CHAPTER~1

~ INTRODUCTION

To study the effect of age on a unit or on a system
of units, various classes of life distributions are int-
roduced and are extensively studied in the univariate
case. The classes obtained from the properties of dis-
tribution functions such as Increasing failure rate
(IFR), Increasing failure rate average (IFRA), New better
than used (NBU), New better than used in expectation
(NBUE)Aére welknown among the ones which discribe adver-
se effect of age on the life~time of a unit, while the
classes Decreasing failure rate (DFR), Decreasing
failure rate avérage (DFRA), New worse than used (NWU),
New worse than used in expectation, (NWUE) are welknown
among the ones which describe benifitial effect of age
on life time of units, There are many other classes of
univariate life distributions which are not discussed
here, For a detailed discussion of the above and others,
we refer to Barlow and Proschan (1975).

Many of these classes exhibit quite elegant proper-
ties such as closure under various relibility operations
and limts in distribution when the underlying random |

variables are assumed to be independent. But in great



many reliebpility situations, the random variables *of int-
erest are not independent. As examples, consider

(a) Minimal path structures of a coherent system

having comd>onants in common.

(b) Componants subjected to the same set of siresses,
{c} Structures in which componants share the load, 50
that failure of one componant results in increased load
on each of the remaining componants etc.

Under such circumstances the univariate results will
not be applicable and it beccmes necessary to extend the
univariate concepts of aging to the multivariate case
where the componants may or may not be independent.

In this dessertation we study the multivariate ext-
ensions of IFR, IFRA and N3U concepts already known in
“the literature. A very limited literature is available
onn the multivariate extension of NBUE class and is not
studied here due to limitations of time and access to
the material,

Below we present a brief summary of each chapter.

A detailed introduction of cach chapter is given at the
begining of each chapter.

In chapter II, we study two multivariate extensions

of univariate IFR class and their duel DFR classes,




The first one is due to Brindley and Thompson and the
'second one is due to Harris., To distinguish these from
one another the former is called MIFR class while the la-
ter is «called MIHR class. Both the classes. coincide

in the univariate case. The duels are called respectively
MDFR and MDHR and these also coincide in the univariate
case.

In chapter III, we study several conditions propo-
sed by Esary and Marshall that could be viewed as
multivariate extensions of the univariate IFRA concept.
These are primarily based on intuitive appeal. Also,
we study the multivariate IFRA class proposed by Block
and Savits which is a direct multivariate extension of
the univariate characterization of IFRA property given
in the following lemma.

Lemma 1.1 :

A life distribution F is (univariate) IFRA if and only
if for every non-negative nondecreasing borel measurable
function h, : | ‘

E h(x) € EYY R (x/a)  for all « 6 (0,11 .. (1.1)
Proof :

Let (1.1) hold. Define h(x)=0 if 0<x{t and 1 if
x > t.



Then h%(x/a) =0 if 0 < x < at and 1 if x > a t. Then
F(t) =E h(x) £ El/a h*(x/a) = fl/a(at) and hence

F is IFRA. Conversly, let F be IFRA., Let h be any
borel measurable non-negative, nondecreasing function.
Let us define the sets

Dy = {x : h(x) > i.z'k} =1, k.25 k=1,2,... .

It follows that (1.1 ) hclds for the indicator functions

I, (x for all i and k.
Dy ‘) K
k.2

-k A
Let h,(x) = 2 X I x). Then
(0 =2 R
k .2k k.2k
Eh(x) =227 T 1y (x)¢27% & gl/ay Do, (%)
i=1 ix : i=1 ik
k.2k
-k-1/a : o =l/a, a .
< 27°E [ £ 1 (x) )%= E*"*n(x/a) (1.2
121 aDy k : /

Where aD;, is the set obtained by multipling each elementi
of Dik by a. Here the first inequality follows by hypo-
thesis and the second ineguality follows by using Minko-
wski: inequality. The last equality follows since
IDik(x/a) =1 if x G a D, and zero otherwise. Thus
(1.1) holds for every hy , x = 1,2,... . Now since

hk’T h, the result follows by using monotene convergence

theorem.



In chapter IV, wc study two multivariate extensions
of univariate NBU concept. The first is a direct exten-
sion of an univariate charaéterization ofANBU class while
the second is generated on the basis of a shock model
arising in physical situations. We show that these
classes possess many desirable properties and the later
is a subclass of the former, .

One of the possible extensions of univariate expon=-
ential distribution to multivariate case is the multiv-

ariate exponential distribution (reffered to as MVE)

of Marshall and Olkin, which has survival function given by
I:(1:]_,...,1:ﬂ)

= G,‘.p {' Z }:“t b 22 ?\ljmaX(t tj)—...—)\l2."nma)((tl,.otn)}
idj=1
| (1.3)
where F(ty,...,t )=P[T >t,, T2>t2,..,Tn>tn].

This distribution has been found to play a similar role
in multivariate classes of life distributions as univa-
riate exponential plays in the univariate case. It has
been found to be a member of almost all the classes of

distributions discussed in th:is dessertation except the

MDHR class of chapter II.

O



»

Moreover it has been found to form a !'boundary' between
the classes MIFR and MDFR of chapter II.
Below we present some terminology used in the sequels

1.1 Definition :

A function @(x) = ¢(xl,...,xn) where x,;= O or 1,
i=1,2,..,n and #(X) = 0 or 1 is a coherent structure
function of order n if ¢ is nohdecreasing in each of it's
arguments and ¢(0) = #(0,...,0) =0, #(1)= @#(1,...,1) = 1.

1.2 Definition :

Let Tl,...,Tn bc nonnegative random veriables and
Sl,...,Sm be nonempty subsets of {},...,ﬁ} . Then
" m

) = max min T. 1is called a coherent life

T(Tyye.e,T
1reese i=1 jes; J

n

function of order n,

Throughout the discussion we consider random vari-
ables which are concentrated on the nonnegative orthant,
that is the random variables for which ?(Q) =1,

Below we present some definitions of classes of life
distributions in the univariate case.

1.3 Definition :

A distribution function F is IFR(DFR) if

- E(t+x)
F(x/t) = ~o—e—=ee b () in == < t < » for all x > O.
F(t)

oo,



1.4 Definition :

A distribution function F is IFRA(DFRA) if
-1 log F(t) T (L) int>o0.
¢ |

1,5 Definition :

A distribution function F is NBU (NWU) if
F(x+y) < () F(x). g(y) for all x, y2 0 .

1.6 Definition :

A distribution function F is NBUE (NWUE) if
(a) F has finite (finite or infinite) mean

(b) J F(x) dx £ (2) p. F(t) for all t > O where
. .

p = J F(x) dx .

In this dessertation; Definitions, Theorems, Corolla-
ries, Lemmas, Results, Remarks and Examples, when number-
ed are governed by the chapter and the section in which
they . appear and are numbered serially within a
section. Thus for example in chapter II, 2.2.1 is a
definition followed by 2.2.2, which are remarks followed
by 2.2.3 which is an example etc, Similarly equations
are numbered serially in each section and are governed

by the chapter and the section in which they appear.



For example, equation (2.3.1) i3 the first equation in
section 3 of chapter 2,

Recently a new extension of univariate IFR class
to multivariatc case has been discussecd by T,H.Savits
(1985). This new class is based on the following equi-
valent chor acterization of univariate IFR class given by
himself :

' Ar.,v. T is IFR if and only if E[h(x,T)] is log-
concave in x for all functions h(x,t) which are log
concave in (x,t) and are nondccreasing in t for cach
firxed x 2 0",

Here a function f is logconcave on AeRn means that
flax H1-p)y] 2 fh(g) flﬂﬁ(x). for all 0<M1 and x,y6A.

Using this characterization, Savits has proposed
the following MIFR classs

Let I be a nonnegative random vector. T is said
to have a multivariate IFR distribution if and only if
E [h (x,I)] is logconcave in x for all functions
h(x,t) which are logconcave in (x,t) and nondecreasing

and contingous in %t > O for each fixed x > Q .



This class has been found to possess nice closure
propertices such as closure under convolution, limits
in distribution etc. Also, if T has an MIFR distri-
bution(according to above definition), then all margi-
nals of T also have the same property. If I and S
are two independent MIFR random vectors then the conjuc-
tion (I, §) has MIFR distributioni

We have not discussed in detail this class in
this dess=crtation, as this paper has come to our

notice after completion of this work.



