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2.1 INTRODUCTION :

Ishikawa [18] defined an iteration scheme (1.2.19) and

proved that the sequence of Ishikawa iterates for a Lipschitzian 

pseudo-contractive mapping in a convex compact subset of Hilbert

space must converge to a fixed point of this mapping. As a sequal 

to this research work Rhoades [44], Hicks and Kubicek [15], 

Naimpally and Singh [29] studied the convergence of sequences of 

Ishikawa iterates for various mappings. Further Liu Qihou [40-42]

solved some open problems putforth by Naimpally and Singh [29] 

and extended their results. Also Das and Debata [12] have extended 

and generalized the results of Ishikawa [18] and others

simultaneously by considering a more generalized iteration scheme

involving a family of maps and secondly by taking less restrictive 

hemicontractive maps. Pathan [33] has extended the result of Das

and Debata [12] and obtained the common fixed points of a family 

of more restrictive strictly pseudocon tractive mappings. In this 

chapter we have obtained the common fixed points of a family of 

Lipschitzian generalized contraction mappings by considering the 

generalized contraction mapping and generalization of Ishikawa 

iteration scheme. Lastly we have established the generality of 

our result. The prerequisite for .our investigations are (1.2.7), 

(1.2.10), (1.5.12), (1.5.14) and (1.5.15). Our result is as follows :

Theorem (2.1) : Let C be a convex and compact subset of a Hilbert 

space H and let { T^ be a family of generalized contractive

selfmappings of C and have atleast one common fixed point in C 

Let the sequence { x^} in C be defined by
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xie E

Xn+1 ~ xn + Vk Uk-11™ (2.1.1)

where

u0(n) = xn , Ujfe) = (l-3n) xn+ BnT. uw (n) ........ (2.1.2)

for i = 1,2........ . k and { ®n } , l B } are real sequences in [0,1]

such that

i) 0 ^ “n ^ ^n ^ 1 . for n = 1,2...........

ii) lim B = 0
n>0° n 
00

iii) 2 a ^ = 00 for each k > 2.
n=l n n

Let the family of maps {T.} satisfy

II T.x - T.y || « L || x - y ||

for all x , y in C and all pairs (i,j), L being a positive 

constant. Then the sequence { xn } converges to a common fixed 

point of' the family of maps { }.

Proof : According to the hypothesis, let p be a common fixed point

of the family { X } . Since each T. is a generalized contraction,

we have for i=l,2,___,k and for any x,y in C , there exist

constant a. , a >/ 0 and £ a. < 1 such that
J J f=1 J

11 Ti x - T. y||2* a1|| x - y| | 2+ a2|| ^y - x ||2+

■ + a3||T.x-y||2+ a4||(I-T3lx-(I-T.)y||2.

___(2.1.3)

Also by hypothesis



< L x - y ___ (2.1.4)
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T. x x T.y

For any x,y , z in a Hilbert space, and a real number X 

Ishikawa identity is

the

11 ^ x+(l->i)y-z| |2= X | |x-z| l + Ul-M 11 y-z| |2-X(l-X )| |x-y| [ 2

......... (2.1.5)

Using (2.1.5) and (2.1.1) we have

l|xn+i-p||2= IKTkVl(n) + (1-Vxn ~ pH2

=:anllTkUk-l(n)“pH2+ (1-VHxn _p|l2_

-an(l-an)||Tkuk_1(n) - xjj2. ......... (2.1.6)

Since each T. is a self map on C and C is convex set, u.(n) and 

(n) are in C for each i and n, then we have the following 

system of relations for i=l,2,... ,k-l. Using (2.1.2) and (2.1.5) 

we obtain

(nl-plN 11 B„Tk-luk-i-l Bn)xn-pl |2

= #nHTHVi-l ln)-pN2+ (1-Bn)Hxn" PN2-

-Bn(1-Bn> NTk.1uk_1_1(n)-xn||2 .........(2.1.7)

and

iK-i(n)-Tk-iuuk-iln)li=li ^Tk-iuk-i-iln)*

+(l-Bn)VTk-l.l''k-iln)H2

- % | lTk-lVi-l(n)-Tk^U<?^2‘

+ (1- 3 )| | x -T.1 n 11 n k

- 3 (1- B )| |T. .u n n 11 k-x
..........(2.1.8)
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Now T\ is a generalized contraction mapping, for each i, we have

HTk-i ■»lukJn)-Pl I = I lTk-itl uk-i ln)"Tk-i*l Pl I

5 allluk-i (n)-Pl!2+

* a2 11 Tk-i+l p-uk-i(n) II2*

* a3HTk-l*l uk-iln)-PH2*

* a4HlI-Tk-i+i)Vi(nHI-W)pll2

= + a2,iluk-i(n)"pH2*

* s3llTk-i*luk-i'n>-pll'2 *

* a4H(I-Tk-fl >ukJn>-'I-Wplf!

or

(l-a3 ) | |Tk_1+1 uk_j (n)-p| | 2$ ta1«2J| luk_. (n)-P| | 2+

* a4l l“k-i ln)-Tk-itl uk-i(n)H2

1.6. ,
n 3 - + 8* ry

!iTk-i*i ■W1>-pH « <rt^>n Viln)-pn *

* lluk-i‘n>-Tk-wuk-i(n)H2

......... (2.1.9)

Now multiplying relations (2.1.7), (2.1.8), (2.1.9) and adding

each one of them over i, we respectively get relations (2.1.10), 

(2.1.11), (2.1.12) as follows :

X 6n'1|luk-i(n)-pl|2' 6n T. HTk-i uk-i-l l"l-pl|2* 
1=1 1=1 ^ ^

+{i-K)llx„- p||2 z e,1"1
n n n

k-1 „ i-i
-6n(1-6n' l B" HTk-iuk-l-1<n>-xnl

i=l
(2.1.10)



*1 B1'1 11 Vi(n)-Tk-w\-l(n)l I2 = *nL 1( |T*=-iVi-l(n)-

. ^ n i=l
-Tk-i.iViln)H2 +

+<1 * *-6 * *n,> X Bn'1»VTw*ruk^(n)
1=1

- 6n(1-B„> XB"l'1||T>=-^-i- lln,’Xn112
1=1

......... (2.1.11)

and

k_1 6 "-1 11T, , ,a .(n)-P||2« (4^) ^ 6ni'1NVlln)-Pl|2*
" 11 k-i+1 k-i 11 N 1 1 - a.l n 

1=1 ‘3 i=l 
a. k-1 0 i-1,♦ (^i) ? Bn-i||uk.1(n)-Tk_.nV l(n,||

l-a^ i=l
........ (2.1.12)

Using the fact that, T is generalized contraction mapping, from 

inequality (2.1.3) we have

NTlV pl|2» ilTlxn- Vli2

f ^IIV pH2+ a2l ITip“xnl |2+ a3llTlxn-p H2 +

+^11(1-^) xn- (I-T1) p |j2

*(a1+_ a2H|xn- p||2+ a3||T1xn- p||2+

+ a4H xn“ Tlxn* * 2 

or
a„ + a. aI IT. x -p| 12<(-|------~)|| x -pll2 (>=—^—) | j x - T.x ij2, ......... (2.1.13)

M 4 n ^ii i_ a„ 11 n l-a_ 1 1 n 1 nM*
3 3

Now from the definition (2.1. 3) we have

a. + a„ + a„ + a. < 11 2 3 4

al+ a2 + a^ < 1 - a3

or
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V a2 a4* (-T-T-) < 11 - a. 1-a.
or

Also

ai+ a2h + Y < 1 , where h = ... „ — , y:
i“Q«

ai > 0 (i=l, 2, 3, 4}

1-a,
(2.1.14)

-■> h < 1 , y <1 h < h.

Introducing (2.1.10) and (2.1.11) in (2.1.12) and simplifying we 
obtain

kJl6n1'1HTk-i+lVi(n)-p||i< Bnh X C'lMTk-l.«w./.r(")-Pllk-l _ i-l.
i=l i=l “ ” ^“i'^k-i-l

8 1 I I v —n 11^ 22 8+h(l- n) 11x -P11 41 nn i=1

h6n(1- Bni‘1|lTk-i“k-1-1(p)-*nl|:
i=l

+TS n Z Pn II Tk-iUk-i-l(n)"Tk-i+lUk-i{n) 11"
i=l

+Yd-3n) kz_13i"1||xn-Tk_.+1uk_1(n)||2-
i=l
k—1 i-li|_ f » ||2Y^ (1-3J 2 I lTk-iUk-i-l(n)_xnl I

n n . „ n i=l
k-l i-l

= h(l-8 ) x -p Z 3n 1 1 n . „ ni=l
* hB ki14‘1|lTk-i\-i-l(n)-PH2- 

" i-l
k~l i-l !lTk-iVi-l(n)-x„H2*

♦**» V 4"1nTk-iuk-i-l<n)-Tk-i.lVi'n>H2.
i=l
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^U-SnH||xn-Tkuk_i(n)||2-

HvVnll2' ...................12.1.15)

(Since ^X^IVWW"*- B^l I VTWVi-l("> 11** 

i=l i=l n

[||x “T.u. t(n)| I2-3 k-1| |x -T.X ll2^. 
M n k k-1 11 n 1 1 n 1 n11

Also we note that

i^n HTk-i+lVi(n)"p||2=t6n.Z Bn l,Tk-iUk-i-l(n)'pHk-2 i-l|
l f 

i=l
.........(2.1.16)

Hence using (2.1.13) we obtain

i-l,.„ l|x„-plf kZ16i‘1.k-1
,z BrillTk-i+lVi(n)'p|l‘<hIIVp|l'‘.Z,lin n" n 
1-1 1=1 i=l n

+henfh"2HTluo(n,"pl|:

+hB ^ ®n~1HTk-i Ukli-I'")'pl I2 - 
n i-l

k-1 i-l,,_ , . i 12- h3 (1-3 ) Z 3 I lTk-iUk-i-l(n)“ xJ ^ +
n n .=1 n

n “^n1_11 I Tk-iVi-l(n)-Tk-i,lVi(n) I i2*

i=l

♦Y(l-Bn) (11 VTkVl(n) 112-^'1!! W„l I

k-1 i-l
llxn"Pll + hllxn-Pll 1 Bn

n i=2
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If—1 o n k— 2 i-1h 6 ’ 11 x -p11 -h 6 11x -p11 y 3 . n 11 n 11 n*1 n 1' 1 n
i=l

♦ h^^Hx^pIlW^MWnll2

k-2 i—11 | 112. hB E B 11 Tk-iuk-i-lCn,_p! I - 
" U1 n

k-1 i-1. . . . ,,2- hB [1-6 ) E B MTk-iuk-l-l(n)'xnll +
" " 1=1 "

^n. T bJ'1 HTk.1uk.i_1(n,-Wk.l(„)||^

+ v (1-B ) [II x -T. u (n) I I ^-B I lx - T x 11^1. 
' n 11 n k k-1 11 nM n 1 nM J

.(2.1.17)

By using (2.1.16) and noting that h < h , we have
k-1

i=l

ITk-i+lUk-i(n)_pl |2<h| |xn-p| |2+hY6n I lxn"TlXnl • 
n

. HTk-iVi-i(n,-pll2-
i=l

- hB (1-B ) ’zV;1'^ HTk-luk-l-l(n)-xnl|2+ 
n n 1=1 n

+yPj, E Bn HTk-luk-l-l(n,_Tk-i+luk-l(n)l I 
i=l

n U-BJ111 Xn-Tkuk-1 (n) II2- 0n 11 ,XnTlXnI I2l-
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k—l 2h | |xn-p| |2+[hY-Y(l-^n)l ^Xn"TlXJI +

+h 3 Z g MTk-iuk-i-l*n,“p^
n 1=1 n

_ h3 ^u-B )||T1x-xn||2- 
n n 1 n n''

k-2 i—11 | _ . , 112
- h3 (1-3 ) Z 3 11 Tk-i uk-i-l n -XrJ ^ +

n n i=l n

+yB 2 6 I lTk-iUk-i-lln)_Tk-i+luk-i(n)l I + 
n i=l n

+ Y(l-Bn)||xn-Tkuk_1(n)||2.

k“l 2h||xn-p||2+ [hY -Y(l-3n)-h(l-3n)] 3r IK-T1xJI +

+h z 3 I lTk-i+lUk-i(n)_pl I
i=2 n

k-2„ i-li,_ , , 112-hB (1-B ) 2 en HTk-iuk-i-l( )_XJI + 
n n ,=1 n

. R kv_13 1_1| |T, .u, . „(n)-T1 . „u, .(n) 11 
+Y p 2 n 11 k-i k-i-1 k-i+1 k-i 11

ni=l

2 '

*Y(l-VHvVk-1(n)ll

k~l
< h I lx -p||2-(i-3 - y h3 ) B 11 x -T-x 112 + 

ii n hi i n n 11 n In"

2 * tel4* 1 k“l
+ i=2 n

k-2
-hB (1- B ) z B„ T. .u, . . (n) „ n n . „ n>1 k-x k-i-1 n x=l

x 1 I 2 +

tr6 “j1 b^111 Tk-i\-i-iw-Tk-i.iViln| 112*

11 1=1
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+ Y (1_3n) 1|xn“TkVx(n)11............... (2.1,18)

since h< 1 and 8 < 1.n

Using (2.1.16) in L.H.S.of above equation and simplifying we obtain

1. 2
I lTkUk-l(n^”^l I hl I xn-p^ 1 ^"■(1-^n-Yh3n) 3n ' ’ Xn'TlxJ > ~

k-2 k-111 112-hSu-S) 2 B HTk-iVi-itn)-xJI +
n' n' . „ n i=l

+ y(i-en) HvTkVi(n)l!2 +

+ y8 Z6„ I lTk-iUk-i-l(n)_Tk-i+lUk-i(n)l I
ni=l n

......... (2.1.19)

Substituting (2.1.19) in (2.1.6) we have

k-1
Hxn.l-pH2«h “nllVpH2- an(1-6n-^ h Bn> B n HVT1XJ|2’

k-2 i-11 j _ , , 112-h<2 8 (1-8 ) Z 8 HTk-iuk-i-l{n)_xJl +
n n n . ni=l

*1fanBn ^ V llTk-lVi-ltn)-Tk-i.lVitn,H2+

n«nd- Bn) 11 vTkVi(n) 1111 x„-p| In.1 ’ n

a (1-a ) 11 x -T. u, . (n) 11 n n 11 n k k-1 11

k-1
[1-a (l-h)]| I x -pll - a (1-6 - yh6 ) 6 llx - T„x I n n ~ n n n n 11 n 1 n1
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k-2
- h"nBn(1- 6n> u\ I Tk-iVi-l'"’-xJ 12*

Bn 1j’1 n llTk-iuk-i-l(n)'Tk-i*luk-i(n)H

- [ Y(B-a)+a (1- a } ]l|x-T.u „(n)|| 1 n n n n 11 n k k-1 11

------(2.1.20)

k-1
< I lx -p| |2- a (1-3 - Y h 3 ) 3 | jx -T x |
N 11 n r 11 n n n n 1 1 n 1 nl

+ Y« B £ 8 HTk-iuk-l-l(n)”Tk-l+luk-i(n)^
n n 1=1 "

Since 0 ^ a ^ g $ 1 and ft < 1. n n

Thus
k—1 2Ilx^i-Pll2 < l|xn-p||2- -and-Bn-Y hSn) Bn Hxn'Tlxn'l

^ “nS„ C1 11 Tk-iuk-i-lln)-Tk-i+lVitn) I!''

........(2.1.21)

Using relations (2.1.2) and (2.1.4) we have for each i=l,2,___ ,k~l

11 Tk-i+luk-ifn)_Tk-iUk-i-l(n)l I ^ Ll luk-i*n)-uk-i-ltn^ I

=L 3 11T. . . (n)-T. . _u, . ,n11 k-i-1 k-i-1 k-i-2

By induction on k we get

HTk-itlVi<n)-Tk-iuk-i-l(n)l|2 < (LBn)2(k'11HTlVxnl12'

for i=l,2...........k-1. Hence, substituting this in (2.1.21)we obtain

11841

(n)||.
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k-l
lx •t“Pl|2<Ilx"Pl|2-a(1~3-Yh^)^ llx -T-x 11 2+ i n+l ‘'•I ^ m n nv * rr n " n 1 n11

+ Y a B Z B 
n n i=i n

k-l i-l(Lg }2(k-i)
n ||T x -xInn1

- I lxn"Pl I

. a BMtl- Bn- Y hV y ^[(L* 3 )K"1-i]/(Li:3 -1)}
2 d2.,,2 D ,k-l

n n n n n n n

. JlT.x -xn|| 11 1 n n (2.1.22)

Letting

V = l- 3 - y h 3-y l232 [(l2B )k_1-l]/ (L2 3 -1) n n n n n nn n n n " n'

the relation (2.1.22) reduces to

ll*»r«,ll2< IIV'II2-V’n1"'1 vnllVn-%N2

or

^ Vn'1T1 Vxn> I" 11 Vpl I ^ 11 *n+rpH •-----C2.1.231

By hypothesis 3^ -*■ 0 as n+® , we have Vn + 1 as n -»-oo . Hence

there exists a number N such that V > 1/2 for all integers m > N.m
Now adding the above inequalities (2.1.23) from m=l,l+l,___n we

obtain

k-l „ 11* „ „ i i 2 „ ,, ,2 ,, ,2
a 3m

m=l 

and hence
n O k_1|lT V V H2C " a Bk'1 Vml lT1Xm”Xml|2

1/2 z “ B llV.*.11 * Z m m m lm m
.mm m=lm=l

? flk_1 v 11t x -x ||2< 11x.-p|12-||x --pH2, 
Z a 3 mMlm mM ^ 11 1 ^1 1 11 n+1 *1 1 ’m m

< 11xx-pI12 - IIvi-pII2

(2.1.24)
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Since C is bonded, the right hand side of the above inequality 

is bounded. Hence the series on left hand side is bounded and also 

by hypothesis

k-12? q g =» for each k >, 2.
„ n n n=l

This implies that

lim inf 11 T. x -x 11 2 = 0
1 1 1 n n' 1

n -*-co

From the compactness of C, it follows that there exist a subsequence

{ x } of { xn } such that xR + q as j •>0° and ||T q-q| | = 0*
"j j

We claim that q is a common fixed point of the family { T. } .

Indeed, for

IIVJ-qlUll^q-TjX u+ 1|T‘V*q!

L llq-xn II * L l lxn '-qH
j J

* 2L 11 xn -qII
j

-*■ 0 as j •*<» ,

‘ _ ' T1q=q 

by (2.1.4)

Which implies that 11q - q| j = 0 and hence T^q=q for each i. 

Now from relation (2.1.23')we see that

llxn+i~qll < 11 xn~q| I

and q is common fixed point of {Tj} , this implies that {x^-q} is 

monotonically decreasing sequence and hence convergent. This along 

with the fact that xfi q as j -*» implies that x q as n -►00 .

This completes the proof of the theorem.
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Discussion and conclusions :

From the definition of generalized contraction {1.2.10} and
the

the table (1.2.11) ,we have following conclusions :

i) If we take k=2, , a2 = a^ = 0, a^= a4= 1= r = h in

our result (2.1), we have the theorem (1.5.12) of Ishikawa 

[18].

ii) For y=p=Tp and a^ + a2 + = 1, a2+ a^= 1 i.e., r =h=l,

our result (2.1) reduces to the result (1.5.14) of Das and 

Debata [12].

iii) For r = \ < l and h=l, our result gives the theorem

(1.5.15) of Pathan [33].

iv) Some results of Liu Qihou [40-42] may be seen as immediate

corollaries to our result.


