
CHAPTER - II

RIORTHOGONAL POLYNOMIALS AND
GENERATING FUNCTIONS



CHAPTER - 2

Biorthogonal Polynomials and Generating Functions.

(2.1) INTRODUCTION:

The notion of biorthogonality is extremely useful in calculations involving 

the penetration of gamma rays through matter as well as in determining moments 

of certain distribution functions.

Recently Andhare and Jagtap [2] constructed a pair of biorthogonal 

polynomials related to the Konhauser biorthogonal pair Z„a(x ; k) and Y„a (x ;k) 

in the following manner.
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Reverting the order of summation

(-D”22n(0„ (■> X 2k<(n-j)

(„«. H.n

orfr(n^|}+.)j5(-i)(”>
„2kn£-2kj£

r(nf-<j+p + l)

where

p = _Ik = 1,2,3.,....,.n = 0,1,2,3 ....and..f = 1,3,5.
2k

(x;M)='2n+l

,2k}((~l)°nKl),2M ,r(n<-p2 + l) Jaa _
0-3), m hr >y,> roe-ve+i) -(2.1.2)

= 1-')3L/Aj—r(n^ - p/ + i)i(- i)X°)—
0 - P)„ i-»v /Vj/ r(j

2kj t+t

r(jf-pf + i)

Reverting the order of summation

2k*(n-j)f*(-i)J(i-).22"1r(n/-P< + l) • (
(1-Pl H> Vl' r(j<-p/ + i)

^2Mr(.(-nti). nV.\ x^

(1-P)n k( ‘
2knf-2kj t + (

r(nf - jf - Pf + 1)
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Combining even and odd case, we get.

s.(x;M) =, if+ d
(1 + P - 2p e)|n| V 2

H

j-0

a?r

V 2

2k^2 J?-2kJd+<e

rr nl + 2p- e (2p + 2fi£ +1) | t ^
(2.1.3)

Similarly.

T>.(,;k,O-(~1^°l^nXY>(?t";0

(- l)" n!22“ (y) 1 a x2fcr r. *•/ X (
-- o + iOt ^.~£>('1)CH

(~l)”22"(|) n x2k("-')«-, ■/

V + P )n 5 = 0 Vn ~ r/ s = 0

------- (2.1.4)

s + p + 1

S + P + 1

(- l)r 2"(i)„ * ^t‘-2h -f(r !).(-,) rs + p + O
(l + p)n n=o (n - r)l s=o l iV ' /n

by reverting the order of summation.

T2n+l(X’k,^) —
(-I)"ni22,"'(3,2)i

0 - P)b
xY„-»'0t2k;<)

(-lYnn^'ife)
1 IX 2kr

0-P)„
eVK-M

n! s=o r! s=o
s — p€ +1

~i ) —(2.1.5)
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(- l)n22“+1(^) n x2k("-r) n-r, / \fS-Q£ + \\

rSC-'y'lw MP
(1-P)n r=0 (n - r) s=0 V l Jn

by reverting the order of summation.

(— 0" 22n + I (3/") 2kn-2kr + l , x f 0 q

V ^ VlK “ *____________ "rr/_ ,Wn-r\ f S ~ PI

(1-P)n ^ (n-r>! IS ^ i
-pf+n

/ n

Combining even and odd cases

|3-U2kr+e

T„(x;M)
(-l)l|l2"(J±2ls)jn] If]

(l + p-2pe)[f] -0 fl*]-r)

[ff
2£ (-Ds
s=0

'ftp

V J

s + P + 1-(P + Pf)e
'W -(2.1.6)
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(2.2) Biorthogonality Let,

p(x)= w(x)= x2k~2 exp(~ x2k) 

where k is positive integer.

J x2k 2exp(-x2k)S2n(x;M)T2n(x;M)dx

J x 2l“2 exp.(- x 22 )L0^Mlzp (x« A)
(- l)n n!22n (|) „/ 2. x

(1 + P)„ V ^ ------(2.2.1)

jx2t-2 expi-x^^x22;^^22;^
Iv + P/n] ^

t(1+P;J °

Put
2k ]4*x = u;.x = u/2 .

2kx2k-1dx = du

2k-lXZk dx du
2k

The limits of integration are when x=0, u=0 and when x= u ^ q° .

22 exp(-u)z;(u;<)y'(u;<)iu
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(VP
2k'

k[0 + P)J
J up exp(- u)Zp (u;^)Yp (u; /)du.

[nf24"[fe)J r(fa + p + l) 

k[(l + P)„F n-

r(n£ + p + l)

[o+p)„r k

Now

Jl x2k 2 exp(- x2k )- S2n+1 (x; k,^)• T2ih4 (x; k,^)• dx

i:x2k-2 exP(-^)- ( OM;)2!|1;' x>z-c<(xa.^

(i-p)„

(— l)n n!(|) 22n+1 2. x
--..-----------------xYJ* (x2k;4 dx.

o-p), (2.'l-i)
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1/ 1/ 
Put..x = U... => U/k =» X = u/2k

2kx2k_1dx = du

, 2k—1 dx du
2k

The.. lim its. .of.. int egration. .are..

when x = 0,u = 0 

when x = oo,u = oo.

[nf[(|)j24n+3

‘I U0
2k du

2k

[nilTfejal2^2 f. & 

k[(l-p)„]2

exp- (- u)- Z? (u.C)- Y,;11' (u;<)du

k[0-P).,f

4n+2

.Hu7’1 ) exp(--u)-Z„l,'(u,^)-Ynn'(u,<)-du

[n!]2fe)„122

ktO-P)J2

4n+2

J" u-5' exp(- u)- Y“p,(u;^)-du

r(nl-pi-U)
k[(i-p).r »!

n![04f24a*2 r(n<-p< + l)
k
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Combining (2.2.1) and (2.2.2) we get

flxzk 2 exp(- x2k)■ Sn(x;k,€)-Tn(x;M)dx

[f}l-22n 1
2
r( x\t + 2(5- e (2(3 + 2$t +1) , ^ 
1 11

k (l + 3-2Pe)[n] l 2 J

Thus we obtain.

l!^x2k 2exp(-x2k)-Sn(x;k,^) Tm(x;k,£)dx
1

| files
W

j

1______

2

rfn* + 20-e(2p + 2p* + *) ,

k (l + p-2pe)[f] l 2 ")
•8m,n.

where 5m, n is the usual Kronecker’s delta.

(2.2.3)

—(2.2.4)
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(2.3) Generating Functions.

[AJ Generating Function Related to Konauser Biorthogonal 
Parynomial of First Kind:

By definition

s2„(x;M)=
(-iyn!22^)nz;(xa;2) 

0 + P).
Again recall the generating function obtained by Karande and Thakare[15]

£ =(i _ t)-, Fl
n=0 M+a)to

-tx
c; vkk(M)

A(k,l+aX
-—(2.3.1)

Replace a by p , x by x2k and k by / in (2.3.1)

f'(c)n^n(x2k^)‘tn _(i ty° ,
s 0+PL j

tx 2k?

A(?;l+p); £l (l — t)
------(2.3.2)

Now

2n

■=> (i)„0 + P)D,n!

(4(l + P)„(-l)nn!22-G)„ZS(xa;4 l2u

n=0 0+P).(i).0+PL"i.

s
n=0

(c)n z. (x 2|C; ?)• (~ 4t2 j* 

0+PL
-(2.3.3)

,by(2.1.l)
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By applying (2.3.2) to equation (2.3.3) we get

y (C)n(1 + P)nS2n(X;M)-t2°

»=o (l/2)n(l + p)n,n!

= (l+4t2)^iF,
c; 4t2X2M

A<U4|)).,^(l + 4t2)

Let 9 = t-
dt

(1+0)1
n=0

(c)„0-P)„s2n.,(x;k,£)t;''
0-P<Lfe)„n!

^(c)n(l+2n)-(l-p)ns2nt|(x;k,^)t2"

— (2.3.4)

Multiplying by t on both the side , we get

t(i+e)£^
30=0

Si^i(x;fc.<)-tI"(i-p),
(l-P4,(^)„n!

f(c)„(l-P)„(l + 2n>;„.,(x;k,<)t2»'
3- 0-P4,(M)„n!

i.e.

27



f. (4 (1 - 4 0 + 2n)- s2n+1 (x; k,Q-t2n+1
(1-P4.fe)„n!

t(\ . ft^T(C)D(1-P)nS2n+l(X;k^)-t2n
0 & (1-P4^)„n! (2.3.5)

By applying (2.1.2) on right hand side of the above equation.

. /. , n^(40-P)„(-l)',n!fe)„2;»'x!Z^(x2t;4t2"
1 ■-» O-uUi-P^Lfe)."!

= 2t x'(l + 9)Z^nZ°l>/X )
„=0

Replace x by x2k , a by - 0/ and k by / in equation (2.3.2)

f.(4z^(xM;4f
(i-p4<

-o-tr.F,
c; -tx2k<

A(U-pO;^(l-t)
-(2.3.6)

Applying (2.3.6 ) to right hand side of equation (2.3.5) we get,

f(4sM(x;k,4tM(l + 2n)(l-p),

S’ 0-P4(fe)„n!

= 2tx'(l + 0)(l + 4t2)^ c: 4t2x2k'
A(M-pA,^<(l + 4t2)

= 2tx* (l + 4t2) ° c; 4t2X2k<

A(U~P*>, ^?(l + 4t2)
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+ 2tx((- c%\ + 4t2 Jr*"1 (8t2 )•, F, c; 4t2x2k'
A(M-pf>,^'(l + 4t2)

+ 2tx'(l + 4t2)"c0-,F, 

_ 2tx*(l + 4t2 -8ct2)

c; 4t2x2W 

a(/,h3< >,

(l + 4t2)c
*-------- iF<

c; 4t2x2W 
A(u-PO,^(l + 4t2)_

+2tx<(i+4t2)r<:ejF^ c; 4t2x2W 
A(*,Hw);^(l + 4t2)_ -(2.3.7)

Now

0 1 F<
c; 4t2x2k<

a(m-pO; te (l + 4t2 )

2k(

- 0 £ 
n = 0

(c).
t

WJJFW^I
, 2 n

- - m n!

(4 4x 2k t ,2n

^ ou
0 I

(-*)*

-mm—m»'

= E-
n=0
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(c) U2kt}n ^l+4t2j 2nt2n-t2nn-^l+4t2j 8t2

VC/n[ ,/ J
s.

(l+4t2)D' 2

‘-fflFfi-Ffli

= Z
n=l

rH?1“ 2t2n
\n+l

IM"
M
rM<^HW 1)!

= z
n=0

]"+l2t2"*2 

(1fL"Kl + 4t)n+2

(c + 0„
■? ow 00 8c-t x ^

4t2x2k'

«^!+4t2j
(2.3.8)

But

\ (\~m Me+i) fi-p< ,
——+n+l-l

J n+1
l / J l / J l t )

l / J
v l )

(2-pe'] _(2-§t\ (2-$P ^•f I
J n+\ P P

+ n + l-l
\ (2-$P\ f2-p t ^
) l l J l l J
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4-pc] ri-p^ .r^-p+.i K p +n + l 1 _a-pc]
l i J n+l l t ) l / J l / J l l J

tv + l

t n

"IzM 

, i

2-p^
J n+l v n-t-1

fl-P^

V * /n+l

(2-pO Ct-w'\ f2-p/+n r/-p/+n
l / J l t J l l )t,1 i J

n
l t in

= ~~^LAfel-P^ + ^)

Using above values in (2.3.8) we get,

0i F, c; 4t X
2„ 2W

V(l+4t2)

8ct x2 2k/
fc + On 4tV“

/*(l+4t2j

->0z54A(W_p<+^.n4'

8ct2x21'

(l-P4(l+4t2)!

l

,F/
c+1;

A(u-[i/+/>,7F(M,2)
(2.3.9)

Using (2.3.9) in equation (2.3.7) we get,

^4(l-P)„(l+2")-S2„,(x;M)-t2"‘
& 0-P4,04n!

2tx'(l+4t2-8ctJ)

= (>+4t2r '
c; 4t2x2k< 
A(M-pV(l + 4t2)
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2tx,(8cl;x2t')

0-p^)((i+4tI)r+2l xl

C+l

2tx*(l-f4t2 -8ct2)

(l+4t2)r+, 1 F,

4t2x2k<

4t2x21'

16ct x3 2k M

(i-u4(i+4t2)r 

We write,

+2 I F,
c+1; 4t2x2k(

V(i + 4t2) —(2.3.10)

(4(l + P)»S2n(x;M>2n j -(c)n(l-p)n(l + 2n)-S2n+1(x;k^>2n+l

+ z”=<> (i)n0+PLn! ’A' (l-P4Mn!

(c)[a](l + 2n e)- (1 + P - 20 e)(„_]Sn(x;k,£>n 

n=o (| + e)jn](l + P ~ P(^ +1) e),[a][f }i= S —(2.3.11)

In view of the identity (2.3.11) equations (2.3.4) and(2.3.10) have the following 

generating functions

I
n=0

(c)[£](1 + 2n e)* (1 + p - 2P e)^ • Sn(x;k;Ot*

fl 1 + e (l + P~P(f + l)e)jn n .!
V2 J » UJ L2J

= (l + 4t2r,F,
« 4t2x2k*

A«;l+po^*0 +4t2)
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2tx'(t + 4t2-8ct2) 
+ (l + 4t2 J+l : F,

c; 4t2x2Jrf 
A('JPV(l + 4t2)

+
16ct3x2k<+*

(i-u4(i+4t2)r21 F,
c+l; 

A(M-(U+0
4t2x2W

f/(l + 4t2) ----- (2.3.12)

For k = 1 and l- k equation (2.3.12) reduces to

. (c)j,](l + 2n eXl + P - 2P e)^ (x; k)t° 

“-0 (5 + 6k](l +15 - p(k +1) e)kf,]lf

(l + 4t2l",Ft[l;(l>u|1>z]

2xk(l + 4t2-8ct2) [, ,)

(l+4t /

4*
16ctVk

(l-f>k)k(l + 4t2jf
„2 lFlt[A(k,l-pk+k);Z] -(2.3.13)

where Z
4t2x2k

kk(l + 4t2)

For k = 1 and (3= -1/2 equation (2.3.13) reduces to generating function for 
Hermite polynomials first obtained by Brafman [3, p. 949, (33) ]
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(B) Generating Function Related to Konhauser Biarthogonal 

Polynomials of Second Kind

By definition of Tn (x;k,/)

W(x;k,£)=
(-l)“*“(m + n)22m+2n

,2,
(i+p)„

Y'„(x2,t;4

(-l)"“(m + n)22m+2n f 1

2)
(m + l/2)n

YL„(x2k;«)
(l + P)m (l+P + ni)n

Y (l + P + m)n T2m+2D (x; k,l)t2n = «> (- l)m+n (m + n>!-22,n+2n (j)m ( 2k;/\
S (m + i)n n! n=o (l+P)n m+nl n.!

-i(7)YL„(xa,^X-4t2)"
n=0 n

_ (-ir22-(0„m!/ .
0 + P)„ V '

By definition of T(x;M)
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m+c /■,, . „\i^2m+2n+l

T2m+2„+l(X;k^):
(_j)m+n (m +n)!2

(1~P)
-(3/2)(m+n)-x-Ymp+i(x2k;^)

(m+n)

(-ir+n(m4-n)!22in+2n+,(3/2)m(3/2 + m)n_ v_p?, 2k.

(l-P)m*(l”P + m)n
-x-V/n(xZK;*)

Now,

(1-p + m) (_i)m+n(m + n)!22m+2n+1 (3/2)m „
i2m+2n+lVx>K^^ “

(3/2 + m)n (l-P)n
Y~Pe p\

A 1 m-fn V A 9^/9

® (l-p + m)r ,2n+l

T2m+2n+l(X;k^>-/?% / a  \ 2m+2n+1 > * * , *
n=o(3/2+m) n!

® (-l)m+n(m + n)!22m+2tl+1t2n+l

»-o 0 ~ P)m n!
0/2)m xY"^n(x2k\t)\.

(-l)'n22m+'(3/2)mm!(xt) - a. „ „.2,„

d-P), n=Oy n y

: (- l)ra 22n,+1 (3 / 2)m m! (tx).(l + 4t2)-H“«*+»"

exp
-i 1

x2k[l-(l+4t2)* ]
-i

Y^(x2k(l + 4t2) ( ;t)

t(l + 4t2) { P*+m{+l)/* exp< x2k[l-(l+4t2)# ] •T2nj+1(x(l + 4t2r,/2W;k,0

(l + 4t2)~1/2k2

- +1)/? I , -
t(l + 4t2) 2k exp<x2k[l-(l + 4t2)/ ] Kr2„,(x(l + 4t2r,,2k';M)

—(2.3.15)
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Combining (2.3.14) and (2.3.15) we get,

(l + m + p-2P e)r
QO

I
[I].

(m + l/2+e)rnn
UJ

12m+n n
2

t\

(l + 4t2)^+1)//exp. x2k[l-(l + 4t/) *]
W i

(1 + 4t2)_ T2m(x(l + 4t2)'2W;k,^)+t(l + 4t2)<P/+2k>',T2lJ1+i(x(l + 4t2)_2w;k,^)

------ (2.3.16)

Particular cases :■

(I) For k = / = 1, p = -1/2, we obtain following the generating relation 

for the Hermite Polynomial

- H2m+B(x)t
n=0

2mtny-Z^._(1 + 4t2)-<m+l)eXp J 4x 4
(l + 4t )

0 + 4t2)2 H2m (x(l + 4t2)2 ) + (x(l + 4t2) 2 )

(l + 4t2)“(ni+,) exp
4x2t2 

(l + 4t2)

i z! d
(1+4t2 )2 n2m (x(i+4t2)2)+rn2m+} (x(i+4t2)2) ------ (2.3.17)

This is generating relation obtained by Thakare and Madhekar [37, p.1035.]
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^11) For k = 0 equation (2.3.17) reduces to a generating function for Hermite 

polynomial given by Doestsch, [ 13. P.590 (7)] ( See also Szego [ 36, Problem 24 

P. 380] ),

g_H„(x)tn
n«=0

(l + 4t2) ‘exp/
n 1

_2

2.24x t
l + 4t

l[(l + 4t2)1'2 l + .2xt((l + 4t2r,/2]

= (l + 4t2)~3/2exp
4x2t2 1
——-r- Ml + 4t2 + 2xt) 
l + 4t2

—(2.3.18)

C] Generating Functions Related to Konhauser Biorthogonal Polynomials:

The generating function for Zan(x;k) obtained by Srivastava [34 p, p.490] 

(see also Karande and Thakare [14])

g Z>;k)tn

n=0 (l+a)to
:e‘0Fk A(k;l+a);

/ \k X '

K&J
-(2.3.19)

Put a=P, k=/ and replace x by x2k, we get

n=0

zS(xa;Qt"
(1 + M*

c'oF,
V * J

-(2.3.20)

By definition of S2n (x; k, i)

S2n(x;M) =
(-1)" n!22n (1 / 2)n (x2k; £)

0 + P)*
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Now

g.(l + P)„S2l,(x;k,(’)t2° 
to (1/2)„(1 + P)^n!

. (1 + P)n (-1)“ n!22” (1 /2)n Zl (x2k;£)t2a 
= 5 (l/2)n(l + P)„(l + P)^n!

£ Zil(x2t;lX-4t2)°
n=0 (1 + P)„,

— (2.3.21)

Using equation (2.3.20) in equation (2.3.21)

£(1+P),.s2..(*;M)t2" F
- (l/2)n(l + P)nfn! _e ”f'

/ 2k V

4t3
A(f;l+P);

—(2.3.22)

Replacing a by -01, k by i and x by x2k

z
11=0

Z/'(x2k;^)t" ,
— C /i Jr *

0-P*)- A(M-P0;

f
X

V

in equation (2.3.19) 

2k y

t —(2.3.23)
' y

By definition of S2n+i (x; k, /)

S2n+1(x;M) =
(-1)"(3/2)nn!22n x Z^W)

(1"P)„

Let 0 = t
dt

(1 + 0)
« 0-P)nS2p+1(x;k^)t 

n^o (3/2)n(l-POn<n!

2a
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3(l-P),(l + 2n).S2n,1(x;k,flt2n 
h (3/2)n(l-p^n!

i.e.

» (1 + 2n)(l - P)nS2n+l(x;k,^)t2n 
h (3/2)n(l-P€)n< n!

(ll0)fO-P)flS2^(x;k^)t2D
(3/2)n(l-PO„,n!

(1 i 0)f;(1-P)n(--1)n(3/2)nn!-22n+1x<Zn-p<(x2k^)t2n

(1 ~ P)n (3 / 2)n (1 - P^)n, n!

:(1+e)£^z^Vk;0(-4t2)n
n=0 (i-PO.,

2x«(1+Q£gZV^T
A (l~wnt ------(2.3.24)

Multiplying above equation by t on both the sides.

- (l + 2n)(l-P)nS2n+1(x;k^)t
n=0

2n+l

(3/2)n(l-p^n!

= 2tx (1+0) s
- Z^(x2k;^X~4t2)n

Q-mnt
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By using equation (2.3.23)

=2tx'(l+G)e^t2oF<
2 2k V

4V
m-m.

x

VO

=2txV‘20F#
—

2 2k>c ' (Ok>r
4t2 X +2tx'e- e^oF,. 4t2 X

<X<U-P0; l ^ J W-PO l ^ J
=2txV4*20F,

- 2„2kV
At2 X

Xtf-PO;
l ^ J

( 2k > t~
-lfrt’-xV^oF*. 4t2 X

Xftl-PO; 1 ^ J
+2t-xVt20oF/

(v2k\c
4t2 X

m-m, l ^ J
(J&\C 2 2k>c

=2t*x'(l-8t2)e^oFr 4t2 X +2txV*20.oF,. 4t2 X

l ^ J w-po, l * J -{23.29

Now

e „f,
2 2k Ac

4t2 X

XW-PO; l ^ J
/ 2kY

X.

V ^ 2
*2n

.ay__________ L________J______________

\ ^ Jn ^ ^ Jn V. ^ Jn

/„2kY*

=01
lO

t2n

(2~&) (t-&
e nV t Jn (
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f„2k\nt
X

2nt2d

V * /
n=l

n!
rhE) (2sl£]
< t )X * )u l l )n

2k Y*

4"
= z

n=l

\ t j
2.t2n

(n—1)!
fi-p^f2-p^ fe-m

a V

2(402 \n+l

= Z

/'..2kV<n+l>

\ £ J
n=o /1-pO (2-pe'\

n!
^ t 2 n+1 V

7-PO

/ n+1 2 n+1

( 2k V

= 2(4t2)

/ 2k V

4tJ
v * y

n=0 njfIzMl f2-p€>| fl-pl
* J

n+1 k 2 n+1

(2.3.26)

'n+I

But

fi-pQ _flzMYlzM+i1 fizM

'n+1 t A /

\
+n+l-l

1-p^Y^-p^

t A t
+1
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'2-gO (2-$lY2-W , ^ (2-p£

< l J n+l l t A £ •+1 + n + l-l^ '2-WY2-& , ^
V / £ A £ Jn

£zM] =MY^zM+1l (!=E 
e L, t A t

\
- + n +1 -1* J

rl-plYl-pl | ^
< * A * + Jn

"izSil (IzM.
< £ J n+l V £ Yn+1

£-$£'

'n+l

n-pm-po f*-p<Yi-fw .,1 fz-P*
\ £ A £ j

(1-P/X2-P/)-

£ A
• + 1

\
+ 1

n v ^ ) n
r^+,

t

\

J n

£l
Mi+l) f2-l“+<)....l / AA £ Jn 1 / J

£l
(2-l“ + i)....(e-fii.,)

i J A t Jn l / J
Due to above relation equation (2.3.26) becomes.

z'' 2xY

A(/,l-p/)\ £
4t2

8t2x2W » 4t 2 lx2k

* -n!0-P4('^+'l(^ + li--^ + 1l
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8t2x2k< ®
+1) n!

/n

8t2x2kf ®,

8tV“ r„ 2* V
4ta ------(2.3.27)

Using equation (2.3.27) in equation (2.3.21)

£
n=0

(l + 2nXt-P),S2„.,(^k;»2”' 
fe)»(l-P)n,n!

2tx'(l-8t2) e‘" „F,
✓V* VX 1 4t2

a(m-pO\ * J

+ 2tx*’e 8tVk*

0-p4
. F o r*

/„2xV

A(u-p<+<>,^ £ j
4t'

= 2tx<(l-8t2)-e4‘20F< / 2xV

a(m-pO;V ^ y
4t2

+ 16t1x*2k<»

0-p4
—4t2

-oF,
fi x Y

A(u-p*+<y\ £ j
4t — (2.3.28)

We fruitfully combine (2.3.22) and (2.3.28) we get generating function for 
Sn (x ; k; l)
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„ (l + P - 2P e)[j]S„ (x; k, (l + 2n e)

"-0 Cj + e)|n]0 +p-ep(< + l)),[~]hi!

_4t r e 'o ^
^x2x ^

a(*,i+P>\ £
4f

2+ 2t(l-8t2)x?e4t -0F, 4V

16.t5(x2k,)V'x‘

(1-P4 0 ^
/ 2x'\

A(M-P«+f>,V * J
4V

For 0 = -1/2, l = k and k = 1 in equation (2.3.28) reduces to the result 
obtained by Andhare and Jagtap [l,p,83]

Particular case Put k = 1, l = 1 and {5 = - 1/2 in equations (2.3.22) and 

(2.3.28) and combining the resulting equations we obtain the following 

generating function for Hermite polynomials.

■.-> Mz
-4t2 
e oF, 4t2x2 + 2tx(l-8t2)e4t oFf

1------X

T
i______

i__

fH
N

. 
___

1

32_i3 3 —4t2+ —2t x e oF, 
2 *

4t2x2
5/.
./!'

—(2.3.29)
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(2.4) Bilateral Generating Functions:-

Let

M^(y,y2....yN;z 1
j=oln-

-•yN)-zi ------(2.4.1)

and

1>q(* >yi>y2; yN;t)= ECnT (x;k)Q (y,y2....yN>n------(2.4.2)
n=0

where jj. is arbitrary complex number, p, q are positive integers and 

£2^ (yi,y2, ..., yN) is nonvanishing functions of N variables yl5y2,— yt<; 

N> l,Cj# o,j = 1,2,3,...

Consider

« T2„.,„ (x;k,€)Mj::;(y„y;,- - -yM ;z)t2" (l + P)„„
.*> sn^2 /m-H*

= iT2„jB(x;k^)
n=0

_ _J_^C Q (yi5y2)----yN)zjt
j=o(n-qj)!

2n (i+P).
“STx2 'm+]

-(2.4.3)

Re placing n by n + qj
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Z ZT2m+2n+2{ij(x;k^)-icjQtl+pj(y1,y2,— yN)zjt2r,+2qi^ m̂+n+ty

00 / V - . 0O , Xt2”(l+P),
yNXzt2’)'ET2n„2„^(x;k,<)—

j=0 n=o * n!^),

m+n+qj

m+n+qj

m+n+qj

Zc/VpjCy^o—yNX*2q)j
j=0

£{_ir22n,^(m + n + qj)(1 + p)^(i^ , a
- (l + PLn*,(iL„tqi ^

by... .u sin g. .definitions, .of .T2n (x; k, £)

£Cj*W(y i>Y2>---- yntzx2qJ
j=0

.(-lr^On + qj) ^m+n+qj''
n=0 (l + p^j

m+n+qj V “ J
22”w’-Y:««j^2k;<X-4*2)p

Sc Aw(y i • y2>—yNXm+cu){- O'""' 22n”2qi(zt* J
j=o

n=0\ n J
-—(2-4.3)

From the generating function [26] (see also Srivastava [34]).

i["“j^„(x2;k)t'1 =(l-t)-(""k+,<kexp.|x2 l-(l-t)k

■Y;[x2(l-t2)^;kj ------(2-4.4)

where m is any non negative integer .

Using equation (2.4.4) in right hand side of equation (2.4.3) we obtain.
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iT2m»2a(x;k.<)ME5fe'.,y2, —yN;z)‘
2n (l + P)m+n

m

— ~ yM)-(-ir')i(m + qj)!.22'”*2’i
j=0

(zt2")i(l+4t2p<"*qi)Wl" exrH x 2k l-(l + 4t2P|^+qj.[x2^--2(l + 4t:

exp.|x2k l-(l+4t2)^ |(l + 4t2)\-(P+m<+l)/<

icjfl-^ty ,.y2, — yN )• (- 0”4qi (m + qi^2"^
j=0

f t2 V

vl + 4t!,
Y^-fx2t(l + 4t2)^;/

exp|x 2k l-(l + 4t2)^]l(l + 4.2)-(|,™W)'!

icA^(yi.y2.—y„X-ir’i(n>+qj)!22"^
j=0

(rt
2/m+qj yp

(i+P]L* "4,i

f

\
2k (l + 4t2)~^;A a

l + 4t2
0+P)
Til

m-t-qj

2/m+qj

= exp^j X.2k l-(l + 4t2)^ 1/ 2 Wp+mf+iy* « (1 + P)^ ^ /

T2n,.2qi(X'(l + 4t2)%';k^) r t2 v

Vl + 4t2y
(2.4.5)
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This is bilateral generating function for even case of second set (Tn(x; k, /)} 

Similarly we obtain bilateral generating function for the odd case of second 

set {T„(x; k, /)} as follows.

S T2m+2n+1(x;k,f)——— 
n=0 2m+2a+lK ' CX/TS

m-fa M«(y„y2,...... .y^z)!2”1

= j5,ci-a™(y'>y!>......yNXxtXzt!‘1,),.(-ir"1' -

• + —(2.4.6)

Using the generating function (2.4.4) in right hand side of the equation 

(2.4.6) we get

VT (v- V- P)m+n \*P,M .„\*2n+l
jL. 12m+2ii+lV'Siv>*'/
n=0 (3/2).

M^q(y„y2J... yN;z)U

t(l + 4t2)
(_p<_^L+m<+i)/<

.exp.jx2k l-(l + 4t2)-^

£^„.pi(y,.y2.--.yN)^riT2»^(x(1+4t2)^'I';k’<>

j=o 14'AJ.'m+qj

f t2 V

v1 + 4t y

--(2.4.7)

Combining equations (2.4.5) and (2.4.7) we obtain bilateral generating 

function.
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yN;zXl + P ~ 2P 6).+ |j]f

z
a = 0

T2» + . (x;k,/)M (y I. y 2. •

111-’

(1'2+ «)->[r]

= exp i - (i + 4t2 yl//t i £ Cj(y,,y2..... • y w) z
l J j=« V 1 + 4 t2

n + 4t2)"('pt",+l)" n + R) j/------------- -------------------- ( T2m,2^ ■(*(! + 4t2)"^“;k.O
0/2)- + « 

t(l + 4t2X( ,) #(l - P),
p *qi

•T 2m «-2<d +1 ^ X (j + 4t2y'Ak'lk,eIFF”V2 /jo t qi

Put p = -1/2, k = 1, / = k in equation (2.4.5) we get 

ZT2m+2n (x,k)M J1. (y„y2,— yN;z)t3. 2n
n=0

/ * \ *
exp- x2

..

l-(l + 4t2)k
•(l + 4t3)^nk+^k

£cinWjG'i.y2.—y n >r2m fx 0+4'2) '3t.k
j=o \

By definition of (2.4.2), equation (2.4.9) becomes,

f t2 ^

vl+4t2,

|1T2m+2«(x;k)MlS6ri»y2»—
i=0

4+4^4)%
'

/ V"1
x2 l-(l + 4t2)k

_ _

k 2m,2q
t(l + 4t2 )

%2k
;y.>y2>—yN;z

r t2 v

vl + 4fy
(2.4.10)
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Similarly putting p= -1/2, / = k, and k = 1 in equation in (2.4.7)

00

5'n^2ni+2n+l
n=0

(x;k)M^(yl5y2,— yN;z> 2n+l

t(l + 4t2) ^Bk+2+2^/k exp.< x2 l-(l + 4t2)k

j!CiQ^Pi(yi’y2’----- yN)T2m+2qj+i[4 + 4t2)^k’k)-

t(l + 4t2) ^mk+2+2^/k exp / x2 l-(l + 4t2)k

< t2 ^

^1 + 4t2 j

A 2m+l,2q
x(l + 4t2)

~Yi\2k
;yi,y2>—yN;z

f t2 ^

vl + 4t j
— (2.4.11)
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Combing (2.4.10) and (2.4.11) we obtain bilateral generating function.

—yN;z)t'

(l + 4t2 )“(mk+(k+,^l)/k exp.jx2 fl - (l -f 4t2) ^

[(l + 4t2)^A2nl
2q

~y%./ -\ 72k
x\l + 4t J ;y„y2,— yN;z

f t2 V
+

+ tA 2m+l,2q

■ Ak
x(l+4t2) ;y„y2,-,yN;z

( t2 v

vl+4t2,

1.
(2.4.12)

Particular Cases:-
Case(I): For k = 1, equation (2.4.12) gives the bilateral generating function 

for Hermite polynomials

£H2m+n(x)My (y,,y2>_yN;z)tn
n=o l|)q

^2m,2q

------ (.2.4.13)+ tA',2m+l,2q

-K ( t2 ^x(l+4t2) ;y,,y2.—y
1 +4t3

">2
x(l+4t2) ;y,,y2,— yN;z( t2 V

v^l + 4t j
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where

A'm,Jx;yi>y 2 —yN;t]= —yN)tn
n=0

Case: (il)

C’

By Substituting Til = 0,q = — yN)= yj-
We obtain the following bilateral generating function due to Thakare and 

Madhekar. [39,p.36 (4.6)]

n=0

, T„ = (, + exp {.. a
IT exp.jx l-(l + 4t2)^ }.G ( ^ \ v. ^

J l 71 + 4t2 J

where,

(2.4.14)

<*n(z)=X
2
E

j=0

bh

V } J
8jZJ

X = x(l +4t2)^k .and,

G(x;z)=£8„
j=0

(l + ^TjxikJ+T^.fck^-
n!

(2.4.15)

Case: (III) For Z = 0, So = 1 in equation (2.4.15) we get the generating 

function obtained by Thakare. and Madhekar.
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f;T„(x;k)
n=0

tl
1° ii

Y(l + 4t2^2,2tr2xt + (l + 4t2r*2k — (2.4.16)

where Y = exp

Case: (IV) For k = 1 equation (2.4.16) reduces to the generating function for 

Hermite polynomials given by Doetsch[13],

Z~W
(l + 4t2) ^ (l+2xt + 4t2 )exp (

\

4x2t2 ^ 
l + 4t2,

—(2.4.17)
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(2.5) Recurrence Relations:-

(i) From Konhauser [17,p.305] Doetsch [13] we have

xDZ“ (x;k)=knZ“ (x;k)~ k(kn - k + a + 4 Z“ , (x; k) ------(2.5.1)

Replace x by..x2k;a.by.p,k.by.£

-^T DZj (x21; t) = irf,ZS (xJk;()- t(ne -1 + P +1), z£_, (x“ j)
ZKX

xDZ^(x2k;^)= IkniZl (x2k ;l)- 2k£(n£ -1 + $ +1), Z\_x (x2k j)

multiplying by
(-l)°n!(l + n)„

(1 + P).

(-l)nn!(l + n)„ 2kn4-l)°n!(l + n)„ZS(x2t;^)

(l+P). “V ’ ' (1 + P)„

-2W(n<-« + p + l)((-l)"n!(l + n)„ / ,k v

O^pI * ’

xDS2„(x;k,l) = 2knlS2l,(x;M)+2knl(n< < + P + 1);2(2n (x;k,<)
(J3 + n)

= 2kn€S2 (x;M)+ z£+J+AS2n_2 (x;M) - - -(2.5.2)
(P + n)
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Replace x by x2kand a by-|3/ ,and k by / in equation (2.5.1),

.2k

2kx 2k- T DZ f (x2k; «)= n,zT (x21; - p « +1), Z^1" (x2k; <)

(-ij-nifeX^xx' _p,f ,k X 
(1-Pl2k DZ” *

(-l)"nlfe),2Mx2 p, (ik. ,■)

^ n(i^pf°'X‘^ne1~pr+ *)<■z~-?(xlk;e)

.J>{x,Z?(xik;4=x,DZ?{x,i-,t)+lx,-'Z?,(!i*;t)

x,DZ^(x2k;£)=D[x'Z^(x2l;^)]-fe'-,Z^(x2l;4

rrDS2 +1(x;k,^)-~-S2n j(x;k,^)= n£S2n+,(x;k,^)
2k 2k

+ n(i2-p)l)2(n< -e~W+1)« s2.-> (x;M)

xDS2a_,(x;M)= (l+2kn£)S2„1(x;M)

+ 4ni-n + ~5~+ ’)' S2„_>(x;k,l)-------- (2.S.3)
(n-p)

Combining (2.5.2) and (2.5.3)
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xDSn(x;M)= (2k4f]+1 e)Sn(x;M)

, 4k4fMf]-<+P + l-(P^ + P)e),(2n-l-|-e)s.-2(^;k,^)
fe]+P-2pe)

— (2.5.4)

(II) From Konhauser [17, P. 308, equation (16)] We have recurrence 

relation

k(n + l)Y“+1 (x;k)= xDY“ (x;k)+ (kn + a +1 - x)Y“+I(x;k)....(2.5.5)

Re place. .a.by.p, k.byi, x.by.x2k

4n + l)Y^1(x2,t;<)=-^TDYr(x2k;«)+(n« + (J + £ + l-x2k)Y„f'(x2k;<)
ZKX

M ultiply ing. .by. .n!..(- l)n+1 (2 + n)n+1

4n + l)(2+l)1„1(-ir'Y.B.,(x;f)=n!(-ir,(2+nLI^DYf(x2k;<)

+ (-1)”“ nl(irf + p +1 - x2k \l + n)„, Y„p (x2k;/)

^„t2(x;k^) = -i(-l)”n!(2 + nL,DYf(x2k;^) 
2k

-(-!)” n!^ + p+l-x2l)(2 + nL1Yf(x21;/)

But
/ x _ r(2 + n + n+l)_ (2 + n + n)r(2 + n + n) 
V +n)„+1- r(2+n) (l + n) r(l+n)

= 2(2n + l)l(l'n,n) = 2(2n + 1X1 + n), 
T(l + n)
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= ^2(2n + 1X1 tn^-l^lDY Vk;i
2k n

2(2n + l)(nf. + p +1 - x2k X~l)n n!(l + n)n Y

(2n + l)DT2n (x;k, i) - 2(2n + lXn* + p +1 - x2k)T2n (x;k

Replace a by -P^, k by ( and x byx * in (2.5.5)

<(n + l)Ynt,'(xJt;<):
.2k

2k.2x
DYn^f(x2k;0+(n^-P^ + l

2k-l n

(- l)n+I n!22n+3 (3 / 2)n+J x
Multiplying above equation by

(1-P)n+l

x£(-irl(n + l)! 22n+3(3/2)n+1
In+l Vx >

(I-P)
;*)

n+l

x2 (~l)n+ln! 22n+3(3/2)
n+l

2k (l-p)
DY^W)

n+l

(n£ - P^ +1 - x2k) (-l)n+! n!22n+3 (3 / 2)n+l 2k
(1-P)n+, "+l( ’ }

But,

d[xY ~p? (x2k; ^)] = xDY“p* (x2k; f) + Y “p< (x2k; ^) 

xDYn"p'(x2k;^) = d[x Y ~p< (x2k; ^)]- Y”p< (x2k; f.)

and

(x2kJ)

,()-------(2.5.6)

x^Y^'Cx21^)
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/t/o\ r(3/2+n + l) ^F(3/2 + n) /0 V1 nA(3/2)n+1= r3/2 - ' = (3/2 + n)~~~ - (3/2 + nX3/2)

a_B) _r(l-p + n + l)_(l-p + n)r(l-p + n) 
v p;*+i r(i - p> r<i-p)

= a-P + nXl-P)„

(-4X-1)"2n o2**+l f 3 ~t~ 2tl (3/2)„
*T2n+3(x;M) = x V 2 y rn,„v-P^v2J

2k 0-P + nXl“P)n
(DxY““, (x

■ ^ + * x -^(3/2) (-l)n22a+1n)xY"p<(x2lc £)
2(l-p + nXl-»„ i >A ’ ■ ' • '

'x(3 + 2n)-DT2n„(x;M)+, ,(,3+„2n)
k(l-p + n) k(l-p + n)

- 2(3 + 2n)(nl ~ pi - x2k ) 
(1-p + n)

T2n+1(x;k,l)

~(3 + 2n) 
k(l-p + n)

x^T2n+] (x;k,l)

2(3-+2n) Inl~pi + l~x2k -~Ut2d+1 (x;k,l)----- (2.5.7)
(l-P + n)l 2kJ 2 v 7 v 7

Combine (2.5.6) and (2.5.7), we get,
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frn+1(x;M) = M (n +1+ g)
UJ (1+ n

2
-P

J

xD.Tn(x;M)-

2(n +1+ e)
/ n >

1 + -3 e
\j_2j )

t +i-x“+p-(p<+2-+P)6 .T„(x;M).—(2.5.8)

(III) Pure Recurrence Relation:-

k(n +1) Y“+i(x;k) = (a +1 + kn) Y?(x;k) - x Y“+,(x;k>... (2.5.9)

Re placing.a.byp, x.by.x2kand.k.byi

*(n + l)Yp+1 (x2k;f) = (P + l + n^)Yp(x2k;^) - xYp+1 (x2k ;t)

Multiplying by (-l)1*1 n! (l+n+l),^! on both the sides we get,

^(-lrHn + OIO + n + OY^^x^^)

= (-l)(n+l) n! (1 + n + l)n+J (3 +1 + nf) Yp (x2k; £) - x(-l)n+1 • n! (1 + n + n)n+, 

•Yf1(x2k;^)

£T2n+2 (x; k J) = -(p +1 + n^X- D(n) n!-2(2n + 1X1 + n)n Yp (x2k; £)

+ x2(2n + 1X-1)” n!(l + n)„ Ynp+1 (x2k ;t)

= -2(2n + 1X3 +1 + n^X- l)(n>n!(l + n)„ Yp(x2k;/)

+ 2(2n + l)x(-l)(n)n!(l + n)n Yp+1(x2k ;£)

= -2(2n + 1X3 + 1 + n^)T2n(x;k,^)+ 2(2n + l)xT2n(x;M) ------ (2.5.10)
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Replace x by x2*, k by l and a by -(3/ in (2.5.9)pure recurrence relation

*(n + l)Ynt,' (x2k ;*)= (- P* +1 + n<)Ynt,' (»“;*)- (*a;*)- -

By..deftition.of.T2ntl (x;k,<)=Y^x* ;/)

Replace n by n+1

T2n+3 (x;M)
(-ir(n + l)!-22°rtfeL|X

Multiplying above equation (2.5.11) by

(-I)"1 n!22°*3feL,x

(1-PLi
we get,

(-ir(n4.1)l22"k3Q4L,x

(i-PL,

- 4x(- W +1 + ntpn + 3) (- Q" n!22"' fc)„ / a. \
0-P + n)-2 (1-P)„ » V • ;

4x(2n + 3) (-l)"n!22“'(K)„ YwL*.( 
(l-P + n)-2 (1-P) " V ’

Using definition of T„(xdc,/)

(2.5.11)
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^(x;k,,)=_2ten!±0MTM(x;k>,)+2^Ti
(l-p + n) (1-P + n)

We combine above even and odd cases,

rrn+,(x;M):
- 2(n +1+ €e)[i + ^ + p-(j3^ + p)€]

T„(x;M).

4-

2x(n +1+ e)
Ttt(x;M)

(x;M)
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