
CHAPTER - III
INTERPOLATING WAVELETS IN 

CLOSED FORM

Newton, when questioned about his method of 
work, could give no other answer but that he was wont to 
ponder again and again on subject.... Scientists and Art­
ists both recommend persistent labour.

E. Mach



CHAPTER-3

INTERPOLATING WAVELETS IN CLOSED FORM 

J.l Introduction:

In this chapter we show that if the orthogonality condition is replaced 

by the interpolating condition more examples of wavelets in closed form 

can be found.

These scaling functions and wavelets will be Riesz bases in addition 

to the property of being interpolating functions .The raised cosine wavelet 

can also be obtained as a special case of one of the examples (see example 

3.2-6).

3.2Lemma 3.2-1 :

Let ^(x)be defined by (2.1-1), then

4>{t) = f h{x)cos{pc)dx. (3.2-1)
7tt 0J

Proof:

Taking inverse Fourier Transform and using integration by parts we



= ^1_{ J e-,,W[h(w + x)-h(w-K)]dw}

2nit
J h(x)e~"(* ^dx - J h(x)e~ui<x+*}dx

e"* _e-»« -
(nt)2i

— J/i(jc)e“todxr

2sir\nt_
nt

nil
J*( jc)cos(£jc)*&: •.•A is even and Supphc -n n \

_~r y

y

If h(x) is a function satisfying conditions 1, 2, 4 and 5 of Lemma (2.1-1) 

then the function 

h(x)
*w=

2g(0)
satisfies condition 1 to 5 and

Let g(t) = J/j (x)cos(tx)t& then by Lemma (3.2-1) we have a scaling function 
0

sin nt g (/)
of MRA is given by </> (t) (3.2-2)

nt g(0)

Now by Lemma (2.1-1) and Theorem (2.1-1) we can give examples of 

scaling function of MRA.

The associated Mother wavelet can be found by using

f P
¥ ' + 2^(2/)-#(/)
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Example 3.2-1 :

Let h (x) = (a2 - x2 )v * where 0 <x<a< Jt

I and Re v > — 
2

00

Then g(t)= J/i(x)cos(rx)d&c
0

ao v

= J(a2 -x2^cos(cc)cfct 
o

r ( V by [1] formula 8 P.ll)

v + -y/aa2v 
2

2Tv+T

then h(x)=$o)xi-‘ -'w

(a2 -x2) 21 v +1

1
2

v + —4na2v
h-o .lW

Therefore h satisfies conditions 1 to 5 of Lemma (2.3-1). 

Therefore

= 2vI7+I sin at Jv (at) 
nt (at)"
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Example 3.2-2:

Let h(x) = {a2 -x2)2 Jv byja2 -x2
nwhere 0 <x <a< — and b> 0 
3

ou

Then g(t)= J/* (x)cos(tx)dx

*73 V — ~J [a2 - x2 )2 Jv I b4a2 - x2 cas{tx)dx

If a^Jb2 +t2 [b2 +t2) 2
v ±

4

( v by [1] formula 50 P.57)

■s(0)=y§a"^v„iMb

— a^J , [ab] 
2b v+Il J

Now Let h(x) = a](x)

-y(a2-x2fjy[bja2 x2

a^J [ab]
*[-* .](*)

Then h satisfies conditions 1,3,4 and 5 of Lemma (2.3-1). To ensure

condition 2 of Lemma (2.3-1) we must choose b so that > a where
b

a v, is the first nonzero zero of the Bessel function of order v.
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1
situit b 2 J , j a4b2 + t2

V I

nt(b2 +t2f+* J , \ab]
v+-

Example (3.2-3):

Let h (x) = (a - |x|)v where 0 <x<a< — and Re v > 0

Using [2] (formula 6, P. 424) 

Then- h(x) = „|M

v—I
^iLv. (x)

2av i"° ol V J

then h satisfies conditions 1 to 5 of Lemma 2.3-1

Therefore
sin^r g(/) 
nt g(0)

lv + lsin^/ 
nt{aty

nM-

Example (3.2-4):

Let Pv" (z)be the Legendre function defined by

^Z + lV r.f ... 2
\\-fi\Z-\)
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and Let h (x) = (cos x - cos afi where 0<a< ft and Re v >

CD

g(t)= J/r (x)cos(fce)<s!x

Ki
cosx-cosa)v 2 cos (/*)<&

(sina)v v + — P~\ (cos a) 
2

( v by [1] formula 28 P.22)

g(°) = )/f (sina)V v + — P~] (cos a) 
2 •—

Therefore h(x) = - X, ,(x)v ; 2g(0) 1-0 a]K }

(cosx-cosaV 2

42ft (sin a)v v + — P~f (cosa)
2 -j

iW

then h satisfies condition 1 to 5 of Lemma (2.3-1)

Therefore <f>{t) =
sin/z* g(/) 
nt g(0)

sin ftt P~\ (cos a) 
_____ '^2_____

ftt P\v (cos a)

Example 3.2-5:

Let h (x)
f (kx^-X 

cos —
. K2a,

where Rev>0
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Then g(t)= Jh(x)cos(tx)dx
0

= 2,_vfv v 1 at v 1 ata ---1— H---- —— —• ....
2 2 n 2 2 n

2,"”fv a

Therefore h(x) =
h(*) y

2g(0) 1 "1 M

( v by [1] formula 27 P.22)

cos Trx'j
2oj

v-l

2!"R a

(
V if
— + —l2 y xh. „|(*)

and h(x) satisfies condition 1 to 5 of Lemma (2.3-1) 

Therefore =

sin n t
f 1v + —
< 2 J

V
— + 1

— + a t V
— + 1 a t

2 2 n 2 2 n

Now we consider two special cases 

Case I: For v = 1

h(x) = ^xl-o .](*)
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and <j>{t) = sin 7it
, at

;rt 1 + — 1l------
n n

,but l + — l- —
n TV

at
sinat

smnt sin at 
ant1

Therefore by (5.3 -3 ) Mother wavelet is y/{t)= — [2 cos ret cos at -1]

Case II: v = 2 then

*cos(
*(*)=—^~x\- -iW 31,(1

Using Legendre duplication formula

7tt 4 3 3- + at;r — at#
2 2

x +
1 4n\lx T , at- =---- _ and Let y = — we get2 22*~ fx * 6 ■+r

3 _ _ n\2 + 2y\2-2y 
2 ^ 4|l + y|l-y

But we have relations

lx + 1 = jcIjc and ll + jell - x - nxcosecrcx

3— + y 2 1
3 _ _ n{1 + 2y) (l - 2y)|l + 2y|l-2y

4^7 cos ecrcy 

rt (l - 4y2 }jc2y cos ec2rty
2 cos ecat

nV—^
v n
4 cos at
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sin#/cos a/

Now we show that the raisedcosine wavelet (2.1-5) is a special case of 

Example (3.2-5) Case II 

Example (3.2-6):

Let a = nfi in example (3.2-5, case II)

cm rrt fnc rrRt

0 if W<-;r(l + /?)

2
1 + sin if -n{\ + P)< xv<-7t{\- ft) 

if -7t{\-P)<w<-tc(\ + 0) 

if /r(l - 0) < w<7t{\ + 0)

0 if /r(l + f)<w

Let rt--i

cos2(;7 + £) 

1
C0S2(7-(J)

0

if w<-n(\ + 0) 

if -7t{\ + p) < w< 0)

if ~7t(\- P)<W< —ft(l + P) 
if 7t(\- P)<W<7c(\ + p)

if k{\ + P)<w

58



As <!> is not orthogonal scaling function by Lemma (1.3-1) we have another

function $ (w) w) which is an orthogonal scaling function of a MRA. 

Taking inverse Fourier Transform

</>x{t) = — f (w)cos(nv)rfw 
n 0

_1_

n

U\-P)x

!0 cos (tw)dw + \
(1 -P)x

. / x sinar 1 cos yt - cos at cos yt + sin at

t +
4 P, 4 P

where a = {\-fi)rt and y =(l + 0)n

rrx. , , x sinar + 4 Bt cos ytThusM') = —r" , \A'
nt l-(4fit)

Which is same as the raised cosine wavelet (2.1-5).
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