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1 Introduction

A new definition of generalised contraction mapping 
in Hilbert space is introduced. Based upon this concept 
some theorems of Naimpally and Singh [32] and Johnson [ 20] 
are extended.

The well-known Banach [l] contraction principle has 
been extended by a number of research workers working in 
the field of fixed point theory in several directions to 
different spaces which can be formulated as follows

Let X be a Banach space and C be a closed convex 
subset of X, then a contraction mapping T of C into itself 
(i.e. || Tx-Ty jj ^ a j)x-y(| for some a f*[o, 1 ^ and for 
all x and y in C) has a unique point p (• c such that TP * P.

The definition of contraction mapping has undergone 
successive generalisations [37] in complete metric space 
by R. Kannan [25], Reich [35], Hardy and Rogers [l8] and 
Wong [43]. Hardf and Rogers [l8] considered the following 
more general form of contraction mapping and proved some 
fixed point theorems.

For each x, y in complete metric space X, 

j(Tx-Ty) ^ aj d(x,y) + a2d(x,Ty) + a3d(y,Tx) +

+ a4d(x,Tx) + a5d(y,Ty),
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5
where a* o and a, < 1.

i=l

Khan and Imdad [24] considered the above generalised 

contraction in Banach space in the following form *

T be a self-map of closed convex subset of a Banach 
space X satisfying

|| Tx - TyJ| ^a |Jx-y|| + b ( ||x-Txj| + jj y - Tyj/) +

C ( jjx-Ty || + ||y-Tx/j )

for every x and y in C, a,b, c £ 0 and 0 4 a + 4b + 4c < 2.

Naimpally and Singh [32] used the two contraction 

conditions defined by (1-1.3.24 and 1.3.25) and proved some 
fixed point theorems.

Ganguly [l4] in his recent paper defined a generalised 

nonexpansive mapping in the following way.
A self map T of a subset of a normed linear space X is said 
to be generalised non-expansive (for definition of non- 
expansive map see I-1.1.5) if.

By considering above generalisations of contraction 
mapping in different spaces, we have introduced the following 
definition of generalised contraction mapping in Hilbert 
space and shown that our definition includes each one of the
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mappings defined by (I-1.1.4, 1.1.5, 1.1.6, 1.1.7, 1.1.11 

and 1.1.12).

Our definition runs as follows.

Definition 1.1. (Generalised Contraction) j Let c be a 

closed convex subset of a Hilbert space H. A mapping 

T : C —» C is said to be generalised condition if for 

all x, y f C

jjTx-Ty J| 2

where a^ ^ o,

« ai |ix^y it2 + a2 H^y II 2 +

a3 J| y-Tx j|2 + a4 || (I-T)x-(I-T)y jj 2 ,

... (1.2)
4
S < 1. ... (1.3)
i*l

we justify our claim of generalised contraction 

mapping by discussing the following special cases.

Case (i) : If we put a2 = a3 * a4 » 0, O < * K < 1,

we obtain definition (I-1.1.4).

Case (ii) : If we put a2 * a3 “ a4 “ 0, j/a^ * 1* we 

obtain definition (I-1.1.5).

Case (iii) i If we put a^ * 1, 85 a3 * 0* a4 < 1# we

obtain definition (I-1.1.6).
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Case (iv) : If we put a1 * 84 ■ 1# a2 * a3 * 0, we obtain 
definition (I-1.1.7).

Case (v) : If we put a^ + a2 + ^3 ** 1# a3 + a4 < 1 and 
yap* TP, we obtain definition (1-1,1,11),

Case (vi) s If we put a^ + a2 + a2 *» 1, a2 + a^ * 1 and 
y * p ** TP, we obtain definition (1-1,1,12),

2. Fixed Point Theorems

In this section Theorems (1-1.3.26, 1.3.27) of 
Naimpally and Singh [32] have been extended for the gene

ralised contraction mapping T defined by (1.2, 1.3). For 
our first result it is further assumed that T is monotone 
mapping i.e. (Tx - Ty, x-y) ^ 0 for all x and y in C. 
Finally the result (1-1.3.20) of Johnson [2o] has been 
generalised.

Our first result is the following theorem:

Theorem 2.1 : Let C be a closed convex subset of a real 
Hilbert space H. Let T : C—» C such that it satisfies 
(1.2) and (1.3) with a2 > O, O 4: a2 + a4 < 1. Further we 
assume that T is monotone. Suppose xo is any point in C 
and the sequence ^x^ associated with T is defined by 

Ishikawa scheme (I-1.3.9, 1.3.10 and 1.3.11). Suppose
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further that £ocnj is bounded away from zero 

a > 0 ). If the sequence ^x^ converges to 

a fixed point of T*

(i.e. Lim an * 

P, then P is

Proof i Equation (I-1.3.9) implies that xn+1 - xn = ayjtTy^x,,) •

Suppose Xjj —» P, then jlx^.^ - ^ || 2 —» o and since £<*n "J 

is bounded away from zero, II 2 —> °* Usin9

triangle inequality it follows that

||Tyn-p || 2 s< { ||Tyn-*n|| + |K - P... |l}2 -* o

as n—> oo.
I.e. ||Tyn-P || 2 -* O.

Using (1-1.3,12) and (1-1.3.10), where t stands for 

pn we obtain the following inequalities :

||yn-*n |1 - ||PoTxn + (1-Pn)xn " *n ||

* Pn llTxn-*n ||2-Pn(1*Pn> ||Txn-*n J| 2

“ Pn ||Txn - *n || 2-

< llTxn ' *n || 2 .

« { ijTx,, - Tyn|| + ||Tyn-*n||^ 2,

using tringle inequality.

« /lT*n-Ty„|| 2 + /|Tyn-xn||2 +

+ 2 /lTxn“Tynll || Tyn~xn j •••(2.2)

9623
f)
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II yn " Txn II “ || PnTxn + n-f)n) *11 “ Txn j| •

- <l-8n> ||*n-T*n ||2 -»n(1-0n)

|lTxn *n l| '

* U-Bn>2 II Txn - *n || 2- 

4 llT*tT *n || 2-

« {IK* Tyn|| + ||Tyn-Jtn|| } 2.

using triangle inequality.

4 llT’S.-Tyn II 2 + llTyn-*n II 2 +

+ 2 jlTXn^H 1| Tyn-xJI ....(2.3)

since T satisfies (1.2)*, we have

H Txn“Tyn II 2 4 al /|*n_yn f| 2 + a2 || VK || 2 +

+ a3 Ilyn-T^n /I 2 + H[ II *n~yn || 2 +

+ HKK II ~ 2(xn~Yn'Txn~TYn) J
4 <ai + a4> IK-yn II 2 + a2 /l*n-»yn l| 2 +

+ a3 ||yn“Txn II 2 + a4 //Txn-Tyn // 2-

... (2.4)

Since H is a real Hilbert space and T is 

monotone, (^-y^T^-Tyj^ ) *

(T^ Tyn, ^ - yn) £ O.
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Using relations (2.2) and (2.3) in (2.4)# we obtain 

1 - (ax + a3 + a4) flTx,, - Tyn |(2 ^ (ai+a2+a3+a4) [|Tyn-vxrl||2+

+2(a1+a3+a4) || Txu-Tyn )I*

|] Tyn“xn |] •

a2 ||Txn“TYn||2 $ ||TYn~Ml 2 + 2<al+a3+a4> |l Txn “

-Tyn II II 'ryn~xnll J . ...(2.5)

4
since a# < 1.

i*l

Taking limit of (2.5) as n-r-» oo# we have

II Txn “ TYn || 2 0 since a2 > O# )|Tyn-Xn \\ 2-* o#

as n—» oo.

Using triangle inequality and as n —» oo# It 

follows that

||Xu - TXu || 2 « | ||Xn-Tyn|| + || Ty^TXn ||}2 —» O.

... (2.6)
and ||P - Txn |1 2 $ {||P “ *n|| + |l *n-*Txnlj} 2

... (2.7)

Sow we shall show that P is a fixed point of T. 

Since T satisfies (1.2)# we have

||Txn - TP || 2 4 ax H^-P I/ 2 + a2 || x„-TP || 2 +

a3 11 P-Txn II 2 + a4 ^ IK- P II 2 +
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|| TXjj-TP || 2 - 2(xn-P,Txn-TP) ]■ .

||P - TP 1| 2 ... (2.8)
l-a4

since as n —» oo, xn —■» P, 

and using (2.6) and (2.7) .

Now, || P - TP |1 2 ^ j || P-Txn || + || TXjj-TP || } 2 using

triangle inequality.

2^ i. I...— j| p-TP ]| t as n —* oo, and
1 —34

using (2.7) and (2.8).

[l-(a2 + a4) ] « ||P-TP || 2 4: O

which implies that 

2|1 P — TP || « 0, since 0 4: a2 + a4 < 1 and

|| P - TP I/ { O,

=*=*> |Jp - tpII =* 0

=s=s*> TP = P

i.e. P is fixed point of T.

Theorem 2.8 s Let T : C —» C, where C is closed convex 

subset of a Hilbert space H. Suppose T satisfies (i) conditions 

(1.2), (1.3) with further assumption that a^ + a2 + - 1,

^3 + a4 < *+

(ii) Tricomi condition (1-1.3.23), Suppose set F(T) of
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fixed points of T in C is nonempty. Suppose ^an£n diverges 

and Lire * £ < 1. Then Lira jjXjj-TXjjK = 0 for each Xq (* C, 

where xn+]_ is defined by Ishikawa Scheme (1-1.3.9,1.3.10 

and 1.3.11)•

Proof : Using definition of xn+^(1-1.3.9) and Technique 

of Ishikawa (1-1.3.12), where t stands for an# we have for 

P f F(T) and each integer n,

0 * |I xn+l “ p |l 2 * ||«n TYn + ^^nK “ p II *•

“ an |lTYn“pH 2+ (l"an) || xn - 

- p |(2 - an (l-an) Jl Xrx-TYn \{ 2.

Since T

li *»»■* I

^ ^"^n^ II xn“*p |l +an |lTyn

-P || 2 since 0 ^ an ^ 1.

< (1"an) H VP II 2 + an II *n “

- P || 2, By condition (1-1.2.23).

... (2.9)

satisfies (1.2, 1.3)

2 > llTxn-TP II 2 f «! || Xn-P || 2 + a2 || ** -

- P || 2 + a3 Hp-Tx,, || 2 + 

+ a4 II *n * T*n || 2 •
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<l-a3) HTXn-P || 2 « <«i + a2> II Vp II 2 + a4 |l *n "

"Txn II 2 •

[| Txn"p II2 < < > |K * p II 2 +
i - a3

a4 2
+ :------ ||*n-**nll •

l-a3 11

* ((Xn ~ p II 2 + r llxn~Txn || 2*

... (2.10)
*4

since a^+a2+a3 = 1, r = ---- -- <1.
l~a3

Using definition of yn (1-1.3.10) and (2.10)

II yn - p II 2 = H 0nT*n + U-3n)% - p || 2 •

“ On llTxn"p |l 2 +<1"0n) II V? II 2 - 

On^'On^ ||

On ll3^! “ p II + r0n 11 xn“Txn l| +

+ (l—p^) || Xjj—P If — @n(l“Pn) (I Txn —

2
- *n If *

^ llxn - p fl 2 ~ On^-On^) H T*n-*n (I ^

... (2.11)
where r < l-(5n
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In (2.9) using (2.11)

0 ^ llxn+l ” P II ^ ^ ^““n^ ll xn“p II + an •[ fl II

- Pn(l“Pn“r) llTxn ” xn II J. •

ll3^ " p II “ anPn ^“'Bn*’r^ II Txn“xn If •
... (2.12)

summing these inequalities over j = 0 to j 8 n

Z>j (1-e>rr) II Txj - xj II2 < ib/fl*j - pi/2-
j*0 Js°

- |i^+i-p ii 2j •

$ |lxo - P II 2 »

which inplies that 

oo,
2Z an Pn || Txn~*n || ^ || - P H 2

n=0
... (2.13)

Since 0 ^ ^ 1# pn ^ ^n Let S “ 1"P”r*

Then S > O and there exists an integer N such that

}3n < 8 + S/2 for n ^ N. Thus l-3n-r>l-(3-r - S/2 = 

S/2.

Therefore ^~~an 6n (l~Pn~r^ ^ S/2 ^>~^an But by conditidn
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oo
of Ishikawa Scheme (I - 1.3.11 (ii)) i.e. ~! an0n * co,

n=l

Vngn (l-pn - r) diverges. Thus from (2.13) we obtain 

Lim inf ||xn - Tx^l « 0.

Remark 2,14 : Since 1 - pn - r —> 1 - 3 - r > 0, there 

exists an integer No such that 1 - j3n - r > o for all
n £ Nc. From (2.12) we obtain (1*0+1 - P || 2 ^ - P |J 2

which implies that JjXjj+i - P || < 11Xj^—P J( . Thus { xn is 

monotonically decreasing sequence.

Theorem 2,15 s Let T : C—» C, where C is compact convex 

subset of a Hilbert space H. T satisfies conditions (1.2) 

and (1.3) with further assumptions aj + a4 < 1 and 

al + a2 + a3 * 1. Suppose xx is any point in C. Then the

converges in the norm of H to a fixedsequence

point of T, where Xo is defined itieratively for each positive 

integer n by (1-1.3.13) and an satisfies aQ * 1# 0 £ an < 1.

Proof : Prom schauder's fixed point theorem, T has a fixed 

point in C, since C is convex compact set. Let P denote 

one such fixed point of T and Xi a point in c.
Using (1-1.3.12) and definition of xn+1 (1-1.3.13), 

where t stands for an
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o « || Vn ■ p II 2 ■ IIanTxn + <1-°‘n>xn - p II 2

* an li Txn ” p H 2 + U-Bn) II "

- P || 2 - an(l-an) |lTxn“xn || 2.

... (2.16)

since T satisfies (1.2)

11 T*n - p II 2 * llT*n * » II 2 « «1 II =% * p l| 2 +

a2 II xn“p II 2 + a3 II Txn“

“ p II + a4 II *"^<xn II •

llT^-TP ||
a-i + ao o a4 2
—T------- H*ti-p II +  ------ || xn“Txn ||

l-a3 l-a3

... (2.17)

Prom (2.16) and (2.17)

0 ^ li'Si+l p || ^ an |l xn”p II + (!“«„) || ^ ~ p |l

an^~an ” ) (I Txn ||
l-a3

Since aj + a2 + a3 * 1.

^ Hxn"p II 

xn ll 

Setting an

2

2

1 1 

n+1 n+1

1
------ , r
n+1

a4

1“a3

r) K Txn-

< 1.
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H3^"15 |1 2 “ { C(l-r)n-rj/(l+n)2 J llT^-Xn |2.

There exists a positive integer N [20] such that 
a4 Nr . ---  < -- and for positive integer i
l-a3 N+l

|| xn+i “ p || ^ |lxn+i-l “ P l| “ ■[ C ^1-r) (N+1”1)

- r] /(N+i)2 ] II Tx^^ || }

which implies

^2 { [l*r5 <N+t)-r] /(N+t+1)2^ ||Ta^+t - %+t \\ 2 4

t*0
|i %+i- p II2 -

II *N+i+l - p II 2
... (2.18)

Since C is bounded (2.18) implies that

[ (1-r) (N+t) - r] /(N+t+1)2} f| || 2 < oo.
t*0

and \|^+i+i - P II 4 || *N+i “ p li for i * 1,2,...

Therefore Lim J| T>^j+t - %+t ll ** 0 • 
n—*oo

By compactness of C, there is a subsequence 
oo

converging to a point q in C. Now q being

fixed point of T, for each positive integer i we have
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||*N+i+l *“ II « ||%+i ' <*11* This that

£ l!%+i " ^llj monotonically decreasing sequence.

This fact along with the convergence of subsequence
\ ^♦n 1 to a point q implies the convergence of entire
1 jJ j=l ^ oo

{*n} .
1 J n=J

sequence to a fixed point q of T.

Remark 2.19 : If we put a^ = 1, a2 = a3 * 0 and a4 < 1, 
we obtain the theorem of Johnson [20].


