Chapter - 1
TETRAD FORMALISMS IN RELATIVITY

1. Introduction

Let X' =X (s) be thé world line of particle in a 4 — dimensional space —
time of general theory of relativity, gMegLi:the parameter. At each point of
the world line a set of four basic vector fields can be gaﬁobt‘geeed. These four
basis vector fields form a tetrad. A vector field X' of tetrad is said to be time
like, space like or null according as XX>0 XX;<0and X' X,= 0.

A choice of the four basis vector fields in tetrad may be a combination
of the time like vector fields, a space like vector field or a null vector field.
However the choice of the tetrad vector fields has to be compatible with the
= 'r(*:_._ - +) of the metric. Accordingly, all the four vector fields may

be null or one is null and three are space like or one is time like and three are

space like or two are null and two are space like or any other combination.

2. Tetrad Formalism in General Relativity

1. One time like and three space like vector fields

For studying self gravitating perfect fluid distribution Eisenhart used a
tetrad formalism in 1964. His tetrad consisted of one time like vector field
and three space like vector fields. The same tetrad has been utilized for the

study of definite magnetofluid by Shaha (1974). To study the local



behaviour of a space — like congruence and the magnetic field line Date
(1972-76). Date and Patil (1978) utilized the same tetrad for the relativistic
magneto- hydrodynamics. To maintain the orthonormality relations between
the time like and three space like vector fields Greenbergs (1970) has
introduced the three natural transport laws. The orthonormality relations
between the time like vector field %' and three space like vector field pqr
are
wu=1, pp =qq =rir¥ =-1

and all other inner products are zero.
2. One null and three space like vector fields

A tetrad consisting of one null vector ﬁeld and three space like vector
fields has been designed by Synge (1972) for studying the three curvature of
a dynamical null curve in the 4 — dimensional space time. He obtained the
Serret Frenat formulae of a curve which is the world line of a massless
particle.
3. Two null vector fields and two space like vector fields:

A tetrad consisting of two non-collinear null vector fields and two
space like vector fields has been introduced by Hall (1977) for the

classification of Ricci tensor in General Relativity.



4, All four vector fields of a tetrad are null:

Newman and Penrose (1962) has designed a tetrad which consisted of
all null vector fields, /, v, m’ and m' of which /' and #’ are real null vector

fields and m' and m' are complex conjugate of each other. This formalism is
proved to be more powerful tetrad formalism amongst all the formalism in
the general theory of relativity. For more than four decades much research in
- the field of relativity is carried with the help of Newman Penrose tetrad
formalism. This tetrad formalism has found many applications especially in
finding exact solution of Einstein’s field eqﬁation Kramer (1980). In the
theory of black holes Chandrashekhar (1981).

5. GHP Formalism:

Yet another formalism has been invented by Geroch, Held and
Penrose (1973). It is gene.ralization of Newman Penrose formalism which is
a compromise between the fully covariant formalism and the spin coefficient
formalism.

6. Rheotetrad Formalism:
By using a single time like vector field #° and its intrinsic derivatives

a "

u® u® u ® together with the intrinsic scalars Viz., the curvature , the
torsion T and bitorsion B, Radhakrishna (1993) introduced a tetrad called as

o . lpvaion) .
Rheotetrad which is specially suited for the e&wn of non-geodesic flow

in relativistic continuum mechanics.



Mathematical artifact of rheotetrad was exploited by Unde (1993) to
study the implication of regular relativistic thermodynamics of Carter
(1991), Katkar and Khairmode (2004) obtained the NP concomitants
rheotetrad and exploited it study the geometry of the world line of a particle
in a given space time geometry.

7. A Newman Penrose Type Tetrad Formalism with Torsion

Einstein Cartan Theory had its origin on non-Riemannian space due to
Cartan (1923, 1924) and deals with spin of matter. This theory is
popularized as U, theory by Trautmann (1972, 73a, 73b) and Hehl
(1973,74). In this theory the connections are not symmetric in general.
Trautmann (1973b) has proved that spin anu] torsion ﬁ;ravitational
singularities. Analogus to the ‘amazingly useful’ Newman Penrose tetrad
formaiism for Einstein theory of gravitation, Jogia and Griffiths (1 980) have
developed another tetrad formalism for space times with torsion. This
formalism is applicable to Einstein Cartan theory and all other theories

which involves torsion, Gambini and Herrera (1980) have also developed a

null tetrad formalism for space times with torsion.



3. Newman Penrose Tetrad Formalism

In the present dissertation we have developed a Newman Penrose type
formalism for a tetrad which consist of one time like and three space like
congruences. Our tetrad formalism is similar to the Newman Penrose tetrad
formalism, it is imperative to know Newman Penrose tetrad formalism.
Hence a brief exposition of the Newman Penrose formalism is presented in
this chapter. |

At a point of four dimensional space time of general theory of
. S T e AP
relativity, a set of four null vector fields /, n', m'and m is introduced. Here

. : o —i )
I' and n' are real null vector field while m'and m are complex conjugate of
each other,(An overhead bar indicate the complex conjugate). The vector
fields of the tetrad are to satisfy the following restrictions on their inner

product.

_ _ mmAL\?u
=1L mm =-1 neemaly conditions

: —i . —i ) ..
Im'=Im =nmm =nm =0 orthogonality conditions

LI=nn=mm=m, m =0 nullity conditions BEER))

Thus out of the ten inner products of the four null vector fields, as
many as eight ¥anish, which provides enormous simplification in
computations. It has been shown that the null formalism affords a saving of

60% of computer time. Vide, Cambell and Wainwright (1977).
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The relation between the tetrad vector fields and the geometry of
space time is given by,
gy = lin; + nidj—m; m; - m m; (32)
This relation is referred as the “Completeness relation”.
Let us denote the tetrad at each point of the world line of a particle in

the four dimensional space time of general theory of relativity by

Z a=12734

21

The covariant and contravariant components of Z, will be denoted by Z_,

and Z! respectively. Thus the basis of contravariant vector fields associated

to each point of space time is defined by ,

Z, =(',n",m'm™) (3.3)

Associated with the contravariant vector fields, the covariant vector field are

defined by ,
Zy= g:’kZakt

Z,= (li’ni’mi’;n_i-) (34)

Also we define the inverse (Z") of the matrix (Z))
As 7. 70 = 5P (3.5)

and Z! Z%= 5! (3.6)

The matrix of the inner product of the basis vectors is given by



Mg = ZoZ g, (3.7
Where Map =g

Using the equation (3.4) we have from (3.7) that

01 0 O
|t 0 0 0
Tas =10 0 0 -1
0 0 -1 0
Equation (3.7) can also be written as
N = gikz;zz (3.8)

The inverse matrix 7 of the matrix 7,, is such that

n*'n, =67 (3.9)
d\SO'(
The metric tensor gj; is used to raise or lower the héhad indices, while » is

used to raise or lower tetrad indices. Thus we have

Z,=n,Z and

7P =n%7
Z') (001 0 0Y1
Z}| |1 0 0 0fmn
Z2I |00 0 -1fm
z') \0 0 -1 0)\m
i.e. Z'-az(n,',l,',_.;n‘;;-mi)
and Z"’=(ni,1i,~‘7;17,‘mi) (3.10)
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Thus from equation (3.4) and (3.7) we find the relation between g;; and 7,

is given by

ngnaﬂZi“Zf @3.11)

Nap = 95202 | (3.12)

Ricci’s Coefficients of Rotations :

The Ricei’s coefficient of rotations are denoted y“;; and are defined

yes =~Z2 Z4Z] (3.13)

These coefficients of rotations are skew symmetric in the first indices

Vaps = ¥ pas (3.14)
In Newman Penrose tetrad formalism the role of these coefficients is taken

by 12 complex spin coefficients which are defined (3.13) as follows.

—_ — — ity
K"'_731|‘”7’|31‘li;jml )
_ =] i/
T =V =t ;mm
—_ — i J
o=y =1,mm’,
— — gy J
P ="V =1,;mn’,
_ — -irj
==Y =N ;m [
V==V ="N;,mn

—i .
— o J
H==Yy3=-n_mm
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A=Yy ==, mm

1 1 i1j i,
€= "2"(7121 ~Vaa) = "2'(1:';1” - m;,m 1)

1 1 i —i_ ;
?zg(Y;zz -—7342)=-2~(l,;jn n’ —m;;m n')

1 1 i —i
B ""‘5(7123 = Y33) = —Z‘(Ii;jn m’ — m;m m’)

I [
a =”2'(}’124 M) =5(l,;jn m - m,.m m) (3.15)

The amazing usefulness of the Newman Penrose tetrad formalism in
simplifying the differential relation is rendered possible because of the fact
-that the covariant derivative of tetrad vector fields is expressible as an
algebraic combination of the four null vector fields of the tetrad Z,,;.

Consider for example the covariant derivative of the real null vector
field /; can be expressed as a linear combination of the null tetrad vector

fields.

l.,= All,+ Bln,+Clm, + Dlm  +
+4nl,+Bnn, +Cnm, + Dln,.;n‘j +
+4,ml, +Bmn, +Cymm, +Dymm; +
+/g~rrilj +@;znj +C;r;mj +Q;;zmj +Q;t;zj (3.16)

By transvecting wath expression with null vector fields, we obtain the

coefficient 4,8 ......... C; D; as



A=1nn =(y+ )
B=1Inl =(+¢)
C=lnm =~(a+p)
D=1 nm =~(a+p)
4, = l,.;j;inj = -7

B, =1l ml=—x
C,=l,mm =o

D, = l,.;j;imj =p

4, =1 mn = 1

B, =1 ml = -k

C, =l mm =p G17)

= i —
D, =1l mm =0c

Thig, Webave o
li,j = (7_+ 7)lflj_+ (¢ + gz{inj - (a: ﬂzﬁm, _ia + ﬂ){:—ml -
—tmJl, —xkmn, +omm, + pmm;—tmd, —xmmn, (3.18)

+pmim; +omim;
Similarly, we can readily obtain the expressions for the covariant derivations

of the complex null tetrad as,

+vml; + wmmn; — Amm; — um;m;+vmil; + xmin; -

—pmim; — Amim;. (3.19)

my; =vll, +xln;, —plm, - Alim; —tnl, —knn; +

+pnm; + onm; + (t?—ﬁ)milj + (& - E)m,.nj -
~(a~Bymm; + (@~ Bymm; . (3.20)

10



The Ricci Scalars :
The tetrad components of the Ricci Tensor R; and the Ricci Scalar R

in the Newman Penrose formalism are given by

=Yg iy

YR i)

1o i—J
¢‘0 - _ERIJI m

i i g

1, —ij
¢20 = —'i'lem m

1 i
¢12 = —ERijn m’

A=—R (3.21)

The Weyl Scalars:
The free gravitational part of the curvature tensor R, is the Weyl

tensor Cy;and is defined by ,

1 R
Criit = Ry — E(ghkRik — 0y R + 9 R — 9y Ry + 'g(ghkgij = 95,9)

In Newman Penrose formalism, the curvature tensor has five independent

component and are given by,
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W, = ~—;—Ch,.j.k(lhniljnk —l"n"mjﬁk)

- L
We=—Cyppn mn’'m

(3.22)
Einstein Field Equation:
ares
For any vector field of a tetrad (Z) the Ricci Identities&iven by
Zt - 25 =Z7 R (3.23)

The translation of this tensor equation into the 18 Newman Penrose field
equations originally derived by Newman and Penrose (1962) is

accomplished in the following equations ,

12



Dp~51c=p2+aE+(a+E)p—Er—K(3a+_,~l§~7r)+¢0;,
Do -6k=(p+p)o+QBe-g)o—(t-m+a+3f)k+y,
Dr—-Ak=(+m)p+(-)r -y + )k +y, + (T +7)0 + 4§,
Da—5£=(p+§—28)a+ﬂg—ze—d—;y+(s+p)n+¢,o
DB-dc=(a+m)o+(p—8)B-(u+y)k—(a-n)E+y,
Dy—Ae=(r+;)a+(;+7r),8—(5+g)y—(y+;)e+m—vk+z//2—-/\+¢u
DA-6r=pi+ou+n’+(a-B)r-vk—-(3e—€)A+dy
Dy——§7z=;,u—vk+0'/1+ﬂ;—(a+g)y~n(5—ﬂ)+w2+2A
D}/—Azt=(7r+;),u+(;+z‘)/1+(v—;)7t-—(3g+§)v+y/3+¢2,
AL =6v=—(u+mWA-Bv-v)A+GBa+B+r-TtWv -y,
dp— 60 = p(a+ B)-o(3a-B)+(p—p)r+ (1 - pK -y, +d
ba-6f = up+aa+BB-20B+y(p-p)+e(u-p)-Ac -y, +n+4,
OA—Bu=(p—-p+(u— )+ ula+p)+Aa-38)-y, +d,
Sv—-Au= 2+ AA+(y+p)p-vr+(t-3f-a)v +4,
Sy -AB=(r—a-P)y+pur—ov-ev-By-y-p)+ai+d,
51'-Aa=,ua+:1—p+(z'+,8—a)r-—(3;/—;)0"—-Kt_/+¢02
Ap—g‘l'=—p;—Gﬂ+(“ﬂ_—a—;)T+(}’+;)p+VK—l/]2—2/\
Aa -8y =(p+eW—(z+BA+(y - ma+B-1)r -y,

(3.24)
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Bianchi Identities:

In Newman Penrose spin coefficient formalism the eleven equations

equivalent to the 24 Binachi Identities Viz, €4,; et -+ Rh\‘kl' | R w1 =0
Sy, — Dy, + D@y, — 60y, =(4a — )y, - 2Q2p + )y, +

13Ky, + (7 =20 = 28)dy, + 2(e + P)y, + 200, — (3.25)
=24, ~ Ky,

Ay, — 0y, + Dgy, - 64, =(4y — y, - 22t + ,B)‘/f| +

130y, — My + 2 — By, + 200, + (26 - 26+ p)d, — (3.26)
~2K¢;,

38y, — Dy,) + 2Dy, — 560) + 5o — Adhyy =34, —
~9py, +6(a— )y, +6Kky; +(U—2u—2y —2y)P, +
+2a + 27 +27),, + 27 - 2a + T, + 220 - P), +
+200,, - E¢02 - 2;¢|2 - 2xp,,

(3.27)

3(Ay, - 8y,) + 2D, - 54,,) + (661, — Ady,) =

=3yy, + 6(y — why, = 9Ty, + 60Y, — vy, + |
+2(l — = V)P, - 228, + 2(7 + 27)d,, + (3.28)
+Qa +2r+1-28)p,, + (2p -2p—4£)p, +

+20¢,, — 2Kp,,.

3(5‘//2 ~Dy,)+ Dgy, — 5y, + 2(5‘41 —Agy)=
=64y, —9my, —6(€ — Py, + 3k, — 2y + 224, +

20— p-2p)8, +Qr+47), + (2B + 21+ 1 - 2a)dy, —
“26:¢12 + 2(; - P=E)py — ;¢22

(3.29)

14



3(Ay, —oy;) + Dg,, — 6¢,, + 2(‘_5‘(3512 -Ag,))=

6vy, —uy, +6(B )y + 30V, - vy, — =274, +
+2Q2u — )y, + 2y, — Ay + 2T+ B+ )y, +

127 +7-28)0, + 2B+ 1)y, + (p— 26~ 26 - 2p)d,.

(3.30)

g‘/’; - Dy, +352. —Apyy =34y, - 2a +27)y, +
HAe-ply, — 274 + 274, + 2y -2y + ()P + (3.31)
+2(1 — a)p,, — 09,

Ay, -dy, +5¢22 ~Apy, = 3"'_')‘;2 =2(y+2uwy, +
+AB -1y, = 2y8, — Vb + 220, + (3.32)
+2(y + W)@, + (7 -2 - 2a)¢,,.

D, — 56, — 58y, + Adhy +3DA =
=2y - u+2y - Wy + (7 -2a-271)8, +
Hr-2a- 27)¢m +2(p+ p)¢n + G¢02 +

+0@,, — K@y, — Ky,.

(3.33)

D¢, —5¢11—_3¢02 +Ady, +36A=
=Q2y—p- 2p)¢01 +-‘;¢00 +2(m - T)¢1 17 (3.34)
+(7z+2,§—2a—?)¢02 +(2p+,‘o—22)¢12 +0y |~ Kbyy-

D¢,, - 6¢,, - -6_¢12 +Ag, +3AN=Vvg, +

Vo = 24+ )y — A, — My +
+2r -1 +28)p, + 2B -1 -27m)d,, +

+Hp+ ; -2e “2E)¢22

(3.35)
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The Newman Penrose ﬁanguage is not only the best-suited language
for the task, but many working relativists understood it. The formalism is
very standard now and its exposition is readily available in many books, eg.
Carmelli (1977), Flaheriy (1979), Hawking and Israel (1979), Frolov
(1979), Held(1980), Kramer, Stephani, Herlt, Macmillan (1980) and

Chandrasekhar (1983) hence all other details are not presented here.

In the chapter.1 no originality is claimed.
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