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Section IV

The g-map

In this section we change our setting from 0-distri
butive semilattice to 0-distributive lattice for the stud? 
of a-ideals. Throughout this section L will stand for 
o-distributive lattice. As L is 0-distributive lattice, 
the set of annihilators of the type * » (x)* (x f L)

will form a lattice called as lattice of annulets of L in
onbthis direction we.state,A /

Theorem 4.1 : AQ(L) « ^(x)* j x f lJ- is a lattice under 
the binary operations /$. and $ which are defined as,

(x)* ^ (y)* - (xvy)* and

(x)* (y)* - (xAy )*

First we establish a relation between the set of 
all ideals I (L) of L and the set of all filters ^{AQ(L)) 
of the lattice AQ(L).

Theorem 4,2 : For any ideal I in L,

^(x)* j x f 11 is a filter in A^L)

Proof Let F * ^(x)* ^x f l|

(i) Let (x)*<==; (y)* and (x)* fF {x,y f L )
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As (x)* f F, there exists t f I such that (x)* * (t)*. 

Then by assumption (t)* (y)*. Hence (t)*V (y)*® (y)*.

Therefore (tAy)* * (y)*. As tay ,< y and t f I we get 

t Ay f I. Hence (tAy)* fF. Therefore (y)*f F. Thus 

(x)* <c (y)*, (x)* f F *=> (y)*f F.

(ii) Let (x)*, (y)* fF (x,y ( L). As (x)+fF there

exists t f I such that (x)* * (t)* and as (y)* f F there 

exists s f I such that (y)* * ( s )*. I being an ideal 

t f I, s f I imply tvs f I* Hence (tvs )* f F. This

implies that (t)* /S, (s)* f F i.e. (x)* (y)* fF.

Thus (x)*, (y)* fF =•==> (x)*/^ (y)* f F.

From (i) and (ii) we get, F is a filter in AQ(L). //

In the reverse direction we have the following 

theorem : 1

Theorem 4.3 : For any filter F in Aq(L),

^x f L j (x)* f F J. is an ideal in L,

Proof Denote J * ^ x f L j (x)* f F j.

(i) Let x < y and y f J (x,y f L).

Since x $ y, x v y ® y and hence (x v y)* * (y)* is in F. 

Thus we get (x)* /\ (y)* f F and (x)* /\ (y)* c. (x)*.
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F being a filter, (x)* f F. Hence x f J. Thus x <: y and y 

y <■ J »==> x f J.

(il) Let x, y f J . Hence (x)*, (y)* f F ***> (x)*^\ (y)* f F

=**■> (x v y)* f F 

*=»*> x v y f J

Thus x, y f J =*> x v y f J.

By (i) and (ii), we get J is an ideal in L.

Define the map.

a : I(L)----> 3>(A0(L) ), I f I(L) by.

By Theorem 4.2, a isAwell defined map. Now we prove a 
is an isotone map.

Theorem 4.4 : For any two ideals Ii and I2 in L,

£ I2 “> oCdi) ^ a(I2) •
Proof (z)* f adi) ««=> (Z)* f -^(x)*/ x f Ii 1

***> (Z)* = (y)* for some y (. Ij 

*=*> (Z)* * (y)* for some y fl2

(since Ii Sr I2 ) 
«=> (Z)* f a (I2)

Hence a(lj) ^ a(I2) //
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Define the map,

p i J (Aq (l) ) ---> I(L), P fy(A0(L) ) by,

p (P) «|x f L j (x)* f Pj
By theorem 4.3, p is well defined map.
Clearly p is an isotone map.

As a * I (L) --- » J (Aq (L) > and

P : y(AQ(L) ) ■— —> I (L), the composition map 
poa maps I(L) into I(L)•

Theorem 4.5 : The map, poa: I (L) ——> I (L) is a closure 
operator.

Proof i) I^poo(I)
For if z (• I then (z)* f a(I) and hence z 4- poa (I).

ii) I SrJ *==> poec (I) S po< (J)
Let z f poa (I). Then (z)* f a(I). Since the map 

a is an isotone map by Theorem 4.4, therefore 
(z)* f a(J). This implies that z ( poa(J). Hence 
IS J «»»> poa (I) s poa(J).

iii) po< [ po< tl)] sc poa (I) for some ideal I in L.
Obviously po<(I) Po<[p<x(l)] (by (i) )

Next let z f po« [po<(I)J. Then (z)* f a [po«(I)]
if ^implies (z) * (y) for some y f poa(I) and hence
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(z)* fa(I) (since y f poa(I) *=> (y)* f a(I) ) proving 

that z f poa(X). Hence poa [poa(I) poa(I). Thus by 

combining Ijoth the inclusions we get

poa (I) - poa [goad)].

Prom (i), (ii) and (iii) we get, poa : I (L) -----» I (L) is

a closure operator. //

As by (iii) in the Theorem 4.5, poa [poa(I) ] * 

poa(I) we observe that, there are some ideals I in L for 

which poa (I) * x (and also there are some ideals I in L for 

which poa(l) /I). This we illustrate by the following example. 

Example 4.6 s Consider the 0-distributive lattice L sketched 

in the following diagram :

1

Figure-V
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Consider the ideal, Ij ** ^0,c| .
cedx) *<£(0>*, (c)*|

- {L- {°- a- *}}

poa (1^) * ^o,cj- • Then (Soad^) *

Now consider the ideal, I2 * <£o, a 
0(12) * <^(0)*# (a)

= {L. {0.=}]
poad2) * <fo, a,bj.

Here poad2) ¥ l2»

Now we prove our main result 1

Ideal I in L for which 30a (I) = I is nothing but an 
a-ideal.

Theorem 4.7 1 For an ideal I in L the following conditions 
are equivalent.

i.

(1) r- * x — ^ 7 r ~
(2) poa (I) * !•

Proof. (1) »*»> (2)

Let I be any a-ideal. By Theorem 4.5 we have 
I S Poad). Next let z f p o«<d). Then (z)* fr&(I).
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And therefore (z)* * (y)* for some y f I* I being an 
oc-ideal, this will imply z f I proving that poa(I) ^ I. 
Hence 8oa(I) =1.

(2) ===> (1)

Let (x) * (y) and x f I. Since x t I we get,
*

(x)* f a(I). But then (y)* f a(I) which in turn implies 
that y f 8oa(l) * I (by assumption). Thus (x)* * (y)* 
and x f I ===> y f I, proving that I is an a-ideal (See 
Theorem 3.3). //

Combining Theorem 3.3 and Theorem 4.7 we have the 
following :

Corollary 4.8 : For any ideal I in L the following 
conditions are equivalent.

(1) I is an a-ideal.
(2) I * U (x)**.

x f I
(3) For x, y f L, (x)* » (y)* and x f I *=*> y f I.

(4) For x, y f L, h(x) *

(5) poa (I) = I.
h(y) and x f I ==> y f I
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Remark 4,9 s For any ideal I in L, poot(I) is always an 
a-ideal in L {See Theorem 4.5).

Let IjL and I2 be any two a-ideals in L. Define,

I1 © *2 * *1 0 J2 and 
Jl® x2 * poa dl 2 x2 >

Then obviously the set of all avideals in L, Ia(L) is 
a lattice under and (v).

Define the map,

a t Ia(L) ----> J(A0(L) ) by,

a (I) * {(x)* I x f 1^- i.e. a is the

restriction of the map a to the set Ia(l).
Further we have,

Theorem 4,10 ; The map a : Ia(L) —> ^f.(A0j(L) ) 
is an isomorphism.

Proof As a and p are isotone maps, it follows that both
a and 5 * are iso tone maps. As for any I f Ia(L),

--1poft(I) - I. We get a <a(I) ) * p(a(l) ) » (poa) (I) * I
.-1

and hence a is an onto map. This proves that a is an
isomorphism (See Result 1.2.8)
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