CHAPTER - III

INTERPOLATING WAVELETS IN
CLOSED FORM

Newton, when questioned about his method of
work, could give no other answer but that he was wont to
ponder again and again on subject.... Scientists and Art-

ists both recommend persistent labour.
E. Mach




CHAPTER-3

INTERPOLATING WAVELETS IN CLOSED FORM
3-1Introduction:

In this chapter we show that if the orthogonality condition is replaced
by the interpolating condition more examples of wavelets in closed form
can be found.

These scaling functions and wavelets will be Riesz bases in addition
to the property of being interpolating functions .The raised cosine wavelet
~can also be obtained as a special case of one of the examples (see example
3.2-6).
3.2Lemma 3.2-1:

Let ¢(x)be defined by (2.1-1), then

/3

#(6) = 2527 () cos (1) i (3.2-1)

nt g

Proof :
Taking inverse Fourier Transform and using integration by parts we
get,

4(0) = ~2—17;:[¢3(w)e"”dw
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! {‘] e [h(wm)—h(w—ﬂ)]dw}

2zt =

1 {jh(x)e-it(x-—x)dx_ fh(x)eﬂ‘t(xu)dx }

T 2t

-tz ®

e —e jh(x)e’”‘dx

Il

(z0)2i
. xi3
= 252”‘ 5{ h(x)cos(tx)dx (h is even and Supph c {% —g—])

If h(x)is a function satisfying conditions 1, 2, 4 and 5 of Lemma (2.1-1)

 then the function
h(x) =—fl—-(—f-)—- satisfies condition 1 to 5 and
A 2¢(0)

Let g(r)= J'}? (x)cos(ex)dx then by Lemma (3.2-1) we have a scaling function
; .

sinzt g(t)

of MRA is given by ¢ (¢) = = 2(0)
g

(3.2-2)

Now by Lemma (2.1-1) and Theorem (2.1-1) we can give examples of
scaling function of MRA.

The associated Mother wavelet can be found by using

v(ieg)-200-40)

)



Example 3.2-1 :

1 . _
Let I?(x):(az——xz)v-i where O<x<a.<_—73-€andRev>—El-

Then g(r) = [ (x)cos(ex)ds

Ia -x? cos(tx)dx
0

27w+ l\/;a"Jv (ar)
= 2 S (*+ by [1] formula 8 P.11)

'v + %x/—ntazv
5. 8(0) = —F——

ﬂv+l

then ()= ”(("0)) ()

1
(a2 —x? )v-—f lv+1
1 X[—a a (X)
Iv + —2-\/;t_a"" :

Therefore h satisfies conditions 1 to 5 of Lemma (2.3-1).

sinzt g(t)

Therefore ¢(r) = 2 2(0)

_ [y Sinat J,(at)

nt (at)’
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Example 3.2-2:

Let (x)=(da’ —x2)§ Jv[bx/. az—xz}where 0<x<as§andb>0

Then g(f) = :fl? (x)cos(tx)dx

= K]?(az - x? )% J, l:b\/az -x’ ]cos(tx)dx

6

1 v 1
= \/g a 'J ,[a\/bz +t’](b2 +2) 7

V-

2

( -+ by [1] formula 50 P.57)

1 )
- g(0)= -’;a"*ibv [ab] &2

2

1
_ 37;_ ves b
T JN% [ab]

Now Let a(x)= %(%X(-a (%)

z\/z(az —-x’)g Jv[bm]

2 X[—a a) (x)

1
a tJ ' [ab]

2
Then h satisfies conditions 1,3,4 and 5 of Lemma (2.3-1). To ensure
condition 2 of Lemma (2.3-1) we must choose b so that %!__,_ > a where

a,, isthe first nonzero zero of the Bessel function of order v.
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sinzt g(r)

Therefore ¢(¢) = 2 2(0)

1
sinzt b 2 J ,[a\/b2+t2]

b

nt (b +1° )§+% J ,[ab]

Vi
2

Example (3.2-3) :
Let 7 (x) =(a—[x|)“ where 0<x<as -735 and Rev >0
Using [2] (formula 6, P. 424)

Then h(x) = %X[_a (%)

v(a-p)”

= TX{—G al (x)

then h satisfies conditions 1 to 5 of Lemma 2.3-1

sinzt g(t)

Therefore ¢(t) = 2 2(0)

,v—i—lsinm ¥

at(at) (e)-

Example (3.2-4) :

Let P*(z)be the Legendre function defined by

u
1 (z+1)2 2 z
Ef “Talzo1 Rl -vviLl- ==
v (z) l—y(z“l) 2 1[ Vvt H > 2)
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and Let 7 (x) = (cosx —cos a)v'% where 0 <a < and Rev > —_51-
g(r)= Iﬁ (x)cos(ex)ax
[
«© v-l
= I(cosx-cosa) 2 cos(tx)dx
0
= \/% (sina)’ v +% P (cosa) (-~ by [1] formula 28 P.22)
: 2
T, .\ | -
. g(0)= \/:(sma) lv += P} (cosa)
2 2 "‘3
h(x
Therefore h(x) = —(—-)—X[_,, a(%)

1
(cosx —cosa)2

- 1 X[*a a} (x)
V27 (sina) |v + 3 P (cosa)
2

then h satisfies condition 1 to 5 of Lemma (2.3-1)

Therefore ¢(¢) = %’;ﬁ%ﬂ
g

sin z¢ 1:2 (cosa)
2
nt P (cosa)
3

Example 3.2-5:

vi
Let h (x)= (cos(g—z)) where Rev>0
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Then g(t) = :‘71_ (x)cos(ex)dx

1+l-fﬁ] (- by [1] formula 27 P.22)
/4

Therefore h(x) =571—-g£(502)-X(_a 4(x)

( X )M
cos——
2a

2
v 1
=t N — | X F
22~v‘; a (2+2) [-a a](x)

and h(x) satisfies condition 1 to 5 of Lemma (2.3-1)

sinzt g(r)

Therefore ¢(¢) = = 2(0)

Now we consider two special cases

Casel:Forv=1

h(x)= _2-1;X[—a a (x)
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and ¢(f) = Sinzt ,but ll + 4 ll e _____.at
at at . n r  sinat
: n:t“l+-— !1-——-]
n n

~4(0)= sinzt sinat

ant?

Therefore by (5.3-3) Mother wavelet is y (¢)= sinat iinw [2coszt cosat —1]

art
Case Il : v=2 then
ﬂ'COS(ﬁ)
msinxt
h(x):————“——zg—— L 4(x) and #()= ,
a wt4|\—+atw IE—-am‘
Using Legendre duplication formula
1 Jalx at 3, [ _al2rzf- 27 |
- andLet y=— weget |-+
[xz""[' =z BT 2 dfi+y)l-

But we have relations

lx+l=xlx and [ +x1-x=7xxcosecrx

I3+ |§__ =7r(1+27)(1—2y)l1+2yl1—-2y
PR P 4my cosecry

7z(1 —4y? )7:27 cosec’zy
2cosecat

( 4a’t? )
zll- >
V3

4cosat
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in zt cos at

R ¢(1) =__s-_—z£72}—2_—
zzt(l—— i )
/4

Now we show that the raisedcosine wavelst (2.1-5) is a special case of
Example (3.2-5) Case I
Example (3.2-6) :

Let a= zf in example (3.2-5, case II)

sin zzt cos it

. ¢({)=m

0 if w<-n(1+p)
%-1+sinw2; ] if —z(1+pB)sw<-z(1-p)
L p(w)=1{1 | if —z(1-B)sw<-z(1+p)
%lesinw"ﬂh} if =(l-B)sw<z(l+p)
0 if #(1+p)<w
Let n=%ad5=”(z;ﬂ)
0 if ws-z(1+8)
cos’ (n+6) if —z(1+p)sws<-z(1-p)
-’-ﬁ(W)=ﬁ1 if —x(1-p)<ws-z(1+p)
cos’ (- 96) if z(1-B)<wsz(1+ )
0 if #(1+8)<w
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As ¢ is not orthogonal scaling function by Lemma (1.3-1) we have another

function 4, (w)= J¢(w) which is an orthogonal scaling function of a MRA .

Taking inverse Fourier Transform

(1+8)r

é (1).-_?% 5" é (w)cos(tw)dw

0 (1-B)y

| {02 (1+8) y
=— jcos(tw)dw+ Icosz(Z;—é)cos(tw)dw

) sinat 1 |cosyt—cosat cosyt+sinat
4()=——+— -
nt 2z 1 1
f+— t——
[ 4/3] [ 4ﬂ]
where a=(1-8)z and y=(1+p)=

Thusé, (¢) = sinat +4ftcosyt

m|1-(4pt) |

Which is same as the raised cosine wavelet (2.1-5).
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