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CHAPTER II
FUZZY ROUGH SETS

11:1 INTRODUCTION
Fuzzy, set theory deals with vagueness, while rough 

set theory deals with indiscernibility. Thus they deal^ with 
two different aspects of uncertainty. Therefore, some 
attempts have been made to combine these two aspects. In 
this chapter and next we shall discuss these approaches.

11:2 FUZZY SETS 
Definition (11:2:1) (Z2)

A fuzzv set A of U is a function A : U —> [0,13. 
Note (11:2:2)

Let A be a fuzzy set of U.
(i) If we replace the closed interval [0,13 by the set 

[0,13, then fuzzy set A of U is a characteristic 
function of subset [x e U | A(x) = 13. Hence fuzzy set 
is a generalization of a crisp set.

(ii) For any x e U, A(x) is the grade of membership of x in 
A.

Definition (11:2:3) [M,Z23
Let A and B be two fuzzy sets of U.

(i) A fuzzy set A is a subset of fuzzy set B if, 
A(x) < B(x), Vx e U 
and denoted as A C B.
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(ii) A fuzzy set A of U is said to be proper subset of 
fuzzy set B if,

A(x) S B(x), Vx £ U; but B(x) 4 A(x). 
and denoted as AC B.

(iii) A fuzzy set A is equal to fuzzy set B if,
A( x) = B(x), Vx e U.

Remarks (11:2:4)

The inclusion relation 'C' defined in the above 
Def.(11:2:3) is a partial order relation on the set of fuzzy 
sets of U.

Definition (11:2:5) [M,D2,D3]

Let A,B be two fuzzy sets of U.
The union and intersection of fuzzy sets A,B are fuzzy 
sets of U, defined are as follows :
(A U B) (x) = max { A(x), B(x) }
(A fl B) (x) = min { A(x), B(x) }

Definition (11:2:6) [M, D2,D3)

Let A be a fuzzy set of U. The complement of A is 
a fuzzy set A of U defined as,

A(x) = l-A(x), Vx £ U.
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II.3 FUZZY ROUGH SETS
The concept of rough set is fuzzified in various 

ways, by Pawlak [Pj] , Dubois and Prade [Dj^l and others
etc. Here we discuss the approach by Pawlak; 

Chanas and Kuchta; Wygralak.

11:4 PAWLAK*S, WYGRALAK* S APPROACH TO FUZZY ROUGH SETS
[p3,w2]

First we consider Pawlak's C?3J and Wygralak's 
[Wj] approach to fuzzy rough sets.

Definition (11:4:1) [Pg]
Let K = (U,R) be the approximation space, and X C U be 

a rough set in the space K.
The fuzzy rough set xr of I) is a function, 

xr : U ---> {0, 1} defined by,

xr(x)

1 iff x e POS (X) R
i iff x e BONr(X)
0 iff x e NEG_(X) K

where POSR(X), BONR(X), NEGR(X) are defined as in the 
previous chapter.

We shall see in the following examples, in general 
that if X, Y £ U rough sets then,

(X U Y) + X U Y andr 1 r r
(X n Y)r + xr n Yr .



Example (11:4t2)
Let K = (U,R). The quotent set,

U/R = (Ej,E2,,Eg} of equivalence classes of 
induced by R.

Consider rough sets X,Y and X U Y as follows :

via
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Using Def.(11:4:1) and Diag.(II:4:3) we get,

(X U Y)r(x)
1 iff x e E3 U E4 

i iff X £ E2 
0 iff x £ Ej U E5

Next, we find max {Xr(x), Yr(x)}, using Diag.(II:4:1) as 
well as (11:4:2).

If x £ Ej, then Xr(x) = 0; Yr(x) * 0

Therefore, max { Xr(x),Yr(x) } » 0, iff x £ Ej (i)
If x £ E2, then Xr(x) * i; Yf(x) = 0

Therefore, max { X„(x), Y (x) } * i, iff x £ E- (ii)r r 2
If x £ Ej, then Xr(x) - 1; Yr(x) * 1

Therefore, max { X (x),Y (x) } =1, iff x £ E, (iii)r r 3
If x £ E,, then X (x) ■ Y (x) » i4 r * r
Therefore, max { Xr(x),Yr(x) } = i, iff x £ E4 (iv)
If x £ E., then X (x) ■ Oj Y (x) * 05 r r
Therefore, max { X_(x),Y„(x) } « 0, iff x e Ec (v)r r d
From (i), (ii), (iii), (iv) and (v)

max { X (x),Y (x) } r r

1 iff x £ E3

i iff X £ E, U E.2 4
0 iff X £ Ej U Eg

Hence

(X U Y)r (x) f max { Xr(x), Yr(x) }.
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Example (11:4:3)
Let K * (U,R). The quotient set 

U/R * { I1,E2,E3,E4<E5,Eg } of equivalence classes of 
U, induced by R.

Consider the rough sets X,Y and X n Yin the space K as 
follows :

'—i r-2 L 5 Es £q

X

V

t> IG-

Ez E; £4 bs t(,
1 -..a

—

xnif ■

DIG 01:4:1)
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Using Def.(11:4:1) and Diag.(II:4:6)

(X n Y)r(x)

1 iff x e E3 U E4 

0 iff x e Ex U E2 U E5 U E6

Next, we find mint Xr(x), Yr(x) } using Diag.(II:4:4) as 
well as Diag.(II:4:5) as follows :

If x e E^, 

Therefore, 

If x e E2, 

Therefore, 

If x e Eg, 

Therefore, 

If x e E4, 
Therefore, 

If x e Eg, 

Therefore, 

If x e Eg, 
Therefore, 

From (i),

then Xr(x) = 0; Yr(x) = 0

min{ Xr(x),Yr(x) } = 0, iff x e

then Xr(x) * i; Yr(x) » i
mini Xr(x),Yr(x) } = £, iff x e

then X (x) » 1; Y (x) » 1 r r
mini Xr(x),Yr(x) } = 1, iff x e 

then Xr(x) = 1; Yr(x) * 1 

min (Xr(x),Yr(x) } = 1, iff x e 

then Xr(x) * i; Yr(x) ■ $ 

min{ Xr(x),Yr(x) } = i, iff x e 

then Xr(x) ■ 0; Yr(x) » 0 

min{ Xr(x),Yr(x) } * 0, iff x e 

(ii), (iii), (iv), (v) and (vi)

E.

mint Xr(x),Yr(x) }

1 iff xe E. U E„ 3 4
i iff xe E2 U Eg 
0 iff xe Ej U Eg

(i)

(ii)

'(iii)

(iv)

(v)

(vi)
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Hence
(X n Y) (x) f min { X (x), Y (x) }. r 1 r r

The reasons, why we can not get

(X U Y> * X_ U Y_ and (X fl Y) = X n Y„ are that the r r r r r r
equalities

!(X U Y) « gX U IY and R(X fl Y) - RX n RY 

do not holds in general as seen in example <1:3:1) of the 

previous chapter. However, a way out is suggested by 
Wygralak CW^3 by defining new operators u and n called 

union and intersection as follows :

Definition (11:4:4) [W^l

Let X, Y be two subsets of U. The union of fuzzy 

rough sets Xr and Yr of U corresponding to X and Y is,

(Xr u Yr) (x)

1, if Xr(x)=Yr(x)=i and [x]R C X U Y.

max{ X (x),Y (x) }, Otherwise, r r

Similarly the intersection of fuzzy rough sets Xr,Yr of U 

corresponding to X and Y is,

<Xr n V (x) =

0,if X (x)=Y (x)=i and tx]„ n (X fl Y) « * r r k

mini X (x),Y (x) }, Otherwise, r r
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Proposition (11:4:5) [Wj]
Let X,Y £ U and Xr,Yr be fuzzy rough sets of U.

Then,
X u y = (x u Y) andr r r
x_ n Y = (x n Y,r*

Proof
We have,

<X„ u y ) (x) r r

1,if X (x) = Y (x) = * and [x]_ £ X U Y r r re

max{ X (x),Y (x) }, Otherwise.

and

(X U Y)r(x)

1 iff x e POSR(XUY) 

i iff x e BONR(XUY^ 
0 iff x £ NEGR(XUYj

Consider the following cases :
Case (i)

Let x £ g(X U Y). i.e. [x]R £ X U Y.
This has following subcases.

(a) Let [xJR £ X. i.e. Xr(x) « 1
Therefore, (u Y )(x) = max{ X (x),Y (x) } = 1. r r r r

(b) Let Cx)R £ Y. i.e. Yr(x) » 1
Therefore, (Xr lj Yr)(x) = maxi Xr(x), Yr(x) } = 1.



31

(c) If tx]R £ X U Y, tx]R $X and Ex3R $Y,
then [x]R n X f * and [x]R n Y f *
Therefore, X <x) » $ * Y^Cx).r r
Hence, (X_ u Y ) (x) = 1. r r
Thus, when x e R(X U Y), then 
<Xr u Yr)(x) = (X U Y)r (x) = 1.

Case (ii)
Let x e R(X U Y) >S(X U Y) i.e. x e R(X U Y)

* RX U RY and x 4 S (X U Y).
This has following subcases.
(a) If x e RX and x 4 R(X U Y), then 

x e RX and [x]R <£X and tx]R <p y. 
i.e. x e RX-RX and x 4 1Y 
Therefore, Xr<x) ■ i and Yr(x) 4 1 
Hence,
(Xr u Yr)(x) = max{ Xr(x), Yr(x) } = |

(b) If x e RY and x 4 R (X U Y), then
x e RY and [x]R $ X, [x]R $ Y
i.e. x e RY-RY and x | IX.
Therefore, Y (x) | and X (x) f 1r r 1
Hence, (Xr u Yr>(x) » max{ Xr(x), Yr(x) } = ± 
Thus, when x e R{X U Y) -R(X U Y)
(Xr u y )(x) - * = (X U Y)r (x)
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Case (iii)

Let x 4 R(X U Y) = RX U RY

i.e. x 4 RX and x 4 RY.

Therefore, X (x) * 0 and Y (x) = 0 r r
Hence (X lj y ) = max{ X (x), Y (x) } * 0 

Thus, when x 4 R(X U Y) then 
(xr u Yr) (x) = 0 = (X U Y)r(x)
Similarly

(xr n Yr} {x) = cx n y) (X) 
and hence the proposition.

The following examples illustrate the situation :

Example (11:4:6) :

Consider the approximation space K and the 

quotient set U/R as in Example (11:4:2). Using Diagram 

(11:4:1); Diag(II:4:2); Diag.(II:4:3) and Def.(II:4:1), we 
get,

(X U Y) (x) r

1 iff x e E. 0 E.3 4
i iff X £ E2
0 iff x £ E1 U E5

By using proposition (11:4:5) and Diag. (11:4:1), Diag. 
(11:4:2), Diag. (11:4:3) we find Xr lj Yr as follows
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If X £ Ejy then Xr(x) s 0; Yr(x) 3 0, and
,Xr lj Y ) (x) ■ max{ Xr (x), Y (x) r } 3 0.
Thus (Xr u Yr)(x) * 0, when x e E1 (i)
If X £ E2, then Xr(x) = t; Yr(x) 3 o, and
(xr lj Y ) (x) ■ max { Xr (x), Yr(x) } 3 *•
Thus (Xr u Yr)(x) - i. when x £ E2 (ii)
If X £ Eg, then Xr(x) = 1; Yr(x) 3 1, and
(Xr lj Yr) (x) - max { Xr (x), Yr(x) } 3 1.
Thus (X^ lj Y ) (x) = r r 1, when x £ E3 (iii)
If X £ E., then X (x) 4 r = i; Yr(x) = and

Ix]R C X U Y.
Hence (x„ lj Y_) (x) = 1 r r

Thus (X„ u Y ) (x) = 1, when x e E, (iv)r r 4

Finally, if x e Eg, then Xr(x) 3 0; Yr<x) 3 0 and 
(Xr lj y^} . max{ Xr(x), Yr(x) } = 0 

Thus, (Xr u Yr> (x) * 0, when x e Eg (v)

Therefore, by (i), (ii), (iii), (iv) and (v) we have

(Xr u Yr) (x)
1, iff x e E0 U E.3 4
i iff x £ E2 
0 iff x £ Ej U Eg

Thus, Xr u Yr produces the same fuzzy rough set (X U Y)r» 
which was computed using Diag.(II*4:3).
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Example (II:4t7)
Consider approximation space K and the quotient 

set U/R as in previous example (11:4:3).

Using Def.(11:4:1) and Diag.(11:4:6), we get,

(X n Y)r(x)

1 iff x e E3 U E4 

0 iff x e Ej U E2 U E5 U Eg

By using proposition (11:4:5) and Diag. (11:4:4), Diag.

(11:4:5) and Diag.(II:4:6) we find Xr n Yr as follows :

If x £ Ej, then Xf(x) * 0? Yr(x) ■ 0 and

(X n Y ) (x) * min {X (x), Y (x)} = 0.r 1 1 r r r

Thus, (X„ n Y )(x) = 0, when x e E (i)r ' r i
If x e E2, then Xr(x) = $,* Yr(x) * i and

[xJR n (X n Y) - *,
Hence, (X n Y )(x) * 0. r i i r
Thus (Xr n Yf)(x) = 0, when x e E2 (ii)

If x e E3, then Xr<x) = 1; Yr(x) = 1 and
(X n Y )(x) = min {X (x), Y (x)} = 1.r 1 1 r r r

Thus, (X n Y )(x) = 1, when x e E0 (iii)r 1 1 r o
If x e E^, then Xr(x) = 1? Yr(x) = 1 and

(X n Y )(x) = min (X (x), Y (x)} = 1.r i 1 r r r
Thus, (X n Y )(x) * 1, when x e E. (iv)r 1 1 r 4
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If x e Eg, then Xr(x) * i; Yr(x) * i and 
tx]R n (X n Y) « *,

Hence, (Xr n Yr)(x) = 0.
Thus (Xr n Yr>(x) * 0, when x e Eg (v)
Finally, if x e Eg, then Xr(x) = 0; Yr(x) * 0 and

(X n Y )(x) = min (X (x), Y (x)} * 0. r 1 1 r r r
Thus, (Xr n Yr)(x) = 0, when x e Eg (vi)
From equations (i), (ii), (iii), (iv), (v) and (vi)

<Xr n Yr)(x)
1 iff x £ E, U E.3 4

0 iff X £ Ej U E2 U Eg U Eg

Thus Xr n Yr produces the same fuzzy rough set (X n Y)r 
which was computed using Diag.(11:4:6).

Definition (11:4:8) (Pg, Wg]
Let K = (U,R) and X be a rough set in the

approximation space K.
Let Xr is a fuzzy rough set of U corresponding to 

X. The complement of a fuzzy-rough set Xf is a fuzzy rough 
set -Xr of U, defined by

-Xr(x)
iff x e POS (-X) R
iff X e BONr(X)
iff X £ NEGr(-X)
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Proposition (11:4*9) CP3I
Let Xr be a fuzzy rough set of U corresponding to

rough set X in the spacei K. Then for
-X (x) = 1 - r X (x) r

Proof : We have
-Xr(x) = 1 iff x e POSR(-X)

iff x e R( -X)
iff x e - R(x)
iff x 4 R(X)
iff Xr(x) - 0
iff 1-X (x) = 1.

Thus -Xr(x) » 1 iff 1 - Xr(x) =

011>:

X
1 iff x £ NEGr(-X)

iff x £ -R(-X)
iff X 4 R(_x)
iff x 4 -I(X)
iff x £ R(X)
iff Xr(x) - 1
iff 1-X (x) = 0

Thus -Xr(x) = 0 iff 1 - Xr(x) =
Next, -Xr(x) * i iff X £ BONr(X)

iff Xr(x) = i
iff 1-Xr(x) = i

Thus, -Xr(x) = i iff 1-Xr(x) = i
Therefore, -X (x) r - 1-Xr(x).
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11:5 CHANAS AND KUCHTA'S APPROACH TO FUZZY ROUGH SETS [C]

Now we will discuss the fizzification of rough 
sets defined by Chanas and Kuchta.

Definition (1:5:1) (C3

Let (AlfA2) be a rough set in an approximation 
space K * (U,£). A fuzzv rough set is a function.

(Aj,A2)r : U ---- > (0, i, 1} defined by

(*l(*j)rt*)
1 iff X £ Aj
i iff x £ A2~A1
0 iff x ̂  A2.

Using above membership function following proposition holds

Proposition (11:5:2) [C]

Let (A^,A2), (B|,B2) be two rough sets in the
approximation space K = (U,£). Then

a) t(ArA2) U (Bj ,B2) 3 r = U (Bl'B2}r and
b) [(ArA2) D (B1,B2))r = (A1,A2)r n (BrB2)r

Proof (a)
For any x e U, we are to prove that,

(Aj U Bj, A2 U B2)r(x) = max( (A^,A2)r(x), (B j, , B2 ) r (x) }



i.e. to prove that,

maxt (A^.AjJytx) , (Bj^B^^x)} 

Consider the following cases

1 if x £ Aj U Bx 
* if x e [(A2 U B
0 if x 4 a2 u b2

Case (1)
Let x £ Aj U B^
This has following subcases

(i) If x e A,, then (A.,A0) (x) = 1 and l l 2 r
maxt (A^ , Aj ) r (x) , (B^B^ (x) } *= 1.

(ii) Similarly, if x e B^
maxt (A.,A,) (x), (B.,B-) (x) } = 1. 1 2 r l 2 r

Case (2)
Let x £ A2 U B2 - Aj U Bj 

i.e. x e A2 U B2 and x 4 Aj U 
i.e. x £ A2 or x £ B2 and x 4 U B^)
This has following subcases.
(i) Let x £ A2 and x ^ Aj U Bj 

Then x £ A2 and x 4 and x 4 Bj 
i.e. x £ A2~Aj and x 4 B^
Therefore (A-.A-) (x) = i and (B^B,,) (x) * 1.1 2 r 1 2 r 1
Hence, maxt (Aj,A2) (x), (Bl,B2)r(x) 1 = i- 
(ii) Similarly if x £ B2 and x | U B^, 

maxt (Aj,A2) (x), (B^Bj) (x) } = i.
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Case (3)
Let x f A2 U B2 
Then x 4 A2 and x f B2
Therefore, (A. ,A-,) (x) = 0 and (B.,B.,) (x) = 0 1 2 r l 2 r
Hence, max{ (Aj,A2) (x), (B1,B2)r(x) } = 0. 

From cases (1) (2) and (3), we have

max{(A.,A„) (x), (B.,B_) (x)} l 2 r 1 2 r

1 if x 8 Aj U Bj
i if x £ A2 U B2“Al U Bi 
0 if X f A2 U B2

This proves the first part of the theorem.
(b) Similarly by using basic properties of intersection we 

can prove that,

mint(A.,A,) (x), (B.,B0) (x)} 1 2 r 1 2 r

1 if x £ Aj n Bj
t if x £ a2 n B2~Ai n Bi 
0 if x 4 a2 n b2

Definition (Xlt5>3)
Let (A|»A2)r be a fuzzy rough set of U. Then the 

complement of tA1,A2)r is a fuzzy rough set (-A2,-A1)r of U 
defined a$

(-A2,-A^)r(x)
1 if x e -A2
{ if x £ A2-Al 
0 if x e Aj.
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Proposition (11:5:4)
Let {Aj,A2) be a fuzzy rough set of U. Then for

any x e U.
(-A2,-A1)r(x) = 1-(Aj,A2)r(x)

Proof Now
(-A0 ,-A, ) '(x) * 1 iff x e -A0 2 1 r 2

iff x ^ A2

iff (Aj,A2)r(x) « 0
iff 1-(A.,A,> (x) = 1. i 2 r

(-A2,-Aj)r(x) = i Iff x 8 A2 - Aj
iff (Aj,A2)r(x) * i 
iff l-(ArA2)r(x) = *.

Finally, (-A-^-Aj >r(x) =0 iff x e Ax
iff (Aj , A2) r (x) =* 1 
iff l-(A1,A2)r(x) * 0.

Hence, (-A^-Aj) = 1 - (AlfA2)r.

11:6 SUMMARY

In the previous chapter we discuss rough sets in 
two ways. In this chapter we define the fuzzy rough sets 
and discuss some set-theoretic operations like union, inter
section and complementation of fuzzy rough sets in two ways 
with the same technique as in the previous chapter.
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In the first approach Wygralak [Wj] define the 
special types of union (u} and intersection (n) of fuzzy 
rough sets to overcome the difficulties arising in the usual 
definitions of union and intersection. But in the second 
approach such difficulties do not arrive. This is one more 
point which goes in favor of the more general definition of 
rough set given by Wygralak [W^,] .
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