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1. INTRODUCTION :

One of the recent symmetries known as Conformal symmetry plays
a key role in obtaining space-time models for relativistic distributions of
matter. This symmetry consists of both the earlier symmetries, namely
isometry and self similarity ( Taub 1971, Eardly 1974, Wilson 1986 ).

The Conformal symmetry property has been an essential geometric
prescription for a good part of physics ( Duggal 1989 ). The Conformal
invariance is the root of twisstar programme.

The aim here is to examine the effect of Conformal motion on the
dynamical structure of relativistic Magneto-Dust  Distribution.
Accordingly, section 2 deals with several properties of Conformal
motions. The next section 3 includes the study of Conharmonic

Conformal motions compatibie with Magneto-Dust Distribution.
2. IMPLICATIONS OF CONFORMAL MOTIONS :

We know that the necessary condition for Conformal motion is

Lgsp =208y, 2.1
&
1.e. &a;b+§b;a = z‘bgab. 22

CASE (I) : Let us choose £ =1u .

For this choice equation (2.2) becomes

Ua; bt Upa = 20 oy 2.3

Theorem 1 : If the flow vector §4s Conformal Killing vector then
0 =0,0=0,4=0. ¢
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Proof : On contracting (2.3) with g*°, we obtain

g+ 20wy, = 20 g% ga,

ie. uw.ptut., =24,

ie. 26 =84, u.,=0
ie. 0 =44Y¢. 24
Transvection of (2.3) with u* u®, yields
Wy, + 0., = 2 Y’ gy,
ie. (ua-,bu‘?‘)ub+(ub-,;,\ub)ua =2,
ie. ¢ =0, 2.5
“Uyput =0
Hence from (2.4) and (2.5),
6 =20 a'pg ¢ =0, 2.6
The gradient of the flow vector i 'can be written as
Up:b = O+ Wap + U up + (1/3) 0 hyy, | 2.7
If we use (2.6) in this, we have
Uasb = Oap+ Wap + Ually . 2.8
This implies that
Up.a = Obg + Wha + Uplls 2.9
Uy.ptUp:p = 2 O + Ualp + Uplly 2.10
v Wap = —~ W,
Oab = Oba

re. 0 =0 .

This gives o = 0, 2.11
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Hence the Kinematical implications of (2.3) can be summarized as
6 =0=9¢=0, 2.12

Hence the theorem.

e Remark (1) : If 1?'15 Conformal Killing vector then flow lines are
expansion and shear free. vIpE (2:¢,2:1)
e Remark (2) : (2.12) implies that Conformal Killing vector is changed

to Killing vector (¢ =10).

Theorem 2 : If §5s the Conformal Killing vector then
i) uph® =0
i) 2+ () = 0
iii)p = ¥ ph?
iv) . ph® = 0
v) b, =0

“Proof : On contracting (2.3) with u*h®, we obtain
u'h® (Ua,5) +0*h® (Wp,0) = 2 G u'h® g,

ie. (up.pu®)h°+(up.u*)h® =0, - hPuyp=0
i.e. ub;auahb = 0’ " Ua;buazo
ie. uph® =0, 2.13 -

Further transvection of (2.3) with h*h®, gives
h*hu,.p + h°huy., = 2 ¥ h®h® gy,
ie. 2h%hPu,., = -2 ¢H%, -+ h°h, = - b?

This with equation (2.5) yields,
h*h’y, ., = 0, 2.14
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By using equation (2.13) in Maxwell equations I (8.7), we get
w0 +% (M) ]+ ik’ =0,
ie. 2phi+p@® =0, vide (2.6) 2.15

The continuity equation I (9.10) with (2.6) provides

p = Yph’ . 2.16

If we use the condition (2.13) in stream line equations I (9.16), then
we get

w.ph® =0 wp20,hP 20 217

The Maxwell equations I (8.8), yields h%,=0  vide (2.13), (2.17)

Hence the theorem.

Interpretation :
1) p is invariant iff w is invariant along flow lines.
vide (2.16)
if) Magnetic permeability is preserved along magnetic lines.
vide (2.17)

CASE (I) : Let us choose { =h .
For this choice equation (2.2) takes the form

ha;b+hb;a = 2‘1’gab . 2.18

Theorem 3 : If magnetic field vector h is the Conformal Killing
vector then

i) h*p = 4hu' = (2/h2)Iﬁh2 =4y

i) p+pnd =0,
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Proof : On contracting (2.18) with g™, yields
g%heib+ g€0hya = 20 8™ gap,
ie. h°.,+h*, =8,
ie. h°., =41, 2.19

Further, if we contract (2.18) with u®u®, we get
u?u’h, b+ u"ubhb-,al = 2y u'u’ g,

ie. 2 uaubha;b =2, wuwy, =1

ie. hu® =, whyyu®=h* 220
ie. Uh' = -,

ie. 4hut =4y, 221

Also multiplying (2.18) with h* h°, we get
h*h®h,.p + h*h’hy., = 2§ h*h° gy,

ie. hy.ph®h® = —yh?, “+ h*hy = — h?

ie. (-%h ., )h° = -y,

ie. h’.ph° = 2¢h*, 2.22
ie. (2M2)hP.ph° = 4y,

ie. %hz = 2h* . 2.23

From equations (2.19), (2.21) and (2.23), we have
49 = 1., = 4hu® = (2/h*)h2 . ph°. 2.24

On contracting (2.18) with u*h®, we get
u*h’h, b+ uahbhb; a=0, -+ u’h,

ie. hypu*h®+h,. u°h*= 0,
ie. by pu’h®—u,.ph®*h° = 0, 2.25

0

i



20

ie. Up.oh®h’—hy.qu®h® = 0,
ie. u,.ph*h°—h®.pha’® = 0, 2.26

Hence from (2.26) and Maxwell equation I (8.5), we have
L+pé =0. wh? 20 227

Hence the theorem. vide (2.27) & (2.24)

Theorem 4 : If the magnetic field vector h is the Conformal Killing
vector then

i) p=0 iff p=0,

i) p.oh® = -2p¢/h.

Proof : We know the continuity equation I (9.10), viz.
p+pd = fh’,
But p=-no. vide (2.27)
Hence above continuity equation becomes
p+p8 = —Y%puohd
ie. p+(p+%ph’)o=0. 2.28
This implies, p = 0 <& L = 0. CO=—p/p
“ w,p,ht =0
We know stream line equation I (9.16), viz.
puph® = ¥ . oh"h’,
ie. poh’ = (2h)push’,
= —(21) p i,
= —(2/¥)p ¥, vide (2.20) 2.29

Hence the theorem. .
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Theorem S : If magnetic field vector h is the Conformal Killing
vector then

H =0 OR

ii) p = (32)ph® OR

iy =0, p=(32)ph.

Proof : We know Maxwell equation I (8.8), viz.
w(Uh°+h° 5 )+ p.ph° = 0,

Putting  h° = - ¢ vide (2.20)
h°., = 4¢ and vide(2:19)

THN h°= -(2h*)p ¥  in above Maxwell equations,
vide (z:249)
we obtain

p(-b+4d)+-(2h7)pd =0,
ie. 3pd-(20)p Y =0,
ie. Y(3p-2p/mh*)=0,

ie. Y(3ph’-2p) =0, 2.30
This implies that
a) =20 OR
b) p = (32)uh OR 2.31

)P =0,p =(32)ph

Hence the theorem.

Remark: Wehave ¢ # 0 always. Hence the only possibility is
p = (3/2) ph? is considered.

CASE (III) : Let us choose u = h = & be Conformal Killing vectors,

then we have the following results :
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6 = 0, vide (2.6) 2.32
y = 0, vide (2.5) 2.33
c = 0, vide (2.11) 2.34
W = 0, vide (2.8) 2.35
wuw = 0, vide (2.44) 2.36
And
R, =0 = uh, vide (2.13) 2.37
h°.p, =0 , vide (2.19) 2.38
%hz = (h’.,)h" =0 vide (2.23) 2.39
p =0 vide (2.28) 2.40
. oh”= 0 vide (2.29) 2.41
L=pu =0 vide (2.27) 2.42
p(h?y =0 vide (2.15) 2.43
From (2.39) and (2.41) stream line equations gives
fa=0. 2.44

i

e Conclusions : When the time-like flow vector 1? and magnetic field

vector h both are Conformal Killing vectors then we have:

1. Flow lines are expansion free, shear free and geodesic.
vide (2.32, 2.34, 2.36).
2. Magnetic lines are divergence free. vide (2.38).

3. Magnetic permeabﬂity and magnitude of magnetic field are invariant
along magnetic lines and flow lines. vide (2.39, 2.41).
4. Matter energy density is conserved along 1?’ vide (2.40) /
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FIELD EQUATIONS FOR MAGNETO-DUST DISTRIBUTION :

For Codegal Killing vector &, we have ( Coley & Tupper, 1989 )
IgRab:—z‘l’;ab"(q’;cd)nggab |

?

This for Conharmenic Conformal motion (CCM), yields
%Rab = —2¢;abasq:;cdg°d = (O for CCM ,

—21!1;31, = LTa 2, L(Tgab)
§ g

This with I (3.4) and I (4.7) provideg
—2¢ﬂb:Lup+m?m%~%mfwfumm1

~7%2L(pgw),
3
1.€. —2¢;ab=é[Auaub+Bgab+Dhahb] ,
where A = p+ul? %
B = —%(p+ph’)
D = - u ( vanable magnetic permeability ) .

3.1

32

33

34

We know if a fluid space-time admits a Conformal Killipg_yéctpr &, then

( Maartens et al., 1986 )
Luy = d!ub—f-hb‘

Equation (3.4) on simplifying, gives

—2¥%. = (LA)uapy+Au,(Lu,)+Au(Lu,) .
& & &

35
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+(é-'B)gab+B(%gab)+Ig(D)hahb
+Dha(1€,hb)+Dhb(é,ha)1

-2 = (Ié(A))uaub"“AUa(\l)ub'{_hb).\,\a

'+Aub(¢ua+ha)+<15B>gab+2ngab
+ (Lg(D)hahb +D(%hb)ha
#Dy (L hy). vide 3.5) 3.6

)
? ‘D:s( .
Theorem 6 : If Magneto-Dust Distribution admits Conformal Killing

vector & then )
ZIgu-hz = (U0 ) ¥ o 0D~ 4 ey 2 b

Proof : On transvecting (3.6) with u® and using u’u, = 1, u’h, = 0,
we get
—2¢ . a0’ = (%A)ub+A(‘bub+hb)+A\!’ub

+(I£,B)ub+2B¢ub+Duahb(}Eha)\ 3.7
Further contracting (3.7) with u®, we obtain
~—2ﬂ:;abuaub=(I€A)+A¢
+EI§(B_)+2B\p+A\1;,
ububzl,ubhb=0
/'ge, L(A+B)=-2(A+B)¢y-2{.,u’, 3.8
i__/"j g

AsA+B = I/z(p+puh2),wehave
vz[%<p+uh2)1=—2[vz(p+uh2)w-2¢;abuau",
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ie. %(pwhz)=—2(p+uh2>¢-4\p;abuﬂu‘°, 3.9

ie. L(p)+pLh+hLp =
3 3 3
=-2(p+ph®) P-4 pud, 3.10

Multiplying equation (3.6) by h?, we have
=2, 0" = ’“Ah2ub+hb(%8)+2B‘bhb

~Dh (Lhy)-hh(LD)
3 3
+ D(Lha)}éahb, 3.11
-+ u’hy = 0, h*h, =~ b’
Further contracting (3.11) with h°, we get
— 2. " = —hZ(IgB)—thzqf—thhb(%hb)
+h*LD —hWh*D(Lh,) . 3.12~

: i

‘o wluy = 0, h’h, = — h?

~ Putting B=-%( p + ph?), D =— p and simplifying equation (3.12),

we get
—Y% Lp-%pLE+(h2)Lp =
g 3 3

= (20*)[$.wh’h° ]+ (p+ ph’ ) ¥
+2p,ha(Lhag), 3.13

ie. L(p)+pL(h?)-h'L =
ie é(p) ué( ) é(p«)

= —(4/0°) [ ¥, I'h° ]2 (p + ph® ) Y-
_4,x,(-1/21£h2),-—1~rh7-’,

= — (41 ) [, h'h° -2 (p + pb ) &
2
-4 Pv(”l/i’hz;c&c)a““ 2¥-h /
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= — (40 ) [§,b'h"]-2 (p+ph’) ¢
+2}%h2’_2%1— 3.14
B Lh=-%LK v 7
£ § g=zyh
ie. L(p)-pL(h)-WL(n)=
e L(p)-pL(M)-HL(n)
= =2(p+ bt ) Y- (410) [ BH] -2 P h ™

ie. L(p)-L(ph?) =
Le é(p) é(u )

= —2(p+ph) Y= (417 ) [ ¥, hh)2ph™ 315

On subtracting (3.9) from (3.14), we get
-2Ig(uh2) =+ 4 utu’ — (407) [ 107 - 2 W

ie. +2é,(uh2) = (407) (Y D) = 4 by 00’y 2yN3.16

Here proof of theorem is complete.

Cn contracting (3.6) with g*, we get
“2wg” =LAV AL @) 8By AY

+Dh(Lh YO Lhy—hL (D), 3.17
(§ no : b §(D)

%(A+4B)+2(A+4B)¢+

+2Dha%(ha)—-h21é(D) =0, 3.18

Putting A+ 4 B=—(p+ ph>)and D =— p in (3.18), we get
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Ié(p)+ uléhz = —2(p+ph’)P-2 uhalg(ha), 3.19

Using h®L(h,) = —% L h?in equation (3.19), we get
: § = >

2
L(p)+iLK = -2(p+uhl )y p L1 721h

ie. Igp ~—2(p+ph2)llx..-—2)bl\7’

Theorem 7 : If Magneto-Dust Distribution admits Conformal

Killing vector & then
U 0'h° = (p/2) 1%,

Proof : If we transvect (3.7) with h°, we get
— 2, gu'h® = - Ahz—thuag:ha,
"+ hPh,=—h% uth,=0
ie. 2. puh’ = Ah2+Dh2uaIgha,
ie. (2/h2)¢;abuahb=A+D§u“Lha,
= (p+uh2)~u[~ha%ua],
‘*h*Lu,=-v"Lh,
3 g
= (p+ph®)+puh* [Yu+h],
= (p+ph’)+p(=h%),

(2A12)4’;abuahb =p,
ie. Y.puh® = p(h¥2),

Hence the theorem.

3.20

3.21

3.22

3.23

™
The

%
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Theorem 8 : If Magneto-Dust Distribution admits Conformal Killing

vector § then
¥.oapu'n’ = - Y %p.h2 .

Proof : Subtracting result (3.20) from (3.9), we get

Ig(ph*’-)=—4¢;abuaub, 3.24
ie. W.pun®= — 1/4 Lph,
g
Hence the theorem.

Theorem 9 : If Magneto-Dust Distribution admits Conformal Killing

vector & then
Y. hh° = (h2/4)15(uh2).

Proof : We have equation (3.16), viz
+2£_,(p.h2) =~ (4M*) Y. B — 4§ v’ 3.25

If — 4. puu® = Ig(puhz)’ vide 2.24

Hence the above equation (3.25) reduces to,

+2;:(uh"~> - Ié(»hﬁ = (4h%) g 5 b°,
ie. (h2/4)1§,( ph?) = §. 5 h°h°.

Hence the theorem. .. .
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Therefore, from theorems (7), (8) and (9), we get
o= — 1/4%(@2),
U ;o hh° = (h"/4)1g(uh2),
$.pu'h® = (p2)1,

Sub-case of Case (I) :
Let £ = u be Conformal Killing vector

Then we have
6=0 , vide (2.6)
=0 , vide (2.5)
o=10, vide (2.11)
Uph® = 0 vide (2.13)

We recall equation (3.16), as
+2L(ph?) = (40%) (P, —4 Y. putn®,
L (uh?) = (A1) (o /=4 0

As i = 0, this gives

Lph® =0, 3.27
u

Again, we recall equation (3.20)
%P = -2(p+ph’)Y,

As ¢ = 0, this gives
Lp = 0 |, 3.28
u

CMW‘Q/Ql SRS
Hence we have a claim that matter energy density is preserved. -/

A



We have equation {2.16) viz)é = Y b’
Hence from equation (3.28)

i’ =0 = {_l,p,=0,

This gives from (3.27),
Lh =0,
u

Thus we have

L(p) =Lh*=Lp=0,
u u u

Sub-case of Case (II) :
Leté = h be Conformal Killing vector

Then we have a result, (3.20), viz.

%(p)=—2(p+uh2)\b.

If we put ¢ = (1/2h?%) % (h?) in above equation, we get

L(p)=-2 (p+ph*)(12h)L (1)
vide (2.23)
ie. L(p) _-(p+uh’) L(B),
h :——‘——hf—__h

ie. L(p)=0iff Lk =0
Le h(p) 1 L ).

This implies that %(p)=n(p/h2)iﬁ° %hz =0,

Sub-case of Case (III) :

Let§ = p = h be Conformal Killing vector

For this choice we have from (3.16)

30

3.29
3.30

3.31

3.32

3.33



L(ph’) =0,

Also equatton (3.20), yields
L(p)=10 .

Equation (2.39) and (3.34) implies that
Lp=20,
Lh =0,

Thus we have a claim

Lp=LW =Lp=0.

This implies that,
Lp =Lp =0
u

Lk = LW = 0 ,
u h

31

vide (2.33) 3.34
vide (2.33) 3.35

3.36
3.37

3.38

3.39

3.40
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