
Chapter -1

TETRAD FORMALISMS IN RELATIVITY

1. Introduction

Let X =X (s) be the world line of particle in a 4 - dimensional space - 

time of general theory of relativity, ytkmT s is the parameter. At each point of 

the world line a set of four basic vector fields can be contracted. These four 

basis vector fields form a tetrad. A vector field X of tetrad is said to be time

like, space like or null according as X X,> 0, XXt < 0 and XX, = 0.

A choice of the four basis vector fields in tetrad may be a combination 

of the time like vector fields, a space like vector field or a null vector field. 

However the choice of the tetrad vector fields has to be compatible with the

sggrjai ling (---- +) of the metric. Accordingly, all the four vector fields may

be null or one is null and three are space like or one is time like and three are 

space like or two are null and two are space like or any other combination.

2. Tetrad Formalism in General Relativity 

1. One time like and three space like vector fields

For studying self gravitating perfect fluid distribution Eisenhart used a 

tetrad formalism in 1964. His tetrad consisted of one time like vector field 

and three space like vector fields. The same tetrad has been utilized for the 

study of definite magnetofluid by Shaha (1974). To study the local



behaviour of a space - like congruence and the magnetic field line Date 

(1972-76). Date and Patil (1978) utilized the same tetrad for the relativistic 

magneto- hydrodynamics. To maintain the orthonormality relations between 

the time like and three space like vector fields Greenbergs (1970) has 

introduced the three natural transport laws. The orthonormality relations 

between the time like vector field u‘ and three space like vector field p\ q\ r‘ 

are

ut u‘= 1, 1 = qt q‘ = n rl = -1

and all other inner products are zero.

2. One null and three space like vector fields

A tetrad consisting of one null vector field and three space like vector 

fields has been designed by Synge (1972) for studying the three curvature of 

a dynamical null curve in the 4 - dimensional space time. He obtained the 

Serret Frenat formulae of a curve which is the world line of a massless 

particle.

3. Two null vector fields and two space like vector fields:

A tetrad consisting of two non-collinear null vector fields and two 

space like vector fields has been introduced by Hall (1977) for the 

classification of Ricci tensor in General Relativity.
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4. All four vector fields of a tetrad are null:

Newman and Penrose (1962) has designed a tetrad which consisted of

all null vector fields, ri, m and m of which ll and ri are real null vector 

fields and m1 and m are complex conjugate of each other. This formalism is 

proved to be more powerful tetrad formalism amongst all the formalism in 

the general theory of relativity. For more than four decades much research in 

the field of relativity is carried with the help of Newman Penrose tetrad 

formalism. This tetrad formalism has found many applications especially in 

finding exact solution of Einstein’s field equation Kramer (1980). In the 

theory of black holes Chandrashekhar (1981).

5. GHP Formalism:

Yet another formalism has been invented by Geroch, Held and 

Penrose (1973). It is generalization of Newman Penrose formalism which is 

a compromise between the fully covariant formalism and the spin coefficient 

formalism.

6. Rheotetrad Formalism:

By using a single time like vector field if and its intrinsic derivatives 

ua, u a, u a together with the intrinsic scalars Viz., the curvature k, the 

torsion x and bitorsion B, Radhakrishna (1993) introduced a tetrad called as 

Rheotetrad which is specially suited for the e^ponaten of non-geodesic flow 

in relativistic continuum mechanics.
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Mathematical artifact of rheotetrad was exploited by Unde (1993) to 

study the implication of regular relativistic thermodynamics of Carter 

(1991), Katkar and Khairmode (2004) obtained the NP concomitants 

rheotetrad and exploited it study the geometry of the world line of a particle 

in a given space time geometry.

7. A Newman Penrose Type Tetrad Formalism with Torsion

Einstein Cartan Theory had its origin on non-Riemannian space due to 

Cartan (1923, 1924) and deals with spin of matter. This theory is 

popularized as U4 theory by Trautmann (1972, 73a, 73b) and Hehl 

(1973,74). In this theory the connections are not symmetric in general. 

Trautmann (1973b) has proved that spin an«| torsion ^gravitational 

singularities. Analogus to the ‘amazingly useful’ Newman Penrose tetrad 

formalism for Einstein theory of gravitation, Jogia and Griffiths (1980) have 

developed another tetrad formalism for space times with torsion. This 

formalism is applicable to Einstein Cartan theory and all other theories 

which involves torsion, Gambini and Herrera (1980) have also developed a 

null tetrad formalism for space times with torsion.
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3. Newman Penrose Tetrad Formalism
In the present dissertation we have developed a Newman Penrose type

formalism for a tetrad which consist of one time like and three space like 

congruences. Our tetrad formalism is similar to the Newman Penrose tetrad 

formalism, it is imperative to know Newman Penrose tetrad formalism. 

Hence a brief exposition of the Newman Penrose formalism is presented in 

this chapter.

At a point of four dimensional space time of general theory of

—i
relativity, a set of four null vector fields /', ri, m‘ and m is introduced. Here

—/
/' and ri are real null vector field while m1 and m are complex conjugate of 

each other,(An overhead bar indicate the complex conjugate). The vector 

fields of the tetrad are to satisfy the following restrictions on their inner 

product.

l,ri = 1, m; m = -1 -normally conditions

ljin' = l,m = rii rri = n, m =0 orthogonality conditions 

h l1 = rii ri = mi m‘ = m = 0 nullity conditions (3.1)

Thus out of the ten inner products of the four null vector fields, as 

many as eight Danish, which provides enormous simplification in 

computations. It has been shown that the null formalism affords a saving of 

60% of computer time. Vide, Cambell and Wainwright (1977).
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The relation between the tetrad vector fields and the geometry of 

space time is given by,

Qy = IfYij + riilj - nij ntj - rru ntj (3.2)

This relation is referred as the “Completeness relation”.

Let us denote the tetrad at each point of the world line of a particle in 

the four dimensional space time of general theory of relativity by

Za ;a = l,2,3,4

The covariant and contravariant components of Za will be denoted by Zm 

and Z'a respectively. Thus the basis of contravariant vector fields associated 

to each point of space time is defined by,

Z; =(l‘,ri, m^rrf*) (3.3)

Associated with the contravariant vector fields, the covariant vector field are 

defined by,

Z =QtZkat &tk a

Zai=(li,ni,mi,mi) (3.4)

Also we define the inverse (Z“) of the matrix (Z‘a)

As Z'azf = sf (3.5)

andZ'zf=<J' (3.6)

The matrix of the inner product of the basis vectors is given by
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VccP ~ ZaZPi (3.7)

Where tfap ~ Vpa

Using the equation (3.4) we have from (3.7) that
0

VaP =

^0 1 
1 0 
0 0 

v0 0

0
0

Equation (3.7) can also be written as

tfap = 9 ikZaZp

0 ' 
0
-1

0/

(3.8)

The inverse matrix rjafl of the matrix rjap is such that

vafinPv=s: (3.9)

The metric tensor is used to raise or lower the letF&d indices, while rj^ is

used to raise or lower tetrad indices. Thus we have

Zai=TJapZf and

Z?=Tja%i

'z,1' "0 1 0 0N
Zf 1 0 0 0
z? 0 0 0 -1

U;j ,0 0 -1 0,

i.e. Z?

and Zai = (rij'-ri-m1) (3.10)
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Thus from equation (3.4) and (3.7) we find the relation between gy and ijafs 

is given by

9s=^Z"Zf (3.11)

Wap = QijZaZp (3.12)

Ricci’s Coefficients of Rotations :

The Ricci’s coefficient of rotations are denoted ya ps and are defined 

by

r;,=-z“.z;zi (3.13)

These coefficients of rotations are skew symmetric in the first indices

Yaps =-TPaS (3-14)

In Newman Penrose tetrad formalism the role of these coefficients is taken 

by 12 complex spin coefficients which are defined (3.13) as follows.

* = Y132 =
cr = y]n = liJmimj,

p = r,34 = h,jmiriJ>
* = Y 241 = -Vvjm-V

v = -yul = ~T]ijmni

M = ~r2 43 =

BARK. BU-ASSSf® MWBBW UBWW
cH\/jA K:-L!-:AiUR.
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k =

e= \{7n\ - Ym) = \^hjn‘lj ~ m^mV)

P = ~(rm ~ Yu2) = ^ih-jrin' ~mrjmnJ)

P =

a =

1 j _.
2 (^123"^343) = 2~ tni.JrnmJ)

\iYm -7m) = ~ m^mm) (3.15)

The amazing usefulness of the Newman Penrose tetrad formalism in 

simplifying the differential relation is rendered possible because of the fact 

that the covariant derivative of tetrad vector fields is expressible as an 

algebraic combination of the four null vector fields of the tetrad Zai.

Consider for example the covariant derivative of the real null vector 

field /, can be expressed as a linear combination of the null tetrad vector 

fields.

lrj = AlJj + Bljiij + Cl'jnj + Dltm y +

+Alnjlj + Bxntnj + C^ntj + D^mj +

+AL1milJ + B2minJ + C^nij + D^mj +

+Aimjlj +Bimnj +Qmrij +Cimmj +Dimmj (3.16)

By transvecting with expression with null vector fields, we obtain the 

coefficient A,B......... C3, D3 as
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A = lVJrln} = (y + y) 

B = l.jtiV =(£ + £)

c = l.jrim = -{a + /?)

£) = l^jrim* = -(a + /?)

A1 = Ijjinrf = -r 

i52 = Ij.jmV - —k 

C2 = lt Jm m - <7

D2 = liJmmj = p 

A3 = - -t

B3 = lt jtn'V = -a:

C3 = = p
(3-17)

A = h jm rnJ - a
<~yWv voc_4^v<_^ _ _ _

A =(r + rWj + (.£ + £)hnj - (a + P)hmj -(« + n*nj -
-Tm^ - Kmftj + cnnimj + pmimj - rmjj - (3.18)

+pmmi + amm/

Similarly, we can readily obtain the expressions for the covariant derivations 

of the complex null tetrad as,

nr,j = “O' + y)nilj ~(e + £)ninj +(a + P)nimj +(a + P)nimJ +
+ nm-ftj - Xm^j - pm^j + vmdj + Timirij -

-pmimj - Xmimj. (3.19)

m,. , = vLl; + JtLn, - pLm, - XI,m, - xnl, - **«,«,- +**J 1 J 1 J 1 1 J l J l J l J

+pnimj + crrijmj + 0?-f?)m(/y +(s - e)mtnj - 

-(a - P)mpnj + (a - /?)/«,my . (3.20)
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The Ricci Scalars :

The tetrad components of the Ricci Tensor Ry and the Ricci Scalar R 

in the Newman Penrose formalism are given by

<*oo = -K'W

^01 =
1
2

Rjjl'mj

<*10 =
1
2

Rjjl'm-j

<*11 =
1
4

%(/V

<*02 =
1
2

Rytr^m^

<*20 =
1
2 Rym m~

N
> II

1
2

Ryn*mJ

^21 "
1
2

RijnimJ

hi =
1
2

Ryjrtj

(3.21)

The Weyl Scalars;

The free gravitational part of the curvature tensor R^ is the Weyl

tensor Chijk and is defined by,

1 R
CUjk = v - 2 (9*A - 9*A + Mm ~9*\) + ^*9^ "9«9a)

In Newman Penrose formalism, the curvature tensor has five independent 

component and are given by,
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tP0 = -CV*m'/V 
V, = -C^/n'Vmt-

V2=-\cm(lhrtllJ-lhrim‘m )

¥3 =~Chijknhlinjmk 

¥4 =-CMjknhmnJmk

(3.22)

Einstein Field Equation:

For any vector field of a tetrad (Z“) the Ricci Identities^iven by

Kjk-^nR^ (3-23)

The translation of this tensor equation into the 18 Newman Penrose field 

equations originally derived by Newman and Penrose (1962) is 

accomplished in the following equations ,
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Dp -Sk = p1 + <J<T + (£ + s)p -KT- K(3a + P - x) + <f>w 

Da -Sk = (p + p)a + (3e - e)a-{r-x + a + 3 P)k + y/Q 

Dt-Ak = (t + x)p + (e- s)t - {3y + y)tc + \f/x + (r + x)a +

Da -8e-{p + s- 2s)a + fia - fie - kX - icy + (e + p)x +

Dfi -Ss = (a + x)a + {p- s)P ~{p + y)tc -(a- x)e + y/x

Dy-As = (r + x)a + (r + x)P - (s + e)y -{y + y)s + tx - vk + \p2 - a +

DX - Sx = pX + ap + x1 + (a - f$)n -vk- {3s - s)X + ^20 

Dp-Sx = pp-vk + aX + xx-{s + s)p - x(a - P) + y/2 + 2 a 

Dy - An - (x + r)p + {x + r)X + {v- v)x - (3s + s)v + y/2 + <f>2X 

A X-Sv = -{p + p)X - (3k - v)X + (3 a + P + x- t)v - \f/A 

Sp-Sa = p(a + fi)-a{3a-p) + {p-p)r + (p-p)K-y/x + $>,

8a-8p~ pp + aa + Pp-2aP + y(p-p) + e(p-p)~ Xa-y/2 + a + ^u

8X-8p = {p- p)v + {p - p)x + p{a + /?) + X(a - 3 P) -y/2+ <f>2,

dv - Ap = p1 + XX + (y + y)p -vx + {r -3P - a)v + tf>22

8y - Ap - {t -a-P)y + px-av-ev-P{y-y-p) + aX + <f>x2

St - Aa = pa + Xp + (r + p - a)r - (3y - y)a -kv + $Q2

Ap - 8t = -pp - aX + (P - a - r)r + (y + y)p + VK-y/2- 2 a

A a-8y = (p + e)v - (r + P)X + {y- p)a + (/? - f)y - \f/2

(3.24)
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Bianchi Identities:

In Newman Penrose spin coefficient formalism the eleven equations

equivalent to the 24 Binachi Identities Viz, f^VdjK' jt -f- {

0 - *¥i + DA\ - Woo = (4« - - 2(2p + s)y/, +

+£.t«-y,ts^0

+3ta//2 + {n-2a- 2fi)<f>m + 2(s + p)0ox + 2 <T0XO - (3.25)

-2iaf>u-K0m

&y/Q~ 8y/x + Ity02 - <%, = (4/ - //)^0 - 2(2r + p)y/x +

+3cry/2 - tyn + 2(^r - /?)$,, + 2<j<j>x, + (2f - 2s + yo)^02 - (3.26) 
-2k0X2

3(<Vi -EX//2) + 2(D0Xx - 80xo) + 80m - A^,, = 3Ai//0- 
-9 py/2 + 6 (a - 7t)i//x + 6 Ky/2 + (p - 2p - 2y - 2y)</>w + 

+(2a + 2;r + 2r)^01 + 2(r - 2a + 7t)0xo + 2(2 p - p)0xx + 
+2(7020 ~ ^$02 ~ 2Wn ~ 2Wi\

3(A^, - Sy/2) + 2(D0X2 -S0xx) + (S0Q2 - A$J01) =

= 3yyz0 + 6(y - p)y/x - 9ty/2 + 6<t^3 - v0oo +
+2(ju - p - y)0oi - 2A0xo + 2(r + 2it)0lx + (3.28)

+(2a + 2k + r - 2p)0Q2 +(2p -2p - 4s)0X2 +
+2<j02X — 2k022.

3(Sip2 - EX//3) + D02x -8020 + 2iW 1 - =
= 6 Xy/x- 9/n//2 - 6(s - p)y/3 + 3/r^4 - 2^ + 210ox +

— — — — — (3.2/j
+2(/i - ju - 2y)0xo + (2it + 4t)0x, + (2/? + 2r + n - 2a)0^ -

-2(702 +2(p-p-s)02x -k022.

■
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(3.30)

3(A^2 -Sy/J + D<f>n - <%, + 2{8<f>n -A$,) =

6v^, - 9//^2 + 6{p - t)y/ 3 + 3<x^4 - 2v^01 —2y(j>w + 

+2(2// — //)^, | + 2X^>q2 ~ 2(7 + P + ^r)^2i +

+2(;r + r - 2/?)^12 + 2(/? + ;r)^21 + (p - 2f - 2f - 2p)^22.

<5^3 - £ty/4 + S<f>2\ - A$,0 = 3/l^2 - 2(a + 2^)^3 +
+(4 e -p)y/A - 2^10 + 2nhx + (2y -2y + p)^20 +

+2(r-a)02] -<t022-

A y/2- Sy/A + S<f>22 - A^21 = 3vy/2 - 2(y + 2//)^3 +

+(4/? - r)^4 - 2yfa, - Mo + 2^12 +

+2 O' + //)^21 + (r - 2/? - 2a)<f>22.

D(/>\ i - <¥,o" + Mo + 3£>a =
= (2y-p + 2y- ju)^ + (x-2a- 2t)0qi +

+(?r -2a- 2t)0w + 2 (p + p)$, + <r^02 +

+<J^2o — ^12 ~ ^21*

~^11 ~*%2 + A^01 +3^a =

= (2y-p- 2p)</>0 j + ^Q0 + 2(?r - r)^ j +

+(7r + 2/l-2a- 7)^q2 + (2p+p - 2 s)^ ^ 1 “ K$22 ’

D<f>22 ~ &$2\ ~ &$\2 A$ 1 3AA = V^0j +

+*¥l0 — 2(p + M)$\ I — •^'^02 _ ^20 "*~

+(2;r - r + 2 + (2p -T- 2n)$2\ +
+{p + p-2 e -2e)$22

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)



The Newman Penrose language is not only the best-suited language 

for the task, but many working relativists understood it. The formalism is 

very standard now and its exposition is readily available in many books, eg. 

Carmelli (1977), Flaherty (1979), Hawking arui Israel (1979), Frolov 

(1979), Held(1980), Kramer, Stephani, Her It, Macmillan (1980) and 

Chandrasekhar (1983) hence all other details are not presented here.

In the chapter. 1 no originality is claimed.
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