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CHAPTER -III

STONE’S SPACE

Introduction:

As distributive semilattice is a generalization of a distributive lattice . 

1- jrestingly we shall study some topological properties of die space of prime and 

maximal dual ideals in distributive semilatice.

Stone (ljl) has instroduced a topology for die set of all prime ideals of a 

distributive lattice. Many more attempts have been made for investigating the properties 

of the Stone’s space for distributive lattice.

Balachandran [2] has made an extensive study of Stone’s topology of die 

distributive lattice and has obtained results supplementing to those of Stone. In the same 

way Venkatanarasimhan [19] has studied indetail the space of prime dual ideals for a 

pseudo completed lattice.

In this chapter we have collected some properties of the Stone’s topology for die 

set of prime dual ideals in bounded distributive A -semilattice.

In 3.1 we have studied some properties of the Stone’s topology on the set of prime 

dual ideals of a distributive semiattice. Mainly it is shown that #>,the set of prime dual 

ideals in bounded distributive A -semilattice is compact and To-

As every maximal dual idea is prime in bounded distributive A semilattice, A 

the set of all maximal dual ideals contains £>,the set of all prime dual ideals. Hence we 

have to focus our attention on A together with the restricted Stone’s topology on A. hi 3.2
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it is shown that every prime dual ideal in distributive semilattice is contained in a unique 

n ximal dual ideal if A is retract of p.

By defining new topology T on p different from die Stone’s topology on p . 

The new topological space ( p,T) is studied in 3.3.

In 3.4 mainly we have studied that V(a) is compact and {V(a)/a e S) is a subbase 

for die open sets in ( p ,T)
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3.1 The space of prime dual ideals:

Throughout S stands for a bounded distributive A- semilattice. Denote by py the 

set of alt prime dual indeals in S. For any dual ideal A in S , let V(A) denote the set of 

all prime dual ideals in S„ not containing A. i.e. V(A) = {Ps p! A q. P}

Some properties of V(A) are mentioned in the following Result which are used in 

defining the topology on the set of all prime dual ideal in S.

Result For dual ideals Ai in S, i s I (I is any indexing set) we have the following,

1) vfXAi)=yv(Ai) U

2) V (Ai K A2 7L.. X An) = V (A, ) n V(A2) n... n V(An)

3) V(S)=p

4) V ([!)) = €>

Proof: We have V(A) = {Ps p/Ad P>

l)LetPeV(S^Ai) \y

TheiRt Ai <t P and hence Ai c£ P for some i.
1

Hence P s U V(Ai), proving that P«V (Ai), for some i.

Thus, we have V(VAi) cUV (Ai).....  (I)
Is i U

For the reverse inclusion.

LetpsU V(Ai) 
i

E t then A i £ P for some i 

i.e. P s V (Ai) /or some i.

This proves that y Ai P. Hence PeV (^Ai). 

proving that U V(Ai) c V (^i)..... (II)
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Therefore from (I) & (II) we get

VQ£Ai) = UV(Ai) 
i i

2) IfPs V (Aj KM A... A A n )then 

A1 AAa A... A:AnQlP.

Hence Ai % P for every i, 1 £ i £ n.

i.e. p s r>V (Ai)
Ut

Tims V A M A....A An)cn V(Ai).... (m)

Now if P b A V(Ai) 
i=t

This gives P s V (Ai), for eveiy i 

i.e. Ai £P, for every i.

As P is aprime dual ideal,7\ Ai ctP.
U\

ButthenPsV ( AAi)
i-i

Therefore A V(Ai) c V ( A Ai)... (IV)
1--i

Combining (HI) & (IV) we get

AV(Ai) = V( AAi) 
i=« i=:i
i.e.V(Aj AAa A... A An) = V (Ai) V (Aa) r\ V(An)

3) As S is not contained in any member of p , we get V(S) = p

4) Since every prime dual ideal contains 1, it follows that V ([1) )= <D

***

Define U (A) = p - V(A) , the complement of V (A) in p. Then from the above 

Result 3.1.1: we get
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Result 3.1.2: For any dual ideal Ai in S, we have

1) U(VAi) = oU(Ai)
,=l ^ I

2) U(Ai XAa A... 71 An) = U(Ai)UU^)U...UU(An)

3) U (S) = <X>

4) U([1))~ P

***

Consider die topology T defined on p for which V(A) is an open set. This 

topology is the Stone’s topology and (p,T) is the Stone’s space. At the out set we study 

8"me properties of Stone’s space ((p,T). Many results of Venkatanarasimhan 

[19] follow from our results.

Result r 3.1.3:Let X be any subset of p, then Cl.X = U (XO), XO being the intersection of
$

all members of)(.

Proof :Let B = U (Xo)

i.e. B = {P € *>|XoCP}

i.e. B = {Pe pjnXQP)

- {P e *>|oFcP}
FeX

LetFeX,thenr>F£F&Fe imply that 
FeX

Feg Thus we get X c B.

Ia.U(A) - p - V(A) be any closed set containingX But then AcF, for all FeX
Hence (P e p jo FgP}g(Pe p\ Ac P)

FeX
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This gives, B cU(A)

i.e. B is the smallest closed set containing X

Therefore Cl. X = B = U(Xo), Xo being the intersection of members of X.
P

***

We define as usual for any subset B of S the hull of B: h (B) ={p € p j B c P} & 

for any subset T of £?, the Kernel of T in is defined as k(T) = o{ P | P e T).

Thus from die Result 3.1.3, we get T is closed if and only if T = hk(T).

Hence we have,

Result :3.1.4: T is the hull Kernel topology on fp.

Proof :LetTc p

We shall prove that h(k(T)) is the smallest closed set containing T.

i.e. for any Te#, h (k(T)) is die closure of T in &.

i.e. C1.{T} = {?sp/n Qc P}=h(k(T)). 
fp Qs T

Sir 'ek(T) = o Q 
Qs T

We get k(T) £ Q for all Q s T & hence T c h(k(T)>

Also, since V(k(T)) is open and 

h(k(T)) = p- V(k(T))

Thus we get h(k(T)) is closed.

Let C be any closed set inffcontaining T.

Then C = p - V(A), for some Ac S.
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}

Sincev^eC^ Cn V(A) =0

i.e. Q & V(A), for all Q s T & hence AcQ, for all Q s T

i.e. A cn Q 
Qs T

i.e. A c k(T) (ask(T)=oQ) 
Qs T

icep 1 ^ IAnd henceP h(k(T)) 

This gives k(T)c P

i.e. AgP

TliisgivesPsC (asC= p -V(A))

Therefore h(k(T))c C.

i.e. h(k(T)) is the smallest closed set containing T.

i.e. h(k(T)) is the closure ofT.

i.e. C1.{T} = {P € p hQ £ P) = TO 
& Q€T

***

In view of die above Resnlt3.1.4. die topology on p is known as the hull-kernel 

topology.

Next we prove

Resnlt: 3.f.5.:( p, T) is a To - space

Proof :Let Qi,Q2€ p

Let Cl. {Qi}=C1.{Q2}
& &
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By Result: 3.1.3 Cl.{Qj> = (Pe p f Qi c P)
B

01.(02} = (P e & IQj CP}

ButQi s CI..{Qj) implies Qi s Cl.fQa)
B B

Hence Q2 c Qi

Similarlly, Q2 e Cl.(Q2 } inoqplies that Q2 s Cl.(Qi)
B B

Hence Qi £ <&

Unis Cl. (Qi} « Cl. (Q2) gives Q, = Q*
(3 U

which in turn proves that (p,T) is aTo - space [See Def. 1.30]

***

S being distributive semilattice with 0.

We get,

Result: 3.1.6: (p,T) is compact.

Proof: Let p = UV(Ai) (I is any indexing set) 
iel

Then [ $y Result 3.1 ( 1 & 3)]

V'S) = p= UV(Ai) = V QZAi) 0
lei id !

«*>**-*-

If .V Ai * S then there would exists a prime dual ideal containing VAi leading to V(VAi)*

p [By Results 2.4 & 2.6] V"

But this contradicts our assumption.

Hence, YAi = S. 
iel

As OgS , we get Oe YAi (as S=VAi)
'£I i € I

Therefore there exists a finite number of elements
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ail>ai2> ajn (aij s Aij) such that

0= ajj a aj2 a ......a ajn e VAij
i e I

Therefore YAicAjjVAaV ......V/kB
\<rl

Consequently,

£>= V(VAi) C V(Aj, V Ai2V .... VAi J^(Aj,)UV(Aa>lJ.....UV(A „)
I

Hence the result

About the Ti - points of p we have,

Result: 3.1.7: P is a T* - point of ( £> ,T) if and only ifP is a maximal dual ideal ofS.

P;< >f :By Result 3.1.3 and Def. 1.24, it follows that Cl. (M) = {M}, Me p&
This proves that every maximal dual ideal is a Tj-point of p.

Now if Tep is a Tj-point of p then [By Def 1.33] it follows that P is a 

maximal dual ideal. T.e. die set of all Tj -points in p is the set of all maximal dual ideals 

°fS'

If f \ denotes the set of all maximal dual ideals in S. then we have, 

n = the set of all Tj-points of p.

Rather we have,

Result: 3.1.8: The closure of set of Ti-points of (#>,T) is U(D) where D is die dual ideal 

of dense elements of S.

Pi ' f: By Result 3.1.7.
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The closure ofthe set of all Tj-points inp = Cl. ft={ Pc p j r> Ac P}&
ButnA=D [By Result 2.19]

HenceCl. A={Pe p IDqP)
I?

= U(D)

i.e. Cl. A =U(D). 
t?

Hence the proof

***

A sufficient condition for (he space p to be n o - space is given in the following 

Result: 3.1.9: Let S be a bounded semilattice.

Then( p,T) isl^ ifD = [l)

Proof :Let V(A) be any non-empty open subset of p.

Let if possible AeM, for each MeH then A c, rvA & hence A c D [As D = r» H]

But by data, D = [1)

We get AcD=[l)

Thus A = [1) proving that V(A) = V([1 )) = <j> [By Result 3.1.1 (4)]

This contradicts the fact that V(A) is non-empty.

Hence there exists at least one maximal dual ideal, say M such that A<£. M. But then 

MeV(A).

As Cl {M> = {M}

V(A) contains die closed set {M}

Hence [By Def. 1.36 ] it follows that (#>,T) is ITo-space.

3.2 The space of maximal dual ideals.
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L * us denote die set of all maximal dual ideals of S by fl

As every maximal dual ideal in a distributive semi lattice S is prime 

[By Result 2.6]

We get He p, the set of prime dual ideals in S.

An interesting property of the subspace (H,T) is established in the following

Resnlt: 3.2.1: Hie subspaces (f\T) is the smallest of die subspaces X of (£>,T) such that

X is not weakly separable from any point out side it

Proof: First we will prove that fl is not weakly separable from any point out side it

Let P e p such that Pgfl Then as every proper dual ideal is contained in some maximal

dual ideal [By Result 2.4], there exists Me fl such that pNe M. Cl
.—\ — —

But then M e (M}n C1,{P} proving that fl is not weakly separable from any point out
S’

side it [By Def 1.40 ]

To prove that fl is the smallest subspace of ( p,T) satisfying the given condition.

Let there exists Xc p, such that XnCl.{P} =<j> , for any P« X.
I?

Let if possible fl <2 X. Hence there exists Mefl such that MgX. As Me p by die

property of X, we get X n Cl {M}* $ i.e.Xn {fl}=4since C1{M}={M}[ by 4
8 & 1

Result3.1.7]8ut then McX which is a contradiction .Thus fl is the smallest sub space of

p satisfying die given condition.

Sufficient condition for a subspace X of p to be compact is given in the following.

Result: 3.2.2:If X is any subset of p containing A then (X,T)is compact, 

proof :Let XcUV (A) Then [By Result 3.1.1(1)]
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Xc V(^Ai) 
id

Therefore no member of X contains YAi and as /1c; X no member of/I contains YAi.
iel icl

lint this will imply S V Ai.HenceO g S implies tlmtO r, Y Ai
iel i€l

Hence o = a,ia a .........ASm where e Aij, for n

But then,

S = [a,iA a^A .... aaJ^ 1

“[au) YMY-VK)

C An U A a Y....YAU1

Therefore, XcV(Aa YAc Y ....YA»)

= V(An)UV(Al2)U....UV(Am)

Tims every open cover ofX contains a finite subcover proving that X is compact.

***

A class of distributive lattices in which every prime ideal is contained in a unique 

maximal ideal is studied indetail in [ 8 ]. In the following theorem we give a topological 

condition under which every prime dual ideal in a distributive semilattice is contained in 

a unique maximal dual ideal.

Result: 3.2.3.:lf Ais retraction of p then every prime dual ideal in S, is contained in a 

unique maximal dual ideal.

Proof :Let us assume that A is retract of p. Hence there exists a retraction say f of 

p onto A
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Let i(P)=M, for some Pc M. We will prove that, M is the unique maximal dual ideal 

containing P. As f\ is Tj-space . {M} is closed in H . By continuity of £ f* ({M}) is

closed in p. AsPs and Cl.{P} is the smallest closed set containing P, We get
&

Cl.{P}c f1 {M}. Now if Pc M. and M|*M in M then Mi c Cl.fr}.
« is

Hence Mj s f,({M}).i.e. f(Mi) =M. But f being retraction.

Therefore M=Mj. This implies that, every prime dual ideal in S is contained in a unique 

maximal dual ideal.

**-4i

3.3 The space (p,T*)

In this article we define a new topology T# on the set of all prime dual ideals p

ofS.

Let us define F(A) = {P s p! PnA *<£> }. Where A is any ideal in S. the

following result illustrates some properties of F(A).

Result :3.3.1.:l.F(yAi) UF(Ai) where I is any indexing set. 
iel id

2. F(AiaA;;/>....Mu) = F(Ai)n F(A.)/> ..,/>F(An)

3. F(S)-- p

4. F((o3)= §

Proof: 1. Let Pel7 (HAi) 
iel

Then we get Prs (YAi) * <{> implying that Prs Ai * <J> for someie I. 
i£r

i.e. P€F(Ai) for some iel
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Hence PeUF(Ai) 
iel

Thus F(i£Ai) c UF(Ai) .........(I)
iel iel

If PeTJF(Ai) then P n Ai * $ f°r some i £ I

1. e. Pn V(Ai) * <J», proving that PeF(VAi)

Thus UF(Ai)c F(VAi)........(E)
iel iel

From (I) & (II) we get the proof of 1.

2. ^LetPeF (Aits A2n ... *An)

i.e. P c\Ai / <)>, for overy i e I, (Ki<n)

proving that Pen F(Ai) 
l-i

i.e. F(n Ai) c n F(Ai) .......(IE)
i2i J--i

Now if Pen F(Ai), then PeF(Ai) for every i. (lii^n.)

i.e. Pf\ Ai* <j> for all i, (l£ \<. n.)

This implies that at ePn Ai for all i

But this intujri proves that, aiAaaA... .Aan Pn(nAi)

i.e. Pn (n"Ai)* 
i=T

i.e. P e F(nnAi) 
i=l

But this implies that n F(Ai)c F(nAi) ........... (TV)
Ui

Thus from (DI) & (TV) we get

. n F(Ai) = F(AAi)
izt fit
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3. F(S)= p

As every prime dual ideal of S is contained in S.

Therefore F(S) = p 

4. F( (0 ]) == <J>

As (o]=S is not contained in any prime dual ideal. We get F((0 ]) = §

Define F’(A) - p -F(A). Then from Result (3.3.1) we get following .

Result : 3.3.2:

1. F'(UAi) = AF'(Ai)
141 i€l

2. F'(Ai n A2/\ .... aAii) = F'CAi)UF’(A2)U....UF(An)

3. F*(S) = <f>

4. F‘({o])=p

The above Result 3.3.2 shows that F' defines a closure operations in p, there by giving 

rise to a topology say T' on p

***

3.4 Subbase

We begin with the following

Def.3.4.1: Let S be abounded distributive A -semilattice and let a,b £ S. Define V(a) =

{1* i: p/» </ 1’}

where p is Ihe wet of all prime duul ideal in S.

We have a property ofV(a) in the following.

Result :3.4.1: Let a,b s S and let V(a) be open set in p then b £ a gives V(b) c V(a)
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Proof :Let P s V(b).

We get b g P.

If a ^ b and a s P, then b e P, a contradiction.

Therefore a £ P.

Then we get P s V(a).

Thus b a gives V(b) c V(a)

***

Further we have

Result :3.4.2.:Let a s S. Then V(a) is a compact in p.

ProofrLet A be a class of subsets of S.

Let [V(A)/A c A } be an open cover of V(a).

i.e. V(a) c U V(A) = V(V A) [By Result 3.1.1(1)]
A £ A A £ A

= V(B) where B - Y A 
A c A

i.e. V(a) c V(B), where V A —B

Suppose a g B.Then (8]nB = ® [By Result 2.23]

There exists a prime dual ideal P such that B c P and (a]nP = (t> 

Therefore a g P.

Hence P e V(a)

But V(a)c V(B)

Therefore P £ V (B)
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This gives B ct P, a contradiction to the choice of P. 

Therefore a s B.

i.e. as V A 
A £ A

i.e. a^ai Aa2 A... A a„ such that, ai

Thus we get V(a) c V(V” Ai) 
i = 1

n
e Aj , a2 £ A2>... an £ A^ i.e. a £ V Ai

i-t

This shows that the given open cover of V(a) has a finite open subcover. 

Therefore V(a) is compact

***

Two properties of Stone space p abounded distributive A -semilattice are studied in 

the following.

Result. 3.4.3:The Stone space po£ a bounded distributive A -semilattice has sthe 

following two properties.

I) p is aTo - space in which the compact open sets form abase for the open sets.

II) If A is a closed set in p , {Uk Ik s K} is an updirected fawly of compact open sets of 

p and Uk r\ A * <X> then

o{Uk/k£K}oA*<D

Proof :To show stlmt (I) holds. ,we have to prove the following

1) p is To - space.

2) V(n) in compact i open uot, imd

3) V (a) form a base for the open seta of p
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(1) & (2) are proved [ see Results 3.1.5 and 3.4.2]

Now, we prove (3) i.e. V(a) form abase for the open sets of p.

In other wards, for a,b s S, P s V(a) r> V(b),

we have to find c s S with P s V(c) such that V(c) c V(a) c\ V(b) where P s p 

For a,b £ S, P s V(a) n V(b), we get 

P £ V(a) and P e V(b).

Tins gives a £ P and b g P 

i.e. [a)n[b)£P

As P is prime, there exists c s S such that cs[a)o fb), which gives c ¥■ P such that 

c>a, c'*,b ,

T herefore P £ V{jf} such that V(c) c V(a) and V(b). [By Result 3.4.1]

Hence P s V(c) such that V(c) c V(a) r\ V(b)

Tlius for P s V(a) n V(b) there exists c s S with P s V(c) such that V(e) c V(a) n V(b). 

Hence (V(a) /a s S} form abase for the open sets of p.

To verify; (II) for p, let A be a closed set in p.

Therefore A = £>-V(F) is closed in p where V(F) is an open set in p. And {Uk/k s K) 

is an updirected family of compact open sets of p. 

i.e. Uk = V(ak), for some ksK. 

i.e. Uk= (P s p /aj; « P}

Now consider I = {x/x £ aj, for some k e K}

Fit ul we prove timt I iu ttti idoiil
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i) Since o <: a* for every k £ K

Therefore o £ I. we get I * <D

ii) Letx^ yandysl

We get y £ at for some k s K

As x £ y and y<. at we get x <, at, for some k £ K

This gives x^I

iii) Let x.y £ I. Then x < a*! for some ki £ K.

and y ^ for some k2 £ K. There exists Uk3 in updirected family such that U(at3) c 

U(ak,)nU(aa)

Now since Uat3 £ Uau and Uat3 = V(aj/)
/

This gives V(at3) c V(ati)

Consider ati at3

Take Q s p such that ati £ Q and ay £ Q.

'this gives Q c V(atj) .i e. Q £ V (ati)

Hence a^ <t Q, a conh'adiction Therefore V(atj )cV(au) this gives aB >au 

Similarlly, since Ut3 c Uti and UaB = V (a# )Therefore V(at3)cV(at2).

This gives at3 2; at2. Now as a*? :£ a^gives at3 £ I, take z = at? £ I. Thus for x ,y s I there

exist z s I such that z £ x and z £ 1. Therefore from (i),(ii) & (iii) we get I is an ideal.

Now winco Ui r > A /<!>. Theiofore th < £j- V (F) ]/<D

i.e. and l)k <x V(F). 'Iherefore V(att) epand V (at) <£ V(F); whcnre

Now if at £ F then at £ P for all P □ F. This gives at £ P for all P s p ~ V(F)=Ut
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i.e. ak s P for all P s V(ak) Therefore a* s P for all P such that aj- £ P , a contradiction. 

Therefore a^ £ F, for all k. Now we prove that I n F = <D

IH n F*<D tlien tliere exist xuInF. i.e. x <, at, for some k this gives x s F and x <; ak i.e. 
d cowhycidi cti tfyj-

at £ F^Therefore there exists a prime dual ideal P with P a F such that InP = <D.

Then a* g P and so P £ V(at) for all k s K. Also P a F 

This gives P * V(F) i.e. Ps^j- V(F)

Therefore P s A

And as at e I for all k and P n I = <D

Therefore P

This gives P s V(ak) for all k

i.e. P e Uk for all k

Therefore P e .[r*{iyk e K) ]

Thus P £ An[n{Uk/k e K} ] This shows that An[n{Uk/k s K} ]*<3>.

Hence the result.

***
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