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GENERATING RELATION
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CHAPTER -3
GENERATING RELATION

(3.1) INTRODUCTION:-

Thakare and Madhekar [37] constructed polynomials S, (x ; k) and T, (x ; k)
(n=0,1,2,-—-, k= 1,3,5,----) that are related to the Konhauser [7,8] biorthogonal
pair of polynomials

Z3(x;k) and Y2 (x;k)

the following form.

S, (x;k)= (-1 2 niC(kn + y) /"(x“ k)

o s 1) = —(3.1.1)
S om0 k)= (1) 227 ntx 22 (x2; k) - —(3.12)
T,, (k)= 1) 220 Y, 2 (x?; k) . -(3.13)
Ty (k)= (1) 2™ ntxY 2 (x?; k) ——(3.14)

We express the biorthogonal polynomials corresponding to Konhauser
biorthogonal polynomials of first kind in to the double hypergeometric

functions.
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(3.2) GENERATING RELATIONS:-

The first set
Z;(x;k)

of the Konhauser [ 17,p. 304 ] biorthogonal polynomials is
[(kn + o+ 1) x¥
22 (x;k)= ————23 (1) }________.,., 321
o (X ) n ( (_] F(k_] +a ) _-( )

were a>-1 and k is a positive integer. An immediate consequence of

(3.2.1) is

e f
(1 +o), LE, “ l---322)

n! Alk,a+1},

Z22(x:k)=

whered (k,a) represents the array of parameters

a a+l a+k-1

The Kampe de Feriet’s double hypergeometric function in the contracted

notation of Burchnall and Chaundy [4, P.112] is defined by
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parameters a; , a,,..., as and the product (a,;), (a;)y—---- (aA)n respectively
Recently S. N. Singh and L.S. Singh [31,P.31(2.1)] deduced generating

relations for the polynomials Z,* (x; k) in terms of double hypergeometric

(a}bXc),
F(Z)[ X, yJ
(X))

o [@La oLl
" o [l l@L [ mm 0

In this definition (a) and [(b)], abbreviate the sequence of A

function F® (x; k)

[@)LZ: (x;k)y"

o (@) 0+a),
(8);—;—; y"{[f‘]ky}

= @ ~-——-(3.2.4)

and

e st

o [ 0-), ——-(-2), 2" (s ky”
o ()] (e +1-kn),,

- F‘Z’[E;‘TE M) -ty }]— ——(3.2.5)
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Now we have

[(a)L 1) Tlkn + 18, (k)"
[e)]. (1), 2> il (kn + )

n=0

- ULy Ty 2o e
[e). (1), 2% n! I'{kn +1)

k)

-3 [(a)[]fei " () — ——by.using(3.1.1)—~(3.2.6)

Replace x by x* and put a=-1/2 in equation (3.2.4)
P

[(a)LZ ( )~ @ @ 2(-2— k B
w0 [, ( ) =F l:(c}’i!i‘%“: _{({i;—-; )’7{( k} )’H (3.2.7)

Using equations (3.2.7) in right hand side of the equation (3.2.6) we get

[(a)L(— 1) Dkn +4)s,, (c k)y"
© [@LG),2"n Tla+y)

N vl
=FO) W=y [TJ yr|-——-(328)
(hshr i
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Similarly

L@l C1Y spalbly® _ e f@lxz, (k)
n—O [(e)]( ) 22n+ ) —n=0 [(e)]n( +1) -—3.29)

by using (3.1.2)

Replace x by x* and put o = k/2 in equation. (3.2.4)

O NEAL Y%
% [eLE+),

2\k
_F(z){(n;—/+2 o y‘{(ik_) y}i\ ——-(3:2.10)

R

Using (3.2.10) in right hand side of (3.2.9), we get,

o [l sbelly” s [@LZ2 G
o [OLE D2 LG,

2 3\k
= k@) @)——: X _—
T S 1

2
=%
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By equation (3.1.1) we have

1P 22 i (kn +54)20 (x2;k)

S (x:k) = F(kn+§)

(1) T(kn + 198, (k) _ z72(x%;k)
22 . 01T (kn+%)

Multiplying by

and taking summation on both the sides over n=o0, 1,2,... ., we get,

oD

Z[(a)lu(l—‘“‘;f)n-~-(1~‘°‘“3*“]n(~1)"r(kn+%)sz,,(x;k)y“

= (e G) 2 0t (kn +)

e e e R s
=% L0,

———(32.12)
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Replace x by x* and put a =kn-1/2 in equation (3.2.5)

(1= 1=z
5 TELOL

(}mul-lm-‘ihl o J+k
B W 79| IO

Using equation (3.2.13) in right side of the equation (3.2.12) we get.

[(a)]n(l—--———) ---(1-‘“‘ ”‘) 1) Ik + 48, (x;K)y"
= (@), (1), 2* T (kn + £)

kn+i kn--l—+k
@h—il——2, .. l—2
xF‘z’[@, S y;—{(*"%)ky}} -——-(3214)

We recall (3.1.2)

Sy (x:k)= (=127 nix* Zyﬁ (x2 ; k)
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C0 Soeah) ¥4 o)

Multiplying this equation by

@L(-) (1)

n

[©)). -+,

and taking summation on both the side overn=0, 1,2, ...

] (-l)kl(a)],,(l-gf‘?f) ——{l-ﬂ‘»’f—/ﬁj Syt (K:K)y"
z n

Z OLE .2

x“[(a)]n(l—k("li%k) -~~(l~5@{3@)3225(x2;k)y“

n

5 ELG ).

" [(a)]"(l'i&ki)g) ‘““(l"%)nl?(xz;k)f
= L,

By equation (3.2.5)

$ [@)],(1-=2), - ——(1—=2%), Z7™ (s k)y”
= [e)]. (@ +1-kn),,
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_F(z)[ia; g — o) v kYY}]

Replace x by x* and put o= kn +k/2

m[(a)]n(l—’“"'?”) (1_““*/ ] Z/2 (x% )y

2
X OL D
(2) {a); " !<n+?-lr",I kn+12£+k; ,
=F (e): 3 x ;k Y:—{—x/{)ky} ~~~~~ (3216)

By equation (3.2.15) and (3.2.16) we get.

[(a)],,(l-““‘“ﬁ/f‘)n--(l—’i“i?i'i)nsm.(x;k)y“
[@).(+%),, 27" n!

g(—l)“

e Z; ;{1 kmféﬂ}* { kn+y+k} {_xz/)k } s
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(3.3) Generating Relations of Biorthogonal Polynomials for the Szego

Hermite weight functions:-

The Szego Hermite polynomials H,"(x) are orthogonal with respect

to the Szego Hermite weight function |x] ** exp(-x?) for g > -1/2 over the

interval (-0, ©) For g = 0 these polynomials are just the classical Hermite

polynomials..

Thakare and Madhekar [38] have introduced the following
biorthogonal pair.

S (k)= (1) 2 nil(kn +p+%5)-n! .

4 (x2:k )= —(3.1.1)
T(kn+u+1) " ( )
St (k)= (- P 22 ntx* 2272 x2 k) ———(3.12)
T (ok)= (1" 22 2 (x3k)  ———(3.1.3)

T2, (k)= (1) 22 ntxy 72 (x2 k) - — - (3.1.4)

where

Z2(ck) and YZ(xk)

is a pair of Konhauser biorthogonal polynomials w.r.t. the Laguerre weight

function
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x% exp(—x) over (0,0)u> —é-,a >-—1

and k is positive integer.
-
We express S.' (x;k) double hypergeometric functions. Replace x by x?

and put a = p -1/2 in equation . (3.2.4)

1
= (@)L 2, 20Ky _ o @ 2
= ’ -—(3.35
5 [OLGE+ D, orded wto Y 464 v} -39
A
By (3.3.1)
st (x:k)= (~—-1) 27 il (kn +p +%4) ,,-/( )

[(kn+p+1)

1) Tln+p+585 (k) w-y
ZZBH’F(:;-H,L-f-k) =Za (x k)

Multiplying both the side by

[@),y"
[, (u+1),,

and taking summation on both the sides over n=0, 1,2---

2 1) Ckn+p+ )-S5, (s k)-[@)hy” [(a)].,Z"‘/ iy
% 22 nil(kn +p +5)- [, (e + 1), =% [ G+ 1), (3.3.6)

Using (3.3.5) in right hand side of equation (3.3.6)
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o (-1 Tkn+p+ 58" (x:k)@),y"

a0 22 nil(kn +p+ 5], (e +1),,

= FO)| @i y,—-{"%)ky}- ---(33.7)

(e )f_ ":,.Z, bk
Tk

Replace x by x* and put o =p+k/2 inequation (3.2.4)

2@z, b ich”
n--O [(e)] (}1+ +l)kn

=F®| &\ > ; <2
a F( ( )u+§+l u+%+2 p+§+k y’“{( Ky( Y} - (338)
(e} k ) k 5 .
By (3.3.2)

St (k) = (<1 22 nix* 2 ¥ (x; k)

( 1) Szn+l(x':’k) = ka:+%(x2;k)

22n+l

Multiplying this equation by

[@)l.y”
(@, (e +5+1),,

and taking summation overn=0,1,2,....
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2l St belly” _ 2 xt el Zy 75 iy
o), ek +1) 27t e [l G+ +1),

el z by
S ea

Using (3.3. 9) in right hand side of equation (3.3.3 )

£ D" [(@)L 85, (s )y
aol(e)], (u+%£+1)_2>"nl

=x'F { p+li+1 p+]1+2 p+§+k‘ :y’ /{YYZl (3310)

o2 2 "
(e)‘k’k”k’

We recall (3.2.5)

[ -7). ~——~(-2). 2 * sk

= [, (o +1-Kn)y,

a) - o+l — a+k
:F(Z)[L; ; ( k l ( k );y,—{(“%)k y}j]

Replace x by x”and put o =kn+p-1/2
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kn+;1+-l» kn+p+k—-1-
N G W1
=FO ; y,- (—--;- )ky-. ~—~(33.11)

By (3.3.1)

2 i (kn +p+ £)2" 72 (x2; k)

By 1) — ("‘ 1)ﬂ
Shbek)= )

CIPIlhn+n 385, 05k) i)
22" nir(kn +p.+§)

Multiplying both the sides of this equation by

+p+t 3 -l
o 1n(1~““: ) [1—““: ) ——-{1—““ )

LG,

and taking summation over n=0,1,2---
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§[(a)]n(lm"“Z”%l..._(l-""“‘ ‘*") (1" Tkn +p+1)

ns0 [ e+ 1), 2" niT(kn +p+ %)

[(a)],,( w_) (I___m,,:k
= [, 62+ 1),

Using (3.3.11) in right hand side of (3.3.12)

SIS

)" Z: (x2 k)" -~ (33.12)

[ (1-= ) {1t ] (1Y Thn -+ +3)

E’o [(e)]n(p+~'2~)lm22“n!1"(kn+u+“) Sz"(x ;k)-y
kn+sx+% kn+u+k-% i
‘2’{?3, R T ;Yr{(-%zfy}»}w—(&z.ls)
By (3.2.5)
g [0 ————(-%4). 2 Gok)y”
= )k (e +1-kn),,

a): A1 a+l — M at+k
=F(2)[§e;; ;( . l ( £ ) ;y’—{ (“{—)k }’}]
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Replace x by x> and puta=kn + p +k/2

@l 1)1
x ( [(e)],,(iég)h ) ik

k

kn+p.43+l kn+pt+-2+k
(a); 3 2 — 2
:F(Z){(c); - - y,_{(_%zy(y.}}__‘_(&&]zt)

By...(3.3.2)

St (k)= (1) 22 n1x 24 (x 2k )

("" 1)1’1 ngﬂ-l (’X; k) = ,XkZ:+% (X2 5 k)

22n+l n!

Multiply this equation by

S e =
ELG 51, N

and.taking summation.over.n = 0,1,2...

[(a)]n (l _ kﬂﬂ;"’%ﬂ} ..... ( 1- kn+u:%+k)
> D"

n=0 [(e:)]n 27 nl(u+ & + l)kn
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+ A+ a3k
xk[(an,.(x-‘“‘ ] ....(1—‘“‘ s

_3 :
=0 [(e)]n (H + 12(' + l)gn
_ . kn+p+%+l : kn+p+32£-
= x*F® 8 ;‘ K T E ’y,-{(~ -';—2)(y} --=(3.3.15)

Particular cases: For p=0, the equations, (3.3.7), (3.3.10), (3.3.13) and
(3.3.15) reduces to (3.2.8), (3.2.11), (3.2.14) and (3.2.17) respectiely.

(3.4) Generating Relation of Biorthogonal polynomials for

Generalized Hermite polynomials:
For,B=-%k... k=1,2,3,.... ,n=0,1,2,3,.  .andf=135....

Andhare and Jagtap [2] constructed following pair of Biorthogonal

polynomials.

S, (x:k, €)= (1) ni(L+n), ZM(x*;0) —--(34.1)

(1+B), ’

1) n!(—;—) 22y 77 (™, 0)
Spnn (5K, 0)= ) ~-=(342)

ey Cnen), B N

T, (k, €)= B YPx*:0) —-—343)

-1r n‘_22““@~) X.

€

T, a(xk, €)= . Y (™. 0) ———(3.44)
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where Z,"(x;k) and Y."(x;k) is a pair of Konhauser biorthogonal

polynomials w.r.t Laguerre weight function x* exp.(-x) over (0, )

By (3.2.4) we write.

2@, Z; 6o k)" (z)[(a)————m—w— ) }}

P NP It PP

k
Replace x by x**, k by { and put a = B we get,

(a)n n( Zk f))’ (z)[(a);m-m_

Zeye VL
e, e e y}} -343)

l
From equation (3.4.1)

("“1) (1+B), SZn(x k 2) 2K
(1+n) n! ( 5)

Multiply above equation by

[@),y"
(@B +1)

and taking summation on both the side over n=0,1,2,----

sV [@)], 0+ B),S,, (x;K, )y"
2 )]G+ p).0+n),

(a)LZ (ka é)y L
% eLaep, O
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By equation (3.4.5) and (3.4.6) we get

= (- [@)], (1+8),8,, (k)" _ L @ Y V|
5 aloLG Dedrm. " vy} |--0an

(o), - P+ _-_Q;_Q;-__;

We recall the relation (3.2.4)

2l@LZasky" | @ ok
Eo ()], (1 +a), -t [( ;y, )Y}}

Replace x by x**, k by / and put a=-p/

e s | S

(a—pe) «¢-pon._
O i

By equation (3.4.2)

-pe
(—1)”n!@) 229x! 7. (x%*:0)

Suaalsk)= 1

(-“ 1)“ (l N B)n SZn+1 (X,k,f) = Xt Z“ﬁf (XZIC ,E)

n‘(é) 22n+l o
! 2 )

Multiplying both the sides by

(@), y"
[©)].a-B2),.
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and taking summation over n=0,1,2,.... we get,

5’: ("" 1)" (1 _ B)n [(a)]n SZn+1 (X;k, f)yn _ i [(a)]n xf‘Z“jl(xzk ;e)yn
a0 nl(s) e [OLO-BO, = [OLG-BO),

I () A ) S
BRI () KT P

By equations (3.4.8) and (3.4.9) we get,

< (“l)n(l"ﬁ)n [(a)LSMl()gk,g)yn oy 2 @) S 2 o
n§) n!(}_ ) 2l [(C)L(l—ﬂe) » F( L)&?g(%ﬂg_,y’{( 7 )(Y}} 3410
2 n

Particular cases:

(1)  The equation (3.4.7) with values f= - %, and (~k=1 and the equation
(3.2.8) with value k=1 are identical.

(i) ForB=-Y%,{~kand k=1 the equation (3.4.10) reduces to the
equation (3.2.11)

By equation (3.2.5)

2 [@)],0-22), ——-(1-=) 22 (x; k)y®
ot (Ol +1-kn),




Replacing x by x* and k by { and putting a=(n+p

2l (-22), - 9), 2yt
“=° [©)L.(+B)..

) F(z) L~ 1 { "',-i--, t )y,“{ , _ xik)y} -__(3.4‘1 1)

By equation (3.4.1)

Sl ET L 2

GO A+B),S5 (K 0) b .
nf(l+n) ( L’)

Multiplying this equation by

), - 22), (1 2et) o
n!(1+n),,[(e)ln(1+ﬁ)n, '

and taking summation on both the sidesover n=0,1,2,....
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we obtain,

R U U () e M U A G0
ned nl(1+n), [(e)], (1 +B)., '

[(a)]“( ne+g+1) e (1 n(+zf$+l
n=" [(e)] (1 +B)ae

)n Z-n(XZR g)y

(a).-——'«—j-l of+Brly | nl+P+L ' ¢
_ { ; ) ( ¢ )Y:‘{£~XZk) y} e

(e)

* Replace x by x**, k by { and put a=n{-B/{ in equation (3.2.5)

2l (-, - - (=) 20 oy
E [e)]. 4 -B2).,

(axw;[n-ﬁt‘;ﬂ).. [anf:g_fﬂ. :

_F® | }y’—{(—-——-z—t y} —_(3.413)

(e).

By equation (3.4.2)

(___ l)u n'(%) 22n+] xl .Z;W (xlk ,f)

(1 - B)n

S et (x;k,€)==
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(‘ 1)“ (=B)Ssnu (x;k,l?) - x“Z;f“ (x 2k_’£)
nl(z) 22n+l
2 n

Multiplying this equation by

)], (1 —28e) ———(1-2eest) ye
[©)]. ¢ -B2).,

and taking summation overn=0,1, 2

......

& (CIra=p, Oh0-"400), - (-200) 5, Gty
= ““G‘) 2u [e)). (t-Be),,

© _nefesty g Pt n
"% 1t i(e)%:(l—ﬁe()l = X244

By equations (3.4.13) and (3.4.14) we obtain,

2 G A-p), (@ 0-4), -——(-25) Sy sk )y
=0 (i) 2041 [(©)]. 1-B2)..,
2 n

(a);..-__{; “l"gl*l )r_(, nl-Pr+f

¢ )"
=x'F® y{L x";“]'y} ~—(3.4.15)
(e); 4
Particular cases:
i The equation (3.4.12) with values = - %, and {=k=1 and the equation

(3.2.8) with value k = 1 are identical.

1 ForB=-%,l =kand k=1 the equation (3.4.15) reduces to the
equation (3.2.17).
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