CHAPTER . TIII.

FARARO'S LAW

OF __ISOROTATION

"Tf space-time is considered
from the point of view of
its confomal structure only,
points at infinity can be
treated on the same basis as

finite points"

- PENROSE (196L).
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FPerraro's Law of lsorotation :

In the case of infinite electrical conductivity,
Ferraro's law of isorotation states that, if the fluid is
in steady azimuthal motion about an axis of symmetry, then
the magnitude of the angular velocity is constant along
magnetic field lines. This vital property of azimuthal
motion proves to be of varied interest in the field of

astrophysical discoveries.
It is proved by (Ciubotariu 1572) that

By [ & w?] =o, eee (3.1)

where, he has considered that the time-like flow is
isometrio. This result is also valid for both finite and

infinite electrical conductivity.

According to Yodzi's (1971)

1 a Jbc _.a
Cﬂ'aH ngabch 00 H. L) (302)

The aim here is to study these Ferraro's laws in context

of F-magnetofluid following isometric motion.

We have Maxwell equation under the magnetohydro-
dynamics approximation of infinite electrical conductivity

and constant magnetic permeability
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b a b

H® + @ H: - H), U° - H Uy = 0o ees (3.3)

b

I1f we use isometry conditions in this equation, then we

get
> a b = ‘

H - H Ua;b - Oo o s e (3.4)
We contract equation (3.4) by U, which yields

H3U_ = 0. cee (3.5)

Also we have by (2.7, I)

- 1 2 _ ‘
HH, = - s R =0, ‘ cee (3.6)
Since we have HaHa =z - Hz. , eee (3.7)

We easily conclude from equations (3.5) and (3.6) that
éa = ol LI (3.8)

because a vector cannot be normal to both a time-like

vector and space-~like vector at same time.

Therefore, equation (3.4) reduces to

HU_,y, = 0. cee (3.9)

We recall the expression for the covariant derivative of
flow vector Ua as,
13)

asb = 6‘ab + 30 h, + Wy + U0,
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The iggmetry conditions (5.8) with respect to U reduces

this expression to

a’-b = Coab ) s (3.11)

So that we arrive at the result

H® Wy = 0. (vide 3.9) e (3.12)

This shows that the magnetic field is normal to the

plane of rotation.

Also by definition we write,

C’Jab = ﬂabcd Coc Ud. s (3.13)

Consequently equation (3.12) gives,

b ¢ .d_
Mabeg B @7 U7 = 0. cee (3.14)

Here, M p0q is the usual permutation symbol. We operate

this witl'rﬂarSt Uy and use the expression

r .

nade Tl 6b c ﬁd * eoe

in the resulting equation to get

arst c ,..d
N3t g g Vgt 0% U = 0. oo (3.17)
We already know that
Ha mb = Hh wa - ewve (3.18)
A
) 03 “@ \{ g
@gajgﬁ&ﬁwﬂﬁﬁﬁ
B
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It follows immediately from this

Ha 32 = (@P @) W,
and

P w, = & HO

where,

w2 =mawa=%mabwab;
So thaﬁ equations (3.20) and (3.19) give rise to
H2 w =H Q% .
Hence we write,
W3 = ( W /H)HE,

The divergence of W2 is given by
a a a
(&) w .
Cﬂ’a = ( ©O/Mm), 1 + ( W/MH) H
We know the divergence equation for vorticity as

a _ ca
W ra 2 DJa U

But we have by (3.23),

w, 0% = (WO/MHHIR = - ( co/H)éa v = o.

Thus we conclude from these equations (3.25) and (3.26)

o e

LR O

deo

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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This implies that the wvorticity vector is divergence free.

Along with isometry condition (II, 6.3) if we use equation

(3.23) in equation (3.27), we get,

(D/Mm),, B = 0. ... (3.28)
Also in similar way we can prove that

(H/c,o),a ®=o0. . eee (3.29)

According to the definition of 'Lie derivative' we have,

@) w? = ma’b H° - Ha’b wP. ees (3.30)

Finally when we use equations (3.23) and (3.28) in

equation (3.30) we get,

S w? = o, | eee (3.31)
Following the same procedure we can also prove that

&(w) B = 0, eee (3.32)

On taking covariant derivative of equation (3.9) we obtain,

b =

Contracting it with 3¢ we get,

H sC mac ﬁa:b + Hb mac Ua:bc = 0, ses (3.34)
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The first term of equation (3.34) after substituting the

value of U,,} from equation (3.10), gives

Hoe W3 U,y = Hb',c w3 W, . ee. (3.35)

We write from the expression (3.13)

ac ac c .4
W™ Wap = Mabeg @ W7 U

al

i.e., wcmab=(wc®b-w2

n ). O ee. (3.36)

From equations (3.35) and (3.36), we write

o P b

b ac ‘ c 2 ;
H;cm Ua;b— ;Cw CDb-H;bLO e ooe (3.37)

If we use the isometry condition (II, 6.3) in this, we get,

b b
ac = c
H jo @ Ug,p = H ;e W™ Wye eee (3.38)
On substituting the value of Hb from equation (3.22) we
write,
b ac 1 2 c

We have the Ricci identities

, o}
Ua:bc L Ua’Cb = Rdabc U P Yoo (3.40)
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d.

i.e.; Ua:bc = Ua:éb + Rdabc U & e (3041)

If we inner multiply this by H® 3¢ we get,

b

B € U = BD w%U  Ragne VP 02 L LLl(3.42)

~ By the use of expression (3.10) for Uase here we have from

b .ac b ac .
H W _Ua;c = H ) Oéc . ees (3.43)

As a result of application of isometry conditions.

This we rewrite, by taking covariant derivative of both
sides with respect to b, and making use of equation (3.21)

as in the form

b

H b

w? wh. eee (3.44)

mac
Ua; cb = :b

Consequently we write equation (3.42) as,

_\ac b _ac d 2 b
N Uasbe = H W77 U" Rype + W ,p HY

i.e.,

b

b & gy 12 »PC e, ...(3.45)

- 2
R ©@ Jasbe = @ ;b H™ - Rabcd

By making use of equations (3.45) and (3.39) in equation

(3.34) we deduce,

1 w2 5%+ w
2 3C

2
:b

b

B - Ry g U2 wPe Hd = 0, ...(3.46)
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: 3 2 b _ a bec .4 -

i.e., '2‘ w :b H™ = Rabcd U w H™ , vee (3.47)
: 2 a_2 a ,Jbc 4

i.e.‘ 00 ;a H g Rabcd U C\) H * swe (3.48)

This clearly exhibits the effect of gravitational field of

F-magnetofluid on the magnitude of angular velocity.

We have the expression for the conformal curvature tensor
in termms of Riemannian curvature tensor, Ricci tensor and

curvature scalar given by
C = R 1 ( + R R
abcd - Tabed ~ [5_’ Jac Rpa * Ibd Rac = Joc Rad ~
. )R (3.49
- 9ad Rpc) + 6 (9ac %a = Jaa%be o +eoo (3.49)
We write this as,
R = C + 1 ( R R R
abcd = Cabcd * 3 '9actbd * IpaRac = Hpctad =
1
= 9agfbe) + & (Jac%a = JaaSpe) R -+ (3.50)
This, when contracted with U2 gives
a a_ 1l a

- GbcRadl® - UgRpe) + 3(Ucha-Ugdhe) »+o (3.51)
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Agaln innermultiplying both sides by be Hd we obtain,

a bcHd

- a a,_ il bc pa
Rpegls © Cabca U° WPHY + 5 (URpy P HE +

be 4 a a
+ GpgRU® W H = g RoqU ™Yy +

+ 3 (U, P u ). eee (3.52)

As is antisymmetric and R ab is symmetric, we conclude
from above equation,

da

be 44 4

bc yd o ¢

a a
Ribeg U @ abca U @

1 be
+ 5 (R & v ). eee (3.53)
For F-magnetofluid we have the value of R,. from equation

(1, 6.4), substituting it in equation (3.53), we write

equation (3.53) as

be .4 a be .4
Rapeg U0 @O H =Capa U0 W H =
X | 1
- 5 HU, wPe [(ql-p-i—Zm)- =( Q-—p-l-2mp.)] .
ces (3.54)
This leads to

Rade Ua Cs)bc Hd = Cabcd Ua ():)bc Hdo coe (3.55)

PP T YR Y A ‘

o oaASAHEE KRR e

S O NIVERSITY, fhwes vt
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If we combine this with equation (3.48) we get,

Cbz g = 2

2 o be ..d
:a 3 abed

(E RO - eee (3,56)
This exhibits the effect of free gravitational field on
the divergence of the magnitude of angular wvelocity.

Remark : We infer from equation (3.56) that for the
F-magnetofluid admitting isometric motion, the magnitude
of the angular velocity W is invariant along the magnetkt

lines provided the space~time is conformally f£lat.

We know that isometry with respect to U is

described through,

£,(U) 9 = 0. eee (3.57)

‘Aslso we have the defining expression for the conformal

motion with respect to U as,

P AAe) 9p = N9 * eee (3.58)
We have from eqguation (3.58)
Ua;b + Ub’a = % gab ‘ X (3.59)

This implies,

A= 0, since U?b u, = 0. | oee (3f60)
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so that equation (3.58) reduces to the form of equation
(3.57).

Hence we conclude that the conformal motion with respect to
U directs isometry with respect to U. That means conformal
motion satisfies all the conditions (II, 5.8) of isometry

with respect to U,

From equation T?g H, = 0, we get
L . :

We write the Raychaudhari‘s'equation under the condition

of conformal motion with respect to U as,

2 b k b '
w ;bH =~z ( Q{+ 3p + 4m.- :Zmp.):h H . eee (3.62)

Further from equation (3.61), we write,

b b, 1 b .2
P,pH™ = (mp = m)p H” + 5 py H H. ees (3.63)

Also we put equation (3.62) as,

’

Consequently equations (3.63) and (3.64) imply,

1 2 . , b_4 . 2 . b.,1 b
5pgﬁﬁbﬁ + (mp-h)gb H" = 2= ¢ _, H + 3 ( Q +4m-2mp),bﬁ
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2 b _ 3k 2,k b
tee, OO H0 = <SS, pH? + 2(Smp - Tm- Q) 0
2 b_ _k b,k b
Teeer 7 pH - 79t tg (10 mp - 14m) 1 +
+ 3p, 182, eee (3.65)

This is the dynamical form of Ferraro's law of isorotation,
in the space~time of F-magnetofluid under the conditions

of conformal motion with reépect to flow wvector U.

=00000=



