


CHAPTER n
IDEALS AMD DUAL XDALff

INTRODUCTION

Ideals and dual ideals play an important role in lattice, especially in distrubutive 

semilattice. As distributive semilattice is a generalization of a distributive lattice 

inferesfm^ywe shall stfriy some properties of ideal s2$ dual ideak in a distributive A 

sewi’attice.

In ttiis chapter we have collected some properties of ideals and dual ideal in 

distrubutive A semilattice.

Throught out ttiis chapter S stands for bounded distrubutive A semilattice.

At the out set we prove that an annihilator (a)* of an element a in a distributive 

semilattice S is an ideal.

Result: 2.1: Let S be a distributive semilattice with 0. Then (a)* is an ideal for any a s S 

Proof: We prove that (a)* is an ideal

i) As a AO = Owe get Os (a)*

Therefore (a)* * ®

ii) Let y £ x and x s (a)* we get xA a *= 0.

If yS x, we get yA a £ xA a = 0 

Therefore yAa=0
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Therefore y s (a)* 

iii) Let u, v s (a)*

As u g (a)* we get u A a = 0 and as v g (a)* we get vAa=0

Fh>mu 2:^Av = 0, wegettwo elements s andt s S such that s t ^ v and s A t = u, 

by distributivity of S.

Thus u£t and v£t

Therefore the element t is an upper bound of {u,v}

FhrthertAa = tA(aAs) (aas^a,aAs = a)

=(tA s ) A a 

=u A a 

= 0

This shows that for any u, v s (a)* there exist t s (a)* such that t £u, t ;> v.

Thus from (i),(ii)and (iii) we get (a)* is an ideal.

***

Now more generally we prove that an annihilaior of a relative to b, i.e. 

<a,b >is an ideal in a distributive semilattice S for all a, b e S.

Result: 2.2 : In a distributive semilattice S, <a,b> is an ideal in S. For all a,b, s S.

Proof: Let I = <a,b> = {x s S/xA a<b) 

we prove that I is an ideal

i) As bA a £ b we get b & I .Therefore I * <D

ii) Let y £ x and x s I. We get xA a £ b.
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Asy <;x we getyA a£xA a. Therefore y A a^b 

Thus y e I

iii) Let x,y s L As y s I we getyA a <> b.

But by distributivity of S we get b = aj* yi for some ai ;> a and y\ Sry in S.

Again as x & I we get aA x ^b 

AsaAx^bandb<:yi wegetaAx^yi

And hence by distributivity of S we get yi = aa A z, for some aj £ a and z £ x in S.

Further z A (aiA aa) = (zA aa)A ai = yi A at = b.

Thus zA a s: z A(atA a2)impl:y zA a £ b and hence z s I.

Thus for x,y s I there exist z s I such that z ^ x and z £y.

Therefore from (i),(ii) and (iii) we get I is an ideal in S.

***

It is well known that every chain is a distributive lattice and hence a 

distributive semilattice. Interestingly we get,

Result :2.3 : A distributive semilattice S is a chain if and only if every ideal in S is

I- ime

Proof: If part: Assume that I is a prime ideal in S.

We shall prove that S is a chain.

Let a,b s S.

Consider I=(aAb].

By data, I is prime.

Hence a A b s I implies a s I or b s I.
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Let as L Thenar a A b.

Therefore a=aA b. 

i.e. a£b.

Hence S is a chain.

Only if part: Assume that S is a chain. We shall prove that I is a prime. 

Let a A b s S

As S is a chain either a £ b or b £ a 

Leta£b. Then a A b = a and hence as I 

Hence I is prime.

***

Any proper dual ideal in any semilattice with 0 is contained in a maximal 

dual ideal is proved in die following result

Result: 2.4 : Any proper dual ideal of a semilattice S with 0 is contained in a maximal 

dual ideal.

Proof: Let D be a proper dual ideal of S with 0. As D * S, there exists as S, . ^

such that a £ D. Define K = {F/D c F and is proper dual ideal }

Since D £ D and D is a proper dual ideal, we get D s K . Therefore K *<D 

Let C, be any chain in K.
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We shall prove that UC s K 
CsC,

Let M = UC
CsC

We shall prove that M e K

i) Leta<b.

For as M we get as C, for some C s £

Therefore b s C [ As C is a dual ideal ]

Thus bsM

ii) Fora AbsMwegeta AbsC,forsomeCs£

Therefore a s C and b s C [ As C is dual ideal]

Hence a s M and b s M.

Conversely,

For a,b s M we get a s X and b s Y, for X, Y s £ As £ is a chain we have Xc;Yor YqX. 

Assume that Xg Y.

Then a,b s Y and Y is adual ideal, we get a A b s Y and hence a A b s M.

Therefore from (if^ii) we get M is a dual ideal.

Now, since 0 g M we get M is proper.

Now as C, sK, D £ C, for each C s£, we get D £ UC
Cs£

HenceD^M (asM = UC )
Cs £

Hence we get M s K.
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Hence K contains a maximal element, say P .

Now we have to prove that P is maximal dual ideal.

Suppose if possible P is not maximal dual ideal in S. Then Pc= Q c S.

£
Nowl^cPcQcS (asPsK)

Therefore we ge^e Q and hence Q sK, which contradicts the maximality ofP. 

Therefore P is a maximal dual ideal in S.

***

We characterise maximal dual ideal as,

Result: 2.5 : Let S be a distributive semilattice with 0. A proper dual ideal M in S is 

maximal if and only if for any element a gM (asS) , there exists an element b s M such 

thataAb=0.

Proof: If Part: Assume that for any element a gM ( a &S), there exist an element b sM 

such that a A b=0.

We shall prove that M is maximal.

Let J be a dual ideal in S such that McJcS.

As M c J we get a s J such that a e M .

Now by data there exist b s M such Chat a A b=0 

As b e M we get b s J.

Thus we have a,b sJ and J is a dual ideal 

Therefore, a A b t J. i.e. 0 s I 

Therefore J = S.
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This shows that M is a maxima).

Only if part: Assume that M is maximal.

For any element a gM (a e S) we have to prove that there exists an element b s M such 

thataAb=0.

As a « M we getM V [a>£ S. 

i.e. McMV[a)cS.

Now as M is maximal we get M V [a) =S.

Therefore Os M V [a) gives 0 £ mA t, for m s M,t c fa).
\

As S is distributive there exists b ^ m da. £ t j?uch that 

0= a A b £ m At.forbsM&agM.

Therefore a A b = O.for b s M.

Hence the result.

***

As in a bounded distributive lattice we get 

Result :2.6: Any maximal dual ideal of a bounded distributive semilattice S is prime. 

Proof : Let M be a maximal dual ideal which is not prime . Then there exists two dual 

ideals Dj and D2 such that DjrT>2 c M , but neither DicM nor D2 cr M.

Therefore we get x s Di such that x gM and y s D2 such that y 0 M.

Since M is maximal there exists z and t in M such that x A z =0 and y A t =0.

[ By Result 2.5 ]

Now since z A t ^ z and z At <. t ,then 

x A(z At) £x Az=0 and y A(z At) <, y At =0

=% V'A A.V
Cs ^ to .a a S3

A a {*• 0 a *0

\ t
' \J fc»». dBfc ... te--.
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Thus we get x A(z Ai)=0 and y A(z At) =0

Therefore x,y s {zAi}* [By Result 2.1)

As x,y & M, we take ii> x,y such that uA(zAt)=0. Since u,z,t belongs to M

and u A(z At)=0,we get o & M , which is a contradiction . Hence M is a maximal dual

ideal of S which is prime.

♦**

We first define D(x) as follows

Def.2.7 : Let S be abounded distributive A- semilattice, for x s S, define

D(x) = {y sS/1 is die only upper bond of x & y).

***

Using Def.2.7 we prove the following result 

Result :2.8 : In a bounded distributive A- semilattice S, D(x) is a dual ideal for x s S. 

Proof: (i) Since 1 is the only upper bound of 1 and x. i.e. 1 £ 1 and 1 k x.

Therefore 1 s D(x). Hence D(x) * <3>.

ii) Let a£b and a e D(x) we get 1 k a,x. i.e. 1 is the only upper bound of a and x. If a <. 

b ttrn we get 1 a and 1 £ b. Thus 1 ;> b and 1 £ x . This shows that 1 is the only upper 

bound of b and x.

Therefore b e D (x).

iii) Letx, a s D(x). y * , l £ "|)(x) 
Let k be any upper bound of y and x A a f 

Since k £x A a, there exists m,n such that 

m £ x, n £ a and mA n = k

L«r4> X k

j k.

ijS. Ci /\ Jjy

vn, i% „„ ,, iS, . |(S. -

v VV:‘
** ‘ V s

v k, - f

:'} * h <r- T)f *
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As m ;> y and m ^ x we get m -1 

Similarly as n £ y and n >. a we get n = 1 

Hence k = 1

i.e. k = 1 is lhe only upper bound of y and x A a 

Therefore x AasD(x). ^

Conversely, let x Aa s D(x). j s%v

Then as x A a £ x we get x s D(x). 

Similarly as x A a a we get a s D(x).

Unis for x A a s D(x), we get x s D(x) and a & D(x) 

Therefore from (i), (ii), and (iii) we get D(x) is a dual ideal

***

We define W(M) as follows.

Def.2.9 : I-et S be a bounded semilattice and let M be a maximal dual ideal in S we

define W(M) = {xs S/[x)n[y) = {1} for some y g M}.

***

Using the Def. 2.9 we prove the following

Result: 2.10: In a bounded semilattice S, the set W(M) is a dual ideal contained in M. 

Proof: We shall prove that W(M) is dual ideal in S contained in M.

i) Since [1) r> fy) = {1} for each y g M.

Therefore 1 s W(M) and hence W(M) * d>

ii) Let a ^ b and a s W(M), we get 

fa) n[y) ={1), for^&ch y g M
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If a £ b then [b) c [a)

Therefore [b) o [y) c [a) n [y) = {1 >

Therefore [b) n (y) = {1}

Ttua shows that b s W(M), 

iii)Letxi,xssW(M)

We get [xj) n, [yi)={ 1} foryi «M

and [X2 )rt[y2)={l) fory2 «M

As yi gM and M is maximal dual ideal we get yi A mi=0 for some mj s M.

Similarly, as y$ « M and M is maximal dual ideal we get y^ A m2 =0, for some m2 s M.

[By Result 2.5]

Therefore yi A(mi A m2) =0 and ya A (mi A m2) =0

Therefore yi ,y2 s (mj An^}* [By Result 2.1]
*

As (mi Am&J* is an ideal, there exists t £ yi, t£ y2 such that t s[mi Am2)[By Del. 1.16] 

i.e t A (mi A m2) =0. Now (mi A m2) s M.

If t s M then t A (mi A m*) s M.

But t A (mi Am2)=0 s M , contradicts die maximally of M.

Therefore t g M.

Thus t £yi ,t £,y2 and t g M 

We prove that [ xj AX2) r% [ t) = {1}

Let k be an upper bound of t and xi AX2 

Therefore k £ t and k ^ xj A X2
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As S is distributive, there exists m, n such that m £ xi, n £ xa and m An=k. 

As m ^ k and k ^ t we get m ^ t (as le m A n)

Thus as m £ Xi and m^t we get m=l (since [ xi )o [ t) = {1}.)
Vi

Similarly as n £ X2 and rh^t we get n=l (since [xj) o [t)={l» 

Therefore ks=mAn=lAl = l 

Therefore 1 is the only upper bound of xj A x* and t 

Therefore[ xi A x& ) r* [ t) = {1} for t <£ M 

Therefore xj A X2 c W ( M) 

t inversely, let xj A X2 C W(M) '

Then as xi A X2 £ xi we get Xi e W (M)

Similarly as X| A X3 £ xa we get X3 e W( M)

Therefore from (i ), (ii) and (iii) we get W (M ) is a dual ideal

Now to prove that W (M) c M

Let x s W (M). We get [x)n [y) = 1 for y g M.

As {1} c M we get [x) n [y) c M and M is prime.

Therefore [x) c M. Thus we get x s M.

Thus ifxsW(M) then xsM.

This shows that W(M) c M.

Hence the result

r ***
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The nature of elements of IV J for any two dual ideals I & J in any semi lattice is

given in the following.

Result: 2.11: Let I and J be dual ideals of a semilatticqjgfThen.

IVJ = [I U J) = {t/t 2» i A j, i s I, j s J}

Proof: LetT=IVJ = [IUJ)^ {t/t ^ i Aj , i slj s J}

We have to prove that T is 

I) a dual ideal 

micT.JcT
T

and (in) is there exists a dual ideal D such that IcD and^c D then TcD.

fcD and I c D then T c D-

(I) (a) since l£iAj,isI,JsJ

ft
We get 1 s T. Therefore T * <X> 

b) Let x <, y. As x s T, we get x £ i A j , i s I, j s J 

As ^ y we get y £ i A j , i s I, j s J. Therefore y s T 

C)Letx,y sT.

As x s T we get x £ ij A ji, ii s I, jj s J.

AsysTwegety 2s i2 Aj2, i2 s I, j2 s J

Then x A y £ (i| A jj) A (i2 A j2)

i.e. x Ay £ (iiA i2) A (ji Aj2)

i.e. .xAyi: iA j as ii A i2 = i s I

& j 1 Aj2=j s J
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Therefore xAysT. 

conversely, let xAysT.

We get x Ay ;>i Aj , i sl,j sJ.

Thenx^xAy £i Aj , i sl,j sJ.

Thusx^i Aj, i sl,j s J.Therefore xsT.

Similarity, as xAy s T, we gety ^x Ay £ i A j , isI.jsJ.

Therefore y s T.

II) Let i s I, we get i £ i A j , j s J. Therefore i e T 

This shows that IcT

similarity, let j s J, we get j £ i A j , i s I. Therefore j s T.

This shows that JcT.

^ iswegetleTandJeT

m) We have to prove that T is the smallest dual ideal containing I and J 

As I c T and J <r Ti.3saim<cD;i^td«aliidftahsaui&rfhfttiItCE D;aBriJ<u P 

LettsTthent^i Aj, isI,jsJ.

As I £ D,JcD,we get i, j s D. But D being dual ideal, we get i A j s D. 

As t £ i A j s D and D is dual ideal we get t s D.

This shows that TcD,

Hence die Result.

***

For distributive svimiumw S we get
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Result2.12: Let I and J be dual ideals of a distributive semilattice S then

JVJ = [ IU J) = {t/t = i Aj , i s I, j e J)

ProofLet T = {t/b=i Aj, isl.js J}

By Result 2.11,we have

IVJ = [IUJ) = {t/t^i Aj, isIJsJ}

Letts IVJ. Itient £ i A j , isIJsJ

As S is distributive, there exists ii, ji s S such that t = ii A ji

As I is a dual ideal and i s I, we get i, s I (since ii £ i)

Simillarly J is a dual ideal and j s J, we get ji s J (since ji £ j)

Hence t=ii Aji, iisIJisJ 

Therefore t s T

HencelVJeT.. (i)

Now obviously Te; IVJ.... (ii)

From (i) & (ii) we get 

IVJ = T

Tims IVJ = (t/t=i Aj, isl,j sJ)

Hence the result

***

We use the following definition to proceed further.

De '.13 : Let S be a distributive A - semilattice, a,b s $ By < a,b > }£< b,a > we 

mean ideal generated by < a,b > U < b,a >.

***
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In abounded distributive A - semilattice, every prime dual idal is contained in a 

unique maximal dual idal then <ea,b > Y<b,a> = S identically for a,b belong to us with a 

A b=0 is proved in the following.

Result: 2.14 : Let S be bounded distributive A - semilattice. If every prime dual ideal in 

S is contained in aunique maximal dual ideal then < a,b> V <b,a> =S indentically for a, b 

sSwithaAb = 0.

Proof: Let a, b e S such that a A b - 0 and let <a,b> V <b,a> = I (*S). Then there 

exists a prime dual ideal P disjoint with I. Consider the dual ideal PV [a).If be PV[a) 

then b^tA a for some t e P. Therefore, t s <a,b> [ By Result 2.2 ] 

and hence t<£ Ir> P =0, a contradiction. Hence b g PV [ a)

This shows that PV [a) is a proper dual ideal.

Hence PV[a) c Mi, for some maximal dual ideal Mi. [By Result 2.4]

Hence Pc M(

Similarity, a g PV[b) imply PV[b) is a proper dual ideal and hence there exists a 

maximal dual ideal M2 such that Pv[b)c M2 

Hence Pc M2

Thus as a eMj and aAb =0, we get bg Mi [By Result 2.5]

Si ilarlly, as beM2 and aA b=0, we get agM2

Thus Mi * M2. But this shows that PcMi and PcM2 with Mj * M2, a contradiction; 

and hence <a,b> V <b,a> =S, identically, for a,beS with a A b =0 

Hence the result
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***

In abounded distributive semilattice, <a,b> V <b,a> = S identically for a,beS 

with a A b=0 then for any prime dial ideal Pof S, there exists x s P such that aAx and 

bAx are comparable is proved in the following.

Result: 2.IS : Let&be abounded distributive semilattice. If <a,b>Y.<b,a> =S 

identically for a,b eS with aAb =0 then for any prime dual ideal P of S, there exist x in P 

such that aAx and b A x are comparable.

Proof :By data <a,b> V <b,a > = S identically for a,b s S.

Let t e P we get t € S 

i.e. t€ <a,b> V <b,a> 

i.e. te( <a,b> U <b,a> ]

Hence there exists x e <a,b> andye<b.a> such that t^x Ay. \
Therefore [ t) □ [ x) a [ y)

Thust s P we get [ t) c P.

Hence [ x) n [y)e P 

Since P is prime dual ideal of S, we get [ x) q P or [ y) c P [By Def. 1.23]

Let [ x) c P. Then we get x e P 

l.,us as xC<a,b> we get a A x £ b.

Therefore a A x £ b A x.

Thus for given a,b s S with aAb =0 there exists xe P such that a A x$> A x. i.e. aAx 

and bA x are comparable.

i (fi) h.j ,
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Hence the result

***

For any prime dual ideal P of bounded distibutive semilattice there exists x in P 

such that a a x andb a x are comparable then P is contained in aunique maximal dual 

ideal is proved in the following.

Result: 2.16: Let S be abounded distributive A - semilattice and let P be a prime dual 

ideal in S, for a,b s S with a ,b e S toijh aA b=0 there exists x in P such that a A x and 

b A x are comparable then P is contained in a unique maximal dual ideal.

Proof: Let Pc: Mi and PcMj where Mi and M2 are distinct maximal dual ideals in S. 

As Mi *M2 there exists at eMi such that ai <*M2.

But then there exists ageM? such that a* A aj =0 [By Result 2.5]

By data, there exists x in P such that ai Ax and agAx are comparable.

Assume without loss of generality ai A x$a2 A x 

AsxeP and P^ Mj inqdyxeMi

As aieMiand xeMt, we get at A x gMj [By Def 1.21]

Tiiis as ai Ax <. aa Ax and at AxeMi we get aa AxgM> [By Def. 1.21]

Thus we get a^Mi

As a i eMi and aseMi we get ajA^e Mi [By Def. 1.21]

i.e. oeMi, contradicting the maximality of Mi 

Therefore Mi = M2

Hence the prime dual ideal P must be contained in a unique maximal dual ideal.

Hence the result.
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***

Combining the Results 2.14,2.15 and 2.16 and putting diem in the following 

elegant form we get

Result : 2.17 :Let S be abounded distributive A - semilattice. Then following are 

equvalent

1. Every prime dual ideal in S is contained in a unique maximal dual ideal.

2. <fl,b> V <b,a> = S identically for a,be S with a/\b = 0

3. For air/ prime dual ideal P of S, there exists x in P such that a A x and b A x 

comparable.
***

The set of all dense elements in a bounded semilattice is a dual ideal is proved in 

> following result

Result: 2.18: In a bounded semilattice S, the set of all dense elements , D(S) is a dual 

ideal.

Proof :We have, D(S) = { xeSf x is a dense element} = {xe£/ {x}* = {0} }

We have to prove that D(S) is a dual ideal in S 

i.Since {1}* = {0}, we get leD(S). Therefore D(S) * <j> 

ii-Let x £ y and x e D(S). We get {x}* = {o}

As x £y we get {x}*2 {y}*. i.e. {o} □ {y}* 

i.e. {y}*= {o} Therefore ye D (S) 

iii. Let x,ye D(S)

Asxe D(S) we get {x}*= {o}. i.e. {x}** = {o}*= {1}
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As yeD(S), we get (y}* = {o}. i.e. {y}**= {o}* = {1}

" Tow we know (xAy)** = x**A y**

Therefore (xAy)** = {1} A{ 1} = {1}

Therefore (xAy)*** = {l}*={o} 

i.e. (xAy)* = (o) (As a *** = a*)

Therefore (xAy) eD(S)

Conversely letxAyeD(S)

As x A y £ x. Therefore { x A y }* a {x}* 

i.e. {x}* c {x y}* = (0). i.e. {x}* = {0} ,

Therefore x e D(S)

Similarlly, as x A y^y, then {x A y}*2{y}* = {0}

Therefore {y}* = {0}. Therefore yeD(S)

Hence from i,ii & iii, we get D(S) is a dual ideal in S.

Hence the result.

The relation between set of all dense elements and the set of all maximal dual 

ideal is exhibited in the following.

Result: 2.19: In a bounded semilattice S, the set of all dense elements D(S) is the 

intersection of all maximal dual ideals in S.

Proof :We have to prove dial D(S) = , where H is the set of maximal dual ideals in

S.

Let X€D(S)
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re have to prove thatxs M , for all MeM

Suppose x^M, then there exists meM such that xAm =0 [By result 2.5]

But then m =0, a con 

Therefore xeM for all M e A

Hence D(s)e nH............ (I)

Now, let y s r\ fl Then yeM for all Me m

Suppose yg D(S); then there exist ze S, such that y A z = 0 and & 0

Now, since z * 0, then there exist a maximal dual ideal containing z. Suppose it is M.

i.e. [ z) is a proper dual ideal and contained in M. [By Result 2.4]

Therefore zeM

Now as zeM and yeM, we get y A zeM

i.e. OeM, contradicting to the maximally of M. Therefore yeD(S)

Thus nftc D(S) m
Hence from (I) & (B) we get 

D(S) =nfl 

Hence the result

***

Further we have

Resnlt : 2.20: In abounded distributive semilattice f\c p, where H is the set of all

maximal dual ideals & p is the set of all prime dual ideals containing all dense

elements.

Proof :We have to prove that
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As n He M, for all Me A

Then we get D(S) c M, for all M s A (As D(S) = n A)

Now as Me & , for all Me A [By Result 2.6]

Thus each maximal dual ideal is a prime dual ideal containing D(S).

Thus we get Aq£>

Hence the result

**«

Any set complement of a minimal prime ideal in a bounded distributive 

semilattice is maximal dual ideal is proved in die following.
\

Result: 2.21 : In a bounded distributive semilattice S, set convenient of a minimal prime 

iueal is a maximal dual ideal.

Proof: Let A be a minimal prime ideal of S we have to prove that set complement of A, 

denoted by cA is a maximal dual ideal

i) Let a, b, s cA. We get a, b g A.

As A is prime, a A b g A. Therefore a A b e cA.

Conversely, let a Ab s cA. We get a A b g A 

As A is prime, a g A and b g A 

Therefore a s cA or b s cA 

Hence cA is a dual ideal.

ii) As cA is a dual ideal. Then it is contained in a maximal dual ideal M of S

[By Result 2.4]

i.e. cAcM
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i.e. A=>cM

Now we shall prove that cM is an ideal

iii) Let x £ y and y s cM. We get y t M 

As M is maximal dual ideal, we get x g M.

erefore x s cM

iv) Let x, y e cM. We get x,y g M

As M is a maximal dual ideal,there exist z,s M and %sM such that zi A x = 0 mid 

Z2 Ay=0 [ByResult 2.5]

As z\, Z2 s M we get z\ A z& sM.

t x A(zj A 2&) =0 and y A (zi A za)= 0 

We get x,y s {zi A z&}* [By Resulst 2.1]

As {z\ A za }* is an ideal, there exist t £ x, t £ y such that t s {z\ A 2&}*

i.e. t A (zi A Zi) =0

As t A (zi A za) =0 and z\ A za g M we get t g M

[By Def.1.16]

[By Result 2.5]

Hence t s cM

Thus for given x,y s cM there exist t s cM such that t £ x and t £ y 

Hence cM is an ideal.

Now we prove that cM is prime 

Let a A b s cM . We get a A b <t M 

As M is a dual ideal, we get a «S M or b g M 

i,e. a e cM or b s cM. Therefore cM is prime
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As Ac cM and cM is a prime ideal, we get by minimality of A, a cono^diction. 

Therefore cA = M. i.e. cA is a maximal dual ideal

Hence the result

***

Venkatanarasimhan P.V. [19] has proved that in a pseudo complemented lattice L 

the first three of the following statements are equivalent and each of these is implied by 

the fourth.

I) Every prime ideal is minimal prime 

ii) Every prime dual idealis minimal prime 

i».) Every prime dual ideal is maximal 

iv)D = [l)

This result can be generalised to bounded distributive semiiattice as follows. 

Result :2.22: Hie following statement concerning a bounded distributive semilattice S 

are equivalent.

I) Every prime ideal is minimal prime

ii) Every prime dual ideal is minimal prime

iii) Every prime dual ideal is maximal

Proof :Suppose A is a prime dual ideal which is not minimal prime. Then there exist a 

prime dual ideal B such that Be A

We prove that cA and cB are prime ideals (cA,cB are set complements of A, B 

r. .jectively)

i) Let x £ y and y s cA we gety 0 A
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As A is dual ideal, we get x «S A. Therefore x e cA 

ii) Let x,y s cA. We get x g A, y A.

As A is a dual ideal we get [x) |tA and [y) £ A

Therefore [x)n [y) £ A. Then there exist 18 [x) n [y) such that 1g A

This shows that there exist ts cA such that t ^ x and t £ y

From (i) and (ii) we get cA is an ideal

Now let a A b s cA. We get a A b g A

Therefore a g A or b g A

Therefore a s cA or b s cA. Therefore cA is prime ideal

On die similar line we can prove that cB is a prime ideal and cB is not minimal.

Thus (I) (II).

Let C be a prime dual ideal which is not maximal. Then there exist maximal dual 

ideal say M such that C c M. As S is distributive M is prime [By Result 2.6] 

Thus M is a prime dual ideal which is not minimal prime.

Hence (II) => (HI)

Let A be a prime ideal which is not minimal prime. Then there is a minimal prime 

ideal B such that Be A. Clearly cA and cB are proper prime dual ideals and cA c cB

[By Result 2.21]

Thus cA is a prime dual ideal which is not maximal.

Hence (IE) =>(I).

***
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Stone characterized distributive lattices by means of die following separation 

properly: a lattice is distributive if and only if when a dual ideal D and an ideal I are 

disjoint, there exists a prime dual ideal containing D and disjoint from I. This result can 

be generalized to semilattices as follows:

Result :2.23 :An up directed semilattice is distributive if and only if for any dual ideal D 

and any ideal X, such that D n I = , there exists a prime dual ideal containing D and

disjoint from 1

Proof :(I) Only if part:Let S be an updirected distributive semilattice . Then for any 

dual ideal D and any ideal I in S such that I n D =^>, we have to prove that there exists a 

prime dual ideal containing D and disjoint from I.

Define,

K = {J/J is a dual ideal in S such that I o J = <j> and DcJ)

Since D is a dual ideal in S such that I aD=$ and De; D Therefore D e K and hence 

K*<|>

Let C, be airy chain in K 

Define X=UC

W« have to prove that X is dual ideal in S such that X r\ I = <j> and DcX. (i.e. X sK) 

i) Let a <, b

For a e X we get a e C, for some C e
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T%refore b s C [As C is dual ideal]

Hence b s X

ii) For a A b s X, we get a A b s C for some G s £ ‘

Therefore as C &b s C (As C is adual ideal)

Hence as X&bsX.

Conversely,

For a,b s x we get a s Ct and b s C2 for Q, Ct s £

As Cy is a chain we have ct e c2 or c2 c c,

Assume that Cj c; C2

Then a, b s C2 and C2 is a dual ideal, we get a A b s C2 and hence a A b s X. 

Therefore from (i), (ii) and (iii) we get^is a dual ideal 

Now as^£K We get I n C = <}>, for all C s £

Therefore I r% [UC] = 0
Qet;

That is, I n X = <j> [AsX=UC]
Cet,

As C, c K we get D c C, for all C s C,

Therefore D c X.

Thus weget X is a dual ideal in S such that I n X= <(> and DcX, i.e. X s K 

Hence by Zorns Lemma, K contains a maximal element say M



We prove that M is prime. 

LetDj nDj eM

Assume that Dj £ M and I>2 £ M 

As Di we getxi sDj such thatxi £ M 

Similarity as Da we get xj s D2 such that 

As xj £ M we get [M V [xi)] r\ I * <j>.

Then there exists i s I such that i s (MV [xj) ^ 

i.e. i s I such that i ^ mi A xj, mj s M 

Then we get mi A Xi s I [As I is an ideal)

Similarity, as xj £ M we get [MV[xq)] I # <j>

This gives m2 A X2 s I, mas M

Therefore (mi A m2) A xi s I and (mi A m3 A X2 s I

Therefore for any t kxi and t £ X2 (t exists as S is updirected) we get (mi A m2) A t s I. 

But as t £ xi and t i> xa we get t e Dj and t s D2 

Therefore t s Di n D2 £ M.

Therefore t s M and (mi A m2) s M 

\ nerefore (mi A m2) A t s M 

Thus (mi A m2) A t s I n M= <£

This is a contradiction.

Therefore as Di r\ D2 £ M , we get Di c M or D2C M 

This shows that M is a prime dual ideal.
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II) If Part rConsider, for any dual ideal D and any ideal I such that Dn 1 = <j> there 

exists a prime dual ideal containing D and disjoint from I in an updirected semilattice S, 

then we have to prove that S is distributive.

Let us consider any three elements a, b, c s S such that c ^ a A b.

We have to find a* £ a, bi ^ b such that c = aj A bj

We denote by Dj (rcsp. P2) die (non-empty) set of upper bounds of a and c (rcsp.b and c) 

That is, Di = {aj c}*^ {x s S/x 5: a, x £ c) 

ana Da - {b,c}u = {xb S/x £b,x £c}

Dj and D2 are dual ideals as well as 

D= {z/ z ^ x A y, x s Di and y s D2}

Let us suppose D does not captain c.

■ „ \ 
i.e. c g D.

Therefore (c] r> D = $

As D q P, where P is prime dual ideal in S, 

we get (c] o p=<j>

Thus as D c p and c £ p *

And as Dj s D c P we get Di e P 

Th^efore [a) r\ [c)£P 

As P is prime dual ideal we get a s P 

on die similar line we can show sthat b s P.

Therefore a A b & P and as a A b ^ c we get c s P 

This is contradiction.
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Therefbre csD" {z/z^x Ay,xcDi Jy e Dj) 

i.e. c St at A bi where &t s Di and bj a T j

Now as at s Dj we get at ^ a, c 

and as b] e D2 we get bi 2: k, kt 2 £

Tims as at ^ c and bj 2: c we get at A bt 2: c 

Thus as c £ at Abt and c £ at A bt we get 

e = at A bt where at 2: a and bj 2: b.

Therefore S is distributive.

Hence the result

***

Result 2.23 provides us with sufficient condition for an updirected semilattice to 

be distributive. Let us consider the following separation properties of the semilattice S. 

Corollary :2.24 : When an ideal and dual ideal are disjoint they can be separated by a 

prime dual ideal.

Corollary :2.25 : a dual ideal and an element not belonging to it can be separated by a 

prime dual ideal.

Corollary :2.26 : an ideal and an element not belonging to it can be separated by a prime 

dual ideal.

Coronary: 2.27: any two distinct elemer5' ^ be separated by a prime dual ideal.

***

Further we have
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Result :2.28 : Let I be an ideal and let D be a dual ideal of a distributive semilattice S.

IfIoD = <|> then there exist a prime ideal P of S with Ic P and P n D = $

Proof: Let I be an ideal and let D be a dual ideal of distributive semilattice S such that 

I r\D = (j> Define

K = {J/J is an ideal in S such dial Ig J and Jn D = <)> }

Since I is an ideal in S such that Ic I and In D = <j>

Therefore I e K and hence K * <j>

Let C, be any chain in K 

Define M = UCm

We shall prove that M s K

i) Since C e M for some C s C,, we get M * <|>

ii) Let a^ b and b s M. We get b e C, for some C s C,

Therefore a s C [As C is an ideal]

Therefore a s M

iii) Let a,b s M . We get a s X and b s Y, for X,Y s £,

As ^ is a chain, we have Xc Yor Yc X 

Consider XcY

Therefore a,b s Y and Y is an ideal.

Then there exist cs Y such that c^a.c^b
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Thus for a,b s M there exist c s M such that c^a and c £ b. 

Therefore from (i),(ii) and (iii) we get M is an ideal

As C, £ K, I c C for each C e £

Therefore I c UC 
G

i.e. IcM [As M = UC ]
Ce$

NowM nD = (UC) oD 
Cet

= UC i r\ D) [As C e C, c K we get C n D=4>)
Ce £ V

= U4>1
C S £

Therefore M D= <j>

Thus we get M =UC sK
CeZ

'ence by zorn’s Lemma, K contains a maximal element, say P.

We shall prove that P is a prime ideal in S such that I e P and I A D = <j> 

Let Ii r> I2 c P.

Assume that L £ P or L £P

As Ij <£ P we get Xj e Ij such that xj £ P|

and as L 54 P we get X2 e I2 such that X2 e P
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As xj ^ P we get [PV ( x $] ] r> D * <j>

Then there exist d s D such that d s P V (xi ]

Thus d s D such that d £ pi Axi

As D is a dual ideal, we get pi A xt s D.

On die similar line, as xa g P we get 

[PV(xa]]n D * <J>. Hence we get pa Axj s D

Now as D is dual ideal we get (p» A p2 ) A xi s D and (pi A P2) A xa s D 

Therefore for any t £ Xt and t £ X2 [t exist as S is updirected semilattice], 

weget(pi AP2) AtsD.

But as t £ xi and t ^ xa we get t & It and t s I3 

T before t s Ij o la c, P 

Therefore 18 P and pt A P2 s P.

Thusweget(pi Ap2) AtsPand(pj AP2) AtsD

That is (pi A pj) A t s P A D = <|>, a contradiction. Hence Ij r\ ,fcc P gives Ij q P or 

I2 c P. Hence the result
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