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Chapter 5
F AL I

§5.1 Fuzzy Ideals: -
Let (X, A, V) be a Fuzzy lattice. A nonempty nonfuzzy
subset S of X is a fuzzy ideal of X if,
i) (S, A, V)is a fuzzy sub lattice.

i) xeXaeS=>xAaeS.

» Theorem 5.1: -
Let (X, R) be a fuzzy lattice. Let S be nonempty crisp subset of X.

Now 8§ is a fuzzy ideal of X iff,
i) Xx,yeS=>xVyeS
i) xAa=xandxVa=axeX aeS=>xeS
OR
R(x,a)>0,xe X,aeS=>xe S
Proof: -  Necessary Part:
Let S be a fuzzy ideal of X.
ToProve: i) x,yeS=>xVyeS
i) xAa=xandxVa=axeX,aeS=xeS§
OR
R(x,a)>0,xeX,aeS=>xe$S
Now, by definition of fuzzy ideal, S is a fuzzy sub lattice.
SXYES = XVyeS ( i condition proved)
LetxAa=xandxVa=a,xe X aeSs.
ToProve:x e S
Now,xe X,aeS=>xAaes. (As S is a fuzzy ideal)
= xe€8S (AsxAa=x)
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OR equivalently, Let R(x,a)>0,x € X, a € S.
ToProve:x € S ‘
Now,xe X,aeS = xAael. (As S is a fuzzy ideal)
.. Fuzzy greatest lower bound of a subset A = {x, a} of X is in S.
LetxAa =meS.
Now by definition of Fuzzy Lower Bound, (*)
L(R, A) (m) > 0 and R(z, m) > O for all z that supporﬂ(R,A).
L (Rs[x]nR<[a))(m)>0
~. min {R <[x] (m), R <[a} (m)} >0 (By fuzzy intersection)
2 Rs[x](m)>0 and R s[a] (m)>0
- R(m, x)>0 and R(m, a)>0 __(1) (By definition of R <)
Now, R(x, a) >0 (given) and R(x, x) >0  (By fuzzy reflexivity)
.. R<[a] (x)>0 and R <[x] (x)>0 (By definition of R <)
. min {R <[a] (x), R <[x] (x)} >0
~Rs@a]lAR<xDx)>0
o LR,A)x)>0
-~ X supports L(R, A).
- R(x, m)>0. _(2) By™
Let, if possible, x # m,
From (1) and (2) we get,
R(m, %) > 0 and R(x, m) > 0 which will give a contradiction to
fuzzy perfectly antisymmetric property.
SoX=Em
- X is a Fuzzy greatest lower bound of a subset A that is in S.
S XeS.

Thus,R(x,a)>0, xe X, aeS = xe S
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Sufficient Part:

Let, i) X,yeS = xVyeS
i) xAa=xandxVa=axeX aeS=>xeS
OR R a)>0,xeX,aeS=>xe€S

To Prove: S is a fuzzy ideal of X.

First we will prove that S is a fuzzy sub lattice of X.

i.e., To Prove: Dx,yeS=>xVyeS

2)x,yeS=>xAyeS

Now, x,yeS = xVyeS (by 1)

Letx,y € S. Toprove: xAyeS

Now,(x Ay)Ax =xA(yAx) (by Associativity)
=xAXAY) (by Commutativity)
=(XAX)Ay (by Associativity)
=xXAy (by Idempotent Law)

Also,(x Ay)Vx =x (by Absorption Law)

Thus, X AY)AX =xAy,XAy)Vx =x,xAye Xandxe S

=>xAyeS (byii)

Thusx,ye S=>xAyeS

Thus S is a fuzzy sub lattice of X.

Now, ToProve: xeX,aeS=>xAaes.

Letxe Xandae S

Now,(xAa)Aa =xA(aAa) (by Associativity)
=xAa (by Idempotent Law)

And (xAa)Va=a (by Absorption Law)

Thus,(x Aa)Aa =xAa(xAa)Va =a,

XxAaceXandaeS=>xAaec$ (byii)

Thus,xe X,aeS=>xAaesl.
Thus, S is a fuzzy ideal of X. [
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% Examples of Fuzzy Ideals:
1) Let X=1[a, a+n] where a, n € IR and n > 0. Let R = “almost less
than or equal to” be a fuzzy relation defined on X as a function

R: X x X — [0,1] defined by,

Rxyy = 1 if x=y
= (y-x)/n if x<y

= 0 else.

Here (X, R) is a fuzzy lattice.
LetS=[a,plwherepeIRanda<p<sa+n.

Then S is a fuzzy ideal of X.

Proof: -

LetS=[a, p]wherepe IRanda<p<a+n.
Thus, S is a non-empty non-fuzzy subset of X.
Now, to prove:
) xyeS=>xVyeS
i) R, y)>0,xeX,yeS=>xeS
So, Consider x,y € S. Toprove:xVye S
Now, x V y exists and is unique (Since X is fuzzy lattice)
LetxVy=mand A= {x, y}
i.e., To prove: meS$
Now,x e S= x<p = R(X, p)> 0 (By definition of R)
yeS= y<p = R(y, p)> 0 (By definition of R)

S R(xVy,p)>0 (by theorem 2.2)

S R(m,p)>0 (Since x Vy=m)
S m<Lp (By definition of R)
L meS , (By definition of S)
S~ XVyeS : (Since x Vy =m)

Thusx,yeS = xVyeS.
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Now, R(x,y)>0=>x<yandalsoye S=y<p

SLXSP

LX€ES

Thus, R(x, y)>‘0,x eX,yeS=>xel.
Thus, S is a fuzzy ideal.

2) X={X), X2, X3, X4, X5} and

(Sincex<yandy<p)

R(X,X) is given by membership matrix as follows:

Xj X2
X1 1 0.8
X2 0 1
X3 0 0
X4 0 0
Xs 0 0
The Hasse diagram is,
Xs

X3

0.2

0
1
0
0

0.6
0
0

[

X1

Here the ordered pair (X, R) is a fuzzy lattice.

Xs
0.6
0.6
0.5
0.6

1

Here S = {x,, x;} ¢ X is a fuzzy ideal by theorem 5.1.
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Note: Every fuzzy ideal is a fuzzy sub lattices.
But converse need not be true.
Counter Example:
Consider above example
(i.e. example 2 of Fuzzy ideal)
In that consider S:= {x3, x5} ¢ X.
Clearly, S is a fuzzy sub lattice.
(Since x; VXs=Xs € Sand X3 A Xs = X; € S)

But S is not a fuzzy ideal as

R(x;, x3) >0, xe X,x;e$» x;€ 8.

» Theorem 5.2:
Let S be any non-empty non fuzzy subset of fuzzy lattice X.

S be a fuzzy ideal of X iffaVbe S a beS
Proof: Necessary Part:
Let S be a fuzzy ideal of X.
Toprove:aVbeS<abeS
LetaVbeS. Toprove: a,b e S
By definition of Fuzzy ideal,
aeX,aVbeS =>aA@vb)eS$
=aes (by Absorption Law)
Similarly, _
beX,aVbeS =bA@Vb)es
= b A (bVa) e S (Commutative Law)
=beS (by Absorption Law)
Thus,aVbeS =abeS
Conversely, Leta,b e S. Toprove:aVbe S
Now, S is a fuzzy ideal of X. Hencea Vb € S.
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Thus,a,be S=>aVbeSl
Thus,aVbeS<abeS

Sufficient Part:
LetaVbeSeabeS
To Prove: S is a fuzzy ideal of X.
Now,a,be S=>aVbel (given data)
LetxAa=xandxVa=axeX ael
To prove; x € §
Now,xVa=aandae S=>xVael
=>X,a€8 (given data)
Thus, x € S:
Thus S is a fuzzy ideal of X. (]

§5.2 Fuzzy Dual Ideal:
“Let (X, R) be a fuzzy lattice. Let D be any non-empty
non-fuzzy subset of X. D is a fuzzy dual ideal of X if,
i)  Dis a fuzzy sub lattice of X.

i) ForxeX aeD=>xVaeD.

» Theorem 5.3:
Let (X, R) be a fuzzy lattice. Let D be any non-empty non-
fuzzy subset of X. D is a fuzzy dual ideal of X iff
i) aabeD=>aAbeD.
i) aAx=aandaVx=x,xeX aeD=xeD
OR
R(a,x)>0,xeX,aeD=>xeD

14404
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» Theorem 5.4:
Let D be any non-empty non-fuzzy subset of a fuzzy lattice

(X, R). Dis a fuzzy dual ideal of X iffa Abe D& a,b e D.

% Examples of Fuzzy Dual Ideal:
1} LetX=[a,a+n]wherea,neIRandn>0.
Let R = “almost less than or equal to” be a fuzzy relation defined
on X as a function R: X x X — [0,1] defined by,
R(x,y) = 1 if x=y
= (y-x)/n if x<y
= 0 else.
Here (X, R) is a fuzzy lattice.
LetD=[m,a+n]wheremeIRanda<m<a+n.
Then D is a fuzzy dual ideal of X.

2) X={xi, X3, X3, X4, X5} and
R(X,X) is given by grade membership matrix as follows:

Xi X3 X3 X4 Xs
X1 I 0.8 0.2 0.6 0.6
Xz 0 1 0 0 0.6
X3 0 0 1 0 0.5
X4 0 0 0 1 0.6
Xs 0 0 0 0 1

Here the ordered pair (X, R) is a fuzzy lattice.
Here D = {x,, x5} ¢ X is a fuzzy dual ideal of X.
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Every fuzzy dual ideal is a fuzzy sub lattice.

But converse need not be true.

Counter Example:

Consider above example (i.e. example 2 of fuzzy dual ideal)
In that consider D = {x;, x;} ¢ X

Clearly, S is a fuzzy sub lattice.

But S is not a fuzzy dual ideal as

R(x;, x5)>0,x,€ D, xs € X # x5 € D.

§5.3 Definition: Fuzzy ideal generated by crisp subset
“Let (X, R) be a fuzzy lattice. Let H be any non-empty non-fuzzy
subset of X. Then the smallest fuzzy idea! of X containing H is
called fuzzy ideal generated by H and it is denoted by (H].”
ie,(Hl=n {Ic X/lis a fuzzy ideal and H c 1}

§5.4 Definition: Fuzzy dual ideal generated by crisp subset
“Let (X, R) be a fuzzy lattice. Let H be any non-empty non-fuzzy
subset of X. Then the smallest fuzzy dual ideal of X containing H
is called fuzzy dual ideal generated by H and it is denoted by [H).”
ie, [H)y=n {D g X/Dis a fuzzy dual ideal and H ¢ D}

» Theorem §.5;
Let (X, R) be a fuzzy lattice. Let H be any non-empty non-fuzzy
subset of X. Then,
(Hl={x e X/R(X, h,3Vh;V....Vhy) >0, h; € H, nis finite}

Proof:

Let P={xeX/R(x, h}V h;V....V h,) >0, h; € H, n is finite}
To Prove: (H] =P
Now, H is non-empty, Leth € H.
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Then R(h, hVh)>0,Vh eH (by theorem 2.1)
. heP S HcP P
Thus, P is a nonempty nonfuzzy subset of X containing H.

Letx,yeP. _
Hence, R(x, h;V h,V....V hy) > 0, h; € H, n is finite and
similarly, R(y, k;V k,V....V k) >0, kj € H, m is finite.
S~ R Vy, hVhV....VhVKVEKV...Vk,)>0,
where hj, kje H, n + m is finite  (by theorem 2.2)

S XVyeP. (By Definition of P)
Thus,x,ye P =>xVyeP.

LetR(x,8)>0,xe X,ae P ToProve:xe P
Now, a € P = R(a, hV h,V....Vhy) >0, h;e H, nis finite
- R(x, h}VhV....V h) >0, h; € H, nis finite
(by theorem 2.4)
L X€eP (by definition of P)
Thus, R(x,a)>0,xe X,aecP=> xeP
Thus, P is a fuzzy ideal of X containing H.
Thus only to prove:
P is the smallest fuzzy ideal of X containing H.
Let, J be a fuzzy ideal of X containing H.
ToProve: Pcl.
LetxeP
s R(x, iV h V...V hy) >0, h; € H, n is finite
Now, H c J. Thus h; € J and n is finite.
S hVhV... . Vh,eJ (Sincel is a fuzzy ideal of X)
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Now, J is a fuzzy ideal of X, h,V h,V....V h, € J and

R(x, hV h,V....V hy) >0 ,n is finite

Lxel (by definition of fuzzy ideal)
Thus,xe P = xel

Thus, PcJ.

Thus, P is the smallést fuzzy ideal of X containing H.

Thus, P=(H]. O

» Theorem 5.6:

Let (X, R) be a fuzzy lattice. Let H be any non-empty non-
fuzzy subset of X. Then,
H)y={xe X/RhVhV...Vh,x)>0, h; € H, nis finite}

§5.5 Definition: Let (X, R) be a fuzzy lattice. Leta € X.

Define (a] = {x € X/R(x, a) > 0}.
Then (a] is said to be fuzzy principal ideal generated by ‘a’.

» Theorem5.7:

Proof:

If 1 is a fuzzy ideal of a fuzzy lattice (X, R). Leta € X.
ThenIV (a] = {x € X/R(x, m V a)> 0, for some m ¢ I}
is a fuzzy ideal of X.

Now,IV(@]l={xe X'}/ R(x, mV a) >0, for some m € I}
As, I+ Letzel

Now, R(z,zV a) >0, (by theorem 2.1)
Thusz e I V (a]. (by definition of I V (a])
Hence IV (a] = &.

Thus, 1V (a] is a non-empty non-fuzzy subset of X.
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Letx,yelV(a]
Toprove: xVyelV(a]
Now, By definition of | V (a]
xelV(@]=Rx mVa)>0, forsomem, € |
yeIV(a]=R(y,m; Va)>0, forsomem, € 1.
Now, my, m; € I = (m; V m,) e I (Since | is a fuzzy ideal)
~RxVy,(mVm,)Va)>0 (by theorem 2.2)
~xVyelV(] (by definition of I V (a])
Thus,x,yeIV(a] = xVyel V(]

LetR(x,p)>0,x e X,p € I V(a] Toprove:x e [V (a].
pelV(@ =R(p, mVa)>0, forsomeme I
~R(x,mVa)>0, where m € I (by theorem 2.4)
~xelV(a] (by definition of I V (a})
Thus, R(x,p)>0,xe X,pelV(a] = xelV(a]
Thus, IV (a] is a fuzzy ideal of X. [J

Crisp union of two fuzzy ideals of a fuzzy lattice (X, R) need
not be fuzzy ideal.

Counter Example:-

X= { X1, X2, X3, Xa}

R(X,X) is given by grade membership matrix as follows:

X1 X2 X3 X4
Xi 1 0.6 0.5 0.6
X2 0 0 0.8
X3 0 1 0.3
X4 0 0 I
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The Hasse diagram is,

Here the ordered pair (X, R) is a fuzzy lattice.
{x1, X3} and {x,, x,} are fuzzy ideals of X.
But {x), X3} U {Xy, Xa} = {Xy, Xp, X3} is not a fuzzy ideal of X

(Since x; V X3 = X4 €{X), X2, X3}).

» Theorem 5.8:

Proof:

Let (X, R) be a fuzzy lattice. Let C be & chain of fuzzy ideals

of X. Then P = ¢ is a fuzzy ideal of X.
ce C

Now, P # & (Sincec e C= c# )
Letx,y € P. ToProve: xVyeP.
xeP=>xec,, forsomec, €C.

yeP=>xec,, forsomec,eC .

Now, either c; S c,orc; c¢;  (Since C is a chain)

Without loss of generality, let ¢; < c;

X, Y € G
L XVyec,. (Since c, is a fuzzy ideal)
L XVyeP (Since ¢, C P)
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LetR(x,y)>0,x e X,y € P ToProve: x € P.
yeP=>yec, forsomece C
NowR(x,y)>0,yecandx € X

=>XEC (Since ¢ is a fuzzy ideal)
S XxeP

Thus, R(x,y)>0,xe X,ye P=>x e P.

Thus, P is a fuzzy ideal of X. [

Remark: Let (X, R) be a fuzzy lattice.
Let S be a fuzzy ideal.

ThenaeSorbeS=>aAbeS
' (by definition of fuzzy ideal)

But converse need not be true.

ie, aAbeS#»aeSorbesS.

Consider the following example:
X"‘{Xl, X2, X3, X4, Xs} and
R(X,X) is given by grade membership matrix as follows:

X, X3 X3 Xy Xs
X1 1 08 02 06 06
X, 0 1 0 0 06
X3 0 0 ! 0 05
X4 0 0 0 1 0.6
Xs 0 0 0 0 1
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The Hasse diagram is,

Xs

Xi

Here the ordered pair (X, R) is a fuzzy lattice.
Consider, S = {x, x3}.
Clearly S is a fuzzy ideal.

Consider x; A xy=x,; € S. whereas, x; ¢ Sand x; ¢ S.

§5.6 Fuzzy Prime Ideals:
Definition “A proper fuzzy ideal S of a fuzzy lattice X is said to be fuzzy
prime ideal of X, ifaAbeS=>aeSorbeS.”

% Examples of fuzzy prime ideals:
1) LetX=[a,a+n]wherea,nelRandn>0.
Let R = “almost less than or equal to” be a fuzzy relation defined
on X as a function R: X x X — [0,1] defined by,
R(x,y) = | if x=y
= (y-x)/n if X<y

= 0 else.
Here (X, R) is a fuzzy lattice.
Let S =[a, p] wherea<p<a+n
Then S is a fuzzy prime ideal.
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Solution: Now, S is a proper fuzzy ideal of X.
(See example lof fuzzy ideal)
To Prove: S is a fuzzy prime ideal.
Let xAyeS.
ToProve: xeSoryeS.
Letm=xAy.
smeS
Now L(R, {x,y})(m)>0
and R(q, m) > 0 for all q that supports L(R, {x, y}).
Now,meS = m<p (by definition of S)
S R(m,p)>0 (by definition of R)
By fuzzy perfectly antisymmetric property,
R(p,m)=0
~. p do not support L(R, {x, y}) (b

Let, if possible, x¢ Sandy ¢ S.

S Xx>pandy>p. (by definition of S)
S R(p,x)>0and R(p,y)>0 (by definition of R)
- Rs[x] (p) >0 and R<[y] (p)>0 (by definition of R<)
-~ min {R<[x] (p), Rs[y](p)} >0

S (Rs[X] " RslyD) (p)> 0

- LR, {x,¥}) (p)> 0

=~ p supports L(R, {x, y})

which is contradiction to statement (1).

Hence our assumptionx ¢ Sand y ¢ S is wrong.
~xeSoryeS.

Thus, x Aye S=>xeSoryeS$

Thus, S is a fuzzy prime ideal.
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§5.7 Fuzzy Distributive Lattice:
Definition: “Let X be a fuzzy lattice. IfaV(bAc)=(@Vb)A(aVc),

V a, b, ¢ € X then X is a fuzzy distributive lattice.”

» Theorem 5.9: (Stone’s Theorem)
Let X be a fuzzy distributive lattice. I be a fuzzy ideal and D

be a fuzzy dual ideal of X such that | ~ D = (J then there exists a
fuzzy prime ideal P of X such thatIc Pand PN D=,

Proof:
Letf={ g X /1 is a fuzzy ideal of X containing [ and ] n D =}
Now,Ic X, lisafuzzyidealof X, Icland InD=(.
~lef ~ F #: &
LetCbechaininfFandM=U ¢

ce C
Toprove: M ef
Now, M is a fuzzy ideal of X (By theorem 5.8)
ceC=cef=Ice ~ (by definition of F)
Thus,VceC, Icc

LlcUcec= IcMm
ce C

ceC>cef =2¢cnD=0 VeceC

2MAD=Uc)NnD=U(ND)=U0 =0
ce C ce C ce C

Thus, M is a fuzzy ideal of X containing I such that M A D = @.

~MeF

Submitted by Sachin H, Dhanani Page 51 of 65



‘m" A Study Of Fuzzy Lattices 'I:X'

We have, Zorn’s Lemma as,

Let X+, F D, F c PX), ifforany chain Cof F, U ce F

ce C
then there exists a maximal element in F.

Thus, by Zorn’s lemma, there exists a maximal element, say P, in

To prove: P is a fuzzy prime ideal of X.

Now,P e f
~. P X, Pis a fuzzy ideal in X containingland PN D= .
As D # @, P is a proper subset of X.

Thus P is a proper fuzzy ideal of X.
LetaAbeP. Toprove: aePorbeP.

Let, if possible, a ¢ Pand b ¢ P.

As, P is a maximal element in | and by theorem 5.7, we get,
P V (a], P V (b] are fuzzy ideals of X.
Also,IcPgPV@landIgcPgPV (bl

Hence,(PV(@]) "D Zand (PV (b)) nD=» .
Let,d;ePV(al,d,e PV (b]andd,, d;, € D.

die PV(@]= R(d;,mVa)>0 for some m; € P
d;e PV(b]= R, m;Vb)>0 for some m, € P
R(d;Ad;,(mVa)A(m,Vb))>0 (by theorem 2.2)

~RAAD, (M Am)V(im Ab)V(@aAm)V(@Ab)>0
(Since X is a fuzzy distributive lattice)
Now,d|,d, e D= d; Ad, € D. (Since D is fuzzy dual ideal)
S(MmAmMV(mAb)V@Am)V@Ab)eD. R ¢
(Since D is fuzzy dual ideal)
Now, m;, m, € P and P is a fuzzy ideal

= mlAmzeP
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Also, R(m; A b, my) >0, m; & P and P is a fuzzy ideal

=> mAbeP

Also, R(a A my, my) >0, m, € P and P is a fuzzy ideal

=> aAmeP

Also,aAbeP (Given data)

S MmMmAmM)V(mMmAb)V@AmM)V(@Ab)eP. N V)]
From (1) and (2), we get P n D # & which is a contradiction.
Hence our assumption thata ¢ P and b & P is wrong.

Thus,ae€ Porb € PwheneveraAb e P.

.. P is a fuzzy prime ideal.

Thus, if | " D = & for any fuzzy ideal I and fuzzy dual ideal D
then there exists a fuzzy prime ideal P of X such that I ¢ P and
PND=g@. a

» Theorem 5.10 :
Let X be a fuzzy distributive lattice and a # b in X. Then there
exists a fuzzy prime ideal P in X containing exactly one of them.
Proof: Letazbin X
case i) R(a,b) » Oand R(b,a) » 0
L@lnb)=9g
By Stone’s theorem, there exist a fuzzy prime ideal P
such that (a] cPand P [b)= .
~aePandbeP.
case ii) R(a,b)>0 = R(b,a) =0
(by fuzzy perfectly antisymmetric property)
L @nb)=g
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By Stone’s theorem, there exist a fuzzy prime ideal P
such that (ajc Pand P [b)= .
~aePandbeP.

case iii) R(b,a)>0=>R(a,b) =0
(by fuzzy perfectly antisymmetric property)
L (b]n[a)=0
By Stone’s theorem, there exist a fuzzy prime ideal P
such that (bjcPand PN [a)=O.
. bePandagP.
From the above three cases, we get, whenever a = b there exists a

prime ideal P containing exactly one of them. N

» Theorem 5.11
Let P be fuzzy prime ideal of fuzzy lattice X then X — P is a fuzzy

dual ideal of fuzzy lattice X.
Proof: Letx,ye X~P

=>x,yeP

=xAyeP (Since P is fuzzy prime ideal)

=>xAyeX-P

Letx Aa=a,xVa=x,xe X,ae X-P Toprove: xeX-P

Now,ae X-P =aeP
=>xAa¢P(Since x A a=a, given)
=xegP (Since P is fuzzy ideal)
=>xeX-P

Thus, X ~ P is a fuzzy dual ideal of fuzzy lattice X. O
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