CHAPTER - 11

Properties of univalent functions that are in S, (2, 8,7)

ABSTRACT

In this chapter, we introduce a new subfamily S,(a, B,y ) of class S, of
normalized univalent functions f on the unit disk U={z : ]z ‘ <1} , having

Taylor’s series expansion of the form
f(z)=z+z a, z’ .
j=2

The main theme of the present chapter is to study various properties of

functions in S,(a, B8,7), having functions with negative coefficients. We

characterize the class and obtain distortion theorem, radius of convexity, closure

properties and extreme points for the class S, («, 8,7) .

In [7] Salagean obtained inclusion relations for the class S (o, $,1) with

negative coefficients, we propose to generalize the results for the class

S (a, B,y) with negative coefficients.

Lastly, we also try to generalize the results in Salagean [8], which gives

convolution theorems for the class S («, 3,7 ) with negative coefficients.
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1. INTRODUCTION

We introduce a new subclass of S, that can be treated as a generalization

of starlike functions.

Definition . Let « € [0,1), f e (0,1], 7 € (1/2,1] and let n e N,, we
define the class S,(a, B,y ) of n-starlike functions of order «, type S and y
by

S, (e, B.y)={feHU): f(0)=f'(0)-1=0 and

J(frey:2)|<B, zeU }
where
[Dnﬂf(z)—l)
D"f(z)

D"*‘f(zta]”(D"*‘f(z)_lJ ’
D"f(z) D"f(z)

Jfia,y;z) = ( zeU.

We note that S,(0,1,1)is the class of starlike functions in U , S;(a,1,1)
is class of starlike functions of order @ and  S/(a,l,]) is class of convex
functions of order «. The class S,(«, 8,y ) is studied by Kulkarni [3] and the

classes S,(a,1,1) and S («a, B,1) are studied and introduced by Salagean [6,7] .

Motivated by Silverman [9] and Salagean [8], we have introduced subclass

S (a, B,y ) with negative coefficients.
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Let T denote the subclass of S consisting of analytic functions whose
non-zero coefficients, from the second on, are negative; that is, an univalent

holomorphic function f isin 7 if and only if it can be expressed in the form
f(z)=z—z a,z/, a, 20, j=23. . 2.1.1D
=2

We define the class 7 (a, 8,7 ) by

T(a,B,y) =S(a,B,y) N T (2.1.2)

and obtain several interesting results for the class 7 (a, B,7) in the line of
Silverman [9], Salagean [7], Kulkarni [3]. We note that the class T,(«, £,y ) is
studied by Kulkarni [3] and the classes T,(a,1,1) and T (a, B,1) are introduced
and studied by Salagean [6,7].

2. CHARACTERIZATION OF CLASS T/(a, 8,7)

First we state the characterization theorem which completely characterizes

the member oZclass 7 (a, B,7).

Theorem 1. Let o € [0,1), B e (0,1], y € (1/2,1], andlet n € N,, the
Sunction f of the form (1.1)is in T («, B,y ) if and only if

i S li-1+BO-j+27j-2p) a, < 28y (1-a) . (22.1)

i=2

The result (2.2.1) is sharp.
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Proof. We suppose that (2.2.1) holds. Then we have

(D"”f(z)”lj

D'f(z)

27(’ D"Hf(z)_aJ _ ( D”Hf(z)_l)
. D'f(z) D'f(z)

| J.(fra,y52)]

> e (1-))z
j=2
27(1-05)2-2 Jj aj(l—j+2yj——2ya)z’

=2

Let |z| =1, then

er(j—l)ajz’ - ﬁ 2}/(]_0')2——2 j"(l—j+2yj—2ya)ajz’
j=2 =2

<Y LG-D+B=j+27j-2) |a, - 26 (1-a) < 0

J=2

where we used (2.2.1).

From the last inequality we deduce

J(frariz)| < B, |z|=1.
Hence | J.(foa,7;2)|< B, zeUand feT(aBy).

Conversely, we assume that f € T,(a, 8,7 ). Then

J(fia,y;2)| < B, zeU. | (2.2.2)

For z € {0,1) the inequality (2.2.2) can be written
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> j"(j-1)a, 2"
j=2

-8 < = < B. (223)
2y (1) =Y. j" (1-j+2yj-2ya)a, 2"

i=2

Wenote that E(z) = 2y (1-a)- Y, j"(1-j+2yj-2ya)a, 2" > 0,
=2

z €[0,1),because E(z) # 0 for z € [0,1) and E(0) = 2y (1-a) > 0.
Upon clearing the denominator in (2.2.3) and letting z — 1 through real values,

we deduce

S (-Da, <28 (1-a) = B3 /" (1-j+2yj-2a)a, .

j=2 J=2
Thus

i j"[j~—1+,8(1——j+2}/j-—27/a)]aj 228y (1-a).

j=2

The extremal functions are

f(z) =z - 25(1-a) 2
’ S+ B(-j+27j-2a)]

J=2.3,. . (224)

Corollary 1. If f € T («, B,y ), then

< 278 (1-a)
JLi-1+B(1-j+2yj-2ya)]

i o=23,..

a,

The result is sharp and the extremal functions are given by (2.2.4).

We state following particular cases for Theorem 1.

Corollary 2. A function f of the form (2.1.1) is starlike of order «, if and only
if

oo

Z (j-a)a, < (1-a) .

j=2

The result is sharp. This result is due to Silverman [9].
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Next is the similar characterization for the class of univalent functions

with negative coefficients, studied by Kulkarni [3].

Corollary 3. A function f of the form (1.1) is in T(a, B,y ), if and only if
> [i-1+B(1-j+2yj-2ya)]a, < 2By (1-a).
j=2

J

This result is sharp.

In the same vein, we also have a corresponding result for univalent
holomorphic functions studied by Salagean [7] and Gupta and Jain [1]

respectively.

Corollary 4. 4 function f of the form (1.1) isin T (e, B,1), if and only if

o«

> ili-1+B(+j-2a)]a, s 28(1-a).

I=2

This result is sharp.

Corollary 5. 4 function f of the form (1.1) is in T,(«, 8,1), if and only if
D lj-1+80+j-2a)]a, <2B(1-a).
j=2

7

This result is sharp.

Next we obtain a theorem which supplies the extreme point of the class

T(ax,B,y).
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Theorem 2. Let
fi(z) =z, and
f(z):z- 2}’,6(1—'&) Zj.
’ JUj=1+B(1-j+2yj-2ya)]

Then f(z)eT,(a,B,7), ifand only if it can be expressed in the form

£(2) = A/ + X4 £(2),

where

A, 20 (j=123.) and A+ D A =1

K

J=2
Proof. Suppose that
f(2) = ARG+ DA £(2)
=z—‘::/1]. —— Zyﬂ(lj—a). z’.
= T -1+ -+ 2y j-2pa) ]
Since
N 2y (1-a)

(2.2.5)

(2.2.6)

(2.2.7)

J' -1+ B=-j+2yj-2ya)]
=2

J

i

25 (1-a) Y 4,

IA

2By (l-a)

J U=+ f=j+2yj-2yx)]

i)



19

by Theorem 1. f e T (a,B,y).

Conversely, we suppose that f e T (a,B,y) .

Since
PR pu— A (j=123.)
C i+ B =+ 2y j - 2ya) ]
Setting
g = ST+ AA-j+2yj-2ya)]
! 278 (1-a) P
and

-~

I

!
s
&>

T
~

Then we have
)= A2y + 3 A £(2)

This completes the proof of Theorem 2.

Corollary 1. The extreme points of 7T («a, 3,y )are the functions

fi(z) =z

and

f,(Z)ZZ— 2}/6(1"“) P
' JLi=1+p0=j+2yj=2ya)]

Now we give the following particular cases for above theorem.

Corollary 2. The extreme points of T,(«,1,1)are the functions

fi(z) =z and

(j=123,.).
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f,»(Z)=Z~——(%l‘::C~;—))—Z’ (j=12,3..).

Which same as studied by Silverman [9].

Corollary 3. The extreme points of T,(, 3, 7 )are the functions

AMz) =z

and
278 (1-a) 2/ (j=123.).
Lj=1+8(~-j+2yj-2yx)] o

flz) =z -

This is due to the class studied by Kulkarni {3].

Lastly, we also state the corollaries for the class of the functions

introduced by Salagean [7], Jain and Gupta [1], respectively.

Corollary 4. The extreme points of 7,(«a, 3,1) are the functions

filz) =z

and
2ﬁ(l_a) ZI
JLj-1+B(1 +j-2a)]

flz)y=z - (j=123.).

Corollary . The extreme points of 7,(a, 3,1) are the functions

Nz)y =z

and
3 20(1-a) S
[j-1+B(1 +j-2a)]

B
P

O
S’

i

by

(j=1L23,..).
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3. SOME PROPERTIES OF CLASS T, (a,8,7)

Now we prove some properties of class T, («, 5,7 ), like distortion
theorem , radius of convexity and closure theorems.

Theorem 3. Let o € [0,1), B e (0,1], 7 € (1/2,1] and let n € N,, if

feT(a p.y), then for 0 <|z|=r <1, wehave

_ B (l-a) o <[f(z)[<r+ W(l-a) 2
27 1+ B(4y -2y -1)] - 27 1+ B4y -2y -1)]
(2.3.1)
with equality for
— w(l-a) 2 _
Jlz) =z T+ pay—2a-] - T ED
Proof. From (2.2.1), we have
2% [+ B4y -2y —1) ] i j‘a,
< 2 J L=+ pU-j+27j-2p)] < 28 (1-a)
Lk Ww(l-a)
27" S T play 2 D] 232
Using (2.3.2) with k=0,for 0 <|z| = r < 1, we obtain
, N ) Ww(l-a) 2
!f(-)} < 14—}22 a r’ < r+2"_=[ T+ B4y —2a-1)] re,
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and

® / _ Ww(l-a) 2
!f(z)!?.r»—éa}r 2 r zn-1[l+,3(4y~2ya——l)]r-

Thus (2.3.1) follows.
Keeping our intension in view, we go to state some special cases of

Theorem 3.1.

Corollary 1. 4 function f € T,(a,1,1), thatis starlike of order « then

l-a 2 : 1-a 2
r—~[2*a }r S{j(z)!ﬁr%—li 2—~a}r .

This result is sharp. This result is due to Silverman [9].

Corollary 2. If [ e T (a, B,1), then

B(l-a)

_ 2 . 4 p(l-a) 2
S ry e L FAC ’

2 [1+ B(3-2a)]

This result is sharp. This result is obtained by Salagean [7 ].

Nzxt we obtain the corollary which gives the result for the class

introduced and studied by Kulkarni [3].

Corollary 3. If f € T,(«, B,y ), then

2yB(1-a) Pl ()] <+ 2yp(1-a)
[1+8(4y-2ya-1)] [1+B(4y-2ya-1)]

The result is sharp.
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We riow state the theorem which gives the disk contained in the range set

of functions inclass T, («a, B,y ) .
Theorem 4. The disk |z | < 1 is mapped onto a domain that contains the disk

WwB(l-a)

‘wi < l- -
2" [ 1+ B(4y —2pya~1)]

byany f e T.(a,p.,7)-
Proof. The result follows upon by letting » — 1 in Theorem 3.

In the next theorem we obtain the distortion property of derivative of the

normalized univalent functions in the class 7,(a, B,7).

Theorem 5. Let « € [0,1), B e (0,1), 7 € (1/2,1] andlet n € N, if

feT(a, B.y) thenfor 0 <|z|=r <1, wehave

278 (1-a)

_ 2yp(1-a)
2" 1+ B(4y - 2yo -

2" 1+ B4y —2ya—1)]

1)}1~S}f‘(z)]$l+ r.(2.3.3)

Equality holds for

— e %B(l‘a) 2
flz) = : 1+ Alay—20a-1)]

Proof. Using (2.3.2) with k =1,for 0 <|z| = r <1 we obtain

S 20y (1-a)
- < .
;jaf 271+ B4y -2ya-1) |

Thus
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lf'(2)|s1+ija[rf’" <1+ 2y (l-a)

2, /4 21+ B4y -2y -1)]
and
| & 2B (1-a)
[F@ -2 a2 e e ]

Thus Theorem 5 follows.
Now we state several special cases of above theorem.
Corollary 1. 4 function f e T,(a,1,1) that is starlike of order « , then

1 —{&%—)} r<|f)) < l+[2—(~t—?—)-}r )

2- 2—-a

This result is sharp. This result is due to Silverman [9].

Corollary 2. If f € T (a, B,1), then

28(1-a)

i 26(1-a)
21+ B(3-2a)]

2 [1+ B(3-2a)]

rs[f(ﬂlsl+
This result is sharp. This result is obtained by Salagean [7].

Next we obtain the corollary which gives the result for the class

introduced and studied by Kulkarni [3].

Corollary 3. If [ € T,(a, B,y), then

B 47 (1-a) Felf@)] <1+ 4y (1-a)
[1+ B4y -2ya-1)] [1+ B4y -2ya~-1)]

The result is sharp.
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In the next theorem we determine the radius of convexity for the functions

in 7::(a7ﬂ’}/)'

Theorem 6. If the function f(z) = z~Y a,z' a, 20,j =2,3,..isin
j=2
T(a,fB,y). then f isconvex in the disk

F i1+ B-j+2yj-2ya) |
278 (1-a)

L
{zi<r=r(a,ﬁ,y,n)=in_f( )“, (2.3.4)

(j=23...

This result is sharp, with the extremal functions as given in (2.2.4).

Proof. It suffices to show that ——————~Zf'"(z) <1for|z| < r(a By,n) . We have
' S j(j“])a Z’q N '('_] a Z,/’—l
e | & T R IUTels
7 1-2, ja 2" -3 ja;|z|"
=2 e
Thus Z"'"(Z) <1 if
(z)
> iG-a]:" < 1-3 ja, ||
=1 =
or

> ez <0, (2.3.5)
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According to Theorem 1,

<1

z”: Fli-1+B=j+2yj-2ya)] 2
j=2 2y (1-a) '

Hence (2.3.5) will be true if

jz‘Z;H < j"[j"1+ﬁ(]”j+27j”2}’a)]
) 2y (1-a)

Solving for | z |, we obtain

‘Z'S 2

i

i
i [j—1+ﬁ(1—j+2yj_2m)]],_1 .

298 (1-a)

Setting | z| = r(a. B,y,n) in (2.3.6), the result follows.

We state some particular cases of above theorem.

,3,..). (2.3.6)

Corollary 1.7/ f € T,(a,1,1), that is starlike of order «, then f is convex in

the disk

]z‘ <r=r(a)= ir}f(}_z,_f(;"l_":l’_&_i)f—‘ .

This result is sharp. This result is same as obtained by Silverman {9

]
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Next we obtain the corollaries which gives the result for the class

introduced and studied by Salagean [7] and Kulkarni {3].

Corollary 2. If f € T.(a, B,1), then f is convex in the disk

J i1+ B+ j-2a) ] Jﬁ .

[z}<r=r(a,ﬁ,l,n)=ir}’_f( (=)

This result is sharp.

Corollary 3. If f e T,(a, B,7), then f isconvex in the disk

i
J=1+B(1-j+2yj-2ya) ] j“

_ |
|z|<r—r(a,,b’,}/,0)—n}f( YT

The result is sharp. This result is due to Kulkarni [3].

Now we shall prove the following result for the closure of function in the

class 7 (a,B.7).-

Let the function f,(z) be defined for k € {1,2,3,...,m}, by

j;(Z) = Z_i af'.k zj s (aj’k 2 0) (237)

for z e U.

Theorem 7. Let the function f,(z) defined by (2.3.7) be in class T (a, B,y ) for
every k € {1,2,3,...,m}. Then the function F(z) defined by,

kS

F(z)=z-» b2z, (b 20) (2.3.8)

1=2
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is a member of class T («a, B,y ), where

b, = L > a, (j =23.). (2.3.9)

m =y

Proof. Since f,(z) e 7,(a, 3,7), it follows from Theorem 1, that

S -1+ BU-j+2rj=2a)] a,, < 26 (1-a)

j=2

forevery k € {1,2,3,..,m}. Hence,

Z S li-1+B(1-j+2yj-2ya) ]b,

o
i=

[

AN
i MS

J [j——l+ﬁ(l~j+2yj—-2}fa)](;7— a,_k)

L[ o
= — (Zj”[j~l+ﬁ(l—1+271~2m)]a_,‘k}

nr

2P (1-a) = 2y (1-a),

which (in view of Theorem 1) implies that F(z) € T (e, B,7).

Theorem 8. The class T .(«, 5,y ) is closed under convex linear combination.

Proof. Lzt the function f,(z) defined by (2.3.7) beinclass 7 («, 8,7 ) for

every k € {1,2,3,...,m}, itis suffices to prove that the function
H(z)=Af(z)y +(1-4A)f,(z) , (02 <1)

is also in class 7 («a,pf,y).Since, for 0< A<,
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H(z):z—i{&a“+(l—ﬁ)al,vz}z’, (0

i=2

IA
N
IA

1).
We observe that

i Jli-1+B0-j+2yj-2pa) [{Aa,+(1-4)a,,}

/=2
=AY j [ j-1+B(-j+2yj-2ya)]a,,
j=2

+(1=2)Y /L1 A= j+2j=2a) | a,

i=2

S A2B(1-a)+(1-2) 2y (1-a) = 2y (1-a),

with the aid of Theorem 1. Hence H(z) € T,(a, B,y ). This completes the proof

of Theorem 8.

4. INCLUSION THEOREMS

We prove some inclusion relations for the class 7 (a,f,7), which

generalizes the result of Salagean [7].

Theorem 9. Let « < [0,1), e (0,1], y € (1/2,1] and let neN,, then

?:Hl(a?ﬂ’;y) < Y:y(a'7ﬂvy)a

where
(1-B+2py )(1-a )
2(1=B+38y~apfy )

a' =ala,pfy)=1-

(2.4.1)
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_ 2(1-8+2pr) - (1-a)(1-8)
2( |- B+38y —afy )

The result is sharpand 1 >a' > a .

Proof.Let f e T, (a, B.y) ,then from Theorem 1, we have

s+

o '_-l 1—. 2 "‘2
$ PO e ]y (24.2)
p 20y (1-a)
We determine the largest «' such that,
2 JUL j-1+ B(H=j+2yj-2ya’
5/ [j-1+BCO-j+27j-2)] (2.4.3)

2By (1-a") /
If
-1+ 80-j+2yj-2pe)] _ j[Jj-1+BU-j+27j-2y)] _

T-ah < (0-a) <1, (244)

j = 2,3,..., then (2.4.2) implies (2.4.3). But the inequalities (2.4.4) are

equivalent to

g U=pr2py)j - (la)(1-5) (1= +2p)(l-a)
(1-=B+28)J + 20y (1-a) (1-B+2y)j + 267 (1-a)’

Jo= 2.3 (2.4.5)
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L =p+2pr)j - (1-2)(1-8)
Wehave d(2) <d(j) = (1-p+2Br)j + 2By (1-a)

j=273...

We choose

(1-8+2pr )(1-a)

(a,B,y)=d(2)=1- 2.4.6) -
@ fr) = d@) =1~ SR (.46
We have a < a' < 1, because
' B (=) [(1=-B)+2p8y(2-a)]
b s e Geay]
and
, (l—,B+2,B;/)(l—a)
- By ) =
el ) = T o]
The extremal functionis f, € 7, (a, B,7)
fi(2) = z- B(1-a) 2? (2.4.7)

27[1+ B (-1+4y -2y ) ]

Corollarv 1. 7 (a,B,y) c T(a,B,y) .

Corollary 2. If f € T, (a,B,7), then f e T.(p,1,1) where

L= B+28y
1-B +3fy— afy

p=p(a.p.y) =



Proof. A simple computation yields

| | J.(f.a.y;2)| < B implies

D"*‘f(Z)_ll L 2r(1-a)
D'f(z) 1+26y -

That is
D" f(z)
Re{”_""“D"f(z") }> O-(aaﬁa}/) ’
where
_1+2afy-pB
O'(C(,E,}’)- I+2ﬁy—ﬁ .

Let f=7,(a, B,y), thenby Theorem9 f e T (a',f,7), where

~ (1-B+28y )(1-a)

. .
2(1-B+3By—afy)
Therefore
o—(a',ﬂ,}’):p(a’ﬁ’y) = I_Iﬂ—f;ﬁi'g—yaﬁ}' .
Hence

fel(o(a,By) 1 )=T,( p(a,Br). 1 1).

We now give some particular cases for Theorem 9.

Corollary 3. Let @ € [0,1), B e (0,1], , and let ne N, then

7-;”1(&,‘6,1) < 7:,(06') ﬁa})ﬂ
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where

_(+8)(1-a)
2(1+28-aB)

a'=a(a p1)=1

_2(1+p) - (1-a)(i-8)
2(1+28-af)

The result is sharp .This result is same as obtained by Salagean [7].

Nex: corollary gives the result for the class introduced and studied by

Salagean [¢] .
Corollary 4. Let o € [0.1) and let ne N, then

I.(a, L) c T(a'\11),

where

a'=a'(a,,1)=1- l-a _

The result is sharp .

Theorem 10. Let a € [0,1), B8 e (0,1], y € (1/2,1] and let neN,, then

T;:H(avﬁs}/) < T,,(a,ﬁtd’)a

where

C_ o _ B
pr=rplabr)= 2+ p(-1+4y-2ay ) (2:4.9)




34

The result is sharpand 0 < f'< B .

Proof.Let f € T, ,(a,p,y) ,then from Theorem I we have

<+

[ -1+ B(-j+2yj-2ya)] .

> <1, (2.4.10)
=2 20y (1-a) '
we determine the smallest £' such that
e [ j-1+ BN j+2yj -2
3 Li=le fQ-je2pj=2e) | oy 2.4.11)

= 28y (1-a) !
If

=1+ B80-j+2pj=2pa)] _ j [Jj=1+B=j+2yj=-2ya)]
i3 ) ] ’

=23, (2412

then (2.4.10) implies (2.4.11). But the inequalities (2.4.12) are equivalent to

. i
J+ B(l-j+2yj-2ay)’

j=23.... (2.4.13)

Wehave ¢(2) 2 ¢(j) = — P = 2,3,....
J* pQO-j+27j-2ay) ’

Therefore we choose

B(a.B.y) =c(2) = : (2.4.14)
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We have 0 < f'< [, because

Bl(1-p)r+28r(2-a)]

B-pB(apy)=

>
[(2-p)+28r(2-a) ]

The extremal functionis f, € 7,,,(a, B,7) givenby (2.4.7).

Coronary 1' 7:1+1(a9ﬂ5y) < I;:(a’ﬁs;y) .

Corollary 2. If f € T, (a, B,y), then f € T, (p,1,1) where

1-B+2p0y

p=pla.B,y) =

Proof. A simple computation yields

n+l
| J.(fryiz)| < B implies »2—1-(—2—)—1

D'f(z)
That is
Re{%%%)} >o(aB.y)
where
o(a,B,y) = %

-8B +3fy- afy

< 2y(d-a)
T 1428r-p

Let f e 7, (a, p,y) thenby Theorem 10, f € T (a, 5,y ), where
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P T
Therefore

o(a,BLy)=p(a,Br) = 1~,13_f3+ﬁ27'6:yaﬁr
Hence

fel,(o(a,ply)ll )=Tn( pla,B,y), 1,1 )

Corollary 3. Let a € [0,1), p € (0,1], let neN,, then

]:wl(a’ﬁ?]) < ];(aaﬂ'al)a

where

Br=blapr)= 2+3§~2a

The result is sharp .This result is same as obtained by Salagean [7].

Theorem 11. Let a € [0,1), B e (0,1], € (1/2,1] and let ne N,, then

I.(a,B,y)cT(a,B,7"),

where

y(1-5)
2(1-8) +2y8(2-a)

y'=r(aByr) = (2.4.15)

The result is sharp and 0 < y' < ¥ .
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Proof.Let f e T, ,(a,pB,y) ,then from Theorem 1, we have

F -1+ =2y -2pa) |
<1 . 4.
Z 25 (-a) a, € (2.4.16)

ol
J=2

- We determine the smallest p' such that

grlenmsmnl, o o

If

[i-t+BU-j+2y'j=2r'a)] _ j[j-1+B0-j+2yj-2ya) ]
y' B ¥

?

j=23,.., (24.18)

then (2.4.1¢) implies (2.4.17). But the inequalities (2.4.18) are equivalent to

y (1-8)
J(1=8)+28(j-a)’

'z =23 (2.4.19)

We have

b(2) > b(j) = r(1-5) J=23,..

2(1-8) + 2yB8(2-a)

Therefore we choose
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y (1-B)
(1-8) + 2y8(2-a)

r'(efy) =b(2) =
We have 0 < y'< y , because

y[(1=-B)+2Br(2-a)]
[2(1-8)+2Br (2-a) ]

4 _7’(aaﬂ>7)=

The extremal functionis f, € 7, (a, B,7) givenby (2.4.7).
Corollary 1. T (a,B,7) c T(a,B,7) .

Corollary 2. If f € T, (a,B,7), then f e T.(p,1,1) where

1-[+20y

pzp(aaﬁa}/): ]_ﬂ +3ﬁ}" aﬁ)’ ‘

Proof. A simple computation yields

. implies | 2/(2) | ¢ 2y (-a)
!Jn(f,a,y,-)’ < B implies *D”f(Z) I = 1+28y - p
That is

Re{ D7 (2) }> o(a,B.y) »
where

o(a.fB.y) = Le2oby - f :

1+20y-p

(2.4.20)
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Let f e T,(a,p,r) thenby Theorem 11, f € T,(e, B,7'), where

v =y (aBy) = 2(1_ﬁ)}lgz—y§)(2-a) '
Therefore

ola, By )=p(a fy) = I_L”f;;yﬂ_yaﬁy
Hence

fel(ola,py) L1 )=T( p(aByr) L 1)

5. CONVOLUTION THEOREMS

Motivated by Salagean [8] we now prove convolution theorems for the

class T (a, B,7).
Let

f(z)= z~§:a,. zZ and g(2)= z——ibj z/ .
=2

2

We define the Hadmard product or convolution of f and g by

(f*g)(2) =z - ‘Z a b z' .

i=2

Theorem 12. Let f,g e T(a,B,7), a €[0,1), B & (0,1], y € (1/2,1]

and neN,, then f*g e T(a' B,y),where
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| 287 (1-a ) (1-+2py)
—alaByn)=1- 2 ’
a' =alapyn) [1+B(-1+4y-2ay)] 2" =48y (1-a)

- (25.1)

and o < ( a, By, n ) < 1 .The result is sharp, the extremal functions are

f = g = f,, where f, is given in Theorem 1.

Proof. Let f,g € T.(a, B,7), then from Theorem 1 we have

o " '_...] | 2 ""‘2
5 [j-1+BU-j+2yj-2ya)] a1, (2.5.2)
= 20 (1-a)
and
@ " ~.1+ 1— ] 2 .“’“2
5/ [J-1+B(1-j+2yj-2ya)] b1 (2.5.3)
~ 20y (1-a) ’
From Theorem 1, we also have f*g e T.(a', B,y) if and only if
[ =1+ B(1- j+2yj -2’
[J-1+p0-j+27j-2a") | ab <1 . (2.5.4)

- J
> 2fy (1-a') "

/=2

We wish to determine the largest ' = a'( «, B,y,n) , such that (2.5.4) holds.

From (2.5.2) and (2.5.3) , we get by means of Cauchy-Schwarz inequality

o0 N 'w] l-—— j 2 "‘"2
J i1+ B Srer) I < (2.5.5)
2By (1-a)

/=2
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which implies

I < 20y (1-a)
s T -+ B =42y -2y

Jj=23... (2.5.6)
We note that the next inequalities

L1+ Q- j+2r=2p) ]

2,3)/(1"0!') V)
(2.5.7)
[ . _ o
PR b hk77 20 W e
2pr (1-a) T
imply (2.5.4). But the inequalities (2.5.7) are equivalent to
J=l+ B - j+2yj-2ya’)

Jab

(l_ay) a.l 7
(2.5.8)

< SV P j+2yj-2ya) =23
(I-a)

b

by using {2.5.6) we have

JoV+ B - j+2y ) -2y’
Jab
(l_av) a/ /

_ 2B (-a)[ -1+ B~ j+2yj-2a") ]
o (t=a) -1+ B - 42y - 2ya) |

15105
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In order to obtain (2.5.8) it will sufficient to show that

2py(\-a)[ j-1+BA-j+2yj-2p') ] _ j-1+B(-j+2yj-2ya)
(=) j" [ j=1+B(1-j+2yj-2pa)] ~ (1-a) ’

j=23.

that is

28 (l—a ) [ j-1+B(1-j+2yj-2ya") ]

(2.5.9)

< (=a) [j=1+pU-j+2rj-2a) | j" . j =23,

The inequalities (2.5.9) are equivalentto A«' < B, where
A=-ap y (l-a ¥ + [ j-1+p(1~j+2j-2pa) [ j* > 0
and
B=[j-1+B0-j+2yj=2ya)] j" =28 (1-a ) (j-1)
2% (1-a ) (1-j+27),
we obtain
2 .

a'S—f}zl— 2ﬂy(l~a)(j—l)(1—,8+2,3}/) - ()

Li-1+B0-j+27j-2p) ] j* = 4 * (1-a )
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Wehave ¢(2) < c(j), j=2,3,... and we choose

a'=a'(a,p,y,n)=c2).

Wehave a < a' ,because

a(a,By,n) ~aza(a,p,y,0)-a

:{ (1-a)(1-B8)(1-B+28r(3-a))+4 B 7' (1-a)(2-a) .

(1-8)(1-B+2By(3-a))+4 B Y (2-a)+20/ (1-a ) (1-B+2py) g

and

—a'(a By ) = 2B(1-a) (1- B+25)
-l by [l+,8(—1+47~2a}/)]2 2"»(2/3;/(1_6,))2

>0,

The extremal functions are f = g = f, . Indeed

(L*h)2) =2 -2 e T(a',B,y), where

92 B2 L2 (] 2
¢, = py(l-a) 5 and «a'=a'(a, f,y,n) because
[¥+/3(~1+4y—2a7)]

i JL -1+ B -j+2yj-2ya") | .
o 2Py (1-a') !

[ 1+ B(=1+4y-2p2)] 27 By (1-a)
2By (1-a") [1+8(-1+4y-2ay) ]
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Corollary 1. If f,g e T(a,B,y), then f*g e T.(a, B,y).

Corollary 2. If f,g € T.(a,B,y), then f*g € T (p,1,1), where

(l—~a)2,62y2

et P b = 1 - ? ’ .
p(a B 7) 2n—2[]+ﬂ(_1+4}/-2a}/)] —ﬂz(]—a)

Proof. A simple computation yields

. . Dn+1 2 1_
J(f.a.y;2)| < B implies )_577_{.{((_%2._1 S_}%}l ,
therefore
D"f(z)
Re{ D'f(z) }> (@7
where
_1-f+2apy
O’(asﬁ>7) - 1 ——ﬁ-{-zﬂ}/ .

Let f,g eT(a B,y)then f*g e T(a'B,y), where

28y (1-a ) (1-8+28)
[l+ﬂ(—l+4y~-2a}/)]2 2"-4 By (1-a )2 ,

a' =ala,By,n)=1-

therefore

O'(a‘,ﬂ,)/):a(a‘(a,ﬁ,y,n),ﬁ,}/)=p(a,,6’,}f,n) )

Hence

fel(oa,By) L1 )=T( p(a,B7) 1)
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We now give some particular cases for Theorem 12.

Corollary 3. Let f,g € T,(a, B,1), @ €[0,1), B € (0,1] and neN,, then

f*g e T(a', B,1), where

28(1-a) (1+8)
[148(3-2¢)] 27-4p* (1-a)’

a'=a'(a,Bln)=1-

and a < a'(a,B,1,n) <1 .The result is sharp .This result is due to Salagean

18],

Next corollaries gives the results for the class introduced and studied by

Salagean [6] and Kulkarni [3], respectively.

Corollary 4. Let f,g € T,(a,1,1), a €[0,1) and neN,, then

f*g e T (a'l,1), where

'=a'la n)=1- (]—a)z
a'=alalln) =1 (2-a) 2~ (l-a)

and a < a'(a,1,1,n) <1 .The result is sharp .

Corollary 5. Let f,g € T,(a, B,7), a €[0,1), B e(0,1],y e (1/21],

then f*g e T,(a', B,y), where

o alapr0) =1 - | 28 (1-a ) (1-B+25r)
| [1+B(~1+4y-2ay) ] -4py*(1-a)

and a < a'(a,B,y,0) <1 .The result is sharp
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Theorem 13. Let f,g € T,(a,B,7), a€[0,1), B e(0,1], 7 e (1/2,1]

and neN,, then f*g e T(a,pB'y),where

' ) 28y (1-a )
plaburn) = [1+8(-1+4y-2a7) [ 2" - 27y (1-a )(~1+4y-2ay)

(2.5.10)

and 0 < B'(a,B,y.n) < p .The result is sharp, the extremal functions are

f =g = f,, where f, is given in Theorem 1.

Proof. If f.g € T.(a, B,y), then (2.3.2) and (2.3.3) hold. By Theorem 1

we have f*g e T (a,p'y) ifand only if

N

o -1 (1-7 ."'2
5 ) Lt p-js2rj-2p0)] (2.5.11)
28y (1-a) Y

We wish to determine the smallest ' = B'( @, B,7,n), such that (2.5.11)
holds.

We note that the next inequalities

S+ B (- j+2yj-2ya)
ﬁu a.l'b]

(2.5.12)
L i1+ A= j+2yj-2pa)
— ﬁ >

j=23..

imply (2.5.11).

By (2.5.6), we obtain
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Jl+ B =j+2yj-2ya) —5—
/3! al bl

L 28 A-a)[j-1+ B(-j+2yj-2ya) |
- B j-1+B(-j+2yj-2ya)]

R A

In order to obtain (2.5.12) it will sufficient to show that

28y (1-a)| j-1+B(1-j+2yj-2ya) |
B j-1+p~j+2yj-2ya)]

¢ JTVHAQ-jryjm2a) s
ﬁ 3 2

These last inequalities are equivalent to

5 28y (1-a) (j-1)
[1-j+B(~1+4y=2ay) ] j" =28y (1-a)(1-j+27j-2ay)

=d(j)
We choose fB' = B'(a,B,y,n) = d(2), because d(2) = d(j),
=23 .

Wehave ' < f ,because

B-B(a.Byn)zp-p(apBy0)=

(1-8)(1-B+28(3-a ) )+4By’ (2-a)
(1=B)(1-B+28y(3-a ) )+4py’ (2-a )+2py(1-a)

= f >0
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and f'(a,B,y,n) > 0 because

[1+8(-1+4y-2ay) ] 2" =28y (1-a)(-1+4y-2ay )
[+ p(~1+4y-2ay) T - 28y (1-a )(-1+4y—2ay )
=(1-8) (1-B+28y(3-a ) )+4B%* (2-a )+2fy(1-a) > 0

The extremal functions are [ = g = f, .

Indeed
(L*f)(2) =z ~c 2 € T(a, 7)),

where ¢, is given in the proof of Theorem 12 and A' = ﬂ'( a, By, n )

because

i Jrli-1+ B (I-j+2yj-2ya) | L LIy -2 | .
28y (1-a) ’ 28y (1-a) 2

= L.

Corollary 1. If f,g e T(a,B.y), then f*g € T(a,B,7).

Corollary 2. If f.g e T.(a,B,7), then f*g € T(p,1,1), where

(1-a )2,62;/2

= By ) =1 - 2
p=plap.y) 2 [+ B(=1+dy=2ay ) | =B (1-a)

Proof. A simple computation yields
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| J,(frar2)]| < [3 implies QDt‘_“Z((_zi)l 1l < Zl_:{ilz_%;:ﬂ%z
Therefore
where
o(e, p.y) = 1}%%% :

Let f,g e T(a B,7) then f*g e T.(a B'y) where

' oy - 287 (1-a)
plebupn) [1+B(-1+4r-207) ] 2" = 28y (1~ )( ~1+4y-2ay)
therefore
a(a,ﬂ',y)=o*(a,ﬂ'(a,,8,7,n),7)=p(a,ﬂ,7,n).

Hence

fel(o(a.p\r),1)=T( p(aBr) L1).

We now give some particular cases for Theorem 13.

Corollary 3. Let f,g € T(a,p.1), a €[0,1), B e(0,1] and neN,,
then f*g e T(a,p' 1), where
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| i 26’ (1-a)
p'(a pln)= [1+8(3-2a)] 2 - 28 (1-a)(3-22)

and 0 < B'(a,B,1,n) < B .The result is sharp . This is due to Salagean [8].

Next corollary gives the result for the class introduced and studied by
Kulkarni [3].

Corollary 4. Let f,g € T(a,B,7), a €[0,1), B e(0,1], 7 e (1/21]
then f*g e T.(a,p',y), where

| 2B’y (1-a)
3 3 ’O = 2
ﬁ(aﬁ}/ ) [l+ﬂ(‘“]+4}’—2a}’)]- _2’82}/(1—&)(-—1*‘4}’—20!7)

and 0 < B'(a,B,7.0) < B .The result is sharp.

Theorem 14. Let f,g € T(a,B,7), a € [0,1), e (0,1], y e (1/2,1]

and neN,, then f*g e T (a,pB,y'"), where

e g 28y (1-a) (1-8)
r=v(apr.n) [1+ﬂ(—l+4y~2a}/)]22"—4ﬁ272(1’a)(2”“)

(2.5.13)

and 0 < y'(a,B.y,n ) < ¥ .The result is sharp, the extremal functions are

[ =g = f,, where [, is given in Theorem |.
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Proof.If /,g € T.(a, B,7), then (2.5.2) and (2.5.3) hold. By Theorem I

we have f*g € T,(a,B,y') ifandonly if

5 Jli-1+pQ-j+2r'j-2r'a)]
j=2 2ﬁ}/'(]—a) s

(2.5.14)

we wish to determine the smallest y' = y'( @, 8,7, n ) such that (2.5.14) holds.

We note that the next inequalities

J=V+ B -j+2y"j=2y'a)
}/u a] b.f

—1+ B1-j+2y)-
VAU 2y =2ra) oy

Y

imply (2.5.14).

By (2.5.6) we obtain

S+ pA-j+2y"j-2y'a)
‘,yl afbf

2B -1+ pU-j+2y j=2y'a) ]

(2.5.15)

< =23, .

v it -1+ BU-j+2yj-2ya) ]

In order to obtain (2.5.15) it will sufficient to show that
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2,6y(l~a)[j—1+,B(l~j+2}/'j—-2y'a)]
y i1+ B = j+2yj-2ya) ]

¢ ST BU=j*2yj=2ye) 55
¥

These last inequalities are equivalent to

. 267 (1-) (1=A)(i-1)
[l~j+ﬂ(—l+4y—2ay)]2 " =apy(1-a)(j-a)

=e(J)

Wechoose y'=y'(a,f,7,n) = e(2), because e(2) 2 e(j), j = 2,3,...
We have ' < y , because

7 _7'(asﬂ77’n) 2?’ —7'(asﬂs7:0) =

(1= 1-B+28/(3-a))+4p7 (2-a)

(=) (- A 2p (-a) )+ 487 (2-a) 2 (- ) (-5) | ©

=V

and y'(a, B,y,n) 2 0 because

[1+8(~1+4y-2ay )] 2" - 45y (1~ )(2-a)

> [1+,8(-i+4y—-2ay)]2 -4y (l-a)(2-a)
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= (1-8) (1-B+2By(3-a ) )+487 (2~a )+2py(1-a )( 1-8)>0

The extremal functionsare f = g = f, .

Indeed

(L*f)(z)=2-c 2 € T(a,B7"),

where ¢, is given in the proof of Theorem 12 and »' = y'( @, B,7,n)

because

ij"[,~—1+ﬁ<1~j+2y'j—2y'a)] o o YAy -2y |
287" (1-a) " 2p'(1-a)

¢, = 1.

Corollary 1. If f,g e T(a,B,7), then f*g e T(a,B,7).

Corollary 2. If f,g € T(a,B,y), then f*g € T.(p,1,1), where

p=pla.Br)=1- (l—a)_ﬂEVZZ ‘
2 [ 1+ p(~1+4y-2a7 ) | - (1-a )

Proof. A simple computation yields
T D" f(z) 20y (1-a)
J(f.a,y;2)| < f  implies ‘——;—————— N A L.
| | | D'f(z) 1428y - B

therefore

Re { D" f(2)

D' f(2) } >o(a,B,y) ,
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where

1-B+2afy '

ola. B.y) =7 G2

Let f,z e T(a,B,y)then f*g e T (a,pB,y'), where

28y (1-a) (1-8)

7' =riafyn)= [1+8(-1+4y-2a7) T 2" = 4 pty* (1= )(2-a)

therefore

o(a, By )=c(a B,y (a.B,y,n))=p(a By.n).

Hence

fel(ola,By) ,1)=T,( p(a.By), 1, 1).

Next corollary gives the result for class introduced and studied by
Kulkarni [3] .

Corollary 3. Let f,g € T,(a,B,7), a €[0,1), B e (0,1],y e (1/21] ,

then f*g e T.(a, B,7'), where

- 28y (1-a) (1-5)
= a, B,y,0) = :
y'=y'(a B,y.0) [1+8(~1+4y-2ay )] ~ 48y (1-a)(2-a)

and 0 < y'(a, B,7.0) < y .The result is sharp
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