CHAPTERI1
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1. Introduction:

Einstein’s Special theory of relativity deals with only inertial observers and
does not contain the gravitational force. When it was realized that gravitational
phenomenon is incompatible with the concept of inertial frame, Einstein put forward
his general theory of relativity in 1915. An inertial frame is specified as one in which
a particle with no force on it appears to move with uniform velocity in a straight line.
But in practice how can we achieve the state of no force? Since earth’s gravitational
force exists always and everywhere. It is possible to shield a piece of matter from all
other interactions but not from gravitation. Einstein observed that the gravitation is an
interaction which can not be switched on and off at will. It is present everywhere,
everlasting and hence it is universal. If gravitation is universal, therefore it must act

on both massive as well as mass less particles in the same manner. However, the mass

less particle moves with velocity C =3x10" cm/sec which according to the Second
postulate of special relativity is a universal constant. The key question is how to make
gravity interact with mass less particle so that its velocity should not change? In the
conventional framework, the only way force makes its presence felt is by changing
the velocity of the particle on which it is acting. In an attempt to achieve gravitational
force to act on mass less particle without changing its velocity, Einstein identifies
gravitation with the intrinsic property of the space-time region. Thus in the space-time
region of general relativity the particle feels gravity yet its velocity is constant. This
characteristic property of gravitation, Einstein identified with the non-Euclidean
nature of space-time geometry and proposed an astonishing result that
Gravitation = Space-time Geometry.
In 1915 he succeeded to formulate this law of nature mathematically after unremitting

labor from the variational principle

§I{R - 16”GL}(- g)idx=0

. ct
in the form
1
RU ——2—qu = "KTij
where R,- the Ricci tensor ,

R- the Ricci curvature scalar ,



L- the matter Lagrangian ,

87G .
K= o - a universal constant,
g = 'g ik' >

d*x =dx'dx*dx’dx* - a4-volume and
T} is the stress energy momentum tensor of matter which is the source of curvature of

the space-time and hence mass directly influences the geometry of the space-time.

The space-time of general relativity is represented by the 4-dimensional
manifold on which the metricds’ = g, dx'dx* is defined, where the quantities g, are

functions of coordinates and are called the components of the fundamental metric
tensor. This theory deals with all types of motion and leads to successful relativistic
generalization of Newton’s theory of gravitation. However, in the neighbourhood of a

point P of the manifold, there always exists inertial coordinates such that at the point

P the components g, take up on their Minkoski space values and og % o= 0 . This

equivalently means that locally space-time has the same structure as in special
relativity and all experimentally observed special relativistic effects such as time
dilation; length contraction and increase of mass with velocity are predicted. Further,
though it is not apparent from Einstein’s field equations of gravitation, but it is
required that the equations should reduce to Newtonian gravitational theory in the
limit of low masses and low velocities.

The Einstein’s field equations of gravitation are ten in numbers. These are
non-linear partial differential equations. The first solution of the Einstein’s field
equations for empty space-time was obtained by Schwarzschild in 1916 in ihe form

-1
ds? =(1_3ﬂ)d12 —-[1—-2-”-’-) dr? - r2(d0* +sin’ 0dg?) .

r r

This metric describes the geometry in the neighbourhood of the Sun. Equivalently, it
means that it determines the gravity of the Sun. Einstein derived the relativistic

differential equations of the orbit of the mass particle in the gravitational field of the

d’u

Sun in the form ———2—-+u=—'—nz-+3mu2,
g h



hx,ﬂ_‘fﬁ

where
ds
and for mass less particle as
2
fi———g— +u=3mu’.
g

Solving these equations he has shown that

1. the perihelion of the Mercury shifts by an angle 43" per century.

2. the light deflects by an angle 1.75" of an arc.

It also governs

3. the collapse of a star to form black holes,

4. the expansion and recontraction of the universe.

The general theory of relativity enables us to understand the mysterious
- gravitational force through the geometry of the space-time structure. In spite of the
fact that the Einstein’s general relativity theory is satisfactorily supported by
experimental tests on a macroscopic level it is incomplete because it

1) does not incorporate Mach principle

(i)  does not explain the phenomenon of intrinsic spin of matter

(iii)  can’t prevent the singularity r = 0 in the solutions of the Einstein’s field

equations in empty space.
Hence a new theory of gravitation which includes above points is necessary.
Einstein-Cartan theory of gravitation:

A natural generalization of Einstein’s general relativity to space-time with
torsion is the Einstein-Cartan theory of gravitation. In the history, it is popularly
known as U, theory of gravitation. The theory was originated by Cartan (1922) by
considering the influence of intrinsic spin of matter on the space-time which was not
included in the Finstein’s general theory of relativity. Obviously, the geometry of the

U, theory of gravitation is non-Riemannian, in which the christoffel symbols are not
symmetric. The non-Riemannian part is described through the affine connections a)y.[
and are defined as

o, =T, -K, (1L

i . , P _
where K, is the contortion tensor satisfying K, ,, =0 ..(1.2)

3 BARR. B"L2S - "B #H1~DEK R LIBRARY

SHIVA ¢ w1\ ~-<lsY, KCLHAPUR,



and r,=r,.
Thus the Einstein-Cartan theory of gravity is a modification of general relativity
allowing space-time to have torsion.

In Einstein-Cartan theory the field equations are algebraic relation between the
Ricci tensor and canonical energy momentum tensor as in general relativity and also

between the torsion tensor and the dynamical spin angular momentum tensor. Thesc

are given by Helh et.al (1974, 76) as

R,-,---;— g, =K1, ...(1.3)
and 0, +8!0,' -5/0, =K, (14
where K= 8;:4(} ,

Q,.jk = —T}Z—(K,.jk - Kj,.k)- the torsion tensor, ..(1.3)

S ,.jk - the Spin angular momentum tensor and
f. :T';j-}-(v +2Q i)‘(Siﬂ‘ "‘Sjki ‘*‘Sklj)
i k W U

is the canonical energy momentum tensor and 77 is the metric energy momentum
tensor.

In recent years there has been a growing interest in the Einstein-Cartan theory
of space-time [Trautman (2006), Pereira (2007), Galiakhmetov (2007), Kazmierczak
(2008), Stelle (2008), SS Xue (2008, 09)] in which the intrinsic spin of matter is
incorporated as the source of the torsion of the space-time manifold. The material of
the thesis is organized as follows:

To make the thesis self explanatory we have discussed some basic
mathematical concepts in the Chapter 1. Hence the first chapter is introductory. The
Chapter II deals with the electric part and magnetic part of Weyl tensor in Kerr-
Newman space-time. In the last chapter we studied the spherically symmetric space-
time field with dust in Einstein-Cartan theory of gravitation and the electric and
magnetic parts of Weyl tensor is explored.

The prime mathematical artifact namely the exterior differential forms plays a

central role in simplifying the tensor equations considerably. A brief exposition of



exterior differential forms is presented in the Section 2. Newman-Penrose (1962)
tetrad formalism and its extension to space-times with torsion Jogia and Griffiths
(1980) is the language of relativists and its exposition is available in many books and
research articles. Some of them which are worth mentioning are:

Flaherty(1976), Carmeli(1977), Kramer Stephani, Herlt and McCallum(1980), S.
Chandrasekhar(1983), Jogia and Griffiths(1980), Mclntosh(1985), Singh and
Griffiths(1990), Katkar(2008) and many others.

Cursory account of tetrad and basic notions is given in the Section 3.
Throughout this thesis the use of NPJG formalism is demonstrated to study the
electric part and magnetic part of Weyl tensor in General Relativity and Einstein-
Cartan theory of gravitation. The thesis abounds in the transcription of tensor
quantities into tetrad quantities. The efficiency of the NP tetrad formalism as an

incisive tool is displayed in the Section 4. We portrayed the Jogia Griffiths formalism

in the next Section 5. No originality is claimed in this chapter.

2. 1-Forms and Space of 1-Forms:

Let 7, be an n-dimensional tangent space. The elements of 7, are called
vectors. The set of all vectors of 7, with vector addition and scalar multiplication, 7,
is a vector space.

Definition: A 1-form @ on T, is a real valued linear function. Thatis® : T, — R such
that & (X) =<a~), X > for every X T, , is called 1-form. The linearity of 1-form
function is

D(fX+gl)=fa(X)+ga () V f, geR
A collection of all 1-forms @ under the operations

D) (@+65)(X)=a(X)+6(X) VXeT,
and (i) (fo)y(X)=fB(X) V feR

forms a new vector space T, is called a cotangent space or dual space.



Bases in the Cotangent space:

In the cotangent space T, any linearly independent 1-forms constitute a basis.
One can choose any arbitrary basis in T; . However, once a basis {E ’} has been chosen
for the vector of T , at P, this induces a preferred basis for T p called the dual
basis {67 : } The basis {2, } determines 1-form basis {67 : } by
g'@,)=>5 2.1
P-form and Exterior Differentiation:

A p-form is a completely skew-symmetric real valued function defined on

T,xT,x--xT, .
Let T bea p(2)form. It is defined as

T:Tprpx.--pr — R such that

~

(XY, 2)=T,,(0'®0’® -6V (X,V,Z)
That is T=T,,0'0®0'® 96 ..(2.2)
where ' ®6’ ®---®0* is n” basis of ®” T, . Since p-form p(>2)is completely

skew-symmetric covariant tensor in each pair of indices. This implies that all »”

. . n ..
components of T, , are not linearly independent but has ( destmct components,

AV

where

(?’ij__ nt
p) pln-pl

Thus we see form equation (2.2) that n” basis /' ® 6’ ®---® §* of ®” T, will no
longer be the basis for a space of p-form. Thus the basis for a space of p-form is given
by 19" ®9’ ®-.-®8* . Hence we have from equation (2.2) that

7-71,,'0®0'® 5" (23)

where (§‘ @/ %(5" ®F -3 ®F) =0 nd’.

Hence, ingeneral [§' ® 0’ ®---® 0" =0' AG’ A---n8*



where the wedge product A is defined in the next article.

Hence equation (2.3) can be written as
szU,_,kgi N NN L (24

Which we call ingeneral p-form.

Here T, , a completely anti-symmetric in each pair of indices are called the
components of p-form or simply p-form or a form of degree p. Note that the set of all
p-forms is a vector space and is denoted by A’T, , where
NI =T, AT, A-AT, c®°T,.

Exterior Product (Wedge Product):

Let A”T, and A?T, be spaces of p-form and g-form respectively. If
@en"T, is any p-form and G € AT, is g-form, then their wedge product is
denoted by A and it is defined as,

ANAPT x AT, = AT,
satisfying the following basic properties :

@) Associative property: @ A(GAP)=(@ AT)A P
(i)  Distributive property: @ A(fG+gp)=f(@AG)+g(d A pP)
iy oAc=C=D"cra ...(2.5)
v) oro=0
W) fO@OAF)Y=faonc=anf0c.
Exterior Differentiation:

Exterior differentiation is effected by an operator d applied to forms. It

converts p-form to (p+1)-form obtained by taking either partial derivative or covariant

™ order tensor.

derivative of the associated p
Mathematically, d:APT, — APUTS
with the following properties:
(i) The operator d applied to 0-form f, yields a 1-form df as
df = fdx'
(ii) If @ and & are two p-forms, then

d(aw+bG)=adao +bdo a,beR



(iii) If @ is ap-form and & is a g-form, then

d(DAG)=dd NG +(-1)* " G AdE ..(2.6)
(iv) For any p-forma@, d(do)=d’@=0.

d(foy=df nd+ fdo forfeR.

Note: The operator d subsumes the ordinary gradient, curl and divergence.

3. Newman-Penrose Formalism:
Let x' = x'(s) be the world line of a particle in a given space-time of V,. At

each point of the world line we choose a tetrad consists of four covariant basis vector
fields

e(a)iz(li’ni’mi”_ﬁi) SHERY
where « is a tetrad index, /,, n, are real null vectors and m,, m, are two ccmplex

null vectors. Associated with covariant vector fields, we have contravariant vector

fields given by

e =U',n",m' m) ...(3.2)
Then €y = 8" €y ...(3.3)
where g* are the contravariant components of the fundamental metric tensor. The

null vector fields of the tetrad satisfy orthogonality conditions

i —i
ln'=-mm' =1,

LI'=nn =mm =mm =0 ..(3.4)
The tetrad of dual basis vectors is defined by e,(“) , so that

e(yel =87 ..(3.5)
The matrix of the scalar product of that basis vector fields is given by

NMop = 8ulw®(s) ..(3.6)



This gives

01 0 O
10 0 O

= ...(3.7
0 0-1 0

n® is the inverse of the matrix Nap » then

Nyt =8 ...(3.8)
The matrix can be used to raise or to lower the tetrad indices.

Consequently, we have
el =n%e, or Clay = Tagl)” ...(3.9)
The tetrad of the dual basis vectors is given by
e® =(n, 1, -, —m,) ...(3.10)

i

Also the components of metric tensor in terms of the tetrad vectors are given by

g =Ngpe e’ (311
The relation between the geometry of space-time and the null basis is given by

gy =ln, +nl, —mm, —imm, ...(3.12)
Alternating Pseudo tensor:

The alternating pseudo-tensor 7,,, is defined as

Thig =N~ & Epi ...(3.13)

hifk
where ¢, (="

) is the Levi-Civita permutation symbol, skew-symmetric in each
pair of indices with

1 if h,1, j, k is an even permutation of 1, 2,3, 4
Epe =4~ 1 if h, 1, j, kis an odd permutation of 1,2, 3,4 ...(3.14)
0 otherwise.

Raising the indices with the metric tensor g” yields

phi — 1 & ik ...(3.15)

=

Thus if Q""" is any tensor skew-symmetric in the pair hi, we define its dual with



respect to this pair by

Qpie =52 g ...(3.16)

Thus from equations (3.13) and (3.15) we have

M7 s = g i€ s = 25;:/7;
where S =2(58" -68/87") ..(3.17)
is the generalized Kronecker delta symbol.

The tetrad components of the alternating pseudo tensor 7,,, are given by
_ b i j Kk
Naprs = Mhig € €y €y €15) - (3.18)
Using equations (3.13) in (3.18) we get
_ h ‘ ) k
Maprs =N~ 8 Eniic €(a) € €(7) €0o)
I
N apys z\j—ggaﬂyb"e(/l)l -..(3.19)
We have from equation (3.6)
i k
Nop = EikCa)(p)
Taking determinants of this equation we get

l”aﬁ» = !gzk‘{eéa)!lefﬁ)l

2

1 =g

J-2

We make the convention that the tetrad be always to be so oriented with respect to the

i
€

el |=2i ...(3.20)

coordinates that the sign in (3.20) is positive.
Hence \/—_g !e(;){=i ...(3.2D
Substituting this value in equation (3.19) we get

Nagrs =1 Eaps ...(3.22)
Similarly, we obtain
ner =i g¥r ...(3.23)
We see from equations (3.13) and (3.22) that the advantage of null tetrad is that the

inconvenient factor /— g is replaced by i when components in tetrad system is used.

10



Bivectors and Dual Bivectors:

Bivectors are Skew-symmetric tensors of order two. Consider a skew-
symmetric tensor F, . If F, are tetrad components of the bivector F}; , then we have
F ="y F,

FIZ = 77177723F75
F?=F 21 >

Similarly, we obtain

FB=-F, ; F'=-F, ;
F?® =—-F, F¥ =-F,;
F*=F, . ..(3.24)
If F,; is the dual tensor, then we have
F, = -;-\/Q e F"
If F,, are the tetrad components of dual bivector, then we get
Fo, = ; Eaps F” ...(3.25)

where ¢, ; is the Levi-Civita permutation symbol and it is skew-symmetric in any
pair of indices.

Hence
R, 8)275Fy5
* 1 34 43
F; = 5(31234F + &l )
1
‘2‘(81234F34 +8|2%4FM)
1
E(pa o
)
R, =iF* =iF,,
Similarly,

11



F, =iF" =-iF, ; E,, =—iF" =iF,, ;
E, =iF" =iF,, .
We know a complex bivector F is said to be self-dual if

F; =iF,

i

Thus, its tetrad components F,, is self-dual if
F, =iF,

This implies

E4:O=Fz37 sz:"Fm-

...(3.26)

Thus, we see that, these are only three independent complex components for a self-

dual tensor.

Thus, a self-dual complex bivector F,; is characterized by

‘FM:O’ FB:O, F21=F34

and has three independent complex components |, , F,, , F,, + F}, .

Double Dual:

Consider any fourth order tensor Q,,, skew-symmetric in each of the first and

second pair of indices i.e.
thjk = Q[hi]jk = Q/n[,k]

Then double dual can be evaluated as follows,

| _
* gk _ 2 Jkmn ~Ip
o T glvi!pg Q mn

4

Jjkmn __ o jkmn
where ¢,,,e"" =36,

5. & & &

Clsr st st st

where 57" = ’ b
sros" ST 6”

s, &' &' o,

Jkmn ok omn Jk omn Jk Qmn Jk o omn Jk cmn Tk ocmn
éhilp - 5}::‘ 5Ip +51p 5/1:‘ +§va 51‘;: +§1p 5/13 +5ﬁp 51'1 +§i! 5/3;7

12

..(3.27)



Substituting this in equation (3.27) we get

jkh,' _ _;_‘511( an + 45[[; Q,];}i N (328)

* ko _

o T hi mn

Thus, the Riemann tensor of rank 4 can also be written as
* gk _ ik {j ok
R, . =R,’ —45{&{&‘]]
where S” is trace-free part of the Ricci tensor and defined as

1
Sih =Rih “Zé‘ihR s R, :R];n'k'

In case of the Weyl conformal tensor,
. _ . 1 ..
Cn”™ =R, ™ -25l/RY + g(s,:,k R

Cp’ =R, " ~(6 R, — %R )+ .16-(5,{ SF-6/5¢)R

.

1 R
Chg/k =R, _E(gh/'Rik -8Ry —8uR, +githj)+g(ghjgik "gijghk)

Con =Chpe ...(3.29)
Also Cy, =C,
Instead of Weyl tensor itself, it is equivalent and convenient to consider the complex

combination,

ch =c,,~iC, ...(3.30)

_ apyé
has all the algebraic symmetries of the Weyl tensor (including zero trace) and in

addition it is self-dual in both index pairs i.e.

*

() * _ () e ()
CO!,B w o C afyd = lcaﬁ}é

4. Newman-Penrose Spin Coefficients Formalism:

The Newman-Penrose spin coefficient formalism has been proved to be of
great value in the context of general relativity. It has been particularly useful in the
theoretical analysis of gravitational fields and in obtaining exact solutions of the
Finstein field equations. We exploit in this thesis the Newman-Penrose formalism and
its extension to spaces with torsion (Jogia and Griffiths 1980). A cursory account of

the NP formalism is presented in this Section.



We recall here the tetrad consisting of four null vector fields
€y =U;m.m;,m;),
where the null vector fields satisfy the orthonormality conditions(3.4). The
computational advantage of differential equations becomes possible because of the
fact that the covariant derivatives of null vector fields are expressed as linear
combinations of the four null vector fields. For example
L, =(r+ L, —(a+ Blm, —(@+ P)m, +(e+E)n, ~Tml, +Emm, + pmin, —
—Kmn; —tml, + pmm, +ocmm, —xmn,
...{4.1)

Similarly, covariant derivatives of other vector fields can be expressed.

Here, the coefficients «, v, p, ... are called the Spin coefficients and are in fact the

Ricci’s coefficients of rotation, where the Ricci rotation coefficients are defined by
S / J

Yapr = =€y % ..(4.2)

which are anti-symmetric in first two indices: 7., =-¥4, ...(4.3)

From which one can obtain

K==7m :li;jmilj ; T=""Yin zzi;jménj >

O ==V zli;jmimj 5 P="Y13 =li;jmi m’
=Y =~ni;j’7l-ilj ; V=V =—n,.,,1.771"nj ;
H=7m =“ni;jm_jmj ’ | A=Y =“ni;jﬁi m’

1 Lo
825(“7121 +7341)=E(li;jn I—m,m lj) ;
1 1( i i j).
7=§("7122+7342)=’2‘11;j”n —m,mn | ...(4.4)
1 _1(1 ) i j).
ﬂ=‘é‘(‘“7’123+7343)‘5 ppm —m,mm:j,

1 i i
a= ("7124 +}’344)=§-(l,-;jn m’ —m, m m’).

1
2
It is clear that the complex conjugate of any quantity can be obtained by

interchanging the indices 3 and 4 in the expression.

14



Representation of the Weyl tensor, the Ricci tensor, and Riemann tensor:
The Weyl tensor is the trace-free part of the Riemann tensor and its tetrad

components are given by

Coprs = Raps + -;:—(na, Rys +psRey =Mas Ry, =11, Ros )+ -g(naanﬂ, Ny g5
...(4.5)

where the Ricci tensor and curvature scalar are defined by

R, =1"R,s  and R=7n"R, ...(4.6)
and the trace-free part of the Weyl tensor is characterized by

7°C 45 =0 (4T
together with the cyclic property
Cops T Copsp T Cospy, =0 ...(4.8)

By giving different values to «, £, ¥, 6 from 1 to 4 in equations (4.7) and (4.8) one

can obtain the following relations,

Cin =Chypp +Chgsy Ciiz =Cay 5
Ciag =Cls 5 Ciy =Chss 5
C1224 = "'C2434 5 C1234 = C1324 +C1432 ;
Ci0=0 Ci =03 ...(4.9)
Ciay =Clps +Capag 5 Cips =0
Ciazy =Clag +Cagzy 5 Cra =0 .
Using these equations, we obtain from equation (4.5) the relations:
R R,
Con =Ry — R +— Cios = Rz — 5
6 2
R, R,
Ciog = Ryyyy - 5 Cis = Rypps + ;
2 2
R,,
Cipg = Ryppy + 5 > Ciy = Rppyy s
R,
Cisi3 = Ry 5 Cisie =Rz — 5 3
R, 1 R
Ciagz = Ry +‘? ; Cis = Rz +E(R34 _R12)+“6" 5

15



R, | R

Cisza = Rz B Crazs = Rypps +?12“(R43 'R12)+"6‘ >
Cie =R 4‘5—2‘ﬁt ; Cie = Ry +—1%4— ;
Cras = Rysps 5 Chiog = Rypy —%—2— ;
Craza = Ryzyy “‘%‘3‘ > Coma = Ryppy 5 ...(4.10)
Coss = Ryg +%é‘ ; Ciuza =Ry + Ry, +-§
Tetrad Components of Weyl Tensor and Ricci Tensor:
The tetrad components of Weyl tensor are labeled
W, ==Cpyp ==Cpl"m'l'm"
W, ==Cly3 = ~Chgklhn’ljmk ,
Wy =—Cppy ==Cy,m'n'l'm"
Wy ==Cpp ==Cpum'n'l'n" L(4.11)
W, =—Cpp = —Ch,.jkﬁ"n’ﬁfn"

While, the tetrad components of R, and R are given by

4. =

9.

¢02 =—=

¢

1 |
'E’Rn ="ERéil I,

="5R13 =‘5Rijl m’ .
2R33 ——ER,.jm m’,
1 1 i

=‘—'§'Rl4 =—-2-lel m’ R

1 1 ij ie
oy ="Z(R|2 +Ry,) =—ZRU(1 n +mm’)

b =~

1 1.
SRy === Ry'm’

16



1 1 fome
o :"ERM =_'2‘Rgn m’,
1 1 i
¢22 Z—ERzz =—§Rijn n ., (412)
A =~1—R
24

5. Jogia and Griffiths Formalism:

A familiar Newman-Penrose formalism which we discussed in earlier section
is extended by Jogia and Griffiths (1980) to include torsion into the space-times.
Henceforth we refer to it as NPJG formalism. It is widely used to study certain
problems in Einstein-Cartan theory of gravitation, and also hoped that the Jogia-
Griffiths formalism may provide the most convenient method for the analysis and
generation of exact solutions. The space-time of Einstein-Cartan theory of gravitation
is described by non-Riemannian geometry, in which the christoffel symbols are not

-symmetric. The geometry is described through the torsion tensor given by
| o
0, =—5(K,-," -k, | (5.1

where K ,)k is the contortion tensor satisfying

K,, =0 ..(5.2)

ik
‘The tetrad components of contortion tensor are given by

_ i)k
Ka/,r = K,.j,( € €l € ...(8.3)

where K =0.

a(fr) _
The torsion can most conveniently be incorporated into NPJG formalism in terms of
the components of contortion tensor. These are conveniently denoted by the Jogia and

Griffiths spin coefficients defined by:

K, =Ky =K, I'm'l* m ==K, ==K l'm'n*;
1, =Ky, =K, n'm'l* ; v ==Ky, =—K,n'm'n" ;
o, =Ky =K, m'm'l* ; i =-Kyy =-K, mm’'n";
Py =Ky = Kijl(’Tzimjlk ; A ==Ky :“Kykﬁiﬁjnk ’

17



1 1 P o
& =‘2‘(Km ’Km:s):Engl (njlk _meA) ;
I ='2“(K221 'K243)=5ng” (n'l" —=m’m") ;
1 1 ir jrk =ik
By ='§(K321 _K343)=-2—Kijkm (n'I" —m'm") ; ..(5.4)

1 1 — : — §
a, =§(K421 _K443)=5ngm (1" —m'm"y ;

with this notation we have
K=K +kK, e=¢" +¢,etc.
It is clear that the complex conjugate of any quantity can be obtained by replacing the
index 3 by 4 and conversely.
Hence from equation (5.3) one can readily obtain the expression for contortion tensor
as
Ky =2[(&, +EDnl g+ + 1)L g — (8, —8)mmmyy = (v, — 7)) Emyg g +
Ll my + Aml mg + L my —monl m, —(a, + B)ml n, -
—(a, - Zf,)m,r'h‘umk] =t lm n, + 6 mm n, —xnm n, + pymm ng i+ {ec.]
...(5.9)
where c.c. indicates the complex conjugate of the previous term.
In the Einstein- Cartan theory of gravitation, the trace-free part of the Weyl tensor and
the cyclic property described in equations (4.7) and (4.8) give the relations
Ciay == (Ciagg +Crizyy == (Crapy +Coyi3) 5

Ciis = —Cliaes Craig = Crgaas

Cins =Cres Cinos == Chpaas

Ci == Cpss Ciae = =Class

Cuz =Ciaas Ciaps ==Ch3;

Cioe == Chyuas Cosiy =Cps; ...(5.6)
Couy =~ Cippy Caspe == Couss

C|324 =—( C2314 + C3434 )s C|423 = _(sz + C3434) .

In Einstein-Cartan theory of gravitation, the Ricci tensor is not necessarily symmetric

and so has 16 independent components. These can be expressed in terms of the nine
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components of a Hermitian 3x3 matrix ¢,, , the real parameter A, and three new
complex components ¢, (A, B=0, 1, 2). These are defined by

1 ok
=-=—R,0'l" ;
¢oe 2 ik

b, =—-‘1IR,k(limk +m’l") :

Lok,
¢o2:_5Rikmm H

1 ik irk i—k —i  k
¢11=‘§Rm(l” +n'l" +m'm" +m'm );

Py =—~—£1IR,k(n'mk +mink) ;

1

b1 =——2—R,kn'n" ; (5.7
R
A=—
24
Vo (i ko ik
@, =—ZR,k(I m* —m'l );
@, = —%Rm ('n* —n'l* —m'm* +m'mt);
1 —i_k ik
0, =—ZR£,((m n'—n'm )

Also the trace-free part of the curvature tensor has 20 independent real components.
These can be expressed in terms of the five complex components, nine components of
a Hermitian 3x3 matrix ® ,, (A, B =0, 1, 2) and a real parameter y . These are
defined by

w,==Cpy ==Cpl"'ml’m" ;

1 1 i =h_i\rj
W, ="5(C1213 +C4313)=_'2'Chijk(lhn +7"m )ljmk ,

— —_ e=h_diyj_k .
Wy, ==Cyyy = Chijkm n'l’m"
k

1 1 i b Y
¥s Z_E(sz +C4342)=”§C”ffk(lhnl +"m )m’n >

- — soh ik,
Wy ==Copyp =-Cym'nm’'n" ;

hij
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o

0, =~iCyy,y ==C,,"m''m" ;
i i hi(jk——jk),
0, ..—5-(01312 +C1343)_-§c,,,}.k1 m'\l'n* +w'm*); ...(5.8)
@, =iCyy, =iC,, 1 "'m' ' m*
i i i =h. il w—
0, = Z(sz +Chag3 = Caap ‘C4343)= Zcz?yk (lhn —m'"m )(ljnk + 7 m' );

0, = _%(sz +Co)= —%Chyk”hmi(lj”k +'_ﬁjmk) )

—_—i ) ho—i j ok
Oy =—iCyyyy =—iCyyn'm'n’m" .

We record the results obtained by Katkar (2008) for the use in the Chapter 3.

1 R R
Cin = R “E(Ru + R21)+‘6' 5 Cii =Ry ‘“"21—3‘ ;
R R
szm - R1214 .‘_2‘_4- : C1223 = R1223 +_22_3~ 5
R ~
Ciza = Ry +-_22i ’ Ciyze = Ripys 3
R
Ciaz = Ry “_23“1' > Ciis = Ris s
R R
Cisia = Riziq ‘—él ; Ciay = Ry +'—233‘ ;
1 R , R
Cisze = Risnu +—(R34 “‘sz)+” 3 Ciazs = Ryzay -
2 6 2
R R
Cun = Ry ‘”“24‘1‘ " Ciis = Rius —-—zl‘- :
~ 1 R
Cina = Riara 5 Crs = Ry + 5(R43 - R,)+ 6 ;
R R
Cry = Ry + —zéi > Cugs = Ry + =5 5
2
R v R
Cyui = Ry ‘*”—2& ; Crs = Rz +-—23§- :

1 R
Cog = R34 +§(R34 - R21)+'g 5 Coppy = Ry
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R R
Cosas = Ry —% 5 Coiza = Rogy "‘22_3 ;
R 1 R
Cogpy = Rogpy +—% 3 Coas = Ryuys +"(R43 ’Rizx)'*“‘ 5
2 2 6
R R ,
Cona = Rogya +—24i ; Couzs = Ry ‘% ; .(5.9)
R
Coirs = Ry 5 Coiza = Ry +_224’ ;
R
Coay = Ry 5 Cas = Ry ‘% 5
R R
Cigra = Ry +% 5 Cips = Ry "% 5
R 1 R
C3424 = R34z4 + 'f > C3434 = R3434 +5(R43 +.R34)+ _6— .

The trace-free part of Weyl tensor has components,

Rs——

Cony = Cagzy =(‘Wz '*‘i?("i@n)'*'(_‘?z +ZZ""®11) ;

Cias ==Clagg =¥, — 10, ;

Claps =Chsy =310y, 5

Cis =y, =, +2i0, = 2iy |
Ciaiy ==Chpps =9, +10O, ;
Ciy =-¥. ;

Cialg == Clyp3 =103

Cipy ==Cp3 =10, ;
C;m»”' Cons =¥5 5

nn = Cagy =W; +i0O,
23 =Wy 5 .(5.10)
Crpy ==Chppy =10 ;

a 0

Coun =y, W, —2i0,, -2iy
and Cp,is Cinggs Cuanzs Crares Crazss Crazas Crazas Cosas Conns Connas Cosras Cagza s

Cys » Cyyy are obtain from above equations by interchanging 3 and 4, in the



components Cp5, Ciyss Cizns Cizzs Craggs Cisgss Ciazas Cagzs Cozigs Coapzs Copmas
Cssa> Caaizs Cagn -

Consequently, Weyl tensor C,,, in tetrad components is expressed as

i
Chp = [“//42;1”2,1'& +/, (leu'ij’k + Z;:‘Z;‘k )_'//2 (Z}?;‘Z;k + ZZ:'ZJZ'& + qu'Z;k )+
+y,; (Z;izjk +ZZiij'k )—WoZI?iZ?k +i®an;?;-Z-jk +i0, (Zlfrzjk “Z;/ka )+

+i0,(Z)2% + 2271 )+i0, 2272 —i0,(22 7, - Z) 22 )+ 10,77}, +

+2iyZp Z 5 1+ [cc]
..(5.11)
where Zy ==2n, 1, ;
Zp = =200, my —my, 7,1 ..(5.12)
Zy=2l,m, .

It is hope that the equation (5.11) can be used for the analysis of Weyl tensor.
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