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A STUDY OF NON-STATIC SPHERICALLY SYMMETRIC 

SPACE-TIME IN EINSTEIN-CARTAN THEORY OF

GRAVITATION.

1. Introduction:
Analogous to the ‘amazingly useful’ Newman-Penrose tetrad formalism for 

Einstein theory of gravitation, Jogia and Griffiths (1980) have developed a tetrad 

formalism for the study of torsion in the Einstein-Cartan theory of gravitation. We 

exploit the Newman-Penrose-Jogia-Griffiths (NPJG) formalism to study the role of 

torsion on the geometry of the space-time structure. In this Chapter we study the non­

static spherically symmetric metric in U 4 theory of gravitation. Accordingly, we basic 

notions and the tensors that are pertinent to the study of the metric in U4 theory of 

gravitation are described in the Section 2. The structure equations in the U4 theory of 

gravitation are given by Katkar (2008). We utilize it to find the tetrad components of 

Connection 1-forms and Curvature 2-forms in Einstein-Cartan theory of gravitation in 

the Section 3. In the Section 4, the tetrad components of Curvature tensor, Ricci 

tensor and Weyl tensor are obtained with reference to the non-static spherically 

symmetric metric in the U4 theory of gravitation. The roll of Spin components on the 

geometry of the space-time is observed. It has been observed that the spin tensor 

influences the space-time geometry of the Einstein-Cartan theory of gravitation. If the 

Spin tensor component s0 = 0 and .y, * 0, the space-time of U4 theory of gravitation is 

shown to be Petro-type I. If however, the tetrad components of the Spin tensor are 

functions of r and t alone then we have i//a = y/x = = y/4 = 0 proving the space-

time of U4 theory of gravitation is' Petro-type D. However, if sa * 0 and 5, = 0, then 

none of the Weyl tensor vanishes, showing that has predominant effect on the 

space-time geometry ofU4. In the absence of the Spin tensor the space-time reduces 

to the space-time D of Einstein theory of gravitation. In Section 5, we utilize the 

results of Section 4 to find the expression for the electric part and the magnetic part of 

Weyl tensor in U4 theory of gravitation. It has been noticed that the Spin influences
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the electric and magnetic parts of Weyl tensor. In the absence of the Spin tensor we 

notice that the magnetic part of the Weyl tensor vanishes.

2. The Non-Static Spherically Symmetric Space-time:
We consider a line element of spherically symmetric non-static dust distribution

ds2 = dt2 - P2dr2 -R2{d02 +sin2 0d(/>2) ...(2.1)

where P and R are functions of r and t and t is a commoving time parameter with fluid 

vector u‘.

The covariant components of the metric tensor are given by
gi2=-p2’ 

g44 = -R2 sin2 0.

8n =1> 

g33 = —R ,

The contravariant components of the metric tensor are

g° =~L Vz' = y and giJ =0 for i * j ...(2.3)
gy

To simplify the computation we look for a basis 1-forms 6a such that the coefficients 

of the metric are constants.

Thus a simple choice is

6X =^=(dt + Pdr) ,
■v 2

02 = —=={dt -Pdr),,
\2

03 = —jL {dO-i sin Bd<f) ,
v2

...(2.4)

Then the line element (2.1) becomes 

ds2 =20'02 -20*0A ...(2.5)

Solving equations (2.4) we obtain

dt = -\=(0x +02),
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dr = -4=-{0x-e2). 
4ip

ide = -^-(ei+e*),
V2J?

icosecd 3 4,d(j) =
V2i?

For computation purpose, we obtain the following wedge products:

dt a dr =—-012 ,

P

dtAd&= 1 '*13 ■ ^14 ■ ^23 ■ *24'

2 R
(0li +0" +0Zi +0") ,

dt a d<j) = icosec0 B 14 23 /j 24i
2i?

...(2.6)

dr a d0 =

dr a d</> = ■

d0 a d(f) —

2PR
(0U +0U -023 -024)

icosec0 ,13 14 4,23 , 4)24 N
2/>i?

icosecG 34

...(2.7)

where #a/J = 0“ a 0^ is a basis 2-forms.

The definition of basis 1-forms 0“ =e\a) dx‘ and the equation (2.4) gives the null 

vector fields as

1 n,=±*tf+PSl) m, = -~-(<5,3 + [sin 6fi'‘) 
v2

...(2.8)

where /, and ni are real null vector fields and m( is a complex null vector field. The 

complex conjugate ml can be obtained by taking complex conjugate ofm,.

The equation e\a) = gike(a)k gives

V =^(S{+P-X8!1),
v2

n'=-L(Si-P-lS‘),
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(£( + i cosec 0S‘4) ...(2.9)

To find the tetrad components of Connection 1-forms we can take the exterior 

derivatives of basis 1-forms 0a described in equations (2.4) are

dd' — —j= [Pdt a dr] 
v2

P_
V2
^0l+02)^-02)

d0l=-
4ip

0 12

Similarly, we get

d02 P 0.2
4ip

d92

d04

V2
1

V2

R R + 0l3+R-'
(
R-~ 9n +R~l cot 0034

P)

R -i R + R 0 +R- l PJ
924 - Rcot 00 34

...(2.10)

In U4 theory of gravitation space-time is non-Riemannian and is described by torsion

tensor given as

e/=“(*/-*/) -<2'u>

where Kk is the Contortion tensor satisfying the property = 0.

Using equation (5.5) of chapter I we find the expression for torsion tensor in terms of 

its tetrad components in the form

Qvk = (*, +£,)/[,nj}nk + (yx +yt)l[lnl]lk +(/J, -f.i])m[lmj]lk + (pt - px)m,Jn jXnk +

+ {F, n{imnnk -(F, +nx)l[innmk ~{nx -ax - A)«[(mnlk -ax n{lmnmk +

+ 0.-Si -A)nnOTy]W*-vihimj]lk +(fi _ai-P\)himAnk +&ih,mj]mk +

+ (7i -f. +/7])/[,OTJ]mi +(«, ~/3x)m[lmj]mk} + {c.c.}

•••(2.12)
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Using equation (2.12) in the equation (1.4) of chapter I, one can obtain the expression 

for Spin angular momentum tensor as

= + ^)/[<"yl/* + P>ll‘nAnk + Oi-Mi)”*1' ™nik +

+ {px -px)m[l mj]nk + {{nx + Tx)l[,n]mk + vxl[‘mj]lk +(2ax -jrx)l[‘mJ]nk - 
-Axll'mJ]mk + (px -2yx)l{‘ mnmk +(F, -2j3x)nl'mJ]lk -Kxnl‘mnnk +
+ <7lnl‘mJ]mk + (2sx -px)nl‘mJ]mk + (fj -ffx)ml> inJ]mk} + {c.c.}]

...(2.13)

The Spin angular momentum tensor SXJk can be decomposed in terms of the Spin 

tensor StJ as follows

V= -(2-14)

where Stj is anti-symmetric tensor orthogonal to 4-velocity vector u‘ . This gives

Svul =0.

We express Sv in terms of the vectors of the tetrad as

S,j =2[J2 l[f mn + .v21{!mj] + (5, + s,)l{inJ} + (sx -sx)m{lmn + sm{lnj} + sjn{lnJ}]

...(2.15)

where s„, sx, s2 are the tetrad components of Spin tensor StJ and are defined by 

=5,3 = siJl'mJ ,

Si =(Si2+s^) = ^sIJ(l'nJ +m‘mJ) ,

1 S32 = SyTtt'n3

For the choice (/'+«'), ...(2.16)

the condition SyU1 = Ogives s, = s2, 5, =-5,

Consequently, we get from equation (2.15)

StJ = 2 [ J2 (/(i mn + m{, rij,) + s2 (/[; mn + m{i nJ} ) + 2sx m{i mn\ ... (2.17)

The tetrad components of the field equation (1.4) of chapter I are given by

-WJ = KSJ -(2-18)
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Using the tetrad components of the 4-velocity vector (2.16) and the tetrad components 

of equation (2.18), lengthy but straight forward calculations give 

7r, = r, = <Tj = Af = 0 ,

Mi + Mi =P\ +Px =0 ,

px = 2sx = px = 2yx = -j2Ksx ,

ax — fix
V2 Ks. K, = V, -K^i

...(2.19)

3. Tetrad Components of Connection 1-forms and Curvature 2-forms:
Connection 1-forms:

We start with the Cartan’s first equation of structure given by (Katkar 2008)

d0a =-(0% A0p+Ta , a, 0 = 1,2,3,4 ...(3.1)

where ofp = yaPy9r are components of connection 1-forms , .. .(3.2)

Ta=KaPy0p A0r are 2-form ...(3.3)

and K\ = K\e{p)e{r)e^ are tetrad components of Contortion tensor and it has 

the following symmetry

Ka(Pr)= 0 ...(3.4)

By giving different values to a, /i, y from 1 to 4 and using definitions of Contortion 

tensor Kapy described in equation (5.4) of Chapter I, we obtain

T1 = K\r9Pr 

=
= Kpr2712'9pr 

= Km0pr

= Km9n + Km0a + KU20u + K2X202X + K232023 + K2420u + Km0M +

+ Km0n + K3420M + Km041 + K422042 + K4320«

Tx =-K2x2012 + (*132-Kin)0n + (KU2-K4X2)0H+K232 02i+K24202* +

+ (Ki42 -Km)03A

Tx =(yx +yx)0n + («, -Wx)0n-{ax +px-nx)9u-vx0™-vx9u - .

-(Mi-ft)?4
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Similarly, we obtain

T2 = (sx + sx)012 + kx8X3 + kx9u + (r, - a, -/?,)023 + (r,-or,-^j)<924 - 

-(A-A)*34

T3 =-(?, +^,)^12 + (*, -ff, -p,)013 -ct,014 + (//, -y, + f,)023 + A,0M + 

+ («,-£)034

r4 = -(r, +nx)8n-ax9x3 +{sx-sr-px)0u + X.023 +(JJX -yx+yx)024 - 

“(«i ~Pi)

...(3.5)

Substituting values of spin coefficients from equation (2.19) in the equation (3.5) we 

get

Tx = V2Ks„0n + j2Ks0824 + 2^2Ksx934 ,

T2 = -yflKs. 9n - 4lKsa 0h + 2^2Ksx 934 ,

Ti=yf2Ks„0u, ...(3.6)

T4 =-j2Ks0 034.

Now, from equation (3.1) we have

d0a — Ta — — (oap a 0^

For a, p -1, 2, 3, 4 the equation gives the set of four equations as 

ddl-Tl = -0,‘ A0l-Co\ A02-Co\ A0i-O)\ A04 , 

d02 - T2 = -O)2 A0X- G>\ A02- a>\ A03- Co\ A 94, 

d03 - T3 = -of A 8' - ft)3 a 02 — a] A°3- ®43 A ®4» 

dd4 -r4 =-ft),4 A0x -col A02 — 0)1 A03 — ft)4 A 04 .

Since o'2=o22=0, co2x = coxl =0,

o34 = -ft>44 = 0, ft)43 = -ft)33 = 0.

and

oS =-o22 =ft)12 , 0*3 =o42 = o23 , o23 =o4i =o13 ,

.,3 ^,4 „ -,3 „ .,2 „3 _ ,,0 3= —CO 4 = 034 , O 4 =0 2 = 024 , O 4 = O 1 = Ou .

To find the components of Connection 1-form we choose 

o1, = AX0X + A292 + A303 + Afi4,

.(3.7)

...(3.8)
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e>\ = BX0X + B202 + B303 + B404, 

a>\ = CX0X +C202 + C303 +C404,

a2 j = DX0X + D202 + D303 + D404, ...(3.9)

®24 = EX0X + F202 + E303 + E404,

033 = F,6>! + F26>2 + F303 + F404 .

Using equations (3.8) and (3.9) in (3.7) we obtain

d0x -Tx =A2012 +(A3-Bx)0X3 +(A4 -Cx)0X4 -B2023 -C2024 +(B4 -C3)034 

Similarly, we obtain

d02 -T2 =AX0n - Dx0X3 - Ex0X4 -(A3 + D2) 023 -(A4 +E2)024 +(D4- E3)034 ,

d03 - T3 = (E2 - C, )0n + (E3 - Fx) 0'3 + E4 0X4 + (C3 - F2 )023 + C4 024 + F4 034 , 

d04 -T4 = (D2 - Bx)0n + D3 0X3 + (D4 + Fx) 0U + B3023 + (B4 + F2)024 + F3 034
...(3.10)

Now, using the definitions (2.10), (3.6) in (3.10) and comparing the corresponding 

coefficients on both sides, we readily obtain the values of constants as 

P
A~ A~\l2P B7 = a/2 Ki

B4 = -4lKsx +-j=R~x
a/2

C3=JlKsx
a/2

R R

\

p.

D4 =-a/2 Ksx+~rR~x
a/2

( RR + 
v Pj

E3 =yf2Ksx +-^R-x(r + —
a/2 { P

F3 = a/2Ks„ —lj=R-x cot0 ;
a/2

and all other are zero.

C2 = a/2 Ks. ;

A = -a/2

Ex=-JlKs.\ ...(3.11)

F, = F2 = yf2Ksx ;

F4 =-j2Ks<,+-t=R-x cot0
a/2
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Consequently, we obtain the non-vanishing tetrad components of Connection 1-form 

as

co -co , =
V2P

(0i-02),

0)l3 = (0*2

0)\ = (o\

= J2 Ks„02 + 

= -j2Ks,0x +

,V2
R

r • R,y\
R- — -4lKi 9\

i
V2

P~ i? + - ■y/2Ksl 04 ...(3.12)

® 3 =“® 4 = 24lKsx9x +42Ksx02 + —)=R~'ctitO+ JlKst
S

93

+ cot9-4lKsa
42

04

The expressions for®14 ,co24, co3\, &>32 are obtain just by interchanging 3 and 4 and 

taking complex conjugate of corresponding terms.

In the UA theory of gravitation the expression for Connection 1-forms in NP spin 

coefficients can be written as

G)X3 = (tT + ttx)0x+(v°+vx)02+(X°+Xx)0i+(JI°+JIx)04 ,

col4 =(7r° + nx)9x +(v° + vx)92 +(ju° + ju.)93 +(X + Zx)04 ,

co23 =-[(*-° + kx)9x +(r° + r,)02 +(<r° + <y,)P3 + {p° + px)04] , ...(3.13)

co14 = ~[(ic° + kx)9x +(f + f])6,2 + (/T + p,)P3 +(ct° + ax)94} ,

®22 = -[(f‘ +£r, +£r° +£l)0i + (y° +yx + y° + yx)02 +

+ (<2 + CCX + P + Px)02 + (<"X + + /? +/?])$ ]

6j44 = -[(£•“ +sx -s° -sx)9x + (y° +yx -y° -fx)91 - 

-(«■•+a, -J3°-J3X)03 +(a°+ax-0°-j3x)04] '

Using equations (2.19) and (3.12), the NP spin coefficients turn out to be 

n° = X = r° = <t° = 0 ,

P =V2 Ksx +
P

i4ip ’

= 4lKsx P
2V2 P’
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V° =K° =2yf2Ks0,

p

p

= 24lKsx +4=R-X
42

= 24lKsx -
42

R

R- —
V P.
( Q'\R+L
l p)

a0 = - (5° =-42Ks0 +—^j=R~1 cot 9
2V2

...(3.14)

Curvature 2-forms:

To find the tetrad components of Curvature 2-forms, we start with Cartan’s Second 

equations of structure

Qy = dmafi+masAmE/3 ...(3..15)

where dma p , for different values of a, (5 = 1, 2, 3, 4 are obtained by taking the 

exterior derivatives of Connection 1-forms given in equation (3.12).

Then

dcox\
42 [PJ a(6>' -92) + -4=-(d0x ~d62) 

V2 P

1
42

( p p2}
dt +

PP'}
— dr

Pz)
p2 J a(01-02) +

42P

do>\ = -O'1

Similarly, we obtain

dm3 =

+

42KDs.+Ks.
P

R PR’ P'R'. 4.-------- 1- .

9n -42 KSs023 +

R* ( D

2 R 2 P2R 2 P3R 2 PZR
- Ksx

R R' 
R + PR

\
-42KDs 0 14

+

+

R R' PR' P'R' R” /r------------+ — --------- — +— ----- ■s/2KAsx -
2 R PR 2 P2R 2 P3R 2 P2R

-42KSs0-Ksx\-- —
\R PR

Root 9 R'cot0

92A +

2 R1
+ KSs1+Ksx

2 PR
cot0

R
0 34
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Rcotd 
2 R2

R'C0W-j2KSsi+KSlC0td
2 PR1 R

R_ JT 
2 R + PR

PR' P'R' R"
■+-

2 PlR 2 P*R 2 PlR
■42KDsx +42 KSs, -Ksx R R!_ 

R PR

" 1 ( R R' 'l

1----i

" 1 (r r')

+ Y
i p

i

[42 {R PR) [42 [r PR) 0M + 2K2sI 0n +

y,

42K(Ds,-Ssx)+Ksc 

0H + 

023 +

A
J+Jr

Ks
r jr_
R PR

f R R'^
R PR

ra.
fR r' y
w' PR) 02i +

0U +

...(3.16)

+
AV/C-- F N cot2 0 _.COt6>

-42K(Ss0 +SsJ--- -pr— + K(s,+soy
R4 R

034

and dco\, da24 are obtain by interchange 3 and 4 and taking complex conjugate of 

corresponding terms.

Now from Cartan’s Second equation of structure (3.15) we have fora = fi = 1,

Q1, -d(oxx +o)xe a co\

= do)xx + wxx a eo\ + cox3 a o)\ + o)l4 a cy4,

Using values of Connection 1-form from (3.12) into (3.16) we get

q' =-L.0n +2K2sX0U +42Ksc
1 p

1
42

R R 
R + PR

, \
+ 42Ksx 023 +

+ 42Ks
" 1 (r R')

i

i 014 + 42 Ks.
" 1 (k r

I-------
$+

42 [r PR) 42
[r PRj 0U -

3s £ +

jr
a

> >3 >3 s_
__

✓
3>

>3
 I >

}•

'll.'
‘3°

ic,+C
N33

b 
1 b

-

n
31 jr + C

oe
+

£ C
o

bb >3

to b si
>3to *3

3

>3

+£

r4(N

:C
£^ 

C
M

_________
I

+

w
l b _f

-5 I > +SX
.

S

I in b 0^
1 + C
»| Y+

or
b
I

o
C
o

<,+

Y
i > + Ĉ
|

_C
o T
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+ 2 K2sJ.9n + 42 Ks. jjR JV_ 
y/2,R + PR -j2Ks 9 24

+
42

R R' 
R PR

+ 42 Ksx
42

R
R + PR ■42 Ks 9 34

On simplifying we get

Q1, =-022 = --+4£2sj„ p'2 + Ks.
' R

1-----<'<
!

(N+

p u PR) w 1

+

+

( p
Ks.

Ks.

R R' 
R PR

(R_ R' 
R + PR

2 K2 ss,

■2K s.s.

9U +

924 +

Ks.
rR R' ^ 

R + PR

9" +

+ 2 K2s.s,

4 Ks, R'
PR

9 34

Similarly, we obtain

Q\ = Q4

+

+

+

42KDs-2K2ss,+2Ks.

■ 42KSs, - Ks0 + 2K2sc 
R

9U + 

92i +

■ 42KDs, - 2Ks, - - Ks, - + 2K2s2 + 
1 XR XP 1

R PR P'R'H------ 1-------- H R*

+

2 R 2 PR 2 P3R 2P2R 

42KSs1 +2K2s.s, -Ks,

42K(As, + SsJ-2Ks{ 

cot 9

9U +

p' y
u i

i__

9m +

R R_ 
R PR

, \ P+ Ks, — +

+ Ks. -2K2sJ. +2£V +
R

2 2 R PR
2 R 2 PR

P'R' R" ■ + ■ R' PR' ■ +

Q23 = Q4! =

+

2 P3R 2 P2R PR P2R 

42KAs. -2K2sj1 +2Ks.^ 9n + 

42KSs. -2£ V- + 013 +

0 24

R

i <'>!• «•' ■ % . 52



+

r R R'^ 
R + PR■42K(Dsl -8s.)-2Ks,

■ Ks0^-+2K2 sX +2K2s,2 + 
R

P'R' R" R' PR'
• + —r- + -

+ Ks,

R PR
2 R 2 PR

2P R 2P2R PR P2R

9U +

+

+

■42KAs, -2Ks, —~Ks,— + 2K2s,2 + 
1 XR XP 1

R PR P'R’ +----+------ + - R'
L 2R 2PR 2P2R 2P2R 

42KSs1+2K2s0s1-Ks,

p2* + ...(3.17)

( R R' V--- 1-----
V* PR )

e 34

Q , = -Q44 - \j2K(Dsl -A^!)]^12 + 42K(Ds -Ss.) + 2KS'- + 2K2s,s.
R

0l3 +

+

+

+

-4l K{Ds. + Ssl) - 2 Ks. — + 2 K2 s,sx
R

42K(As -Ssi)-2KS' — -2K2s„s, 
1 PR 1

-42K(As +Ss,) + 2Ksa——2 K2s,s 
1 PR

0U +

023 + 

du

■ 42 K {8s. +Ss,) + K (s. + s.) C°W
R

2 2 cot2 0 , R2 R'2■AK sx - ,
R2 Rz PR2 nl

034

4. Tetrad Components of Curvature tensor, Ricci tensor, Curvature 

scalar and Weyl tensor:
We know the Curvature 2-form is defined as

O.%=^RaPrs0rS , a, AM = 1,2,3,4 ...(4.1)

By giving different values to a, /?, y,8 from 1 to 4 in equation (4.1) we obtain non­

vanishing tetrad components of Curvature tensor as

a\=^R\yS9rS
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n\=l-r,aRlverS

1= j[Rm2en +Rmien + R2U4014 + Rim021 + R2m023 + R2n4024 + R2m03] +

+ Rm20>2 +R2XU034 +R2W04l+R2l42042 +R2m043]

Q\ = -Rnu 0n - Rnn 0n - Rm4 0U - Rmi 023 - RU24 024 - Rl234 034 ...(4.2)

Using equation (3.17) in (4.2) and comparing corresponding terms on both sides we 

obtain the following non-vanishing components of Curvature tensor,

P
R\2\2 „ 4K SoS0 ,

R1213

P 

-Ks
(R R’^

R PR
-2K2s,s, ,

^1214 ~ Ks.
rR_R^]

R PR)
+ 2 K2ss i >

R\223 ~~ KS.

R\224 ~ Ks.

r _r
R + PR -2 K2ss i >

f R R_ 
KR + PR

, \
+ 2 K2ssi >

^1234 — ^KS
R'
PR

Similarly, we get

Rm2 = 42KAsa+2Ks^—-2K2s0si ,

Rim = 42KSs„ - 2K2s2o + Ks, cot 0 
R

Rim=-42K(Dsl-SsJ-2Ksl R R'
kR PR,

+ Ks, Ks,
COt0__ + 2 K2s.s. +

2 R P'R’ PR R" R' PR'+ 2K1k 4------------------------- 1----------1--------------
1 2 R 2 P3R 2 PR 2 P2R PR P2R

o /^Va ^ R „ p 2 R PR P'R' R" Rx,24 =—j2KAs,-2Kst Ks,—h2K s, h------ 1-------- 1----- --------- -—
1324 1 1 R 1 P 2R 2PR 2 P3R 2P2R
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P1334 =-yf2KSsl + 2K2sjx -Ks, 'R R^ 
{R +PR)

P2312 = yf2KDs„ - 2K2s0sx + 2Ks„ j

P„14 =SKDs, -2Ks,~-Ks,- + 2K2s2 + —+ —+R PR P'R' R*
2314 1 1 R 1 P 1 ' 2R ' 2PR ' 2P’P 2P2R

P2323 = -42K8sa +2 K2s2-Ksc

P2324 =-yf2K(Asl +Ss0)-2Ksl

cot 6
~~r ’

rR_R^
R PR

„ P „ COt0 . ,.2 -+ ^5, — + Ps-------- 2PT s .s +
1 p • p

+ 2ifV + P Pi? P'P' P" P' PP'
- + + -

2P 2PP 2P3P 2 P2P PP P2P

P2334 =-*j2KSsx +2K2sjx -Ksc 

Rm2=j2K(DSi-&sx) ,

( DR_]V_ 
R PR

RMU=yf2K(Ds. -£$,) +2£2 + 2£s„|- ,

P3414 =-y/2K(Ds<> + Ssx) + 2K2s0sx -2KsQ R
R

Rm3=^2K(Aso-Ssl)-2K2sasx-2Ksz R'
PR

P3 4,4 = ~^K(Asa + S sx)-2K2 sji + 2 Kse R'

P3434 =->/2^(^+#5o) + ^(50+Jo)-COt^ ^2"2
P

PP 

4X25,

...(4.3)

cot2# P2 P'2
P2 +P2 P2P2

and ^1323 — ^2313 — ^1424 — ^2414 ~ 0

where the terms P14j2, P1413 5 5 -^1423 > ^1424» ^1434» ^2412 » ^2413» ^2414» ^2423 >

^2424 > ^2434 are just complex conjugates of P13i2, P1313, Rm4, P,323 , P1324 , PI334 , 

i?23i2 - P23i3, P23H» P2323 5 ^2324 > ^2334 and are obtain by interchanging 3 and 4 and 

taking complex conjugates of the respective expressions and all other are zero. We 

note that P^ * Ry5af} .
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The tetrad components of Ricci tensor Rap and Ricci scalar R are defined as 

Kp =VaS Raaps a, P,tT,S = 1,2,3,4

** = R\api + R-2ap\ ~ ^3ap4 ~ -^4a/?3 ...(4.4)

and R =; fpRap = Rn + Rn - i?34 - if43

Therefore the non-vanishing tetrad components of Ricci tensor and Ricci scalar are

n /IF,C- F \ IS / - ,COt0 2 - A is! 2 R PR P R’if,. = *J2K(Ss +Ss)-K(s0 + sj------- 1-4Ksj„ + 4K s, +----------------—h
n if 1 R PR P2R

R" 2R' 2 PR'
+ P2R +PR P2R

2 2 . P . R , PR . P'R' R'if, 2 = if21 = -4 K*s. s0 + 4 Kzsx + - + - + — +
P R PR PR PR

if,3 =->/2KSsl -2Ks< R
R

if,4 =42Kdsx -2Ks„- ,
if

if22 = -42K(Ss^+SsJ + K(sa+s0)^--4K2sX+4K2s2 + R PR
if if PR

P'R' _r__2iT 2 PR' 
i>3if + P2R PR + P2R

£_
PR

. if' 
Pif ’

if23 = -42K8sx + 4K2s0sx +2 Ks 

if24 =j2KSsx -4K2S'Sx +2Ks,

if3, = 42 K (Ds0 + As0 - Ssl) + 2 * j, 

if32 = - SK (Ds. - As, + SsY) - 2Ks0

t+i}
\.P + Rj

( p R> ^ 
P + PR

...(4.5)

R34 =42K(Dsl+Asx+$so+SsJ-K(s<>+sJ^- + 4Kslj + 2Ksl - r

_pr pw_ _1L_RL R'2 cox2°PR P2R +P2R R2+P2R2+ if2

if p if

and
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R = -2j2K(Ssa+SsJ + 2K(s0+sc)?^- + 8K2s2 -8£2s.s0+ — + — + —+
y R 1 P R PR

4 P'R' 4 R” 2 R2 2 R'2 2 cot2 <9
+ r------------— + •

P'R P2R R2 P2R2 R2

...(4.6)

The tetrad components of Weyl tensor are given by

1 R
C-aPyS ~ ^a/lyS + ~^PIay^pS +T7pS^ay ~TlaS^py ~ VPy^ap) + Py ~TlayTlp8)

...(4.7)

By giving different values to or, /?, y,8 from 1 to 4, we obtain the tetrad components 

of Weyl tensor as

1 R
^1212 = ^1212 +'r(_712^21 ~ +~7*112^212 6

1 R 
Cl212 = -^1212 +T(_^21 “-^12) + "7"

2 6

C1212 •4 K2sJ +
8K2sJ,-8K2s2o o 1

2P_2i? 
P R

i \

2 PR 2 P'R' 2R" ■ + ■
PR P3R P2R

+

+ ■ 1
f -2j2K {8 s 0 +8sJ + 2K(s0 + sJ^- + 8K2s2 -8 K2s.s. +

R
2 P 4 R 4 PR 4 P'R' 4 R" 2 R2 2 R'2 2cot20 

+ — + — +----- + —----------— + ■
V P R PR P'R P2R R2 P2R2 R

C =C'“'1212 ^3434

-&K(8s,+8s.) + K(sa +sJ^--4K2s0s0 -8K2s2 +
R

P R PR P'R' R" R2 R’2 _cot20
+ P R PR P3R + P2R + 3R2 3 P2R2 3 R2

Likewise, we get

c,213 =-C,J34 =-L^, -2K’s.s^Ks,-^

C,im =CHJ4 =~4^K8s, +2 K2s.s,+/G.-^

A223 ~ ^2334 “ ^ ^S1 K*'- £
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Cm—Cm=+=K£Sl-Ks.!j

Q234 — ^ Ksx
R'
PR

1 ,
C13,2 =-^34,3 =—j=K(Ds„ - As0 -Ss,)-2K s,s, +Ks0 

V2

(p p\

P R J

0,3,3 = -C,„, = -JlKSs. -2K2s* + Ks,"2323
cot <9 

R

C =-C^ 1314 '—1413
1 ( n

V2

+ Ksl

K(Ss0-Ss0+205^-2^
R R’ 
R + PR +

P K(s0 -sj cot 9 _ - —

„ _ 1 „ , „ . , 1 . K(so + 5.) cot#
^1324 — ^-2413 ~ ^2 K (®S1 ^1 + ^^2 + ^So) ^ g +

4 ~2 2 , 2 2. ^ _ P P Pi? P'R’ R'
3 1 3 6 P 6R 6PR 6P3P 6P2R

P2 R'2 cot2 Q
• + ;—r + ■

6 RL 6P2R2 6R

01414 = -Q424 = SkSI.-2 K2sc2 +Ks,_ COtP

R

1C2m =—j=r £(£>£„ - A5„ + J51)-2JST25051 +Ksq 
V2

P R' 
P PR

„ „ 1 . 1 „/£.- F x i^(5c +5j C0t6>
^2314 ^-1423 -yfl^ + 2^2 + ^S°) g g +

+-K2sr +-k2s j.
P R PR P’R'

• + — + ■ ■ + ■
P"

6P 6 R 6PR 6PjP 6 P2R
P2 R'2 cot2 e 

• + —r-- + -
6R2 6P2R2 6P2

„ ~ 1 'vrs- £ ->a a , K(s0 -50) COtP
^-2324 ~ ^-2423 — K (Sso Sso 2A5,) + ^ ^ 2Ksx

rR_R^
R PR

+ Ks,

C2412 =-)=^(D50 -AJ. -Ss^ + l^SJ, +KI 
V2

(P__R_\
P PR
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Cun=4lK(Dsx -Aj,),

1
C34H = -C14!2 =-—=K(Ds0 - As„ + <5s1) + 2P:2,y<,,s1

P P y

c3423 V2
P:(D,so + A,s0 - Ssx) - 2K2sosx + Ksc

1

f P R' A 
VP PPy

c
C3424 = —j= K (Ds, + As, + S s,) - 2K 2s0sx + Ks. 

v2
P' P^
PP P

...(4.8)

and C1323 — C2313 — C1424 — C2414 — 0.

From equations (4.8) and equations (5.7) and (5.8) in Chapter 1, we obtain

fa 1 vts- s \ *($.+Ocot0TiK(Ss.,6sM—-----------2K2s$ -2K2s,2 - — + PR
2 R 2 PR

+

P'R' R* R' PR' +----;--------- ;--------- + ■
2 P3P 2 P2R PR P2R

fa 1 K(Ds0+As0-2Ssx)--Ks,- ,
2V2

1 K (s„ + s„) cot 0
r--K{5s. + Js.) +

2V2 4 P
p P2
4P 4P2

P' cot2 0
4 P2P2 4P2

1/12 -^j=K(Ds0 -As, +2Ssl)-K2s,sl +-Ks0- 
2sl2 2 P

1 . P:(^+Ocot<9 2_ - <->i^2„ 2 R PR
v22 42

P'R'

K(Ss0 +SsJ-
R

- + 2KlsX-2K*sx - — ■+
2 R 2 PR

+

+ *
R" R' PR' - + •

2P P 2P2P PP P2P

^ = _i—£(£>s . +Aj.) + ^j. —+ -a:j. —, 
242 R 2 °P’

^ = -J=a:(Dj1+as,) + 2^1-+a:j1—,
V2 P P

-V is: (D5. - AO + £so — + - Ks0 -~K2s0sx, 
242 PR 2 P 1
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ya = SkSs,-Ks.^- + 2K2s,2 ,
Yo R

¥x=A=K (Ds, - As. - 28 sx ) + l-Ksc 
2V2 2

rR_ R' PN
Py

+ 2^250s, ,

1 / r\ * „ 1 T^/o- o’ x K(s+sJ cot9 4 „2 2^2=-j^k(ds}-As1) + j-j=k(^s<>+SsJ------ ----------- —+ -^ s1 +

2 „2 - P R PR P'R' R” R2 ~ ~ ■ ■ . + .+ 3K S°S° 6P + 6R + 6PR 6P*R 6PZR 6RZ 6PlRz 6R
R'2 cot2 9 

+ —:—— + ■

= ~^=K(Ds0 + AJ0 + 28sl)--Ks. 
2v2 2 P + PP P + P'2.^, ,

=42K5s„ + PA,
P

^ i 7T „ /P4.S -J0) COtP „.T,
©„„ =-j=K(2Ds] + 8s0 -8sJ +----------------------■ (■ 2iKsx

sj 2 2 /?

D \j? jr
vP+PPy -iKs

&.l=^gK(Ds.-As.) + ±Ks. R R__P_ 
R + PR P

1 P ’

.(4.9)

©o2 = 0 >

©12 =----l-=K(Ds„ - Asa + 28 sx)-—Ks,
2v2 2

rR_]P_ P} 
R PR + P + iK2s0sx ,

^ i ^ . iK(s — 5 ) cot0
022 = —==K(Ssa -8sa + 2As,) +---- :------------------ 21PT.S,

V2 2 P

rP P,N
P PR

+ iKsx
P

% = -—K(Dsx-ASl).

The components of^]o ,^2! and©lo, @21 are obtain by taking the complex conjugate 

of^j, <pn and©ol, ©,2 respectively.

Now, we assume that sc and 5, are the functions of r and t. Since,

£>=./' A = n‘ 8 = m1
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These definitions together with equations (2,9) we obtain

A5° =^2^0,< _7‘y°'r') ’

Ss. =—jL-(s,e+is.4cosec0) ,
4lR

Ss0 = —j=r—(sa g -isaj cos ec6), 
V2i?

AJ. — ~~p ’

Ss. +is.jcosecff) ,

~1 S°J cosec0) »

Ds\=~^(SU+JSlr)>

A^i ~ ^ —

+^i,^cosec6») ,

=--jL-(sl0-isi4cosec8),

D5‘ = 42^l't + p5l-r)’

A^i = —j= (slt ——5] r),

= ~¥ iS\^OOS€cQ') $

Ssx = - ^=— (S| g - i Su4 COS 6C0) .

...(4.10)
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Using equation (4.10) in (4.9), we obtain

1 ,,, _ . i „ . K (so + s0) cot 6 2
2rK(s°J +s°^-J^Kcosec0(s°,*-s°^+ 2

R
-2 Kzsl

■> R PR— IK ‘s 1 2R ' 2PR

1 ^ ( 1
= —K 

2
S„ , H--- S, a +‘V 7} 1,#

+ •
_r___r' | pr'

l— S', .
R u

^ 1 P 
—Ks0 — 
2 P

1 i
-n “ +S°.*)"T^£cosec0(s.i# -$..,) +4/t 4iv

£ (s, + s„) cot #
4 + 1 -

2 p R2 R'2 cot2 0— K s,------- 1----- -------- -—--------- —
4 P 4 R2 4P2R2 4 R2

1 „(\
v\2 -K

P °’r R
i s, .cosec0\-K2s„s, + — Ks„ —
R a#'

1 ,,, _ , i „ , ^(^„ + s„) cot# 2
v22 2RK(4 S°’d +s°,e) + -^KcoSec0(s°,t ~s^ 2

R
+ 2 Kzsl

_ -,2 2 £ ^ W i?" PR'
2 R 2 PR 2 P3R 2P2R PR P2R

. 1 r „ R 1 „ Pd =—Ksol +Ks0 — +—Ks — ,
2 •' R 2 P

k = — Ksx. + 2Ks, -— + Ksx — 
1 2 1 R 1 P

2 P °>r
R' 1 P — + -Ks — 
PR 2 P

= —KI „ + KI- + -KI--K2s„s i »

y/a = K(s0 g + icosecQ) ~Ks0 -C^~ + 2K2 s2 ,

y/x =-Kr 
1 2

-5., + - 5, * + - s,, cosec#) + -Ks< 
{P ’r R he R ) 2

f R R! P^
R PR P

+ 2K2sj. ,

¥2 =K (sojB +stje) + -±j<osec9(s.4-s^) K (s0 + s0) cot#
6 R

+

R624 . 2 2 _ P R PR P'R’ R"•i---K S, H---K S S--------1------ 1-------H------;--------- z--------- —
3 3 6P 6R 6PR 6P3R 6 P2R 6R2

+

+ ■
R'

6P R2 v>2
cot2 0 _____
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l \
s«,t ~ —V +^~sl 4cosec0 

K K J 2

fR K__P^ 

KR +PR Pj + K2s.s.i >

K . _ cot 0 _ j — 2
^4 =“ — (*.,*-iJ.,,cosec0) + Aj.—3—2K2sa ,

JV A

®~ = — K(s<,<? -s.,0) + ^Kcosec0(s0j + s„A) + iK(s,,, + >r) +

+

2R ' s<7 2R

iK(s0 - cot#
/?

+ 2iA2y,
^j? i?'A

i? PR
- iKs,

®.
2/>

-Ks„r+-Ks„
R Rr P 
R + PR P

0n — ^ n +iKsl
IP

K_

PR
...(4.11)

012 = —-K 
12 2 P °’r R

* sl d - — s, ^cos ec6
R

+ iK ss, —Ks. R_V_ P 
R PR + P

©

+

1
2R ' °'a 2R

iK(s„ - sj cot#

22 - „K (so e - so e ) + ~Kcosec0 ^) + iK (sl t - 5, r) +

R
-2 iKs,

'r_r^

yR PR,
+ iKsx

X = ~KsXr .

Corollary (1): If = 0 and sx * 0 then we have

V* = ^4 =0',

Wx = 2JK (\e+ishtcosecd) >

v\ 4 2 P R PR P'R’ R" R2 R'2 cot2 0
y/2 — K — 5, H K S,----------1-------- 1----------- 1-------r------------ z------------ zr H------z—zr H-------- zr—

2 P h 3 1 6P 6R 6PR 6P3R 6P2R 6R2 6P2R2 6R2

2 R
Vi =Z^K(- si,s + 1 si,t cos ecd) ■
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Vanishing of y/„ and y/4 shows that the space-time of U4 theory of gravitation is 

Petro-type I. We also notice here that if the tetrad components of the Spin tensor S v 

are functions of r and t alone then we have in this case

= ^3 = ^4 = 0 >

proving that the space-time structure of UA theory of gravitation is of Petro-type D. 

Similarly, we obtain

©.,=0o2=o,

=iK(slt +^slr) + 2iKsl f R_
R + PR iKs,

P

0,
2 P

Ksx r +iKsx
PR

®n =^K{\e+isi,*cosec9)

©22 —iK.(S\j sx r) 2iKsx
r

r R R’^
R PR

+ iKs
]P’

Z = -jKs]r,

<!>* =#2 =0 >

6, = -Ksu+2Ks.— + Ks,— n 2 l’‘ 1 r 1 p

K =-2 K\ 

^ ~ (fin = ~

= -k2s2

2 R

■ +

v22 -2KLs: - — +

2PR 2P3R 2 P2R

A* +isucosec4

R2 R'2 cot2 6
4 R2 4 P2R2 4 R2 :

PR P'R'
■ +------+---------r—-

R" + ■
2R 2PR 2P3R 2P R PR P2R
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Corollary (2): If ,s-o ^ o and 5, = 0, then we have

V. =-^K{sag+is^ cos ecd) -Ks0 + 2 K2 sj2
K ’■ R

Vs
1 ^ f 1 1 1 __ "p P' PN-K — Scr + 1
2 U "J 2 ° ~R~~PR~J^

Vi =K ^-0°,* +so,g) + -~cosec0(s^-s^) K(s,+s„) cotP 2 2 _
■ + —A

6 R
P R PR P'R' ■ + — +--- - + R" P2

6P 6R 6PR 6P3R 6P2R 6R2 6P2R2
^ r'2 ^ cot2 e

6 R2

iy3 =-Ks,t--Ks0 
2 ’ 2

( nR R' P 
R PR P

K cot0 ~„2-2V*=-—(.s.;g-is^cosec0) + Ks—---- 2K s. ,
K K

We see that none of the components of the Weyl tensor vanishes, showing that the 

component of the Spin angular momentum tensor has predominant effect on the 

space-time geometry of U4.

©u = 0 ,

= 2~*°^ + J£Kcosec0(S‘’t + J°^ + .... ’

© =J-Ks.r+-Kst 
1 2 P °’r 2 ‘

rR R^ f
KR +PR Pj

0 12 —Ks,r--KS' 
2 P ’r 2

f nR R' F' 
R PR P j

i _ 1 _
022 =J^K(s°J~s°^ + ~^Kcosec&(s°’t+s°’*>>+ 2

iK(s„ -s0) cot#
R

<t>X = <f>»2 = X = 0 >

1 bib
-Ksot+Ks0- + -Ks0-
2 ■' P 2 P

1 p' i p
——K s +Kss,- + -Ks„- 
2 P • ?J? 2 P
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1 . i „ . A(s0+s0) cotP—K(s„0 +s.Jf)- — Kcosec0(saj-s.j) +----- --------- —

_P_ _PP_ P'P' P" P' PR'
' 2R + 2PR + 2P3P 2P2R PR + P2R

2A s I
?

1 „ 1 k p— As , —Aso—
2 ’'2 P

-^sae)-~Kcosece(s^-s^) +
4/i 4/v

A (s„ + s„) cot 0 
4 P

+ A2s„ I

P P2 P /2

4P 4P2 4P2P2
cot2 0 
4P2

1 1 PA =—As +-As0-
2 P ’ 2 P

22
—-A(so0 +so0) + ^Acosec0(s^ -s^)- A(s0 + sj cot# 2 ----------------------h2A ss

2 P
P PP P'P' • +----- + - P" P' PP'

• + ■

2P 2PP 2P P 2P2P PP P2P

Corollary (3): If s0 = 0 and s, = 0 then we have 

V. = Vx = ¥i = Wa = 0,

___P_ _P_ _PP_ P'P' P" P2 P'2 cot20 
Wl~ 6P + 6P + 6PP + 6P3P 6P2P 6R2+6P2R2 +6P2 ,

©„=©., = ©„ = ©12 =©22=0.

This shows that in the absence of Spin, the result reduces to Petro-type D space-time 

of Einstein theory of gravitation.

k = A = & = * = 0 *

&1 = ^»2 = ^12 = 0 ,

—A p'p' p* p' ( pp'
2P + 2PP + 2P3P 2P2P PP + P2P ’

___P_ P2 P'2 cot2 0
^n~ 4P + 4P2 4P2P2 4P2 ’

^ P PP P'P' P" P' PP'
22 2P 2PP 2P3P 2P2P PP P2P
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Conclusion: It has been observed that the Spin tensor influences the space-time 

geometry of the Einstein-Cartan theory of gravitation. If the Spin tensor 

components. = 0 and s, * 0, the space-time of U4 theory of gravitation is shown to 

be Petro-type I. If however, the tetrad components of the Spin tensor are functions of r 

and t alone then we have y/0 = y/x - - <//4 =0 proving the space-time of U4 theory

of gravitation is Petro-type D. However, if s0 * 0 and s, = 0, then none of the Weyl 

tensor vanishes, showing that s„ has predominant effect on the space-time geometry 

of U4, In the absence of the Spin tensor the space-time reduces to the space-time D of 

Einstein theory of gravitation.

5. Electric and Magnetic Parts of the Weyl tensor:
Let Elk and Hik be the electric and magnetic parts of the Weyl tensor Cykl and 

are defined by

Elk ~E'ijuUiU

and H jk = C* ijki uJ u1

where C*yki is the dual of Cm and is given by

...(5.1)

...(5.2)

...(5.3)

where skl"m is the Levi-civita permutation symbol.

The time-like vector field u‘ can be expressed as

...(5.4)

Then equations (6.1) and (6.2) becomes,

and Hhj=ChlJkUik 

where U* ={Vlk +Vnk +nilk +nink).

...(5.5)
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Unlike the tetrad components of electric part of Weyl tensor EhJ in Einstein

gravitation theory, they are not symmetric in Einstein-Cartan theory of gravitation. 

These tetrad components are defined as

E»=EhjlhlJ ; 

En = EhinhV;'21 ~ ^hj '

£31 : Ehj m V;

El2=EhjlhnJ; 

E22 =EhjnhnJ; 

E32 ~ EhJmhnJ:

En - EhjlhmJ; 

£23 =EhjnhmJ; 

£33 = EhjmhmJ

£34 = Ehj m"m'. ...(5.6)

Similarly, the tetrad components of the magnetic parts of Weyl tensor HhJ are 

obtained from equation (5.6) just by replacing E by H.

Now, Weyl tensor can be expressed as composition of electric and magnetic parts as 

follows
1 1

Cm = Ejr* + EhJVlk -Efa - EhkVtJ + ~-V^HqkUp, +hj r ^ hj

where VtJ = /, lj + 2m(, mJ) + nt nj

From equation (5.5) and (5.6) we determine

E\ 1 = —£12 = ~■£21 =£22 ~ £*1212 ’

£l3 = —£23 = — 2(^1213 + ^1223 ) ’

£31 = “£32 =— +E!23i2) ’

«n=|(C1„J+C,M,+CBI3+CaB)

£34 = ■^■(^1314 + £l324 + £2314 + ^2324 ) '

...(5.7)

.(5.8)

We express electric part of Weyl tensor in terms of its tetrad components as

a,fi = 1,2,3,4 ...(5.9)TP — T7^ij ~ Cj
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Consequently, this can also be written as

Eij = Enl,lj+E2\linj-E2^mj -E23l^j+E\2n,lj + EnninJ-EunimJ-Ennimj - 
-E42mJj -E4]mtnj + E^m^j + EAimlmJ -E^mJj -E^m^j + E^rrij +
+ £3, m, m]

...(5.10)

Equation (5.8) and (5.10) give the expression for the electric part of Weyl tensor in 

terms of the linear combination of the basis of the tetrad as 

1 1
E,j =~Cnn[l, lj -h, nJ)+nl nj]~^(Ci2u +Cim)[l, mj -n{ my]-

-|(C,2i3 +Q23 HA mj -n, mj]-^(Cm2 + C24n )[m, lj-m, »y]-

— ^(^1312 + Q>312 ^ m< W>]+ 2^1413 +^'l423 + ^"2413 + ^2423 ) mi mj +

+ ^(C,3,4 + ^1324 +^'2314 +^2324 )mt mj + 2 (^1414 + ^1424 + ^2414 + ^2424 ) mj +

+ t(Q313 + ^1323 + ^2313 + ^2323 ) mi mj

...(5.11)

Likewise, the tetrad components of the magnetic part HtJ and its expression in terms

of basis of the tetrad are obtained from equation (5.8) and (5.11) just by replacing the 

tetrad components of the Weyl tensor by its dual.

However, the tetrad components of the dual of Weyl tensor are given by

C\PrS=^srrCaPao ...(5.12)

This can also be written as

EaPyS = ap2\£ y6\2 + E'ap\2£yS2\ ~ E aP24£ yS\3 ~ E'ap42£yS3\ ~E'aP23£yS\4 ~ E'ap32£yS4\ ~

~E'ap\ASy821 ~ EaP4\£yS32 ~ Ea0\3£yS24 ~E'aP3l£yS42 + EaP43£yS34 + ^ap34£yS43 1
...(5.13)

By assigning different values to indices a,P,y,S from 1 to 4 we can establish the 

relation between the tetrad components of the Weyl tensor and its dual and using 

these relations we can readily obtain non-vanishing components of the dual of Weyl 

tensor as follows,
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Now, the expression for i?,y and HtJ with respect to the given metric become
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respectively.

Using equations (4.10) in (5.15) and (5.16) we obtain
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Case (1): If sa - 0 and 5. * 0 then we have
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Case (3): If ,so = 0 and s, = 0 then we have

,2 r,2
F

iJ 6 P
R
R

PR
PR

P'R' R” R—.—|—-—h
p3r p2r

+ -
JL — J2L P’R'
3P 3R 3PR 3P3R

3 R2 

R”

3 P2R2

R2

cot2 9 
3 R2

R’2
3P~R 3R2 3P R

+ -

U,h ~hinn +n<nA -
cot2 6

3 R2 mvm» +

and

Hu= 0.

We notice from the above cases that the Spin influences the electric and magnetic part 

of Weyl tensor. In the absence of the Spin we see that the magnetic part of Weyl 

tensor vanishes.
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