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A STUDY OF NON-STATIC SPHERICALLY SYMMETRIC
SPACE-TIME IN EINSTEIN-CARTAN THEORY OF
GRAVITATION.

1. Introduction:

Analogous to the ‘amazingly useful’ Newman-Penrose tetrad formalism for
Einstein theory of gravitation, Jogia and Griffiths (1980) have developed a tetrad
formalism for the study of torsion in the Einstein-Cartan theory of gravitation. We
exploit the Newman-Penrose-Jogia-Griffiths (NPJG) formalism to study the role of
torsion on the geometry of the space-time structure. In this Chapter we study the non-
static spherically symmetric metric in U, theory of gravitation. Accordingly, we basic
notions and the tensors that are pertinent to the study of the metric in U, theory of
gravitation are described in the Section 2. The structure equations in the U, theory of

gravitation are given by Katkar (2008). We utilize it to find the tetrad components of
Connection 1-forms and Curvature 2-forms in Einstein-Cartan theory of gravitation in
the Section 3. In the Section 4, the tetrad components of Curvature tensor, Ricci
tensor and Weyl tensor are obtained with reference to the non-static spherically
symmetric metric in the U, theory of gravitation. The roll of Spin components on the
geometry of the space-time is observed. It has been observed that the spin tensor
influences the space-time geometry of the Einstein-Cartan theory of gravitation. If the
Spin tensor component s, = 0 and s, # 0, the space-time of U, theory of gravitation is
shown to be Petro-type 1. If however, the tetrad components of the Spin tensor are

functions of r and t alone then we have v, =y, =y, =y, =0 proving the space-
time of U, theory of gravitation is Petro-type D. However, if s, # 0and s, = 0, then
none of the Weyl tensor vanishes, showing that s, has predominant effect on the

space-time geometry of U, . In the absence of the Spin tensor the space-time reduces

to the space-time D of Einstein theory of gravitation. In Section 5, we utilize the
results of Section 4 to find the expression for the electric part and the magnetic part of
Weyl tensor in U, theory of gravitation. It has been noticed that the Spin influences

41

16264



the electric and magnetic parts of Weyl tensor. In the absence of the Spin tensor we

notice that the magnetic part of the Weyl tensor vanishes.

2. The Non-Static Spherically Symmetric Space-time:
We consider a line element of spherically symmetric non-static dust distribution

ds* = dt* - P*dr? - R*(d6* +sin* 8d¢*) (2.1
where P and R are functions of r and t and t is a commoving time parameter with fluid
vector u'.

The covariant components of the metric tensor are given by
2
gn =1 8n=—F",
Y P22 )
g33 =-R s gy = R-sin“ 8. ...(2.‘.)
The contravariant components of the metric tensor are
s 1

g Vi=j and g’=0 fori=j (2.3)

i
To simplify the computation we look for a basis 1-forms 8% such that the coefficients
of the metric are constants.

Thus a simple choice is

1
@' = —(dt + Pdr) ,
V2 "

0? =L (dt— Par) |

N

s =:J-_§-(d9—isin9d¢) , 24

0* = -:—/-_g-(dewsinedm )

Then the line element (2.1) becomes
ds’ =20'6* -26°6* ...(2.5)

Solving equations (2.4) we obtain

dt=~12——(9'+92),

NG
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92
«/—P )

de 6 +0° (26
J_R( +6°), (2.6)

icosecd

dg =- 6> -64).
¢ R ( )

For computation purpose, we obtain the following wedge products:

dt ndr = —}-912 R
P

dt/\d¢9=-.2_%(913+914+923+924) ,

icosect

dindg=-—""—(0" -6" +6" -6™),
d”\dg:"‘i%g(f’n +0" -6% -6"), 2.7
R Y

zcdsec&

do A d¢—7—9 ,

where 8% =0 A 67 is a basis 2-forms.

The definition of basis 1-forms 8% =¢(® dx’ and the equation (2.4) gives the null

vector fields as

_ R (53 +isingsh)

N

1L st+psty,

n =—=
V2

l,. =L(5,.1 - P8},

2
(2.8)

where /, and n, are real null vector fields and m;, is a complex null vector field. The
complex conjugate 7, can be obtained by taking complex conjugate of m;, .

The equation e, = g%, gives

:/._—(5* + P50y,

—=(5/ - P78Y),
f( )
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. 1 . _
m' = ———(8, +icosechs, ..(29
JER( 3 4) (2.9)

To find the tetrad components of Connection 1-forms we can take the exterior

derivatives of basis 1-forms 8 described in equations (2.4) are

1

do' = Pdt A dr
Ji[ !
Pl1 1
== =0+ )A——(0' - 6*
d@l::____}i_eu

2P

Similarly, we get

P

d92 2______912 ,
V2P
40° =_% R-’(R+%]9”+R-‘(R-%Je” R cot06® |, ..(2.10)

do* = — R“(R—i—%j&” +R"(R —%)92“ ~R'cot0o* |.

In U, theory of gravitation space-time is non-Riemannian and is described by torsion

tensor given as

| QP k
Q,,»"=—5(Kg -K,5) (2.11)

where K fj" is the Contortion tensor satisfying the property K, =0.

Using equation (5.5) of chapter I we find the expression for torsion tensor in terms of

its tetrad components in the form

Qijk =(g + ‘El)l[i nj]nk +( + 7—;1)1[1 nj]lk + (4 _ﬂ1)m[i m—J-]lk +(p, ~- p])m{,- ﬁij]nk +
+{&, nym n* - (7, +7z,)l[,.nﬂm" —(n, -, -—E)nﬁmﬂlk - &, nym,m" +
+(g, =& — pynymymt —vilm J* +(F —a, - B)lmn* + 4 Lm m* +
+(n -7 +,L71)l[,. mﬂfﬁk +(e, ~B_1)m[,. ﬁj]m"} +{c.c.}

(2.12)
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Using equation (2.12) in the equation (1.4) of chapter I, one can obtain the expression

for Spin angular momentum tensor as

S

=~—[ (e + BN = (py + P/t + (= Eym! w1 +

4 (p = p)m mnt + {(, + ) U nIm* +v " m/ 1" + Qe - 7)1V m IRt -
— AU mm* + (g, -2y )" mPm* + (7, - 28,)n' m 1 -k nUm/nt +

+an'm'm* + (28, - p) ' m'm* + (7, - m)m!' m'm*} +{cc}]
L(2.13)

The Spin angular momentum tensor S,.j" can be decomposed in terms of the Spin

tensor S,j as follows
S k=8 u*, ..(2.14)

. . . . i - .
where S, is anti-symmetric tensor orthogonal to 4-velocity vector »' . This gives

We express S, in terms of the vectors of the tetrad as

S,.j=2[§2l[imﬂ+szl{,.m +(s,+s1)l[, }}+(s, sl)m{,mn+§°m[inﬂ+sjﬁp.nﬂ]

.(2.15)

where s,, s, s, are the tetrad components of Spin tensor S, and are defined by
s, =8 =s,0'm’,
| P
§; =(8, +855)= —2~s,.j(l n’ +m'm’),

5. =5 m'n
$, =8y =sm'n’ .

1

For the choice u'=—=({"+n"), ..(2.16)
J2

the condition S,u’ =0 gives s, =s5,, 5, =-5§

Consequently, we get from equation (2.15)
Sy =205, my +myn )+ s, m +mn )+ 2sm,m )] ..(2.17)
The tetrad components of the field equation (1.4) of chapter I are given by

Qo + 5§Qﬂ5" —J;me =KS,/ ...(2.18)
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Using the tetrad components of the 4-velocity vector (2.16) and the tetrad components
of equation (2.18), lengthy but straight forward calculations give
m=r,=0,=4=0,
mrm=p+p =0,
p, =26, =pu, =2y, =—2Ks, , ...(2.19)

7 =-h=pzKs. k=7 =-Kils.

3. Tetrad Components of Connection 1-forms and Curvature 2-forms:

Connection 1-forms:

We start with the Cartan’s first equation of structure given by (Katkar 2008)

d@":—a)"ﬂ/\65+T“ , a, =234 (3.1
where ®° =y®, 67 are components of connection 1-forms,, ...(3.2)
T = K"’ﬁyeﬂ AB@”7  are 2-form ...(3.3)

and K% =K"*e el e are tetrad components of Contortion tensor and it has

the following symmetry

Ko =0 .(3.4)

By giving different values to a, £, y from 1 to 4 and using definitions of Contortion

tensor K%, described in equation (5.4) of Chapter I, we obtain

1 _ 1 pb
T'=K'0"
= ﬂraﬂalgﬂy

_ 20 pr
=Kg,n"0

= Kﬂrzeﬂr
=K,;,0" + K50 + K ,0" + Ky, 0% + K0, 87 + K, 0,07 + K,,0™ +
+ K0” + K0 + K, ,0" + K ,,0% + K ,,0%
T' = _K212912 +(Ky3, —K312)913 +(K, —Km)gm + ‘[(232623 +K24292“ +
+ (K ~ Ki3p) 0™
T' =(y,+7)6% +(@ + B, -7,)0"° = (e, + B, - 7,)8" -V,6% —v,0* —
- (uy —11,)6”
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Similarly, we obtain

T? =(¢,+£,)07 +k,0" + 56" +(r, - @ - )0 +(7, -, - B,)0* -
-(p, - p) 6%

T’ =—(T, +”1)012 +(&, - ¢ ”51)9]3 ‘51914 +( -7 “*'771)‘923 '*'2'1024 +
+(e, - B)6*

2

>

T =—~(1,+7,)0"7 —0,0" + (g, - &, — p) 0" + 1,0% +(H, -7, +y,)0" -
- (@, - B)e*
...(3.5
Substituting values of spin coefficients from equation (2.19) in the equation (3.5) we

get
T' =\2Ks.6% +2K5,0* + 22 Ks,6™ ,
T? =—2Ks, 6" —2K5,6" +22Ks, 6™ ,
T* =J2K5, 6%, ...(3.6)
T*=-J2Ks,6%.
Now, from equation (3.1) we have
do® -T* =-w® A6’
For a, f =1, 2, 3, 4 the equation gives the set of four equations as
do' -T' =-w N0 -0, NO* -0y NO -, NE*,
do* -T* =-0! AO' -0} AO" -0 AO® -0} nE*, ..(3.7)
d6* ~T’ =0} A"~} NO* —w; AO -] AO*,

dd* -T* = -0} A0 -]} AO* -0 A0’ —0] AO*.

: 1. _ _ 2 _

Since ®':=w, =0, o =aw, =0,
3 _ _ 4 _ -
@, =-0, =0, 0", =—m,, =0.

and
1 2 1 4. _ 2, ot o
D1=—02=0,, O3=01=0,, 03 =0"1 =0y, ,
3 4 1 3 3
D3=—Wa=0W, O4=0"2=0,,, a)24=a)1=a)14. .-.(3-8)

To find the components of Connection 1-form we choose

o', = 40"+ 4,0° + 4,0° + 4,0°,
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@', =B6"+B,0> + B0’ + 8,6°,
w',=C0' +C,0* +C,6° +C,0*,
w’, = D,8' + D,6* + D,0’ + D,6", ..(3.9)
o, =E@8 +E®0*+E0 +E0,
w’, = F,0' +F,0* +F,6° + F,0*.
Using equations (3.8) and (3.9) in (3.7) we obtain
do' -T' = 4,0” +(4,-B) 6" +(4,-C,)0" - B,8” -C,0™ +(B, - C,)8*
Similarly, we obtain
do* -T* = 4,6" - D,6" —E 0" — (4, + D,) 6% - (4, + E,)6* +(D, - E,)0™,
d6® —T? =(E, ~C,)0" +(E, - F) 6" + E, 0" +(C, - F,)6% +C,6* + F, 6™,

d¢' -T* =(D,-B,)6" + D, 0¥ +(D, + F) 6" + B,6” +(B, + F,)0" + F, 6"
...(3.10)
Now, using the definitions (2.10), (3.6) in (3.10) and comparing the corresponding

coefficients on both sides, we readily obtain the values of constants as

P

A =-4,=—— ; B, =2Ks, ;

1 2 \/EP 2
B, =-2K 1 R R LA C, =v2K5. ;

4= SH_\/E - P’ 2 = S, 5
C.=\2K LR“ R R . D, =-2Ks:

3 = S1+'—’2— "'? s 1= sc9
D 2K ~——1,.. (g R = 5, ;

, =—2Ks, + 2R R+—1—)— : E, =-2K5, ; .(3.11)
E, =v2ks +——r[ R+ K], ~F =2Ks. :

3 = Sl+';/—§.-R R+—1;' . E—-—Fz-— 2KS1,

1 1

F,=\2Ks, ——=R"cot8 ; F, =-2K5 +—=R"cotd

} J2 ) V2

and all other are zero.
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Consequently, we obtain the non-vanishing tetrad components of Connection 1-form

as

‘”11 =_w22 (491 )

o, =0’ =—2Ks,6' +{-\71_2—R“'(R+%)~«/§Ks1:|64 ..(3.12)

o’y =—0', =2J2Ks,0"' +2Ks,6" + L g cotd ++2Ks, |6°
3 i 1 J‘i‘

1
+] —=R"cotd-2K5, |6*
[ﬁ ]

The expressions forw's,w?s, @1, ®’2 are obtain just by interchanging 3 and 4 and
taking complex conjugate of corresponding terms.
In the U, theory of gravitation the expression for Connection 1-forms in NP spin
coefficients can be written as
03 =T +7)0 +(V +7,)0* +(A°+ 1) + (7" +15)6" .
0'a=(n"+1)0 + (V' +v)0 + (1 +1)O + (X +2)6%,
==k +K)0 +(1° +1,)0% +(0° +0)8° +(p" +p)E'], .(3.13)
o' =-[(K°+%)0 +(T +5)0 +(P° + )0’ +(T° +5,)0"] ,
o' =-[(e" +& +E +E)O +(y +y, +7 +7,)0" +
H@ +T@+ B +B)O +( +a,+ B +B)6]
o's=-[(g"+e T -5)0 +( +y, -7 =70 -
—@ +&-B B0 +(a +a - F O]
Using equations (2.19) and (3.12), the NP spin coefficients turn out to be

7= =1"=0"=0,

P
g° =\/:7:Ks + R
' Ny
P
* = \2Ks, ——,
4 EENGY
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=x° =2v2Ks,,
1 . R
* =22Ks +——~R“(R—~—) i
H 1 \[2—

P
° J_‘ 1 -1 3 JQ’
P =2 2KSI—E—R R+~f_)— R (3-14)
1
a’=-p4° =——\/§Kso+ R cotd
22

Curvature 2-forms:
To find the tetrad components of Curvature 2-forms, we start with Cartan’s Second
equations of structure

Q% =do® +0°, Ao, ...(3..15)
where dw® s , for different values of a, f=1,2,3,4 are obtained by taking the

exterior derivatives of Connection 1-forms given in equation (3.12).
Then

da»ﬂ:%( )/\(91 02)+~J§—];(d9‘~d92)

RN P PO oty L 5L en
_\/EKP P2Jdt+(P = Jdr]/\(é’ 9)+\/§P[ ﬁpa}

do' = ~£912 ,
P
Similarly, we obtain

do's = f 2K Ds. +Ks. i }9” ~2K55.0% +

AR P12{ +P§— R2 - Ks, £+—§— —J2KDs, |6" -
~2R 2P°R 2P°R 2P°R R PR

RR L PROPR Ry

2R PR 2PR 2PR 2P°R

~2K5s, —Ks,(%——@—J

PR

6% +

N _Rcoﬁ@ Rcot29 \/—KS +Ks, cotd o
| 2R 2PR R
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o

do’s =[\/§KAS° +Ks, —2}9‘2 +2K55,6 +

K

" +
PR

b

R R PR PR X
— - +
2R PR 2P'R 2P°R 2PR

kIR PR R (RORY G T
_2R 2P°R . 2P°R 2P°R R PR
coté

I 034
R

dw’s = 2K (Ds, — As,) 0" + {\/5 K(Ds, - 8s,)+ Kso(

-+

~\2KDs, +J2K5s, - Ks, (% +

_ Rcotd R'cotd

R ~\2K5s, +Ks,

L
_1_2.+£.. 013 -+
R PR

+| —2K(D5, +65,)- K5, Ry B g s
R PR

| -
-

LS

.(3.16
PR (3.16)

+|V2K(As, —-§s1)+Ks°[%—
—\/EK(A§°+6_'S1)—K§O(§ R

PR

2

cot” 8

+ R2

[ _
~2K(55 +85,)-

b

_.cotd

634
R

+ K(s, +5,)——

and do's, do*s are obtain by interchange 3 and 4 and taking complex conjugate of

corresponding terms.

Now from Cartan’s Second equation of structure (3.15) we have fora = 8 =1,
1 1 1 &
Q, =do |+, A0
— 1 1 1 1 3 1 4
=do |, +@0 A0 +O A0+ O, AD

Using values of Connection 1-form from (3.12) into (3.16) we get

i 0" +2K%s.5, 07 +\/§Ks{

+\/§K§o(\/—%{
_[ 1 (R R’

J2\R PR

NG

Q'

R_R

~V2K
R PR) V2Ks

5

a1

R R
R

_..,+_—..
PR
}6’” +\/—2_Ks°[

1

)+\/§Ksl}923 +

R_R +2Ks, |6 -
PR

1 ——— —

J2LR

}+ «/EKSI}BM +2K%5 5,07 +

R R
_._+_......
PR
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+2K%s.5, 0> +\2K5 [_\./.__(R R] \[?stx]gu
\

RTEREANESY STENATE

On simplifying we get

QY =-Q% = *£+4KZS.,§° 0" +| Ks, R_R 2K’s,s, 10" +
P R PR

+| K. L ~2K"5,5, 6" +| Ks, Ry R +2K2sos1].6?23+
R PR R PR J

+| K[ 4o |- 2K75,s, 67 4 [41@1 R g
i R PR PR

©

Similarly, we obtain

Q', =0% -l:\/—KDS ~2K%s.s, +2Ks, P}gu

+| =\2K8s, - Ks, "‘2‘9 +2Kzsj]gzs +

_.w/iKDsl _2Ksl'§"'KSI§+2K2s2

k PR P'R’ R"
+—+ + —
|"2R T 2PR 2P°R 2P°R

R R
+| =2 KSs, +2K2s s —Ks | ~—=—_1]g* +
: . °(R PRH

-

_ R R! P
~2K(As, +85,)—2Ks,| = ——— |+ K5, =+
(Ao 05 ) =285 %~ Pr 'p
o+ ks, L okrs s oK+ o ER g
2R 2PR

PrRi Rn R; PR,

2P°R 2PR PR P*R

Q% =Q4 = J‘ 2KAs, —2K?s,s, +2Ks, ;; }9*2

013

+[‘/§K5S° -2K*s*. +Ks 00“9]

Rkt TR R VYL SO
) USRI S A



. .
- R R P
~2K(Ds, -85 )—2Ks,| =+ — |+ K5, ——
(Ds, ) V2V PR 1 p
N B LUy S D) G S S PN
2R 2PR
P'R’ R" R PR
2P°R 2P*R PR PR

~v2KAs, -2Ks, E—Ksl £+2K7'slz +
+ R P 0% &+

R PR PR R
_Ii'. o
PR

+—+ + -
. 2R 2PR 2P3R 2P’R

+| -V2K8s, +2K 5.5, -Kso(—§-+

QL =-Q% =

3

+|-V2K (D5, +8s,) - 2K5, §+ 2K’5.s, }9” +

+| V2K (As, - 85,) - 2K s, ﬁ—szsosl}a“ +

+ ~-\2K (A5, +55,)+2K5, P% -2K*§, 31}924

(.

~J_K(5s +855)+K(s, +5 )°°“9

+ ) 6*
AK?s? cot?’8 R* R?
TR TR R

S

.(3.17)

f 2K (Ds, - bs,)|0" + [\/’ K (Ds, - 8s,) +2Ks, %+2K2s s,}eﬂ

4. Tetrad Components of Curvature tensor, Ricci tensor, Curvature

scalar and Weyl tensor:

We know the Curvature 2-form is defined as

1
Qaﬁ =_Raﬁ75 9}'5 >

=1,2,3,4
2

a, B, y,0

.41

By giving different values to «, £, 7,6 from 1 to 4 in equation (4.1) we obtain non-

vanishing tetrad components of Curvature tensor as

Qll = ‘%Rllyﬁ 975

53

BARR. B 143

L3 21 A W S W

1
S

8 1. DEK . LIBANRY

[

.\, h. LE:-APUR.



Q)= ‘;' 7712R2175 67
-1 [Rp1126" + Ry1130" + Ry 1y 0" + Ry 07 + Ry 07 + Ry 0,67 + Ry106°' +

+ Rng32 + R2134934 + Rzmg41 + R2142942 + R2143943]
..(4.2)

Q= _R1212 6" ~ R1213 6" - R12|4 0" - R:zzs 6" - R1224 6* - R1234 6™
Using equation (3.17) in (4.2) and comparing corresponding terms on both sides we

obtain the following non-vanishing components of Curvature tensor
P ) -
R, =;—4K s,8

Ry =
=-K5§ )+2K 58,
1214 °(R ) i
R R kg
Ry = R PR 51 s
R 1
R = [ )+2K2s s,
Ry =— 4Ks1 PR

Similarly, we get
P
i =V2KAs, +2Ks, ——2K%s.s,
P

cot 9

=2KS8s, -2K%s% + Ks.

Ry =
R R cotd
2K(Ds, -0 2Ks,| —+— [+ K ——-—K +2K%*s 5 +
Ry, = \/— (Ds,~6s,)— SI[R PRJ S1P S, R 5.5,

T2k s 2+_g_'é___ P'R’ PR+ R" +1’e’ PR’
2R 2P?R 2PR 2P*R PR P’R

R P , R PR PR R

=—v2KAs, —2Ks, = Ks,—+2K%s" +—+ + -—
Riny ==2KAs, - R0 ' "9k T2PR T2P°R 2PR
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R R’

—~V2K8s, +2K*s s, — Ks, —1,

Ry = 1 §.8 — R PR
2 P

Ry, =N2KDs, -2K*s,s, +2Ks, R

R PR PR R
—+ +——

2R 2PR 2P°R 2P°R

Ry ==2KDs, - 2KSI§—KS,—§+2KZS,2+

2

Ry, =—2K3s, +2Ks. - Ks, cotd
R

Ry = —v2K (s, +55.) -2k s, | K- B s ks, L v ks, 0 _ok2ss +
R PR P
R PR P'R’ R" R PR
+2K2%s} 4 —-— —
2R 2PR 2P3R 2P’R PR PR
R R
-V2K68s, +2K .5, - Ks,| =—— | ,
2334 1 1 R PR
Ry, =V2K(Ds, - As,)
Ry =v2K(Ds, - 8s,)+ 2K s.s, +2Ks,§ ,
_ = ) __R
Ry ="‘/_2—K(DS° +05,)+2K°5.5, —2Ks°—~R— ,
R3423 =\/5K(AS° —5s1)—2K2sosl 2Ks % vee (4_3)

4

R3424 = "‘\/iK(AEO +C§S‘)~2K2§hsl +2K§°"% .

Cotg -—-4K2S12 L S S

Ry =— w/_K(é's +§s)+K(s +35))

and Ryy; = Ryy = Ry = Ryyy =0

where the terms Ry, , Rz R Rup s Ruges Ruses Roain > Rons > Rou s Ry s

R4 > Ryq are just complex conjugates of Ry, Rz, Ry s Risss Rygy s Rizags

Rysir » Rysiss Rysias Rypss Ry Ryssy and are obtain by interchanging 3 and 4 and

taking complex conjugates of the respective expressions and all other are zero. We

note that R ;5 # R 5.5
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The tetrad components of Ricci tensor R, and Ricci scalar R are defined as

Ry =07 R s a,B,0,6 =1,2,3,4

Rop = Riggy + Roppr — Rapps = Rugps ...(4.4)
and R=7%R, =R,+R, -R, R,

Therefore the non-vanishing tetrad components of Ricci tensor and Ricci scalar are

to B PR PR
= V2K (65, +85.)~K (s, +5.)°200 L 4K3s 5 44K+ IR
( )= K (s, +5)7 S S T
R" 2R 2PR
Fo—
P’R PR PR
R, = Ry =—4K?s 5, +4K%s + Lo R (PR PR R
P R PR PR PR
R
R, =—-«/_2-K§sl—2Kso~1€ :
= _R
R, =~[2K&s, - 2K3, =
R, =—\2K (55 +85)+ K (s, +5 )C0t9—4Kzss vagis R _PR_
R PR
PR" R" 2R 2PR ’
——t e b
PR PR PR PR
R, =—v2KSs, +4K?s,5, +2Ks, X |
PR
_ e _ R
R, =2K3&s, —4K*5.5, +2K5,— ,
PR
R, =2K(Ds, +As, - 6s,)+2Ks, §+§), ...(4.5)
P R
—v2K(Ds, ~As, +5s,)—2Ks,| —+ —
V2 (Ds, —As, +Js,) (P PR)
cot9 R P R

Ry, =2K(Ds, +As, +65, +85,)~ K(s, +5,)——+4Ks g KSR

PR PR R R* R?* cot’d

+ +
PR PR P?R R®* PR* R?
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2P 4R 4PR
—t—t—+

+8K%s® —8K%s. 5, +
R PR

R=-2J2K (55 +5s,)+2K (s, +§°)c‘i;‘9

4P'R' 4R" 2R* 2R 2cot’®
t s Tt o Ty 2
PR PR R* P°R R

...(4.6)

The tetrad components of Weyl tensor are given by

1
Caﬁ75 = Raﬂyti + E (nay R,Bﬁ + Uﬂ& Ra/ ’7asR nﬁy a&) +— (ﬂa& 77,67 Uay ”ﬂ&)

.47

By giving different values toa, 4, ¥, from 1 to 4, we obtain the tetrad components

of Weyl tensor as

. 1 R
Con =Ry, + "2‘("7712R21 —NaRy)+ ‘6"77127721

1 R
Cioy =Ry, + 5(_R21 -R,)+ —6_

T2 2PR 2P'R' 2R"
PR PR PR
cotH

+8K%s,” —8K’s,5, +

| ~2V2K (55, +85,)+2K (s, +5.)

+.~. 2
6 2P 4R 4PR 4P'R'  4R" 2R2 2R"*  2cot’d
t + 2 2p2 2
P R PR PR P R R? PR R

cot 9

-J2K (55, +5s,)+K(s, +5.) —4K%s5, —8Ks, +
Coai =Coprr =— .
e A P P R PR PR X R2 R?  cot’d

+ RIPSET M w 2
P R PR PR PR 3R 3P°R 3R

Likewise, we get

Cipiz =—Cigyy = ‘JIZ;“K551 ‘-2K2S°S1 + Ks, % >
1 = 2 - _ KR

Cig =Cp ="75"K551 +2K°5.s, +KS,,“I‘)E s
1

R
Ciy =Chp = ‘:/‘-é’Kﬁsx _Kso“j'e' s
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| — _ R
Ciaze ==Cou 2‘\/——2:K531 "KS‘.‘E >
.R’
Cp =—4Ks, — ,
1234 PR
sz = "'C3413 = ”‘;'/1‘-—2“1{(DSo —As, —5S,) -~2KZS,S1 + Kss(-g--%] ,
J

Ciapy =—Cpp = x/—K(SS —2KZS + Ks C(;;e,

Cou=—Cis = ‘”“\71—51{ (45, "gso +2Ds))— ZKS,[% +-§-1—2-j +
+Ks, P _K(s, ~§,) cotd
2 R
1 1 K(s, +5,) cot@
C1324=C2413=:/‘—-£K(D51 As)+ \/EK(§S +65,)— (6 ) = +
+4K23'12+2K2SS~—-—}:—+—§- PR PR R
3 3 6P O6R 6PR 6P°R 6P R ,

R’ 4 R +cot‘9
6R> 6P*R? 6R?

Ciae =—Chppy = \/—K5S -—2K2—2+K~ CO}EQ ,

Coan = \/I—Z—K(Ds ~As, +3s,)-2K’s s, + Ks, [-?—FREJ
1 1 - = K(s,+5,)cotd
C2314:C1423=‘_J‘§‘K(sz‘Asl)”*g:/‘—é‘K(c?So-i-é'So)‘ (6 ) R +
-‘-1.-Ks1‘+2K2 "o.._.l_)_+__R; PR PR R
3 3 6P 6R 6PR G6P'R 6PR

R? . R +cot 12
6R*> 6P*R* 6R?

| B K(s,—5,) coté R R :
Copg =—Crypy =—=K(J5, =5, =2As,) + 5 ”ZKSI('E“TJi-KSl P

\[2_ R R
Cur = jEK(Ds ~ A5, -385,)+2K’5,s, + K5, (—§~_§§]
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Cop = \[Z—_K(DSI - ASl),

Cis =—Cup =—:/%K(Ds —AS, +8s )+2K 5.8+ K5 (%-%) ,

! P R
Ca =:/—§-K(DS° +As, —85,)-2K?s 5, + K, 2 PRI’ ...(4.8)
Can = "j‘;K(DEO +As, +3S})-2K2§°S1 +K§{%—--§)

and Cipp; = Cpp3 =Cippy = Cyyyy =0.
From equations (4.8) and equations (5.7) and (5.8) in Chapter 1, we obtain
K(s,+5,)cotd

1 _ _ _ , .
=——=K 5 +§ + —2K2 _2K2s — e e e
¢°o \[5 ( s, sa) R s.5, I >R T oPR
P'R' _ R# -..E- PR; >
2P R 2P*R PR P?R
1 1. P
=———=K(Ds, +As, —255,)-=—Ks,—,
g 242 (Ds. +4s. 5K
¢02 =0’
1 _ = K (s, +5,)coté 2 ¢ PR
o 2\/£ (05, +6s,)+ + 4P i
__R” cot’d
4P*R* 4R
2 1, P
P, = 2\/..K(Ds —As, +28s,)-K ssl+2KsF
1 _ = . K(s,+5)coté _ » R PR
b 372—'K(5S°+5So)“ +2Kzs°su—2Kzs1 -E—R;-FEFE-*—

P'R' R’ R' PR’

2PR 2PR PR PR

K(Ds,+As,)+Ks, —15-+1Ks £

2\/" R 2 —°p’

4 =71_2—K(Ds1 +As,) +2Ks, §+Ks, %,

kD5, -a5)+ K5, X+ Lxs £ ks,

2J“ : PR 2 °P
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cot g

~2K8s, - Ks +2K7s,
t//,=—~1——K(Ds°—As 25sl)+ —Ks, REP +2K’s.s, ,
242 R PR P
W, = K(Ds, —As)) + —— K (55, + 55,) ~ L. +5) c0tO 445 2
V2 W2 6 R 3
2 P R PR PR R R2 R?  cot’9
+=K?s 5 ——+— + 5 — +——
3 6P 6R 6PR GP'R G6P'R GR™  GP'R’ ' GF
K(Ds, + As, +2§s)—~—Ks £ K_P +K’5,s, ,
2\/' 2 R PR P
v, =NZK55, + k5,500 _ox252,
©, =—— K (@Ds, +65, - 5s,)+ KL Z8) ot0 0o R R _iks, &
2 R PR P
©, =——K(Ds,-As)+ ks | Re B2 (4.9)
242 2 R PR P
®,=0,
i . R’
0, =“2J§K(DSI—ASI)+IKS1-;)~§ R
0,, =——-—K(DS°—ASO+25S1)—~I—KSO £—£—+£ +iK’s,s, ,
22 27 °\R PR P
0, ::/%-K(éfi——gso+2Asl)+1K(‘s°—s°) C(;;g-— K 1(5_%J+1Ks1—-,
i
=——=K(Ds, —As,).
X \/5 (Ds, 1

The components of g, ,¢,, and®, , @,, are obtain by taking the complex conjugate

ofg,, ¢, and®,, ®,, respectively.

Now, we assume that s, and s, are the functions of r and t. Since,

= I A= .n

o= m
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These definitions together with equations (2.9) we obtain

1
Ds,=—(s,,+—=5s.,)
o ﬁ( ot P o,r)
ASe =_15(Sn,t —%So,r) b
ds ! (s,, +is,  cosecH)
=———F= N
° \/'Q-R °,8 [X] b
Ss —————l—--(s —is, ,cosect)
e .\/ER o8 °.¢ ]
1 1
Dy, =—(,,+—5,,),
° \/E(go” P o,r)
AY, =_j§ 5., —%i,,),
X3 ————1——-(§ +i§, ,cosect)
oJar ’
85, =- 1 (5,,-i5, ,cosech)
o «/_Z_R 8 o4 ’
1 1
Ds, =7-2"(S1J +;Sl,r)9
1 1
As =ﬁ(sl,t"ﬁsl,r)a
s, = 1 (s, +is, cosect)
1“"\/—' 1.8 1,6 ’
2R
Ss, = 1 (s is, ,cosecH)
;"_J- [N W) »
2R
- | - 1_
Ds, =“ﬁ(sl,z +Fsl,r) ,
_ 1 1_
As, =ﬁ(sl,t_;sl,r)’
1
05, = ——=(5,, +15, ,cosech), ..(4.10)
Jog e T
55 = -t (5,, -5, , cosech)
x—‘\/— L8~ f°Le .
2R
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Using equation (4.10) in (4.9), we obtain

K(s,+5,)cotd

-2K’s. 5, -
2 R

1 _ i -
é., Z—Z-EK(SO’B +5,4) —~ijz—Kcos;ecr@(so,¢ —-5,,)+
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1 1 i 1. P
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52 12 2 ’
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2 ’ R 2 P
1 R P
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4, —-—~-K§”+K“‘,-£ti——~1~—l-l<§¢,—}-)——1’(2:s‘osl ,
PR P
. =-I1-€K(soﬂ +is, cosecd) - Ks, coté 2K?s”?
1//1=-1-K -—l—st,,+—1—s“,+—l—s1¢,cosect9)+-1—1<so R.E_P +2K?%s.s, ,
2 P> R R 2 R PR P
1 1 _ i _ K (s, +5,) cot@
=K|—s,, —— (5, ,+5,,)+——cosecO(s,, —§ - i +
¥V, l:Psl,r ok (S.6+5.4) 6R (5.4 °,¢)} 5 I
.. .. . , s
+—£}-K2s12+—2-K2so§°————-+—-R—+ PR, Pf - R2 - Rz +
3 3 6P 6R 6PR 6P°R 6P°R 6R »

R cot’ @
-t

+
6P’R* 6R’
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1 (. 1 i 1, (R R P _
v, =5K (so’, —Esw +—1€s,,¢cosecl9)—-§KS° (};+—ﬁ-};J+K2&S; >
K
v, =—.E(§c,6 ~i5,,cosectd) + K5, cot9_2K2§°2 ,

i < 1 5 )+i 1
O, =57 K5, =5.0) + 55 KeosecO(s,, +5,) +iK (5, +25,)+

‘K ——- ' 7 : b
+Z (s, =) c0t6+2iKs1 —1-3-—+-—1?— —iKs,—}z
2 R PR P
o, =——ks +iks | B, R_P)
2 R PR P
i . R
@11 =?FKS1,,, +IKS1}SE 5 (411)
®,=-~K (—1~s°,-—-l-s,9——l—-swcosec@)ﬂKzsosl—iKs° RREP ,
2 \P " R ™ R~ 2 R PR P

i _ 1 - . 1
0, = -2751((&,,0 —5,0)+ —2—-EKcosec¢9(sc,¢ +5,,)+iK(s;, —-}—)—sl,,) +

G HEGo5) cotl g | RO R ik, 2
2 R R PR P

>

i
xX= “;;KSU, .

Corollary (1): If s, =0 and s, # 0 then we have

W, =y, =0,

Y, = E%K (sw +is1’¢cosec0) ,
1 4., P R PR PR R R R? cot’d

W, =K—s,, +=K's ——+—+ e =t ——+ >
P 3 6P 6R 6PR 6P°R 6P°R 6R" 6P°R 6R
1 .

W, =§K (— 510 +zs1,¢cosec0) .

63



Vanishing of y, and y, shows that the space-time of U, theory of gravitation is
Petro-type I. We also notice here that if the tetrad components of the Spin tensor S|,
are functions of r and t alone then we have in this case

y, =y, =y, =y, =0,
proving that the space-time structure of U, theory of gravitation is of Petro-type D.
Similarly, we obtain

0,=0,=0,

(~)°‘,=iK(sl,+~1—.5‘1,)+21'Ks1 £+—1—2— —iKSl-I—)-
Y R PR P

b
!

@, =——Ks, +iKs, X
T PR

i
09, =

R K (s,ye +is,, cosec&) ,

O, =iK(s,, —-—1};31,,,)-—21'1(51 (%—%JHK& £ ,

P
=—~-;;Ks,,r,
¢o =¢2 =0 >
1 R P
¢1 ="2—KSL, +2KSIE+KS17)' .

it R PR PR KRR
2R 2PR 2P°R 2P°R PR P°R

¢°l =¢12 = - EEK (Sl,e +isl,¢COSecl9),
P R? R'?  cot’@
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+ b
2R 2PR 2P°R 2P°R PR P°R
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Corollary (2): If 5, #0and s, = 0, then we have

cotd

1
v, = }K (5.0 +is°,‘¢ cosecl)—-Ks, +2K2502 ,
| . .
Wi:_K(lSor)+leo _1?___{{_...5 s
2 P 2 R PR P
3 1 _ i _ K(s,+5)cotd 2 _
v, ~K[——6—E (5.6 +s°,9)+gk—cosec9(so,¢ ——s°’¢)}- < 2 +—3—-Kzs°s° -

P R PR PR R R R" cot’ @

—— et - - + -+
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vi=Lis, L [RL R _P)
2 27(R PR P

cotd —2K2§°2 ’

” z_%(g“ﬂ ~i5, ,cosectd) + K5,

We see that none of the components of the Weyl tensor vanishes, showing that the

component s, of the Spin angular momentum tensor has predominant effect on the

space-time geometry ofU, .

0, =0,

- B i N iK(s,—5,) cotéd
®°°=51€K(S°’9 —so’a)+ﬁ;Kcosec6’(s¢_’¢ +5,4)+ > R
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2P " 27 °\R PR P
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1 _ i _ K(s, +5 ) cot@ -
=K (s ,+5 ,)——KcosecO(s., ~5 )+ CR——— -2K°s §
¢oo 2R ( o8 0,9) ZR ( o9 o4 ) 2 R oV
R PR PR R R PR ’
—_— + - ——t
2R 2PR 2P°R 2P*R PR PR

1 1, P
=——Ks,, ——Ks,~ ,
¢ql 2 ot 2 oP
K(so4+s°) cotl9+

1 - i -
Py = Z—EK (5.6 +5.4)— aKcos ect(s,;—5,,)+

PR R ol
4P 4R* 4P’R* 4R’

K*ss,

1 1. P
=——Ks,,+—Ks,—,
fo 2P 2P
1 _ i _ K(s, +5,)cotd _
by, = -EEK(soﬂ +5,5) +-———2R Kcosecd(s,, -5,,) - 5 B +2K*s 5 ~

R PR PR R R PR
T o5 T 5pie T e Bl
2R 2PR 2P?R 2P?’R PR PR

Corollary (3): If s, =0 and s, = 0 then we have

v.=y =y, =y, =0,

P R _PR PR R R _R” cot’ @
Wy =——pt—+ TS T T T S T TS
6P 6R 6PR 6P°'R 6P°R 6R™ 6P°R 6R"

0.=0,=0,=0,=0,=0.

This shows that in the absence of Spin, the result reduces to Petro-type D space-time

of Einstein theory of gravitation.
b= =¢=2=0,
ba=0,=0,=0,
R PR PR R R PR

¢Do == + 3y 5 -—+ 7 H
2R 2PR 2PR 2P*R PR P’R
p ___ji+ R* R? cot’f
4P 4R 4P'R*  4R*
R PR PR R R PR
$n = + P

Y Yo e 5pie PR Pip
2R 2PR 2P°R 2P°R PR PR
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Conclusion: Jt has been observed that the Spin tensor influences the space-time

geometry of the Einstein-Cartan theory of gravitation. If the Spin tensor
components, =0ands, # 0, the space-time of U, theory of gravitation is shown to
be Petro-type L. If however, the tetrad components of the Spin tensor are functions of r

and t alone then we have y, =y, =y, =y, =0 proving the space-time of U, theory
of gravitation is Petro-type D. However, if s, # 0Oands, = 0, then none of the Weyl
tensor vanishes, showing that s has predominant effect on the space-time geometry
ofU,. In the abéence of the Spin tensor the space-time reduces to the space-time D of

Finstein theory of gravitation.

5. Electric and Magnetic Parts of the Weyl tensor:
Let E, and H, be the electric and magnetic parts of the Weyl tensor C,, and
are defined by
E, =Cyu'u' .(5.1)
and H, =C'uu'u ...(5.2)

where C’ju is the dual of C,;, and is given by

* 1 mn
Clin = -2—£k, Cimn ...(58.3)
where £,"" is the Levi-civita permutation symbol.
The time-like vector field u’ can be expressed as
=.._(lf +n') ...(54)
NG}
Then equations (6.1) and (6.2) becomes,
o o
Ehj = 'Z_Ckijk U
and H, =C'wmU" ..(5.5)

where U* = (I'I* +I'n* +n'l* +n'n*).
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Unlike the tetrad components of electric part of Weyl tensor E, in Einstein

gravitation theory, they are not symmetric in Einstein-Cartan theory of gravitation.

These tetrad components are defined as

E,=E,l"l' ; E,=E,I"n’; Ey=E,I"m’;
E, =E,n"l’; E, =E,n"n’; Ey=E,n"m’;
Ey=E,m'l; E,=E,m'n’; Ey=E,m'm’;
Ey,=E,m"m’. ...(5.6)

Similarly, the tetrad components of the magnetic parts of Weyl tensor A, are

obtained from equation (5.6) just by replacing E by H.
Now, Weyl tensor can be expressed as composition of electric and magnetic parts as

follows

1 1
Chijk =EV, +EJV, “‘Ethk -E.V; +—2.ﬂlf:qujUkp “"i’?;ﬁqukUpj +

..(5.7)
L MH, U ! MH U
+‘2‘77jk i ""2"77,'k iq" hp
where V,; =11, +2m m , +nn,
From equation (5.5) and (5.6) we determine
1.
E,=-E,=-E, =Ey, =§sz ’
1
Ey=-Ey= "'2'(C1213 +Cip3) s
1
Ey=-E, = "2‘(C1312 +Cun) >
1
Ey = ‘i(cms +Chay +Coi3 + Copyy )
1 .
Ey = E(CIBM +Clagg +Coapa +Cosa ) - ..(5.8)
We express electric part of Weyl tensor in terms of its tetrad components as
E, = Eaﬁef“)eﬁ.ﬂ) , a,f=12,34 ...(5.9
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Consequently, this can also be written as
E, =Enlil, +Eyln, -E)m, -Eylim +E,nl +Enn —E,nm,—E.nm, ~
- E42milj - E4,m,nj +E, mm; + Eumﬁz”j - Enih'ilj - E3177,.nj + E, m, m; +
+ Ey, 7,
...(5.10)
Equation (5.8) and (5.10) give the expression for the electric part of Weyl tensor in
terms of the linear combination of the basis of the tetrad as

1 1
E, =“2'C1212[li Z; —l(i n,+n, ”;]—E(szm +Cipg)L, m, —n, mj]—

i
1 _ _ 1
'E(Ctm +Ci ), m, —n, m;]"’z'(cmz +Coupy )m, Zj —m, nj]"
1 — — 1 —
—E(sz +Cyp) [, l; -m, n;]+“2"(C1413 +Clyp + Coyps + Copy )M, m; +

1 . 1
+ E(Cliﬂd +Chapy +Ci +Copy ) M, m; + ':'Z'(CMM +Clne + Cogrg +Copg I M, m; +

1 —
+5(C:313 + Cpps + Coapy + Coyy ) M, m;
...(5.11)

Likewise, the tetrad components of the magnetic part H; and its expression in terms

of basis of the tetrad are obtained from equation (5.8) and (5.11) just by replacing the
tetrad components of the Wey! tensor by its dual.
However, the tetrad components of the dual of Weyl tensor are given by

i

C‘aﬂ}'& =—2—€750pC .(512)

afoo

This can also be written as

. i
Cops = ',Z[Caﬁzxgyslz +C o€ —Copubisns ~ Copar€rsn — Copn€osia — Copnaism —

= Cop€rs2 ~ Copn€rsnn —Capr3€rons — Copn€rsnr T Copas€isss + Copra€isas]
...(5.13)

By assigning different values to indices a, 8,7,5 from 1 to 4 we can establish the
relation between the tetrad components of the Weyl tensor and its dual and using
these relations we can readily obtain non-vanishing components of the dual of Weyl

tensor as follows,

H

R
Chyy = —iCyy = 4iKs, — |
1212 1234 lPR
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Ciapz =iCipp3 = Kos, ~—2iK2s°s, +iKs, % ,

J?f

Cm4 =—=iCpyy =

__K&s, - 2iK*5,s, —iK5, —

—\/72: ° ° PR’

. ; i .. R
Clyz ==1Clpy =-—\/:2-K5s1 +iKs. rh
o i o< R
Cing = 1Ciy =“'J—2—K651 —IKSOE )

—V2K (55, +55,)+ K (s, + )“29

—4K%s 5. —8K’s

i
C* =—-iC = — )
1234 1212 3 p _—@_ﬂ_ P'R' R" Rz R,g cot2 0

"P R PR PR PR 3R PR 3K

14

Chapp = —iCp33y = -—\/%Ké‘sl —-2:'K2s°sl +iKs, }% ,

Ciyis = iCpyyy = V2iK8s, —2iK?s.} +iKs, c‘z‘g ,

L k(55 -5 (R RY P
Crg ==iChy =:/——2“K(5S° - 05, +2DS!)+21KS’(E+FEJ~1KS’ S+

b

+iK(S°—§o)cot9
2 R

—-f-—K(Dsl—Asl)+-—l—-

V2 32

K (s, +5) cotd |
6 R

l{ PR L SO . cotze]v

e

Ciig =iCy = K (s, +5:So)+%l—KZS,2 +-§iK‘7‘so§—

2+22+3
P R PR PR PR R' PR R

4 -
6

IAK(DSG-AS -0, Y+ 2iK*s 5 —iKs [-f;_ﬁ] ,

2 7

'_K3&s, - 2iK*5,s, _iks, X
PR

=

Cigy =—IiCpyp =

* .
Clyy = —iCy =
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Claiz =1C s =~\-/E_—2—K (85, - 85, +2Ds,) + 2iKs, [—ﬁ— + %} —-iKs, —11-2-+

N iK(s, —5,) coté
2 R

Ciag = —1Cyyy = "\/_2—1'K§_§° +2iK2§oz -iKs, C(;;g ,

i i I 4i 2
C,,, =—iC —K(Ds, —As,) ———K (85, +6s5,)——K*s,” —
1423 = 1423 = \/—i ( 1 I) 3\/5 ) 3 1

——ziKzsjo N iK(s,+5,)cotd _
3 6 R ,
i[ P R PR PR R R R . cot? 0]

TR Y e T pie rpl pin? 2
6| 6P 6R O6PR 6P°R 6P°R O6R° 6P°R 6R

P R
Cra =—iCpyy =—=K (D5, — A5, + 6 2iK’5.s, —iK5,| ———|,
s = «/-2_ (D5, -AS, +65) - 2iK°5,5, —iK5 (P RJ

. ; i . R
Conp = =iChyy :'EKé‘Sl +iKs, e

. . 4
'_K(Ds, - As))——=K (85, +85,) - —K?s," +
J

Chyy =—iChyyy =—=
2314 2314 J2’ 3J'2—
—-&Kzsjo N iK(s,+5,)cotd N
3 R

il P R PR PR R R _ R* cot’d
TR t e oie  Tpin wpl T ipimr T 2
6| 6P 6R 6PR 6P°R 6P°R 6R° 6P°R 6R

Clips = —iCospy =N2iKSs, —2iK2s,” +iKs, CO;Q ,

L_K (55, - s, —2As,) + IK(S;S'*) C‘;H—zsz (5--@-}

Chrpy =1Co, = —
2324 2324 \/’2_ 1 R PR
+iKs, L
P
Chypy =—iCyyy, = ——\/I—EK(DS,, —As, +65,)+2iK’s. 5, —iKso[g—%],

. i = _R
Cl, =—iC,p., =—=K3s —iK5. — ,
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i
—K(Ds, —As))+——=
‘\/i 1 1

2i

Cosis =iCous = K (55, +65,)+— Kzslz

3J§

+—K2s°§°—~lK(s°+S°) cot9+ ,
3 6 R
il P R PR PR R R R?*  cot’@
NPT Y e T ipie wnl T ipipr T 2
6 6P 6R 6PR 6P°R 6P°R 6R° 6P°R 6R

. B K(s —3 ) ,
Chars = —iCyps =—I~K(5§ - 05 ~—2Asl)+l (s, = 5.) COt(g-ziKs [£_£}+

2 2 R "R PR

b

+iKs, —

Ciin = iCaqy = —V2iKE5, +2K’5, ~iKG, C(};g ,

C;434 =—iChyy =— AS, —gS,)—ZiKZS_OSl _iKi(f‘“i‘) ,

i
2 P PR
cot9

—2K (55, +8s)+K (s, +5.) ~8K25” —4K’s T, +

C;uz ="ic3434 == 3‘ P__IS_ PR ) P'R' R R2 R cot? 6

+ - e -
P R PR P)R PR 3R2 3P*R* 3RF

Caaz =iCyyp3 = Z K (Ds, —As, - 551)+21K 5,5, —iKs [g”EJ >

2 2

* ; " P R
Caane = —1Cly4 ZJ-z—K(DS —As, +5S1) 2iK? 5.5, —iKs, 2 R

* . i s 2 . P R'
Cans ="’C34z3 z——*\/—E-K(DS,, +As, —Js,)+2iK’s s, —iKs, > PR

. R P
Ciag =1Cy =“’:/'=2—"K(DS + As, +3s )= 2iK*5 .8, +iK§, _I.’_EMI_’
Clyza = —iCyyp, = \/_IK(DSI As)) ..(5.14)

Now, the expression for E; and H, with respect to the given metric become
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2K(55, +85)+ K (s, +5 )Cow
-16— _4K?s 5, -8K%s + %-%-%-?} (1, ~l.n, +nn,]-
R" R* R?* cot’6
t i T e T apinr 7
| P’R 3R® 3PR* 3R ]
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M 2kEs vakss +2k5. L oks | RL R (m1, ~mn, ]~
2 P R PR

_é. V2K6s, - 4K? ss1+2Ks —§~Ks (%4»%)][%1]-@;@“
I
VIK(Ds, - 85,)+ Y2 K (55, + 85, KL+ 500t _
3 3R
+— —-2Ks1£+4Ks,£+iKzse§c+§st,2~—£+£+ m,m, +
P R 3 3 3P 3R
JPR PR R R R? cot’d
| 3PR 3P'R 3P'R 3R® 3PR* 3R |
—J2K (Ds, +Aso)+%—-2-1<(5a, +55,)- K. ;;)c"tg +
t +2Ksl—1-)——.4Ks]£+iKzso§o §K2s2-——£ R m,m,
2 P R 3 3 3P 3R
L PR PR R R R cot’d
| 3PR 3P°R 3P'R 3R® 3PR® 3R |
...(5.15)
and

(211(5, R )[l,l liny+nn]-
1 J2iK&s, —iK5, LN -2iK’5,s,
7 R PR

. w/EiKé's]—#iKso £+
2 R PR
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cot 0

+=| 2¥2iK(Ds, - As,) +iK(s, - 5,)—— + 4iK s, %Jm(,mj)+
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+-;- —2\2iK 55, —2iK5, +4i1<2§f)m,. m, +

cot@

+-;-( 2V2iK s, +2iKs, —4iK2s ]n? )

..(5.16)

respectively.

Using equations (4.10) in (5.15) and (5.16) we obtain

—
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coté’ P R PR PR

P R PR PR
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; > o [, 1, =, n;]+
+2Ks°—}—)——Ks° £+£—~
] P R PR
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ﬁcos ect(s,; —5,,)+ F(Sl” +5,,)— 3—1-5(50,9 +5,,)+

K(s(,+so)cot6?__2KS1§+4KS1_§_+

1 +K(Sl,l—§o,t)— 3R
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3 3 3P 3R 3PR 3P°R
R" R? R?  cot’d
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K K - iK _
- ?(sl’, ~S5,,)- ﬁ(sw +5,4)+ S—Rc:osecﬁ(s‘,’¢ ~5,4)~

_K(s°+s°)cot9_ P—4KSI~1§+

3R K(s,, +s,,)+2Ks, ; B
"2 4 8 ;. P R PR PR s
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T3 St oorar T ooz
| 3P’R 3R 3P°R 3R

(5.17)

and

oo R
H// :(ZIKSI ‘P—gj[l,lj —l(,.nj) '+‘ninj —

’

I i . (R R 2o

-5 _EK(SW —zs|_¢cosect9)-szo[—éJrﬁj—ZtK sule[l(,mj) -n;m,]-
i , (BB e s m o

_EK(SM,+zs1,¢cosec9)+szG —15+PR - 2K soslj‘{<,.mj)—n(,.mj)]+

!

N | —

+

R

”i
(7{; K (., —i5, ;cosecB) - 2K, <& 4

4i '
Y ks, +ik(s, -5.)°%0 s aiks, K\, +
P PR

4

+4iK2§°2)m,m, +

9
——RiK(so,e +is, seosecl) + 2iKs, coté

+

TN

. A [P
- 4iK’s, jmimj

..(5.18)
Case (1): If s, =0 and s, # 0 then we have

! I -1
"6 R R R?  cot’@ | a1
+ — p—

K
- —E(sw —is, cosec@)}[m,lj -mn;]-

K Jo——
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Y P R 3 3 3P .
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L 3R 3PR 3P°R 3P°R 3R° 3P°R 3R
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+ " . . . mm,
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R + - - + +
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Case (2): If s, # 0 and s, = 0 then we have
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and

T
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|
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i
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+

+
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+
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2i _ ) cotd
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+
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>
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Case (3): If s, =0 and 5, = 0 then we have

1" B PR PR R R* R? cot’d
fl 6[

-_——— + + - - L1 - +n,n,;
R PR PR PR 3R* 3PR® 3R }[‘ oy ey 1=

{P i? PR PR R R R? cotzﬁ} _
—'; — -+ + m(’

3R 3PR 3P°R 3P'R 3R’ 3P2R2 3R?

and

H,=0.

We notice trom the above cases that the Spin influences the electric and magnetic part
of Weyl tensor. In the absence of the Spin we see that the magnetic part of Weyl

tensor vanishes.
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