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4.1 Derivation of the Appleton formula
The formula for the complex refractive index of a medium such as 
the ionosphere were derived by a number of people during the 
1920's but the name most commonly associated with the theory is 
that of Sir. Edward Appleton. In 1931, D.R.Hartree suggested 
that it was appropriate to include the Lorentz polarization term 
in the theory. Although the bulk of both theoretical and experi
mental evidences indicate that the inclusion of the term is 
unjustified, the formula for the complex refractive index is 
often referred to as Appleton - Hartree formula.
First we will apply Maxwell's equations to tbe wave and, second
ly, we shall impose the properties of the medium, the so called 
"Constitutive relations".
Let us express the refractive index in terms of polarization 
term P and electric firld E. Fig. 4.1 shows system of co
ordinate axes.
Consider characteristic wave to be travelling along the 1 - axis 
of a right-handed orthogonal system.
Components of the wave vary in time as exp(+iwt) and in space 
as exp(-ikx1) and do not vary in the 2 and 3 directions.
Since we are considering the charge oscillations as a polariza
tion of the medium then we have, from eq.3.19.

D=€oE+P 4.1
Where D is displacement vector.
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Fig . 4.2 Relationship between the instantaneous D and H vectors in the plane of the
uxtve/roru.
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Relationship between the instantaneous D and H (magnetic field 
vector) of the wavefront.
R is called the wave polarization and is real. R is given by

R = i/2YL {Y*t / l-Ofc^iZ ± /y£ /(1-x-iz)2 + 4Y2L } 4.2

Where
X = Ne2 / 60 mw2, YL = e BL / mw

i 4.3
Yip — eBT / mw , Z = 2^ / w

For the propagation of high frequency radio waves through the E 
and F regions of the ionosphere, Z is usually vary small and can 
be neglected.

R = i/2YL { Y2t / 1 - X. ± /y| /(l-x)2 + 4Y2l } 4.4

This formula tells us that, in general, there are two, and only 
two, characteristic waves capable of propagation so refractive 
index formula becomes,
H2 - 1 -(x /(l -iZ -(Y2T /2(1-x-iz )) ± + 4 (1-x-iz) 2 + Y2l))

4.5
Which is Appleton formula.
In the upper regions of the ionosphere the collision fre<fuency 
is sufficiently small so that, for frequencies greater than 
about 1 mc/s, we may put Z * 0 and hence the real part of re
fractive index is given by
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(j* . 1 -(2x (1-x) /(2(l-x) - Y!t ± /Y4T + 4 (1-x) 1 Y=l)). 4.6

in the abscenee of an imposed magnetic field YT = YL = 0, and of 
collisions (Z = 0) the refractive index is given by

/i2 = 1 - X = 1 - (fN / f)2 = l -(K N/f2) 4.7
Where, K = (e2 / 4lT2 eo m) = 80.5 m3/sec2 and f in cycles per 
sec. and N is electrons / meter3

4.2 The variation of collision - frequency with height 
The average number of collisions n which an electron makes per 
unit time with the air molecules depends upon the number density 
of the molecules, and therefore on the density and composition 
of the air. It also depends on the velocity of the electron, but 
for many purposes it is permissible to neglect this effect. Then 
in an atmosphere which is constant in composision and tempera
ture ,

■D a Hq exp (- Z / H) 4.8
Where H is scale height and is a constant.
In practice H takes differnet values at different levels and the 
law can only be expected to hold over ranges of Z so small that 
H may be treated as-constant. Fig. 4.3 shows how a) depends on 
the height Z according to the best estimates at present avail
able.
It is found that changes of the value l) affect the propagation 
of radio waves for less than changes of the electron number 
density N. For many purposes it is therefore permissible to
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The dependence of electron collision-frequency v upon height *. This curve 
it based pertly on the work of Crompton, Huxley end Sutton (1953)- The author is 
greatly indebted to Dr K. Weekes for supplying the data from which it was plotted.

Fig.4.3

2

Ray path co-ordinates in a plane
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treat n as constant over a small range of height z. This is 
especially true at high frequencies (greater than about 1 Mc/s), 
where the wavelength is small compared with the scale height H, 
which is about 10 Km. The dependence of n on electron velocity 
gives rise the phenomenon of wave interaction. Here n is treated 
as a constant at each level.
4.3 Ray Paths :
It is aim of the present section to describe the methods for 
determining the path or trajectory of a ray propagated in the 
ionosphere and to discuss the results obtained when these meth
ods are applied to special form of ionospheric layers. We first 
assume that fi varies with height only, and that for negative 
values of the height Z the electron density is zero and conse
quently the index of refraction equals unity. The geometry of 
the ray is shown in Fig. 4.4.
Where ray is incident at an angle 0o from the vertical, and the 
point of incidence is taken to be the point X = 0, Z =0. At an 
arbitrary point P : (X, Z) on the ray, the ray makes an angle 0 
with upward directed vertical.
For the normal ionosphere, where the ionosphere is assumed to 
vary with height only, we can consider geometry for Snell's law 
in plane slabs.

Here three parallel slabs in each of which index of refraction 
/*2' ^3 ■*-s constant. Refer Fig (4.5) . Let the ray in medium l 

be incident at an angle il, from the interface between the first
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two slabs. By Snell's law the ray emerges in region 2 at an 
angle r1 given by,

Sin rx / Sin i* ■ Mi / M2
Now the ray is incident on the second interface at an angle r2. 
Applying Snell's law at this interface, we find that,

Sin r3 / Sin r2 = M3 / M2 
Eliminating sin r2, we get,

Sin r3 / Sin * M3 / Mi 
Now let us assume horizontal strata {Fig 4.4)

\i {Z) sin 0 = sin 0O 4.9
At point P we consider a small variation ds along the ray tan
gent. This corresponds to increments dx and dz along the hori
zontal and vertical directions. We see that

dx / dz » tan 0 = ± sin 0 / / 1- sin2 0 4.10
Where we introduce an explicit ± sine to permit the use of a 
positive value for the square root since eq.4.9 determines only 
the sin 0, it does not determines whether 0 lies between 0 and 
90° or whether it lies between 90° and 180°.
Thus eq 4.9 is satisfied by an upgoing ray or downcoming ray. 
For downcoming ray dz is negative and dx is positive; this 
necessitates the use of the negative sign in eq.4.10. Introduc
ing eq*4.9 in to 4.10 we find,

dx / dz = ± sin 0Q / / u2 sin2 0Q 4.11
The quantity x is therefore obtained by the following integra
tion
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x = ± sin0o QfZ / n2- sin2 0Q ** 4.12
To establish some of the general properties of the ray, we 
introduce the concept of the curvature r of the ray. the curva
ture may be defined as follows :
Consider two points pi and p2 located on the ray at a distance 
s apart, and let the respective tangent vectors to the ray 

makes angles thetal and theta2 with the vertical. Let a0 = -
0^ Then r is the limit of a0 / as As as approaches zero, The 
radius of curvature Rc is given by Rc = 1 / T carrying out the 
limiting process. We see that,

T =(d2 Z / dx2)/f[l + (dz/dx) 2] 3/2l - 4.13
Introducing eq 4.10, and noting that 

dfi / dx = (dfi / dz) (dz / dx}
T = (1/n3) (d/a / dz) sin 0Q q 4.14

When the curvature is positive, the ray is concave upwards, and 
when the curvature is negative, the ray is concave downward. In 
the special case r » 0, the ray is straight and its radius of 
curvature is infinite. For infinite T the ray suffers a discon
tinuous change of direction.
We can consider /a2 to be non-negative, since evanescent wave can 
exists in a region where /a2 is negative. The angle 0Q can always 
be defined so as to yield a positive value of sin 0O. Hence r 
always has the sign of d/A / dz.
For the present problems, we neglect collisions and the effects 
of the earth's magnetic field. In this case, we can obtain an
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adequate expression for pi2.
pi2 = l - (N e2 / m e0 w2) = l -(K N / f2) 

given by (4.7)
Noting that pi2 is non-negative, we see immediately that dpi / dz 
is opposite in sign to dN / dz. Thus curvature r is always 
opposite in sign to'dN / dz. This means that a ray always tends 
to curve away from the direction of increasing N.
Let us suppose initially that the electron density is zero at 
height Z = 0 and then increases monotonically with height above 
this level.
From preceding paragraphs, it can be seen that, as the ray 
penetrates more and more deeply into the layer, it makes a 
larger and larger angle with the vertical, until the ray becomes 
horizontal. Putting 0 = 90° in eq.4.9, we see that the ray still 
posseses negative curvature at the point where it becomes hori
zontal . Then it bends downwards and ultimately goes back, out of 
ionosphere. In this case, the wave is said to have been reflect
ed by the ionosphere.
Eq. 4.9 permits us to find the value of pi for which the ray 
becomes horizontal,, i.e. for which 0 * 90°. Denoting this value 
of the refractive index by the symbol ptr, we have

Mr = sin 0Q 4.15
If the increase of N with height continues to sufficiently great 
heights, every value of pi from pi « 1 to pi =. 0 and into nega
tive values, will exists in the layer. Thus there will always be
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some level at which the value /z = sin 0Q is reached and the wave 
will be turned downwards without reaching the level where n = 0 
(an exception occurs in the case of a vertically incident ray, 

for which 0O = 0).
For completeness of the present discussion, it is necessary to 
consider briefly a more realistic layer than the unterminated 
layer introduced above. Neglecting discontinous changes in the 
layer, there must be at least one point at which dN / dZ = 0. 
Therefore, a ray which reaches the level of maximum ionization 
has zero curvature at that height. In general, such a ray passes 
through the level of maximum ionization at an angle 0=^0 and 
then begins to curve upwards, since dN / dZ becomes negative 
above the layer maximum.
However, for a given layer and for a sufficiently high frequency 
f, there is an angle 0Q for each frequency such that the level 
of reflection, where fi (z) = fir = sin 0Q, occurs at the layer 
maximum. Excepting the case of vertical incidence, we see that 
sin 0Q = fir > 0. Therefore , the ray is both straight and hori
zontal. In the ideal case, this ray would continue horizontally 
to infinity; in practice, some disturbance would eventually 
deviate it upwards or downward.
The preceeding paragraphs have shown that the ray is horizontal 
at its maximum height Zr and has a curvature given by eq.4.14. 
Since Snell's law for a horizontally stratified layer shows that 
the angle 0 of a ray at any point is function only of the incid-
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z

Fig.4.6
Electron density varies linearly with height
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exit angle 0O and of the index of refraction (and thereby the 
height) of the point, we see that if the highest point of the 
tragectory is considered to be the initial point, the ray will 
see the same index of refraction variation, whether it travels 
to positive or to negative value of x. We therefore conclude 
that the ray is symmetrical about its point of maximum height, 
a) Linear layer
Let us now return to the case of an undetermined layer and 
assume also that the electron density varies linearly with 
height as shown in Fig. 4.6. Then we write N = a2Z, so that the 
refractive index becomes

H* • 1 -(a2 K? / fa) 4.15
Using this value of /xa, we see that eq.4.12 becomes
X - +-(fsin eQ /* «)/ aV(C*’— V / «"*>- ^0 4-16
The maximum value Zr of Z is obtained by solving for Z in /x(z) * 
sin eo. Then

Zr = f2 cos2 0O / a2 K 4.17

This value Z = Zr is called the reflection height of the ray. Eq. 
4.16 can be simplified by the introduction of Zr and yields

x = ± Jzr tan eQ(f*d^/ /z t -) 4.18
integrating, we get

X = (2 Zr ± 2 / Zr(/Zr - Z)^ tan eQ 4.19
The trajectory is a parabolic curve. The horizontal distance 
traveled by the ray from the point of incidence to the point of 
emergence is found by putting Z = 0 and using the positive sign
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in eq 4.18, since the emerging wave is downcoming. This horizon
tal distance or range in the ionosphere, is given by Xm, where 

xm = 4Zr tan 0O = (4f2 / a2K) sin0o cos0o 4.20
Because of the way in which the reflection height Zr appears in 
these equations, it is sometimes convenient to use it as a 
normalizing factor by the introduction of the new variables G 
and n,

G = X / Zr = (a2 K / f2 cos2 0O) X
f 4.21

n'= Z / Zr = (a2 K / f2 cos2 0Q) Z 
The equations of the ray then can be written as

G - 2 (1 ± / 1 - n) tan 0Q i 4.22
and the range in the ionosphere is

Gm « 4 tan 0O 4.23
The normalized curves as expressed in 4.22 would be useful in 
cases where extensive calculations of ray paths in a linear 
layer might be desired.
However, nonnormalized curves in eq.4.19 more clearly exhibit 
the behaviour of the rays as the angle of incidence is varied.
We plot a series of such rays in Fig 4.6(b)
In drawing this set of curves, we choose arbitrarily the value 
f2 / (of2 K) = 100. since this value gives ranges and heights 
which are reasonable for ionopshere problems. If either the 
frequency f or the variation of2 Z of the electron density with 
height is changed, a new set of ray path curves will result,
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unless the above relation among, f, of and K is retained.
The preceeding paragraphs have treated the part of the path 
contained in the ionosphere itself. For moderate ranges of 
propagation, it is reasonable to assume a flat earth and a 
plane ionopshere starting at some height ho above the earth and 
varying in the vertical direction only. The overall geometry is 
shown in Fig. 4.7. The total horizontal distance covered by the 
ray between the transmitter and the receiver is given by . i

D * X1 X4 and is made up of three segments :
(1) the distance Xx X2 - ho tan 0Q which the ray covers as it 
travels from the transmitter to the ionosphere ;
(2) the range X2 X3 of the ray in the ionosphere.
(3) the distance X3 X4 = ho tan eo as the ray descends from the 
ionosphere.
For the linear ionosphere, where N = 0 at Z *= ho, we have

D = 4 (f2 / a2 K) sin 0O cos 6Q + 2 ho tan 0Q 4.23
Using this equation, we plot in Fig. 4.8 (a) the range D as a 
function of the angle of incidence 0O for various parametric 
values of f2 / (a2 K). If we assume layer shape to be fixed then 
a K » constant, and the parametric values correspond to various 
frequencies. Thus the curves indicate that at low frequencies 
the range increases monotonically with frequency. However, for 
high enough frequencies, the range curves have a maximum around 
0O = 50° and a minimum around 0O = 70°. At all frequencies the 
range becomes infinite as 0Q approaches 90°, since under this
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condition the problem approches that of a tangential reflection 
from a perfect mirror. For the high frequency cases there are 
three rays. Which yield same range.

Thus for f2 / (a2 K) = 640 the three cases are for the angles eQ 
= 38°, 64° amd 73°, which all lead to range of 1,400 Km.
The preceding results are unrealistic to the extent that they 
are based on the assumption that the layer keeps increasing 
indefinitely with increasing height. In fact, we know that the 
ionosphere layers have maximum values of electron density at 
some height above which the electron density decreases with 
height. If we assume that the linear layer is terminated at some 
height Zm, the results will be more ralistic. For the present 
problem, it is sufficient to require that electron density 
should not increase above Zm. Then a ray which does not become 
horizontal by a height Z = Zm will continue upward and will not 
return. If the layer is constant in electron density, above Z = 
Zm, the ray will continue in a straight line at the angle at 
which it crossed Z = Zm. The frequency which is just reflected 
at vertical incidence is called the critical frequency of the 
layer.
Now if we put Zr = Zm on eq.4.17 and solve for 0Q, we can deter
mine the angle at which a given frequency is reflected at the 
height Zm. For this frequency, a ray at a smaller 0O (more 
nearly vertical) will not be reflected. For the given condi
tions, when f2 / (of2 K) =50, the ray does not exceed Z = Zm for
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Fig.4.8(b) geometry of Parabola

Horizontal range, D km 
Fig.4.9 : Ray paths in Parabolic layer

Ho= Joe Km.

'Z-m— K m.
Km= IS'o Km.
i/ic = H.
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Fig.4.10 Angle of Incidence 0O degree vaviatian
vt.y.-t. wwjt i )-hr H-f*. ratio.
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any angle of incidence; thus the corresponding frequencies are 
less than the critical frequency. For larger values o'f f2 / (a2 
K), the dotted curve on Fig. 4.8(a) indicates that values of 90 

less than that of dotted curve correspond to
rays which are not reflected in the layer. Therefore, only the 
parts of the D Vg 9Q region to the right of the dotted curve 
have meaning if the layer ceases to increase in electron density 
above the height Zm = 50 Km.
We now see that, for the assumed terminated layer, there is only 
a single value of 0O at any one frequency which leads to a given 
range. However, if we suppose that the layer termination occurs 
at various heights in excess of 50 Km, then the dotted.curve in 
Fig. 4.8(a) moves to the left, and we introduce two and even 
three, values of 0Q for a given D and f. It will be shown later 
that for more realistic layers, only two values of 0Q at most 
correspond to a given D and f.
(b) Parabolic layers :
We now wish to consider the equation for the ray path in the 
parabolic layer shown in Fig. 4.8(b) which more nearly approxi
mates the real ionosphere then does a linear layer. A Champman 
layer may be approximated by parabola. Consider eq 3.32 (b)
Substituting q = a N2, assuming a recombination process with 
coefficient a, and for a layer following attachment process of 
electron loss, with fi indendent of height, we have at equilibri
um when dN / dt = 0, q * 6 N. 4.24
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Then, N = Nm exp {l -Z - exp (-Z)}
Where Nm =(qm / |»)=(qo cos Xx / JS)and Z =(h - hm)/ H 4.25
Chapman layer may be approximateed as,

N = Nm [1 - <(h - hm)2 / 4H2)] 4.26
Where N = electron density, Nm = electron density at the height 
of maximum ionization, and H = scale height = KT / (mg).
The electron density becomes zero when (h - hm)2 = 4 H2.
So that vertical thickness of layer is 4H.
Now let h = ho + Z

hm = ho + Zm
Zm * 2H is thickness, we obtain 
N = Nm [ (2Z / Zm) - (Z / Zm)2]

Then the index of refraction for this layer is given by 
H3 = 1 -(N e2 / 4 fJ m £Q f2) 

or
\i3 = {1 -£(e2 / 4¥2 m e0)x(Nm / f2) (2Z/Zm - Z2/Z2m)j} 4.27

The critical frequency fc of a layer was defined as frequency at 
which vertical signal is reflected at the layer maximum, i.e., 
for which pt = 0 when Z = Zm. In the present case, we have for 
the critical frequency.

fc * / Nm e2 / 4¥2 m €0 4.28
and ix3 becomes

H3 = 1 -(fc2 / f2 (2Z / Zm - Z2 / Zm2)) 4.29
Introducing (i3 from 4.29 into the general expression for a ray 
path given by (4.12), we see that
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x * sin0Q d/£/cos2 0q - (2f2c/f2 Ztn) + *^2 (^ /f2 Z2m)]

integrating f
x = Zm(f/fc)sin0o log [l-£/Zm)- /f2/f2c cos20o - ((2Z / Zm)- 
z2/zfe)$/(l - f/fc COS0Q}# 4.30

Numerial Analysis with example :
The equation for the ray path is quickly adopted for determina
tion of the transmission distance D. The range in the ionosphere 
is given by twice the value of x obtained from eq 4.30 by set
ting Z = Zr the reflection height. To this range we must add the 
range of the upgoing and downcoming rays, 2hQ tan 0Q. The re
flection height Zr is the value of Z in eq.4.27 when fi* = sin2 
0O. Thus,
(f£/f2)Zra Z2r - (2f 2c/f 9 Zm Zr + cos20Q = 0 
or
Zr = Zm (1 ± / 1 - (f2/f2c) cos20Q) I.#

The positive sign yields a point above the layer maximum (and 
thus gives the reflection height for a ray incident from above. 
For present problem involving incidence from below the layer 
maximum, we see the negative sign is Zr and obtain

D = zm (f/fc) sin0Q {log ((1 + (f/fc) cos0Q) / (l - (f/fc) 
cos0o)] + 2 hQ tan0Q 4.32
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Curves of D vs 0O are plotted in Fig. 4.10 for a layer with ho 
= 100 Km, Zm * 50 Km and for parametric values of f/fc. For f/fc 
s 1, the rays reflected from the layer regardless of the angle 
of incidence 0Q. Farther, this figure shows that, when f /fc s 
1, there is only one ray at a given angle 0O which corresponds 
to any specified transmission distance. On the other hand, when 
f / fc > 1, rays striking the layer at sufficiently steep angles 
penetrate through the layer maximum and are therefore not re
flected in the layer. The steepest angle which still leads to 
reflection is found by eq.4.31, by letting Zr = Zm (i.e. reflec
tion at the level of maximum ionization), which occurs at (f/fc) 
cos0o = 1. The parameter (f/fc) cos0Q is an excellent index to 
the ray behavior under certain important conditions. At an angle 
0Q such that (f / fc) Cos0o = 1, the ray travels parallel to the 
layer maximum, and the propagation distance becomes infinite. At 
larger 0Q, the propagation distance decreases to minimum and 
then increases with increasing 0O untill it becomes infinite at 
0O = 90° (this corresponds to mirror reflection of tangential 
rays) .
Thus for f/fc > 1, there are two rays, within the range of 0O 
permitting reflection, which lead to each attainable distance 
for a given value of f/fc. An exception occurs at the minimum 
distance, at which the two rays merge in to one :

An example of the two rays is shown in Fig. 4.9. The upper ray 
(at the smaller value of 0Q) is called "high ray" or often the



130

"Pedersen ray" after the Danish scientist Pedersen, whose book 
[PEDERSEN (1972)] is one of the classics of ionosphere work. The 
lower ray is usually called simply the "low ray". The Pedersen 
ray is always attenuated more than the "low ray"; so that the 
Pedersen ray is usually apparent only for distance near to the 
minimum distance.
The minimum distance for a given f/fc is called the skip dis
tance Ds. AS the D vs eo curves shows, for frequencies such that 
(f/fc) cos0o > 1, there is a circle, of radius Ds around the 
transmitter, within which there are no received signals produced 
by reflection from the given layer. However, there can be ground 
wave signals or signals reflected from a higher and more dense 
layer. The region within this circle is called the skip zone for 
the given layer. At the skip distance both the low ray and the 
Pedersen ray can be received. The interference of these two rays 
can produce a fading phenomenon known as skip distance fading, 
resulting from the interference of the two signals.
If we consider a particular layer, the fc must have some specif
ic value. In this case, the quantity f/fc must be considered to 
be a function of f alone. When f>fc, the D vs 0O curves have a 
minimum value associated with them. This means that, for f > fc 
and for a given distance D, there is some maximum frequency with 
which communication can be established by reflection from the 
given layer. For example Fig. 4.10 shows that the frequency can 
not exceed 2fc if communication is to be established over a
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distance of 625 Km, for the layer assumed in the Fig. At a lower 
frequency, say f * 1.5 fc, this range is possible one. There
fore, the limiting frequency is of great importance in communi
cation problems. It is called maximum usable frequency and is 
abbreviated 'muf'. The estimation of muf is one of the basic 
problems in predicting ionospheric propagation, and many nation
al governments have special services for preparing such predic
tions .
Thus far we have not mentioned the possibility of repeated or 
multiple reflections. From a given layer we have only mentioned 
the effects of several layers. The ray path and range calcula
tions can be carried out by repeated applications of the above 
described procedures. For this reason, the following discussion 
of multiple reflections and multiple layer will be only qualita
tive .
The assumption of a mirror reflection of a downcoming ray when 
it strikes the ground is a fairly good approximation as far as 
range calculations in the high frequency band are concerned. A 
similar mirror reflection for the ionosphere forms a useful if 
somewhat crude, basis for qualitative discussions provided that 
the mirror contains a circular hole just above the transmitter, 
leaving an escape route for penetrating rays. Thus a simple 
picture of the parabolic layer just considered is shown in Fig. 
4.11 In this picture, we do not attempt to exhibit the existance 
of two rays at the distance D. This neglect is justified by the
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simplicity of the presentation and by the usual attenuation of 
the Pedersen ray. Similarly, a qualitative picture of multiple 
reflection from a simple layer (for which f is considered less 
than fc, for smplicity the presentation is shows in Fig. 4.12 
In this Fig. 4.12 we show that the transmitter and the receiver 
seperated by a distance D = TR and the two rays arriving at the 
receiver - one ray being reflected from the ionosphere once, the 
other being reflected twice. These are called the 'one-hop' and 
'two-hop' reflections respectively. If neither penetration nor 
attenuation occurs, three hop, four hop etc, rays can exists. 
Detailed calculation for the two hop ray can be made by consid
ering the transmission distance to be D/2 and for the general n£ 
hop case D/n^if the ionosphere is uniform.
The complexity of the problem is increased by the presence of a 
higher layer of greater electron density above the layer 
originally considered. If the electron density of the higher 
layer is less than or equal to that of the lower layer then the 
problem on the ground is unchanged since rays which‘penetrate 
the lower layer will also penetrate the higher layer. However, 
both layers will affect the range if there is still higher layer 
capable of reflecting the signal. If there are two layer and 
upper layer has the greater electron density, then some rays 
will be reflected from the upper layer, as shown in Fig. 4.13. 
In this Fig. ray 1 penetrates both layers, and ray 2 is 
reflected from the lower layer, ray 3 howver, penetrates the
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lower layer is reflected from the upper layer at point P, and 
again penetrates the lower layer at point A.

A special type of signal, called an M echo, arises in cases 
where the lower layer varies horizontaly in maximum electron 
density to the extent that, the downcoming signal is reflected 
upwards at the point A as indicated in the figure, but can 
penetrate when it comes down again. The same type of echo can 
also be produced by horizontal variations in the upper layer 
which change the angle of incidence of downcoming signal on the 
lower layer or by inhomogeneities in the lower layer which cause 
a scattered signal to be reflected upward at the point A. The 
preceding examples are sufficient to indicate the utility of 
simple argument in application to complicated cases Of multiple 
reflections. The variety of paths where by a signal can reach a 
receiver from a transmitter can cause very serious problems in 
communication, since the signal requires varying times to travel 
the different paths, the received signal can , in suitable cir
cumstances, be a garbled mixture of various samples of the 
signal delayed by different amounts. The problems of severals 
also appear in scatter communications and in cases of reflec
tions from terrain features. The general situation in these 
cases is called multipath propagation, since downcoming wave is 
often a mixture of waves subject to different conditions, the 
transmitted signal consists of pulses whose duration is short 
compared with the round trip time between the earth and the
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Fig.4.11 : Picture for parabolic layer

Ionosphere

Fig.4.12 : Picture of multiple reflections from simple layer( f f )
w
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layer and lower layer

Fig.4.14 : Superposition of two harmonic waves
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ionosphere. The various downcoming pulses are generally separat
ed in time. Under the conditions of the experiment, the pulses 
themselves are propagated at the group velocity, while the 
planes of constant phase within the pulses are propagated at the 
phase velocity.
4.4 Oblique propagation
High frequency ( 3 to 30 Mc/s) radio waves have been still are 
one of the basic vehicles for long distance transmission of 
information. The reasons for this may be summerized as follows,
(a) low cost of terminal equipment,
(b) low power requirements 
(C) adequate signal strengths 
(d) adequate bandwidth

For propagation over long distances disadvantages in using high 
frequencies are,
1} The variability of propagation conditions. Which, for optimum 
results requires frequent changes in the operating frequency. 
Even on the optimum frequency, communications are often subject 
to interruption by ionospheric storms.
2) The large number of possible propagation paths and the re
sulting time dispersion of a single signal.
3) The large and rapid phase fluctuations.
4) The high interference.
5) Wide band signals suffer from frequency distortion.
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In the lower part of the high frequency spectrum, refraction in 
and reflection from the E - region (particularly Es) contribute 
to complexity of the echo structure.

4.5 Group Propagation :
Phase velocity of a wave frora«^(4.7) in plasma containing no 
imposed magnetic field and in which electronic collisions are 
negligible is given by

u = c / = c [ 1 - Nea / m €q w2]^ o 4.33
This indicates that the phase velocity, in medium, is greater 
than that of light.

The relationship between phase velocity (u) wavelengthCA} and 
phase refractive index n are given by 

u fx = c (a)
4.34

u /Tl35 C/A0 <b)
Where P^is the free space wavelength.

Phase velocity u of a wave in a medium is a function of the 
wave frequency, the medium is said to be dispersive : 
phase path :

We see that the electric field intensity E (^) at some point \ 
on the ray can be expressed as,
E(^) = A exp [j (wt + ko Q/^/i ds] 4.35
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Where the integral is taken along the ray from some arbitrarily 
chosen origin * 0, and A{^) is an attenuation fucntion. 

Solution (4.35) is solution to wave equation
▼ 2 E + K2q n2 E 0 9 n = n (x,y, z)

Then, at any instant t, the difference in phase. a <f> between the 
signal at the point and the signal at the origin is given by, 

a 4> = K0 q/ h ds « (2t /*q) q/ nds 4.36
Where a$ is in radians, X0 is the vaccum wavelength, and KQ is 
the propagation constant in free space. Now, since a$ / 2is 
the number of vacuum wavelengths represented by the difference 
in phase*

. we se^that the integral,
P = Qf n ds 4.37
yields a distance equal to total length of the specified number 
of vacuum wavelengths. This quantity p, called the phase path, 
and is equal to the distance that would be travelled in free 
space by wave in the time required for a given wavefront to be 
propagated from 0 to ^in the medium.

The group path is a quantity related to the phase path and is of 
great importance in ionospheric studies because it is relatively 
measured and it may be noted that the first direct observation 
of the ionosphere involved the group path
Group velocity is considered (somewhat loosely ) to be the 
velocity with which variations in the signal ammplitude are 
propagated in the inosophere. We let the group velocity be n1,
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and dt be the time of travel of a pulse, then the (actual) 
distance ds traveled by the pulse in the time dt is given by ds 
= u^-dt. The time requried for a pulse to travel over a given 
finite path is,
t - f path (ds/u1) „ 4.38
Where the integral is taken over the path. In ionosopheric 
sounding by pulses» this value of t is measured. However it is 
convenient to suppose that the pulse travelled at the velocity 
of light in vacuum, and we therefore multiply t by C and, 
obtain an apparent distance of travel called the group path, the 
equivalent path, or the apparent path, and designated it by the 
symbol p1
From the definition above, we see that

P1 - ct = C /path (ds/u1) 4.39
For our present propose it will suffice to consider the superpo
sition of two harmonic waves and 2 equal amplitude which 
differ slightly in frequency and wave number

mm

Vp = cos (kx-j_ - wt) (a)
4.40

cos { (k + 5k) - (w + 6w) t} (b)
S' - Yi * Vi .(c)

This is shown diagrammatically in Fig. 4.14
Interference pattern produced by waves of equal amplitudes and 
slightly differnt frequencies.
The superpositions produces a "beat” signal, the enavelope of
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which is given by
A = 2 cos % (Xj^ 6k - t 6w) "I 4.41

It follows from«|4.41 that the velocity of propagation of the 
enevelope (i.e. the group velocity u1) is given by,

n1= 6w/6k 4.42
«

This contrasts with phase velocity u which is given by 
M = w / k

It is convenient to define a group refractive index fi1 in a 
manner similar to a phase index.
JX1 = C / u = C • dk/dw * c(d/dw (2-fj- /A)J ‘ ^ 4.43

« d/dw (fi w)
= /x + w d/i/dw = n + f dji/df i 4.44

It is important to remember that the group velocity is the 
component in the direction of phase propagation. Furthermore, 
under normal dispersion conditions its magnitude is always less 
than the velocity of light.
Substituting fi ■ / 1 - (fN/f) 2 we find.

fi1 - d/df (fit) = 1/fi 4.45

When magnetic field and collisions are neglected in the presence 
of an imposed magnetic field the group refractive index pt1(±) is 
given by ^(4.6)
M1 (±) = M(±) + {l - M2 (±)}2

X [£ / x/*{±))+(5f2T / 2fi (±) (1-x)2) ±
((2(l-x)3 Y2l - XYt4)/ 2Xfi (±) {1 -x) 2 At4 + 4Y2 L (1-x) 2)] 4.46

where the + and - signs refer to the ordinary and extraordinary



141

wave normal

Fig.4.16 : Phase and group paths in anisotropic medium

Ray
direction
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waves respectively.
From eqs, 4.43 and 4.44 expression for the group path becomes.
pl - /path <‘1 ds * /path 'lds + £ /path (a^ * 6f| ds 
From 4.41 /x1 = fds/fi (a)

; 4.47
or P1 = P + f(6P/Cf) (b)
Where P is phase path.
The preceeding results are applicable under suitable condition 
to problems in which effect of collisions and of earth's magnet
ic field are included.
For some purpose, it is convenient to use the concepts of phase 
and group paths which may be defined with reference to the 
transit times of a surface of constant phase and' of a wave 
packet, respectively, between a sender and a receiver. It must 
be remembered that these are not paths in space but are distanc
es which would have been covered if the wave (and wave packet) 
had traveled with the free space velocity.
Referring to the ray path between sender S and receiver R in Fig 
4.15, the time dTP required for a surface of constant phase (see 
Fig 1.16) to travel from P to Q is given by
dTP = PM/u » PQ/Vr = ds cosa / u = n cosa ds / C 4.48
The total transit time

Tp * l/C S/R m cosa ds = P/C ,4.49
Where P * g/R n cosa ds 
is defined as the phase path.

4.50
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The quantity K » (2-^ / ;y P is called angular phase path length. 
It is simply the number of radians of phase between sender and 
receiver. If K changes with time, either because of a change of 
real distance and/or a change in refractive index, the angular 
frequency of the received wave will differ from that transmitted 
by an amount aw. If K increases then the received frequency 
decreases because more radians are needed in the medium between 
S and R. therefore the angular Doppler frequency aw is

aw = - dk/dt = -2T / (dp/dt) 4.51
In terms of linear frequency the Doppler shift Af is given by 

aF = - 1/ ^ (dp/dt) * - f/c (dp/dt) 4.52
The group path P1 may be defined in terms of flight of a pulse. 
In an anisotropic medium the wave packet will, in general, have 
a velocity component parallel to the wavefront, the time dTg for 
the packet to travel from P to Q is given by

dTg = (ds cosof)/u - i 4.53
The quantity usecor is called ray group velocity and represents 
the velocity of the wavepacket along the ray path.
The total time of flight between sender and receiver is :

Tg = l/c S/R n1 COSOf ds - l/c (p1) 4.54
Where

P1 = S/R n1 COSOf ds 4.55

is called the group path. Another useful relationship between 
these quantities is
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Tg = d/dw (wTp), (a)
i 4.56

or P1 = d/dw (WP) (b)

4.6 Theorem of Breit and Tuve.
We wish now to discuss an important theorem obtained by BREIT
and TUVE (1926), who also made the first pulse observation of 
the ionosphere.

Theorem states that the group (or equivalent)path P1 for trans
mission between a transmitter T and a receiver R Fig. 4.17 is 
given by the length of equivalent traingle TAR. That 'is,

P1 = 1* + Ar (a) * 4.57
Consider the geometry shown in Fig, 4.14. The actual path of the 
ray is TABCR. However, if one observes only the angles a of the 
ray above the horizontal at T and R, the ray appears to follow, 
the path TAGCR. We may call this later path the apparent path. 
Then, for the specified conditions, the theorem of Breit and 
Tuve states : The length of the apparent path TAGCR is equal to 
the group path P1. This theorem requires a proof since it cannot 
be considered self-evident that the apparent path based on 
angles of elevation' is necessarily the same as the group path 
determined from time difference.
Below the ionosphere, the group path equals the actual paths TA 
and CR. Within the ionosphere, the symmetry of the ray path is 
sufficient to establish that the group paths along the upgoing
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c

Fig.4.17 : Group' path for transmission between sender T
and Receiver R
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path AB and along the dovmcoming path BC are equal. Thus from eq$, 

4.45, 4.7
pl = /path (ds^} ,4.58

From «.*. 4"Sr8. ° i ’
/

P1 = 2TA + 2 A/? ds//i

Since
ds = /zdZ / //i2 - sin20o , P1 becomes P1 = 2TA + 0/Zr dZ/4i2sin0Q 

Where the height of reflection Zr corresponds to the point B. 
The integral in this expression is the same as that appearing in 
eq.4.12 for the ray path (with Z = Zr and Z = AE).
Hence,

P1 = 2TA +(aI / sin0Q)= 2 (TA + AD)
P1 = D / sin0o 4.59

Where D = TR is the horizontal range of the signal. Thus the 
theorem of Breit and Tuve is proved for a horizontally strati
fied ionosphere with an arbitrary height variation, provided 
only that the condition for reflection exists.
Since theorem of Briet and Tuve shows that we need to know only 
the ground range and the angle of incidence to determine the 
group path, we can make use of the previously obtained curves 
for the range in a parabolic layer.

Fig. 4.18 indicates that, at a frequency such that f/fc = 3.0, 
the minimum range is 1030 Km. Let us now determine the group 
path as a function of frequency over a distance equal to this



147

minimum range of 1,030 Km. Thus the quantity D in eq.4.59 has 
the value 1030 Km and the angles 0o will be obtained from Fig 
4.10. For example ,at F/Fc.-1.5, the range D=l,030 Km occure at 
0O « 60® and at 0o =78.5° finding corresponding angles for 
different frequencies, and appling eq.4.59, We may plot P1 v/s 
f/fc, as shown in figure 4.15. Just as the range vs.Oo curves 
are double valued functions of range for f/fc>l,so also are the 
p1 vs.f/fc curves double valued functions of f/fc for f/fc>l.
In theoretical curves , P1 on the upper branch becomes infinite 
as f/fc decreases to unity In expremental results, only a por
tion of the upper branch of the p1 curve is observed , since the 
upper value of p1 at a given f/fc corresponds to the pedersen 
ray, which we have already noted to be highly absorbed, except 
at frequncies near to the muf . (In the present example,'muf f- 

3.0 fc) In exprimental work, or in calculations for a specific 
ionosphere, fc usually has some fixed value either measured or 
assumed - so that the curve of Figure 4.15 would be plotted as 
P1 vs.f. Then the curve is commonly denoted as a P1- f("P-dash- 
f" or "P-prime -f")curve or sometimes, as a P'(f)curve. A number 
of exprimental P-^-f curves have been presented by SULZER and 
FERGUSON (1952) and SULZER (1955).
4.7 Ionospheric changes, Irregularities and Movements. 
The results of ionospheric sounding show that the attitude, 
thickness and density of ionization in the layers depends on 
sush factors as :
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(a) Time of day.
(b) Phase of moon.
(c) Season of the year.
(d) Latitude (and the lesser degree the longitude as well).
(e) Phase of the sunspot cycle, and solar activity.
(f) Meteor showers.
In addition it is found that both systematic and turbulent 
motions and also considerable irrgularities occur.

4.8 Ionospheric drifts.
The amplitude of a pulse of radio energy received on the ground 
after reflection from the ionosphere is not constant, but is 
found to vary from moment to moment in somewhat irregular manner 
with about 20 maxima and minima per second.
If the ionosphere had a somewhat granular structure or if the 
contours of constant ionization contained undulataions like the 
ripples on a beach, then movement of the grains or ripples or 
their appearance or disappearance would give rise to variation 
in the strength of received signal.
This arises because the phases of waves reflected from different 
parts of the region will some times augment and sometimes dimin
ish the signal intensity received at any given place on the 
ground. In the same way signals received at a distant station, 
by reflection from the E layer show a fluctuation in intensity 
(fading). This occurs even when there are no multiple paths 
possible for the signal and there is insufficient ground wave to
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give fading by interference of rays which have followed very 
differnt paths.
Suppose now a record is made of the strength of the received 
signal for some particular reflected frequency. It might have an 
appearance rather like that shown in Fig. 4.IS (a). It is found 
in practice that sometimes the patterns of signal intensity for 
two neighbouring ionospheric stations show a marked similarity, 
with the difference that the features are displaced in time, 
occuring later at one station than at the other e.g. Fig. 4.16

4.9 Approximation at high frequencies.
At frequencies of 50 mc/sec or more, and for reasonable values 
of the ionospheric electron density, say of the order of 1012 
meter-3 or less, we can establish a simple approximation for the 

group path in the same manner as that used for the phase path. 
Thus we write the index of refraction in the form of eq.4.7, 
introduce it in to eq.4.47 (a) and apply the binomial expansion 
to obtain a first approximation.
pl * /path ds +CK’ / 2fIJ/path Nds 4.59
Where the first integral is clearly the arc length of the ray.
We can introduce the effect of a horizontally stratified layer 
by writing.

ds = n ds / //i2 - sin2 eQ 4.60
Before applying bionomial expansion.
In this case, the approximation for P1 becomes 
P1 (1/cos6c ) D/z d^+ jlK2/2f 2J cos3 Bq] q/zn dij ! 4.61



Xy
iM

yi
sit

y

150

Displacement between similar signal strength records obtained 
at neighbouring stations.

Fig.4.20 Polarization of the emergent ray
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4.10 The equivalent height of reflection for linear profile of 
electron density :
Suppose that the electron number density N increases linearly 
with height Z in the ionosphere. Let the base of the ionosphere 
be at height Z * hQ above the ground. Then since fN2 is 
proportional to N,

fN2 = a (Z - hQ) Where Z > hQ "4.62
Where a is constant. The level of reflection z0 is given by

ZQ = hc +(f» / a) 4.63
hence eq 4.62 give
L1 (f) . hQ +(ho/Zo {1 -£pr(Z-h0) / f2fl}"^ dz).
Where, h1 (f) « hQ +(^2 f2/a) • ^..64

4.11 The ray path for a linear gradient of electron density. 
Let the base of the ionosphere be at height Z = hQ above the 
ground, and suppose that the electron number density N increases 
linearly with height above this. Then f2N, which is proportional 
to N, is given by (4.62)
so that

q2 = c2 -fa (Z - hQ) / f23 where Z a hQ
4.65

q = c where Z s hQ

Where c = cosGj and 0j is the angle of incidence of the wave 
packet on the ionosphere. In this case eq.4.10 can be written 
as,
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tan 0 = - dq / ds = S /q,
Where S is direction cosine of wave normal.
and q2 = fi2 - S2 4.66
(When earth's magnetic field is neglected).
The equation for the ray path is

x = S q/2 dZ/q 4.67
Referring eq 4.66 and 4.67 becomes 
x =(hQ tan0j)+(f2 sin^Gj / of)-^2f2 sin20j /

{cos2 0j - a(Z-h0) / f2}^J . ,4.68
Which shows that within the ionosphere the ray path is a parabo
la. The total horizontal range D traversed by the wave packet, 
when it returns to the ground is twice the value of x, when the 
top of its trajectory is considered where dx / dZ = a (infinity) 
that is where q = o and at this point,

x = hQ tanGj +L(f2 sin 2 0j) / aj 4.69
hence

D = 2 hQ tan Gj +£(2 f2 sin 2 Gj) / aj ;4.70
The equivalent path P' may now be found by Breit and Tuve's 
theorem eq 4.28.
Snell's law gives3/x sinG = sin0o = S 4.71
Where 0 be the inclination of the ray if wave normal to the 
vertical,
Hence

P1 = D/S
Let (5S be an element of the ray path , and 6X its horizontal
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projection.
5X = 6S sin 0 = (6S / #t) • S - S • fi1 6g

Where is group reflective index defined in eq,4.56. Now the 
wave packet travels with the group velocity c//*1 and hence 
= C5t where 5t is the time taken to travel distance 5s. Hence 6x 
= S c6t, and when this is integrated, we obtain (x = S -P'^.72 , 

Eqs.4.67 and 4.72 may be combined to give 
P1 = Q/Z(dZ/q)
Where (4.72) with Snell's law gives

D = 2 hQ sec 0j +£(4f2 cos Bj) / aj 4.73

4.13 Fading .
The fact that fading depends on frequency causes different fre
quency components in the sideband of a modulated wave to fade 
diffrently. This results in distortion of the modulation envel
op which is called selective fading. Single sided band (ssb) are 
however less distorted and remain quite intelligible. The sky - 
wave signal strength diminishes with distance because of two 
reasons. The first reason is the spreading of the rays as they 
leave the transmitter (spatial spreading) causing the signal - 
strength to be inversly propotional to the distance. The second 
reason causing reduction of the signal strength is the loss of 
energy in the ionized regions as a result of collisions between 
the vibrating electron and the gas molecules.
The signal strength at any time depends upon absorption along
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the path, path focusing, polarization,and phase of the waves. 
Polarization matching (or mismatching) : we know within iono
sphere two progressive waves can exists (ordinary and extraor
dinary) On entry in to the ionosphere a wave with arbitary 
polarization will excite ordinary and extraordinary waves by 
different amounts depending on the propagation angle at the 
bottom of ionosphere. Thus from the point of view of a single 
magneto-ionic wave, there is a loss of power, in general, on 
entry into the ionosphere.
Due to the curvature of the ionosphere and/or due to the change 
of ground range with angle of elevation, the power flux at any 
point on the earth may be enhanced by focusing or diminished by 
defocusing.
On leaving the ionosphere the polarization for a particular 
magneto-ionic wave will have a certian configuration depending 
on the angle between the wave normal and the earth's magnetic 
field. Since the angle between the magnetic field and the 
emergent wave differs from the angle the magnetic field and the 
incident wave, the polarization of the incident wave and the 
polarization of the emergent wave will, in general be different. 
Refer Fig. 4.20.
The reflected wave is often not twisted througha given amount, 
but is set spinning so that the plane of polarization is 
continually rotating. Therefore, at a distant point, the elec
tric field is vertical at one moment and horizontal a short time
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afterwards, and will continue to change slowly and more or less 
regularly in this manner. When wave is normally polarized, it 
will affect a wireless receiver in this ordinary way, where as 
when it is horizontally polarized no signals will be induced. 
The signal strength, threfore, may vary from quite a strong one 
down to nothing in the space of a few minutes or even less.

Finally, there are ohmic losses in the receiving antenna in its 
transmission line.
The instantaneous field strength may flucuate widely about the

\ i * /mean value and amplitude variations of the order of 10 to lean 
occur in the course of a few seconds.
The period of a fading cycle depends largely on the cause of the 
fading. Thus the fading period of interference and polarization 
fading may vary from a fraction of a second to a few seconds, 
absorption fading may have a period of the order of an hour or 
longer, where as focusing may be of the order of 15 to 30 min. 
Signals can fade-in or fade-out if the frequency of the signal 
is near the maximum frequency and the critical frequency is 
changing with time. Fig. 4.21
It is therefore highly irregular as far as period is concerned 
and may occur only in early morning and late afternoon (fade-in 
and fade-out). N
Some examples of (a) random (b) periodic and (c) double periodic 
fading of WWV - 20 as received in Boulder, Co 10, are shown in 
p.g, 4.20 <-«-•> ,UJ> /O.



156

The periodic fading in Fig. 4.21 (b) that is sharp minima and 
blunt maxima, is the resultant of two sine waves of almost equal 
amplitude whose phase difference is changing at a constant rate. 
In Fig. 4.21 (c) the short period fading could be due to high 
and low rays and the long period fading could be due to beating 
between ordinary and extraordinary waves.
Vary bad interference fading is experienced in cases where the 
sky-ground wave and sky-wave amplitude are comparable. This 
combination produces much more severe fading than is usually 
experienced with sky-waves alone. A somewhat related type of 
interference fading is experienced primarily on low frequencies, 
where radio tranmission is relatively stable. Near sunrise and 
sunset the heights of the reflecting D-layer change rather 
rapidly, and the sky wave arrive alternatively in and out of 
phase with the ground waves. This produces fading with relative
ly long period.
4.13 Scintillations : 
This refers to the amplitude and phase variation of high 
frequency signals transmitted through the ionosphere from out
side the earth. The two common sources are cosmic noise from 
outer space and signals from artificial satellite. When a radio 
wave travels through an irregular ionosphere the later behaves 
as a diffraction grating so that there is redistribution in the 
amplitude of the wave with position which results in fading due 
to ionospheric movement. There are also irregular fluctuations
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in the apparent position of a radio source viewed through iono
sphere. These two processes are usually described as amplitude 
and angular scintillations respectively.
In order to estimate the magnitude of the irregular component in 
electom density which is necssary to produce scintillation, we 
must first compute the total change in phase path length which 
is imposed on a radio wave in traversing the ionosphere, then 
consider the fractional variation in this path which will 
result in phase differences of about one radian in waves emerg
ing at places seperated by approximately the fresnel zone ra
dius. The total phase path length P from source to receiver is 
given by

0/S Mds 4.74
Where n is refractive index and S the source distance. Hence, 
the difference in phase path length introduced by the ionosation 
is

f ds -/ (ids = *P 4.75
Now,when the wave frequency is high compared with the plasma 
frequency (fN) we have

M ~ 1 - H (fN / f)», 
and hence

a P - l/2f2 q/® f*N ds =£40.5/f 2)S/0 Nds 4.76
Taking the typical value 1017 electrons / m2 column for /Nds and 
assuming a radio wave frequency of 40 Mc/s (4 x 107 c/s), we get 
aP «. 2500 m. This corresponds to about 2000 rad at 40 Mc/s.
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fig.4.20(c) double periodic fading
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Fig.4.20(a) Periodic fading

J
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