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CHAPT ERII

_ IDEALS AND DUAL IDALS
INTRODUCTION

Ideals and dual ideals play an important role in lafttice, especially in distrubutive
semilattice. As distributive semilattice is a Jeneralization of a distributive lattice
infevestingywe shall stpdy some properties of idealskdual ideak in a distributive A
semi‘attice.

In this chapter we have collected some properties of ideals and dual ideal in
distrubutive A semilattice.

Throught out this chapter S stands for bounded distrubutive A semilattice.

At the out set we prove that an annihilator (a2)* of an element a in a distributive
semilattice S is an ideal.
| Result : 2.1: Let S be a distributive semilattice with 0. Then (a)* is an ideal foranyac S
Proof: We prove that (a)* is an ideal
i)Asa A0O=0weget0s (a)*
Therefore (a)* = @
ii)Lety<xandxe (a)*wepgetxAa=0,
FysxwegetyAa<xAa=0

Therefore y Aa=0



Therefore y s (a)*
iii) Let v,v s (a)*
Asus (a)*wegetuAa=0andasvs (a)* wegetvAa=0
ﬁomuZQAv=0,wegettwoelementssandts Ssuchthats;;,t 2vands At=u,
by distributivity of S.
Thusu<tandv<t
Therefore the element t is an upper bound of {u,v}
Furthert Aa =tA(aAs) (ass>a,aAs=a)
=(tAs)Aa
=uAa
=0

This shows that for any u, v s (a)* there existt s (a)* suchthatt >u,t > v.

Thus from (i),(ii)and (iii) we get (a)* is an ideal.
*¥¥
Now more generally we prove that an annihilator of a relative to b, i.e.
£a,b >is an ideal in a distributive semilattice S for all a, b S.
Result : 2.2 : In a distributive semilattice S, <ab> is an ideal in S. For all ab, £ S.
Proof : LetI=<ab>= {x s S/xA a<b)
we prove that I is an ideal
i) AsbA a<bwegetbs] Thereforel = @

ii)Lety<xandxs 1. WegetxA a<b.



Asy<xwegetyA a<xAa. Therefore yAa<b
Thusys I
iii)Letxysl Asys IwegetyAa<b.
But by distributivity of S we get b =)y, for some a; 2aandy, 2yin S.
AgainasxsIwe getaA x <b
AsaAx<bandb<y, wegetaAx<wy
And hence by distributivity of S we gety, = a3 A z, for some 8 2aandz>xinS.
FurtherzA (mA &) =(zZA &)A 3=y A a,=b.
Thus zA a <z A(a)A a)impl:iyzA a<b and hencezs 1.
Thus for x,y s I there exist zs I such that z >x and z 2y.
Therefore from (i),(ii) and (iii) we get I is an ideal in S.
x%%

It is well known that every chain is a distributive laftice and hence a
distributive semilattice. Interestingly we get,
Result :2.3 : A distributive semilattice S is a chain if and only if every ideal in S is
§ me
Proof : If part : Assume that ] is a prime ideal in S.
We shall prove that S is a chain.
Letabs S.
Consider I=<{(ab].
By data, Iis prime.

HenceaAbs Iimpliesas Iorbs L



Letas I Thena<aA b.
Thereforea=aA b.

ie.a<b.

Hence S is a chain.

Only if part : Assume that S is a chain.We shall prove that I is a prime.
LetaAbsS

As S is achain eithera<borb<a

Leta<b. ThenaAb=aand hence as I

Hence I is prime.

%%

Any proper dual ideal in any semilattice with 0 is contained in 8 maximal
dual ideal is proved in the following result.
Result : 2.4 : Any proper dual ideal of a semilattice S with 0 is contained in a maximal

dual ideal.

Proof : Let D be a proper dual ideal of S with 0. As D = S, there existsas S, .- = .-

“such that a ¢ D. Define K = {F/D < F and is proper dual ideal }
Since D ¢ D and D is a proper dual ideal, we get D s K . Therefore K #®

vet { be any chainin K .
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We shall prove that UC s K

Cs({
LetM=UC
Cs(
We shall prove that M s K
i)Leta<h.

ForasM we getas C, forsome Cs

Therefore b s C [ As C is a dual ideal ]

Thus be M

ii)Fora AbsMwegeta AbsC,forsomeCs{

Therefore a s Candb s C [ As C is dual ideal]

HenceasMandbsM.

Conversely,

ForabsMweget asXandbsY, for X, Y s { As{ is achain we have XcYor Y X.
Assume that X ¢ Y.

Thenab s Y and Y is a dual ideal, wegeta A bsYandhencea A bsM.
Therefore from (i%(ii) we get M is a dual ideal.

Now, since 0 ¢ M we get M is proper.

Now as £ €K, D¢ C, for each C s, we get D c UC
Csl
Hence D M (asM=UC)
Csf

Hence we get M g K.

1}



Hence K contains a maximal element, say P .

Now we have to prove that P is maxirnal dual ideal.

Suppose if possible P is not maximal dual ideal in S. ThenPc Qc S.

D
Nowl‘\;PchS (as P sK)

Therefore we ge& ¢ Q and hence Q sk, which contradicts the maximality of P.

Therefore P is a maximal dual ideal in S.

L2 22

We characterise maximal dual ideal as,

Result : 2.5 : Let S be a distributive semilattice with 0. A proper dual ideal M in S is
maximal if and only if for any element a ¢M (asS) , there exists an element b € M such
thataAb=0.

Proof: If Part : Assume that for any element a ¢M ( a £5), there exist an element b sM
such that a A b=0.

We shall prove that M is maximal.

Let Jbe a dual ideal in Ssuchthat M c Jc S.

AsMcJwegetasJsuchthatag M.

Now by data there exist b ¢ M such thata A b=0

AsbeMwegetbel.

Thus we have a,b £J and J is a dual ideal

Therefore ,aAbsJ.ie. 0s]

Therefore J=S.
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This shows that M is a maximal.

Only if part : Assume that M is maximal.

For any element a ¢M (a s S) we have to prove that there exists an element b s M such
thata A b=0.

Asa¢M wegetMV][ajcS.

ieMcMV[a)cS.

Now as M is maximal we get M V [a) =S.

Therefore 0 s M V[a)givesO0 >mA t, for m g‘:‘ Mtefa). = At - & A3 b .

,/:_:\ ; * L‘“‘}
As S is distributive there exists b > m & a \zbuch that Uz gy N -
02 Ab>m At ,forbsM&agM. 7y by ao A oy
Thereforea Ab=0,forbs M.

Hence the result.

*E¥

As in a bounded distributive lattice we get

Result :2.6: Any maximal dual ideal of a bounded distributive semilattice S is prime.
Proof : Let M be a maximal dual ideal which is not prime . Then there exists two dual
ideals D; and D, such that D;~D, c M |, but neither D, c M norDo c M.
Therefore we get x s D, such that x ¢M andy s Dy suchthaty ¢ M.
Since M is maximal there exists zandtin M suchthat x Az=0andy A t=0.

[ By Result 2.5
Nowsince zAt<zand zAt <t then

xA(zAt)<xAz=0andy A(zAt) <y At=0
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Thus we get x A{z Aty=0 and y A(z At) =0
Therefore x,y s {zAt}* [By Result 2.1 ]
As x;y ¢ M, we take u> x,y such that uA(zAt)=0. Since u,z,t belongs to M
and u A(z Aty=0,we get 0 s M , which is a contradiction . Hence M is a maximal dual
ideal of S which is prime.
*¥X
We first define D(x) as follows
Def.2.7 : Let S be a bounded distributive A- semilattice, for x s S, define
D(x) = {y 85/ 1 is the only upper bond of x & y}.
*%%
Using Def.2.7 ‘;ve prove the following result.
Result :2.8 : In aboﬁnded distributive A- semilattice S, D(x) is a dual ideal forx ¢ S.
Proof : (i) Since 1 is the only upper bound of 1 andx. i.e. 1>1and 1 >x.
Therefore 1 s D(x) . Hence D{(x) =z @ .
ii)Leta<bandasD(x)wegetl >ax.1ie. 1 isthe only upper bound ofaand x. Ifa g
bthrnweget 1 >aand1>b. Thms 1 > b and 1 > x . This shows that 1 is the only upper
bound of b and ‘x.

Therefore b & D (x). L ¢~. ko k
ed R ¢ oA A |

¢ ¥

iia)Lezx,asD(x).’} 2% €Dx)

e

L k; WAﬂ‘

/

Let k be any upper bound of yand x A a. 9

g e e M,,.) k?: ¥y .

Since k > x A a, there exists m,n such that

3
T A a4l )

mzx,nzaandmAn=k | y

A & vy

b

f

.



As m 2>y and m >x we get m=1
Similarlyasn>yandn>awegetn=1

Hencek=1 ‘

i.e. k=1 is the only upper bound of yand x A a \>/
Therefore x Aa s D(x) % : /N

NN S———
Bt eyt 7 s it - Rt
g b 45 DB v i,

\-

Conversely, letx Aa s D(x). ) M
ThenasxAa< ;;;g;; ;;;(i).
Similarly as x A a < a we get a s D(x).
Thusforx AasD(x),wegetxsD(x)andas D(ﬂj ﬁ\f
Therefore from (i), (ii), and (iii) we get D(x) is a dual ideal.
| *kk

We define W(M) as follows.
Def.2.9 : Let S be a bounded semilattice and let M be a maximal dual ideal in S we
define W(M) = {x & S/[x)n[y) = {1} for some y ¢ M}.

*E¥
Using the Def. 2.9 we prove the following

Result : 2.10: In a bounded semilattice S, the set W(M) is a dual ideal contained in M.

Proof : We shall prove that W(M) is dual ideal in S contained in M.

i) Since [1)n[y)= {1} foreachy ¢ M.

Therefore 1 & W(M) and hence W(M) = @

ii) Leta <b and a s W(M), we get

[8) A[y) ={1}, foréw{y ¢ M

St
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If a<bthen [b)c [a)

Therefors (o) {y) < [}  [y) = {1

Therefore [b) n [y) = {1}

’Ih:a shows that b s W(M).

iii) Let x; , x> 8 W(M)

We get[x;) ~ [w1)={1} fory; ¢eM

and [x; ) ~ya) = {1} for y; ¢eM

Asy; ¢M and M i.s maximal dual ideal we get y; A m;=0 for some m; s M.

Similarly , asy; ¢ M and M is maximal dual ideal we get y» A m; =0 , for some mp s M.
[By Result 2.5]

Therefore y; A(my A mg) =0 and y; A (m A mp) =0

Therefore yy ,y2 & {m Am}* {By Result 2.1}

As {m; Am,}* is an ideal, there exists t 2y, , t> y; such thatt s{m, AmJ[By Def. 1.16]

i.e tA(m Amg)=0. Now (m Am;)sM.

If tsM then tA(m; Amg) s M.

Butt A (mAm;=0 s M , contradicts the maximally of M.

Therefore t ¢ M. |

Thust>y t2y,andte M

We prove that [ x; Ap) ~[t)= {1}

Let k be an upper bound of t and x; Ax;

Thereforek >tandk>x; A xp



AsSis distribufive, there existsm, nsuchthat m>x;, n>x; andm A n=k
Asm=>kandk > twegetm2>t (ask=m An)

Thusasm 2 x; andm >t we get m=1 (since [ x; )~ [t) ={1})
Similarly as n > x; and h\:\%t wegetn=1 (since[xx)n[t)={1})
Thereforek=mAn=1A1=1

Therefore 1 is the only upper bound of x; A x; and t
Therefore [y Axp ) [t)={1} for te M

Therefbre xnAxeW(M)

C mversely, let x; A x; € W(M) T

]

Thenas x; Ax; <x; we get x; € W (M)

Similarly as x; A x2 <x; we get x; € W( M)ﬁ
—

Therefore from (1), (ii) and (iii) we get W (M ) is a dual ideal

Now to prove that W(M)c M

Let xs W (M). We get[x)n[y)=1fory ¢ M.

As {1} c M weget[x)~[y)c M and M is prime.

Therefore [x) ¢ M. Thus we get x s M.

Thus if x s W(M) thenxs M.

This shows that WM) c M.

Hence the result.

r *%%



The nature of elements of 1 V J for any two dual ideals I & J in any semilattice is

given in the following.
Result : 2.11 : Let I and J be dual ideals of a semilattice8 Then.
VI=[1UJ)={tt2iAj,is]l,js]}
Proof : Let T=IVI=[TU)={t/t>iAj,icl,js]}
We have to prove that T is
I) a dual ideal
mIcT, T
I
and (T} is there exists a dual ideal D such that IcD andYc D then T¢ D.
I;Dandlc_;DthenT; D.
(D) (a)since 1 2iAj,isl,3e]

" We get 1 s T. Therefore T 2 ®
b)Letx<y.AsxsT,wegetx>iAj, isl, jsl
As-<ywegety2iAj, isl,js] ThereforeysT
C)LetxysT.

AsxsTwegetx>ty Aj, i s8I, jisl
Asys'l‘wegetyzi;/\j;,i;sl,jgsJ

Thenx Ayz2 (i Aj)A(i2A )

ile. XxAy2(hAR)AQGIALR)

ie. . xAyziAj asiy Anp=tisl

&j]Aj)”jGJ
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Thereforex AysT.

,'t‘;gnversely, let xAysT.

WegetxAy2iAj, islLjsl

Thenx2xAy2iAj, islLjsl

ThusxziAj,» i 8L, ) sJ. Therefore xsT.

Similarlly, as xAys T,wegety>x Ay>2iAj, isl,jsJ.
Thereforey s T.

MLletisl,weget i2iAj, jsJ ThereforeisT

This shows thatIc T

similarlly, let s;J ,weget j2iAj, is] ThereforejsT.

This shows that Jc T.

Twwegetlc TandJ T

IIT) We have to prove that T is the smallest dual ideal containing I and J
AsIc T and J ¢ T assume D ipaudualidealsoch thatlg Danddg D
Letts Tthent>iAj, 1isl,jsl.

AsIc D,Jc D,we geti,js D. But D being dual ideal, we geti Aj s D.
Ast2>iAj sD and D is dual ideal we get tsD.

This shows that Tc D.

Hence the Result.

*RX¥

Foi distributive scunlatiive S we get.
3
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Result :- 2.12 : Let I and J be dual ideals of a distributive semilattice S then
VI=[IUJ)=(t/t=inj,is I,js ]}

Proof:-LetT={t/t=i Aj,isl,je J}

By Resuit 2.11,we have

IVI=[IUD={Vt2i Aj, isl js]}

Letts IVJ. Thent>i Aj, isl,js]

As S ig distributive, there exists iy, §; s Ssuchthatt=1 A j
Aslisadual ideal andis, weget i;s1  (since i i)

Simillarly J is a dual ideal and j & J, we get j; 8 J (since j; =)

Hencet=i Aj, i1sLjie]

Thereforets T

HenceIVJICT.. (1)
Now obviously T¢IV ... (it)
From (i) & (ii) we get

VI=T

Thus IVI = {/t=i Aj, icl,j sJ)

Hence the resuit.

E 2 2 2

We use the following definition to proceed further.
De .13 :LetS be adistributive A - gsemilattice, abs § By<ab>¥<b,a> we

mean ideal generated by <ab >U <b,a >.

L
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In a bounded distributive A - semilattice, every prime dual idal is contained in a
unique maximal dual idal then <ab > ¥ <b,a >=S identically for a,b belong to us with a
A b=0 is proved in the following.
Result : 2.14 : Let S be bounded distributive A - semilattice. .Ifeyery prime dual ideal in
S is contained in a unique maximal dual ideal then < a.b> V <b,a>=S indentically fora, b
sSwithaAb=0.
Proof:Lleta,be Ssuchthata A b= 0 and let <ab>V <b,a>=1(2S). Then there
éxiats a prime dual ideal P disjoint with I. Consider the dual ideal PV [a).If be PV[a)
thenb>t A a for somet e P. Therefore, t ¢ <a,b>[ By Result 2.2 ]
and hence t ¢ I~ P =0, a contradiction. Hence b ¢ PV | a)
This shows that PV [a) is a proper dual ideal.
Hence PV[a) c M,, for some maximal dual ideal M. [By Result 2.4]
Hence Pc M,
Similarlly, a ¢ PV[b) imply PV[b) is a proper dual ideal and hence there exists a
maximal dual ideal M; such that Pv[b)c M;
Hence Pc M.
Thus as a eM; and aAb =0, we getbg M, [By Result 2.5]
Si ilarlly, as be M; and an b=0, we get agM, |
Thus M, = M; . But this shows that P c M, and P ¢ M; with M; # M;, a contradiction;
and hence <ab>V <b,a>=S, identically, for abeS witha A b =0

Hence the result
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x%%

In a bounded distributive semilattice, <a,b> V <b,a>=S identically for a,beS
witha A b=0 then for any prime dual ideal Pof S, there exists x s P such that aAx and
bAx are comparable is proved in the following.

Result: 2.15 : LetSbe a bounded distributive semilattice. If <ab>¥V<b,a>=8
identically for ab €S with aA b =0 then for any prime dual ideal P of S, there exist x in P
suchthata A xandb A x are comparable.

Proof :By data <a,b>V <b,a>=S identically forab s S.

Lette Pwegette S

ie te <ab>V <‘b,a>

i.e. te( <ab>U <b,a>]

Hence there exists x e <ab> and ye<b a> guchthat t<x Ay. L . :
== Tl ey

Smw i

ﬁh}( VLY o " .

- ' LN L
~uh

--l§ (4 &_,’”{‘a , B
Thust s Pweget[t)c P. T In A

,’ 'A"& O A u\gé u,,f
‘

Therefore [) 2 [x) A [ V)

Hence[ x)n[y)c P

Since P is prime dual ideal of S, we get[ x)c Por{y)c P [By Def. 1.23]
Let[x)c P. Thenwegetxe P

T..us as x¢<ab>wegeta A x<b.

Thereforea A x<b A x

Thus for givenab s Switha Ab=0 there exists x € P suchthataAxdp Ax ie aAx

and bA x are comparable.

22



Hence the result.

e
For any prime dual ideal P of bounded distibutive semilattice there exists x in P

suchthata A x ;a:xd b A x are comparable then P is contained in a unique maximal dual

ideal is proved in the following.

Result : 2.16: Let S be a bounded distributive A - semilattice and let P be a prime dual

idealinS,forabsSwithabsS :':{haAb%ﬂlere exists x in P such that a A x and

b A x are compiarable then P is contained in a unique maximal dut;l ideal.

Proof : Let Pc M, and P ¢ M; where M; and M; are distinct maximal dual ideals in S.

As M, #M; there exists a; €M, such that a; ¢ M.

But then there exists a,e M3 such that a; A a; =0 [By Result 2.5]

By data, there exists x in P such that a; Ax and a;Ax are comparable.

Assume without loss of generality a; A x¢a A x

AsxeP andP < M, implyxeM,

As ayeM,and xeM;, we get 3 A x e M; [By Def 1.21)

Thusasa Ax<a; Axand a; AxeM, we get a A xeM, [By Def. 1.21]
Thus we get e M,

As a; eM, and ;e M; we get ainme M, . [By Def. 1.21]

i.e. 0e M,, contradicting the maximality of M,
Therefore M; = M,
Hence the prime dual ideal P must be contained in a unique maximal dual ideal.

Hence the result.
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Combining the Results 2.14, 2.15 and 2.16 and putting them in the following

elegant form we get.

Result : 2.17 :Let S be a bounded distributive A - semilattice. Then following are
equvalent.

1. Every prime dual ideal in S is contained in a unique maximal dual ideal.

2. <Ab>V <b,a>=S identically for abeS withanb=0

3. For any prime dual ideal P of S, there exists x in P suchthata Axandb A x

comparable. .

_The set of all dense elements in a bounded semilattice is a dual ideal is proved in
“+» following result.
Result : 2.18: In 2 bounded semilattice S, the set of all dense elements , D(S) is a dual
ideal.
Proof :We have, D(S) = { xc8/ x is a dense element) = {xc8/ {x}*= {0} )
We have to prove that D(S) is a dual ideal in S
i.Since {1}* = {0}, we get 1eD(S). Therefore D(S) = ¢
i-Letx <yand x € D(S). We get {x}*= {0}
Asx <y we get {x}*2 {y}* i.e. {0} 2 {y}*
i.e. {y}*= {0} Therefore ye D (S)
iii. Let x,ye D(S)

As xe D(S) we get {x}* = {0}. i.e. {x}**={o0}*= (1}

24



AsyeD(S), weget {y}*={o}).  ie {y}**={o}*={1}
“Tow we know (xAyY** = x*¥A y**

Therefore (xAy)** = {1}A{1} = {1}

"I‘herefore (xAy)*** = {1}*= {o}

i.e. (xAy)* = {o} (As a *** = g%)

Therefore (xAy)v eD(S)

Conversely let xAyeD(S)

Asx Ay<x Therefore { x Ay }* > {x}*

ie {x}* c{x y})*={0). 1ie {x}*={0},
Therefore x € D(S)

Similarlly, as x A y<y, then {x A y}*2{y}*= {0}
Therefore {y}* = {0}. Therefore ye D(S)

Hence from i,ii & iii, we get D(S) is a dual ideal in S.

Hence the result.

*E¥

The relation between set of all dense elements and the set of all maximal dual
ideal is exhibited in the following.
Al stathe e
Result : 2.19: In a bounded Lsemilattice S, the set of all dense elements D(S) is the
intersection of all maximal dual ideals in S.
Proof :We have to prove that D(S) =", where I is the set of maximal dual :deals in
S.

Let xeD(S)

25



""e have to prove thatx s M, for all Mell

Suppose x¢ M, then there exists meM such that xAm =0 [By result 2.5]
But thenm =0, a contr\@ction &

Therefore xeM forall M s

Hence D(s)}c~M......... {))

Now, letys NI Then yeM for all Me m

Suppose y¢ D(S); then there exist ze S, suchthaty Az=0 and 2+ 0

Now, since z = 0, then there exist a maximal dual ideal containing z Suppose it is M.
i.e. [ z) is a proper dual ideal and contained in M. [By Result 2.4]

Therefore ze M

Now as zeM and yeM, we gety A zeM

i.e. 6c M, contradicting to the maximality of M. Therefore ye D(S)

Thus ~"Agc D(S)...............(TD)

Hence from (I) & (II) we get

D(S)=n1

Hence the result.

L2 24

Further we have
Result : 2.20:In a bounded distributive semilattice N g, where Nis the set of all
maximal dual ideals & g is the set of all prime dual ideals containing all dense

elements.

Proof :We have to prove that lc g

26



As "nNc M, forall Me

Thenwe get D(S)c M, forallM s 1N (AsD(S)=n1)

Now as Me g , forall Me [By Result 2.6)
Thus each maximal dual ideal is a prime dual ideal containing D(S).

Thus we get Mg p

Hence the result
e
Any set complement of a minimal prime ideal in a bounded distributive
semilaftice is maximal dual ideal is proved in the following.

1
Result : 2.21 : In a bounded distributive semilaftice S, set cor_x_»!’ ement of a minimal prime

iueal i3 a maximal dual ideal. \
Proof : Let A be aminimal prime ideal of S we have to prove that set complement of A,

denoted by cA is a maximal dual ideal

i)Leta b,scA.Wegeta be A.
AsAisprime,aAb ¢ A ThereforeaAbscA.
Conversely, letaAbscA . WegetaAbg A
AsAisprime,a¢ Aandbeg A

Therefore as cA orb s cA

Hence cA is a dual ideal.
i1) As cA is a dual ideal . Then it is contained in a maximal dual ideal M of S
[By Result 2.4}

ie.cAcM
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ie. AocM

Now we shall prove that cM is an ideal
iii)Letx<yandyscM. Wegety¢ M

As M is maximal dual ideal, we getx ¢ M.

" -erefore x s cM

iv)Letx,ys cM. Wegetxy¢ M

As M is a maximal dual ideal there exist zs M andzy s M such that z; A x=0 and
Z Ay=0 [By Result 2.5]

Asz,z28 MwegetziAz sM.

ﬁx AzzAz)=0andy A(zy Az)=0

Wegetxy & {z; A z}* [By Resulst 2.1]

As {z) A z; }* is an ideal, there existt >x,t > ysuchthatts {z; A z}*

ie.t A(zy Az)=0 [By Def.1.16]
Ast A(zy Az)=0andzy AzzsMwegette M [By Result 2.5]
Hence t s cM

Thus for given x,y € cM there existts ¢cM suchthatt> xandt>y
Hence cM is an ideal.

Now we prove that cM is prime

Jeta A bs cM.Wegeta A bgM

AsM is adual ideal, wegetag Morbeg M

i,e. a & cM or b & cM. Therefore cM is prime

28



As A c cM and cM is a prime ideal, we get by minimality of A, a co%icﬁou
Therefore cA=M . i.e. cA is a maximal dual ideal

Hence the result.

kX%

Venkatanarasimhan P.V. [19] has proved that in a pseudo complemented lattice L
the first three of the following statements are equivalent and éach of these is implied by
the fourth
I) Every prime idea! is minimal prime
ii) Every prime dual idealis minimal prime
i».j Every prime dual ideal is maximal
iv)D=[1)

This result can be generalised to bounded distributive semilattice as follows.
Result :2.22: The following statement concerning a bounded distributive semilattice S
are equiyalent.

I) Every prime ideal is minimal prime

ii) Every prime dual ideal is minimal prime

iii) Every prime dual ideal is maximal

Proof :Suppose A is a prime dual ideal which is not minimal prime. Then there exist a

prime dual ideal B such that Bc A

We prove that cA and cB are prime ideals (cA,cB are set complements of A, B
ri pectively)

i)Lletx< yandyscAwegetye A
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As A is dual ideal , we get x ¢ A . Therefore x s cA
ii)letxyscA Wegetx¢g A)y ¢ A
As A is a dual ideal we get [x) g A and[y) g A
l'ﬁerefore [X)~ [y) ¢ A. Then there existts [x) ~[y) suchthatt¢ A
This shows that there existts cAsuchthatt >2xandt>y
From (i) and (ii) we get cA is an ideal
Nowleta A bscA Wegeta Abe A
Thereforeag Aorbg A
Therefore a s cA or b s cA. Therefore cA is prime ideal
On the similar line we can prove that ¢B is a prime ideal and cB is not minimal .
Thus (D) = (1) .
Let C be a prime dual ideal which is not maximal. Then there exist maximal dual
ideal say M such that C c M. As S is distributive M is prime [By Result 2.6]
Theeg M is a prime dual ideal which is not minimal prime.

Hence (II) = (1II)
Let A be aprimg ideal which is not minimal prime. Then there is a minimal prime
ideal B such that Bc A . Clearly cA and ¢B are proper prime dual ideals and cA c ¢B
[By Result 2.21]

Thus cA is a prime dual ideal which is not maximal.

Hence (IIT) =XI).

®kn
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Stone characterized distributive laftices by means of the following separation
properly: a lattice is distributive if and only if when a dual ideal D and an ideal I are
disjoint, there exists a prime dual ideal containing D and disjoint from I. This result can
be generalized to semilattices as follows:

Result :2.23 : An up directed semilattice is distributive if and only if for any dual ideal D
and any ideal 1, such that D ~ 1= ¢ , there existsa prime dual ideal containing D and
digjoint from L

Proof :(I) Only if part:Let S be an updirected distributive semilaftice . Then for any
dual ideal D and any ideal Iin S such that 1~ D =¢ , we have to prove that there exists a
prime dual ideal containing D and disjoint from L.

Define,

K ={J/Jis adual ideal in S suchthatInJ=¢ and D ¢ J}
Since D is a dual ideal in S such that ] ~ D =¢ and Dc D Therefore D £ K and hence
K=zd

Let £ be any chain in K

Define X=UC
Cef,
We have to prove that X is dual ideal in S such that X~ I=¢ and D c X. (i.e. X sK)

i)Leta< b

Forae XwegetasC, forsomeCe (.
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Tharefore bs C [As C is dual ideal]

Hence os X

ii)Fora AbsX wegeta AbsC for some Cs{ .
Thereforeas C&bs C (As C is a dual ideal)

Henceas X &bs X
Conversely,

ForabsxwegetasCyandbsCyforC, C, 8¢

—cT T

As is a chain we have C,c Cior C; c Gy

Assume that C; ¢ C;
Thena, b e C; and C;is adual ideal ,wegeta A bsC,andhencea A be X.

"Therefore from (i), (ii) and (iii) we getﬁ :‘s adual ideal X
Nowas{ c KWegetln C=é¢,forallCs{
Therefore I [UC]=¢

Ge&

Thatis, In X = As X=UC
atis, I ¢ [As CGC]

As{cKwegetDc C,forallCs
Therefore Dc X.

Thus weget X is a dual ideal in SsuchthatIn X=¢ and D X, i.e. Xe K

Hence by Zorns Lemma , K contains a maximal element say M



We prove that M is f)ﬁme.

LetDinD; c M

Assume that D, ¢M andD; g M

AsD; gM we getx; € Dy suchthatx; ¢ M

Similarlly as D, ;M we getx; 8 Dosuchthatx; ¢ M
Asx; ¢ Mweget‘[‘NIV[x;)]n T1=¢.

Then there exists i s Isuchthatis N(El’ [x1) \
ie.islsuchthati>m A x;,msM

Then we get my ’ Axi sl [As1is an ideal)
Similarlly, as x; ¢ M we get [MV[x3)]~ 12 ¢
Thisgivesmy Ax;s 1, mps M

Therefore (m Am) Axysland(m Amy Axysl
Therefore for any t > x; and t > x; (t exists as S is updirected) we get (m; Amy) Ats I’
Butast2x;andt2xywegette D, andts Dy
Thereforets Dy Dy M.

Thereforets M and(my Am))sM

waerefore (my Amg) Ats M

Thus {m; Amg) AtsInM=4¢

This is a contradiction.

Therefore asD; "D M, wegetDycMorD:c M

This shows that M is a prime dual ideal.
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) If Part :Consider, for any dual ideal D and any ideal I such *hat D n 1= ¢ there
exists a prime dual ideal containing D and disjoint from I in an updirected semilattice S,
then we have to prove that S is distributive.

Let us consider any three elements a, b, ¢ s Ssuchthatc >a Ab.

Wehave to finda; >a,b; >bsuchthatc=a, A b,

We denote by D; (rcsp. D;) the (non-empty) set of upper bounds of a and ¢ (rcsp.b and ¢)
That is, Dy = {a ¢}*= {xsS/x>a,x>c¢}

81"1‘\'1'2 D;={bc}'={xsSxzbx2c}

D, and D; are dual ideals as well as

D={zZz>x Ay,xsDyandysD,}

Let us suppose D does not cantain c.

ie.ceD. \

Therefore (c] "D =¢

As D ¢ P, where P is prime dual ideal in S,

we get (c] m\p=¢

Thus as D cp and c ¢p ¢

AndassDy,cDcPwegetD cP

Therefore [a) N [c)c P

As P is prime dual ideal we get asP

on the similar line we can show sthat b ¢ P.

Therefore a Abs’P andasa Ab< cwegetcsP

This is contradiction.
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Thercforece D {z/z2x Ay, xe D) sady s D)

fe.czm AbjwheregyeDyandby a1,
Nowasa; sDywegeta; 2a,a,2¢
andasb, eD; wegetb >b b2
Tiusas a; >2candby 2cwegeta A b >c
Thusasc > a3y Abyandc< a; Ab; we get
c=a Ab,whereg; >aandb; 2b.
Therefore S is distributive.
Hence the result
L1 2
Result ‘2;.23 provides us with sufficient condition for an updirected semilattice to
be distributive. Let us consider the fo!lowing separation properties of the semilattice S.
Corollary :2.24 : When an ideal and .. dual ideal are disjoint they can be separated by a
prime dual ideal.
Corollary :2.25 : a dual ideal and an element not belonging to it can be separated by a
prime dual ideal.
Corollary :2.26 : an ideal and an element not belonging to it can be separated by a prime
dual ideal.
Corollary : 2.27 : any two distinct elemer*~ ~~1 be separated by a prime dual ideal.
B E%

Further we have
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Result :2.28 : Let I be an ideal and let D be a dual ideal of a distributive semilattice S.
If 1~ D = ¢ then there exist a prime ideal P of SwithIcPandPAD=¢
Proof : LetIbe ‘an ideal and let D be a dual ideal of distributive semilattice S such that

1~ D= ¢ Define
K={JJisanideal inSsuchthatIc JandJI~D=¢}
SinceIisanideal in S suchthatI¢ IandI~ D=¢

Therefore I ¢ K and hence K # ¢

Let ¢ be any chain in K

Define M =UC
Cet

We shall prove that M s K

i) Since Cc M forsome Cs ¢, wegetM = ¢
ii)Leta< bandbsM. Wegetbs C, forsome Cs ¢
Therefore as C [As C is an ideal]
Therefore as M

iii)LetabsM . WegetasXand bsY,for X,Ys¢
As ¢ is a chain, we have Xc YorYc X

Consider XC Y

Therefore ab s Y and Y is an ideal.

Then there exist cs Y suchthatc >a,c>b
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Thus for a,b s M there existc s M such that ¢ >aandc > b.
Therefore from (i),(it) and (iii) we get M is an ideal
As{cK,IcCforeachCe{

ThereforeIc UC
cet

e IcM [AsM=UC]
CeE

NowM ~nD=(UC) nD
Cet

Ceg

U
Cs{

=UC\§(‘;D) [As C £ & c KwegetC nD=¢)

Therefore M " D=¢

Thus we get M =UC sK
Ce

“"ence by zorn’s Lemma, K contains a maximal element, say P.

We shall prove that P is a prime ideal in S such that Ic PandI AD = ¢
Lety ~LcCP.

Assume that I gPorl gP

Asly ¢ P we getx; £]; such that x; ¢ P,

andas, ¢ P we get x; s b such that x; ¢ P
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Asx) 2 Pweget[PV(x4]]nD=¢

Then there existd s D suchthat ds P V (x, ]

ThedsDsuchthatd< py, Axy

As D is a dual ideal, we get p, Axl s D.

On the similar line, as x; ¢ P we get

[PV(x2]]" D= ¢ .Hencewe getps AxasD

Now as D is dual ideal we get (p1 Ap2) AxieDand(py Ap)) AxeeD
Therefore for any t 2 x; and t Z x [t exist as S is updirected semilattice] ,
weget(py Ap)) AtsD.

Bptasth; andt>xwegettsl,andtsl,

T oreforets L nLcP

Thereforete Pandp; A p2sP.

Thus we get (py Apz) AtePand(py Apy) AtsD

Thatis(;y A p2) AtsP AD=¢, acontradiction. Hence, n ,Lc Pgives, c P or

L ¢ P. Hence the result.
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