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2.1 INTRODUCTION :

Ishikawa [18] defined an iteration scheme (1.2.19) and
proved that the sequence of Ishikawa iterates for a Lipschitzian
pseudo~contractive mapping in a convex compact subset of Hilbert
space must converge to a fixed point of this mapping. As a sequal
to this research work Rhoades {44}, Hicks and Kubicek [15],
Naimpally and Singh [29] studi;ed the con{rergence of sequences of
Ishikawa iterates for various mappings. Further Liu Qihou [40-42]
solved some open problems putfofth by Naimpally “and Singh [29]
and extended their results. Also Das and Debata [12] have extended
and generalized the results of Ishikawa {18] and  others
simultaneously by considering a more generalized iteration scheme
involving a family of xﬁéps and secondly by taking less restrictive
hemicontractive maps. Pathan [33] has extended the result of Das
and Debata [12] and obtained the common fixed points of a family
of more restrictive strictly pseudocontractive mappings. In this
chapter we have obtained the common fixed pointg of a family
Lipschitzian géneralized contraction mappings by considering the
generalized contraction mapping and generalization of Ishikawa
iteration scheme. Lastly we have established the generality of
our result. The prerequisite for ,our investigations are (1.2.7),
(1.2.10), (1.5.12), (1.5.14) and (1.5.15). Our result is as follows
Theorem (2.1) : Let C be a convex and compact subset of a Hilbert
et
selfmappings of C and have atleast one common fixed point in C

space H and let { Ti be a family of generalized contractive

Let the sequence {xn} in C be defined by

of



x1€ E
= (1~ a
xm_1 (1 an) xn + nTk uk~1(n) ..... (2.1.1)
where
u (n) = x , u, ) = (1-Bn) X+ BnTi u,_, (.. (2.1.2)

for i = 1,2,...., k ancl{cin }, { %} are real sequences in [0,1]

such that
i) 0_60!684 1 , for n=1,2,.....

ii) lim B8 =0

n-ﬂ.b
B 1
iii) n2=1 o 8‘: = ® for each k > 2.

Let the family of maps {Ti} satisfy
I Tx-Ty |l < Ll x=-vyll

for all x , y in C and all pairs (i,j), L Dbeing a positive
constant. Then the sequence {xn} converges to a common fixed

point of the family of maps ({T, }.

Proof : According to the hypothesis, let p be a common fixed point
of the family | T } . Since each T, is a generalized contraction,
we have for i=1,2,....,kK and for any x,y in C , there exist

constant aj . aj > 0 and g’ aj < 1 such that

j=1
2 2 2
“Tix"T,-,YIIsalHx—-y||+82HTiy-xH+
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ok ‘asllTix—yllA+-a4|I(I—T;rxl—(l.,-Ti)yll :

Also by hypothesis



HTix—TJ.yllé Ll x-y || .. (2.1.4)

For any x,y , z in a Hilbert space and a real number A , the

Ishikawa identity is

] A x+(1~ '>\)y-z|l >‘HX-ZH+ (1-2)]] Y—ZH =A(1-2 )HX-YH

..... (2.1.5)
Using (2.1.5) and (2.1.1) we have
2
Hx mpll e, Tw, 4 (M) + (1- )x - pl|
2 2
=a_||Tu,_, (m-p||%+ @-o)||x_ -p||*-
-a(l-q )l.IT (n) - x_||? (2.1.6)
) n k%1 . R 1.

Since each 'I‘i is a selfmap on C and C is convex set, ui(nv)" and

Ti ui_1 (n) are in C for each i and n, then we have the following

system of relations for i=1,2,...,k-1. Using (2.1.2) and (2.1.5)

we obtain
e, (M- ol =118 (Tt Uesy M+ 8 )x_-p||?
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2
-8, (-8 [Ty yuyy qm-x 7 ..o (2.1.7)
and
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2
+(1-8_)x -T (n) ||

n” k-isl Tk-i

HT 1%k-1-1 (M) Tk&l"f( )Pt“\t +




Now Ti is a generalized contraction mapping, for each i, we have

2 2
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Now multiplying relations (2.1.7), (2.1.8), (2.1.9) and adding
each one of them over i, we respectively get relations (2.1.10),

(2.1.11), (2.1.12) as follows :

k-1 2 .
- k-1 i-1 2
T B 1Huk-i (n)-P|| =B I Brl, HTk-i Uy i (n)-P||%+
i=1 ° i=1 Kol
2 i-1
+(1-B )% - P}| iz=1 B, -
k-1 4.1 2
B.0-8) § Bn o Tty (-x |17
i=1

cee..(2.1.10)



k-1 i-1
G el Ty 17 =8, 2 o Thettiers ™
i=1
2
“Tieeiar %1 M1
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i-1 2
- B (1~B ) is an - “Tk;iuk—i~ 1(“)"’X H
..... (2.1.11)
and
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kol g 171 <(—1 2 8 17 o (m)-P]| 2%
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i=1
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..... (2.1.12)
iJsing the fact that, Tl is generalized contraction mapping, from
inequality (2.1.3) we have
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1%n 1
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S_alen" p” + azllTlp"xnil * aBHTlxn'p H
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+a

a
T, = pll <(-—--)|| x —pl|+ (1 = )Hx - T, || ..... (2.1.13)

Now from the definition (2.1. 3) we have

or
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a,+ a a
1 2 : 4
= (== + () < 1
1 a3 1 a3
or
a. .+ a a
h+ Y <1, where h = 1 2 y Y= 4 (2.1.14)
l-a 1-a
3 3
Also

a, » 0 (i=1, 2, 3, 4).

= h<1,vy <1 and h2<h.

Introducing (2.1.10) and (2.1.11) in (2.1.12) and simplifying we
obtain

K- 1 i-1 k-1 - N ' 2
2By T gy m-pl1C 8n 2B Tk (mi-pl |
i=1 , k-1 g i-1
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+7(L-B)[{]x Tk - 1(n)]lz~
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S | P e s I (2.1.15)
. k-1,i-1 k 1 i-1 2
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..... (2.1.16)

Hence using (2.1.13) we obtain
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k-1 2 2
n BN |x -pl1%n 8 _lIx-pl12 ;8
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+

k-2 i-1
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n . n
i=1

- v 2
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By using (2.1.16) and noting that h2< h , we have
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8 k-2
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+Y (1-8) IIx T, Uy (n)|| ..... (2.1.18)

since h< 1 and Bn < 1.

Using (2.1.16) in L.H.S.of above equation and simplifying we obtain

2
17,0y bl 12K nl [ -pl1 2-1-8, vm8_y 8 % Tyl
k-2 k-1
_nB (1- e (n)xll«»-
hSn(1 Bn) 1)5—.1% Kk-i"k-i-1

2
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: 2
+YB_ LB T1<--i“1<--i--1(“)'T1<-i+1“1<-i(“)H :
n, n
i=1
..... (2.1.19)
Substituting (2.1.19) in (2.1.6) we have
k-1 )
1% ml-pll &h e flx -p||% a@-8 -y ngye_|lx -1, ||?-
k-2 i-1 2
he 8 (18 ) I8 T % gqM-x 11"+
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x-2

qi-1 ' 2

- haan(i- %) ifl 5 HTk—iuk-i—l[n)-an *
kel g1 )
+Ye B Lo N T goeig Ty g e (M-

- [ Y(B-a)ve (1- ) 1 |x -Tu _ (0)]]

veee.(2.1.20)
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2
n | !xn_Tlxnl 1= -

< Hxn-pll - an(l-Bn-Yhﬁn} B

k-1 -1 2
Z T i¥mina (MM gg U (M

Since 0 ¢ <B < 1 and h < 1.

Thus

k-1 2

2 -T
l1x,,,-p11% € Hx-pl|2- aa-B -y nB) B AR SN
k-1
X
i=1

i1 2
By T g3 (M -T e I

..... (2.1.21)

+Y aan

Using relations (2.1.2) and (2.1.4) we have for each i=1,2,....,k"1 °,

N T g M- T ey W Ll jm-u, ;o ()]

=L B Ty gy =Ty 5 g9y 1.

By induction on k we get
2 2(k-1) 2
(M%< (LB) Hrx~x 17,

[T .(n)-T

k-i+1%K-i K-iTk-i-1

for i=1,2,....,k-1. Hence, substituting this in (2.1.21)we obtain

11841



e -pl1% ¢ 11x-pl|® o (1-8- ynB) B ||x -T.x ||%
n+l < n n n~ Y70 n n 1n

k-1 i-1
+ Y QB Z B (L Sn)
PRy P

2(k-1)) T x - || 2

= |Ix,-pl1%

k-1 202 .2, k-1 2 .
« B {1- B -YnB -vL® B (L B)" " -11/(L8 - 1)}

2
.HTlxn—an ..... (2.1.22)
Letting
— 1_B _ _av 1 2g2 2o k-1 24 _

v =1 Bn Ythﬁ’L Bn [(L°B )™ "-11/ (L® B _-1)

the relation (2.1.22) reduces to
2 2 k-1 2
lx, -0l 12 g Nx-pl1%- o 850 v [T x x|

or

vt -p|1? ....(2.1.23)

N R e I TE

K
< B

By hypothesis Bn" 0 as n+> , we have V_» 1 as n.,w. Hence
there exists a number N such that Vm > 1/2 for all integers m 2> N.

Now adding the above inequalities (2.1.23) from m=1,1+1,....n we

obtain
n k-1 2 2 2
I a_ B Vil T2 117 < Hxp=pl 15 e,
m m
m=}
and hence
k-1 2
n k-1 w 2< Ny v T, x_-x_||
1/2 % : Bm HTlxm me \m-zl m Bm m 1" m m
m=1 B
2 2
< Hxpl1? - [ix -0l

..... (2.1.24)



Since C 1is bonded, the right hand side of the above  inequality
is bounded. Hence the series on left hand side is bounded and also

by hypothesis

2 aq Bk-l = » for each k > 2.
n n
=1
This implies that
s . . 2
lim  inf HTlxn—an = 0
n 00 .

From the compactness of C, it follows that there exist a subsequence

{an} of | X, } such that xnj + qas j > and H'I:1 a-q|| = o-
We claim that q is a common fixed point of .the family {Ti}

Indeed, for

T.qQ- .q~T, < e
‘ \ lq Q' ‘ 's l lqu lxnjl l+ ‘ lTanj‘T1Ql l ' . T1q=q

€ Lllax || + L]|lx -ql{ . by (2.1.4)
i 0 AR ‘
= 2L ||x -qi]
)
+ 0 as j »e .

Which implies that l]Tiq - q|| = 0 and hence T, q=q for each i.

Now from relation (2.1.23)we see that

Nx_,,-all < I1x -l
and q is common fixed point of {Ti} , this implies that {xn-q} is
monptonically decreasing sequence and hence convergent. This along
with the fact that X *q as j > implies that X + Q asn *®

This completes the proof of the theorem.
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Discussion and conclusions :

From the definition of generalized contraction (1.2.10) and
the

the table (1.2.11),we have pfollowing conclusions :

i)

ii)

iii)

iv)

If we take k=2, T1=T2, a, = 83= 0, a1= a,= 1= ¥ = h in
our result (2.1), we have the theorem (1.5.12) of Ishikawa
[18].

For y=p=Tp and a1+ a2+ a3= 1, a3+ a4= 1 i.e., r =h=1,
our result (2.1) reduces to the result (1.5.14) of Das and
Debata [12].

For r = X < 1 and h=1, our result gives the theorem
(1.5.15) of Pathan [33].

Some results of Liu Qihou [40-42] may be seen as immediate

corollaries to our result.



