transported along u.
t

CONVECTIVE TRANSPORT ALONG SPACE LIKE VECTOR :

The expression for the Convective transport of a tensor field X ^ 

along the flow is given by expression (0.5.5). On similar lines we 

provide the definition of Convective transport of Xab along the unit 

space like vector h as

C Xab ab; c + X . cb
(h - hcu - 
1 ;a c

• c'h u + a

d+ u uc , u h, ■ a d
d c, '- u u h h , - a d

, d c, ,huh, ) + d;a

+ Xac (h ;b
• c uc'- h u, -h u 

b a
d c ■+ u u u. h , b d

d c, '- u u h,h -b d
h^u h , . ). 

c drb (5.21)



This implies that

CONVECTIVE TRANSPORT AND FERROFLUID SYSTEM :

We recall the result ( 0.4.10)

(P+ P + pH2) uah - ( p + 1/2 pH2)' + pH2 +
8

91 9 a
+ PH + P H h = 0,;a

• * t a v 4 3 b ....2,. 3i.e. f p (P+ p) h u u - MH (h -
3 ( u | 3

- ha;buaub) - 1/2 ( U H2)' = 0,

i.e., p' + (P+ p) h ..uaub - 2 H2 0* - 1/2 ( pH2)' = 0 .........(5.22)
3, D

(Since 0 = l/2(ha - h ,uaub)

The Convective transport of the stress energy tensor (0.3.1) 

ferrofluid along the magnetic field vector h gives

C T . = (P+ p + PH2) u u. + (P + p + P H2)(u u.+ 
r ab a b a bh

* Vb'h < p * mvH2)' gab -

- ( UH2hahb)' - 2 (p + 1/2 pH2) ?ab......................(5.23)

From equation (5.23) we have

gabC Tab = (p-3p)’ - 2 ( p + 1/2 PH2) §, .....(5.24)
h

uaub C T . = (P + 1/2 PH2)', ......... (5.25)
r ab h

of
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Tab = (P+ p + mh2) ua ubh3 " (P + 1/2 MH2)'hb +

+ ( M H2hb) , ......... (5.26)

hV 5 Tab = ( p - 1/2 MH2)’ , ............... (5.27)

Iiahb g Tab = (p + p) U bhb. ......... (5.28)

If for the geodesic flow of ferrofluid the equations (5.22) and (5.27)

are used in the transport equation C T =0, then we get
h aD

^ ------.(5.29)

Further using the results (5.24) , (5.25) and (5.27) we obtain

P =0, p = 0, M = 0 and H2 = 0. ......... (5.30)

These results with equation (5.26) gives

I

h b = 0. ......... (5.31)

Finally by substituting the results (5.30) and (5.31) in equation 

(5.23) we gat

0 ab = 0 and °ab = 0 • ......... (5>32)

REMARK : The condition C T .
r ab h

physically constant ( Ehlers, 1973).

0 directs that the system is

CONCLUSION : The convective derivative of stress energy tensor of

the ferrofluid system is physically constant along h if and only

if the pressure, density magnetic permeability and magnitude of the

magnetic field vector are conserved along h. Moreover the space like
* * #

congruence is killing congruence. It means that ab ’ab 0.


