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1 Introduction

A new definition of generalised contraction mapping
in Hilbert space is introduced. Based upon this concept::
some theorems of Naimpally and Singh [32] and Johnson [20]

are extended.

The well~known Banach [1] contraction principle has
been extended by a number of research workers working in
the field of fixed point theory in several directions to

different spaces which can be formulated as follows

"Let X be a Banach space and C be a closed convex
subset of X, then a contraction mapping T of C into itself
(i.e. “ Tx-Ty|| ¢ o ||x-y|| for some o & [0.1 ) and for

all x and y in C) has a unique point p &C such that TP = P,

The definition of contraction mapping has undercone
successive generalisations [37] in complete metric space
by R. Kannan [25]. Reich [35], Hardy and Rogers [18] and
wong [43]. Hardy and Rogers [18] considered the following
more general form of contraction mapping and proved some

fixed point theorems,
For each x, y in complete metric space X,
C‘I(Tx—‘ry) £ a8 alx, v) + azd(x,‘l‘y) + a3d(y,'.':'x) +
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5
where a; > oand > a; <1,
i=1
Khan and Imdad [24] considered the above generalised

contraction in Banach space in the following form :

T be a self-map of closed convex subset of a Banach

space X satisfying
[Tx = ry|| € a |fx=vIl + b (||xTx]| + ||y - Ty]]) +

c ( “XPTY'I + |ly-Tx|l )

for every x andy in C, a,b, ¢ 20 and o0 < a + 4b + 4c < 2,

Naimpally and Singh [32] used the two contraction
conditions defined by (I-1.3.24 and 1.3.25) and proved some

fixed point theorems.,

Ganguly [14] in his recent paper defined a generalised
nonexpansive mapping in the following way.
A self map T of a subset of a normed linear space X is saig
to be generalised non-expansive (for definition of non-

expansive map see I-1.1.5) if,
| rx-ty)l smax { flx-yll . (=] . |ly-ry]| .

lxry ) . Jly-exll ]

s

By considering above generalisations of contraction
mapping in different spaces, we have introduced the following
definition of generalised contraction mapping in Hilbert

space and shown that our definition includes each ore of the
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mappings defined by (I-1.1.4, 1.1.5, 1.1.6, 1.1.7, 1.1.11

and 1.1.12) .

Oour definition runs as follows.

Definition 1.1. (Generalised Contraction) : Let C be a

closed convex subset of a Hilbert space H. A mapping
T : C =—> C is said to be generalised condition if for

all x, vy ¢C

I,Tery ” 2 < a, l\Xey “2 + a, ‘{xdry ” 2 +

as I‘yéTx“z + 34AI‘(I-T)XP(I’T)Y!!2 R
eee (1.2)
4
where aj > O, :Z; a3 < 1, eee (1.3)
i=

We justify our claim of generalised contraction

mapping by discussing the following special cases.

Case (i) : If we put ay = a3 =a =0, O« Val = K < 1,
we obtain definition (I-1.1.4).

Case (ii) : If we put a; = a,; = a, = 0,1/al =1, we
obtain definition (I-1,1.5).

Case (i1i) : If we put a; =1, ag = a3 = 0;/ 34 < 1, we
obtain definition (I-1,.1.6).
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Case (iv) : If we put a; = ay = 1, a; = a3 = 0, we obtain
definition (I-1.1.7).

Case (v) : If we put él + a, + a3 = 1, a3 + a4 < 1 and
y = p = TP,we obtain definition (I-1l.1l.11).

Case (vi) : If we put a; + a + a3 =1, a3 + a, =1 and

y = P = TP, we obtain definition (I-1.1.12).

2. Fixed Point Theorems

In this section Theorems (I-1,3.26, 1.3.27) of
Naimpally and Singh [32} have been extended for the gene-
ralised contraction mapping T defined by (1.2, 1.3). For
our first result it is further assumed that T is monotone
mapping i.e. (Tx - Ty, %x~y) > O for all x and y in C.
Finally the result (I-1.3,20) of Johnson [20] has been

generalised.
our first result is the following theorem:

Theorem 2,1 : Let C be a closed convex subset of a real

Hilbert space H, Let T : C—» C such that it satisfies
(1.2) and (1.3) with a; > 0, 0 £ a; + 34 < 1. Further we
assume that T is monotone. Suppose xq is any point in C
and the sequence .an} associated with T is defined by

Ishikawa scheme (I-1.3.9, 1.3.10 and 1,.3,.,11). Suppose
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further that '{“n} is bounded away from zero (i.e. Lim a, =
a> 0 ). If the sequence {xn} converges to P, then P is

a fixed point of T.

Proof : Equation (I-1.3.9) implies that x,,7 - X, = ap(Ty,~Xx,).

Suppose x, —> P, then “xn+l - xn{{ 2 -» 0 and since {an-}
is bounded away from zero, []Tyn—xn ||2 —> 0. Using

triangle inequality it follows that

frva®e | 2« {Imva5all + NI - P }* =0

f.e. ||Ty P | 2 o,

Using (I-1.3,12) and (I-1.3.10), where t stands for

Bn we obtain the following inequalities :

[|¥n=*n || ? - || BnTxn + (1-Bp) %, = x5 || i

= Bn || T*y"*n !12 = Bpl1-Bn) || Txp=xy I 2

Ba |70 = % ||

/N

7%y = %0 ) 2 .

A

2
{ Iy - 7o)+ |Tyerxy ||} 2
using tringle inequality.

(7%= T9a || 2+ || Tva%n || 2+

A

+2 [T, ~ Ty, || ” Ty,~ n” ees(2,2)
9623

A
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[1¥n = ™% [| % = [|BeTxn + (1-pp) *, - Txy ”2.

= (1-8y) [ ~T%n || 7 -Bn(1-8p)

175 = x| 2-

)2

= Qupp? [Ty - x| 2

Sl % 2

s {Imxgm Tvnll + Hrye= )l 1%

using triangle inecuality.
o e ) B
+ 2 |rxg-ry, || ] Typmxnll...oc2.3)
since T satisfies (1.2), we have

IT%,=Tvn || 2 € 3y (% ¥n | 2+ ey Il %6 ¥n || t

R L R EX A
+ |l Tx =Ty, ) 2. 2(xn~yn,Txn-Tyn)}

sty +ag) g vn || D+ g [ty | P+

+ a3 [[vaTxa | 2+ 8 /| Txn=Tvy || 2.

LI (204’)
Since H is a real Hilbert space and T is
monotone, (x,~y,,Tx,~Ty, ) =

(Txn~ T¥n, X = ¥Yp) 2 O.
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Using relations (2.2) and (2.3) in (2.4), we obtain
1 - (a; + a3 + ay) [|Tx, - Ty, “2 < (a1+a2+a3+a4)[[TYhangMz+
+2(ay+agtay) || Txn=Typ JIx
I}Tyh“xh|]t-

2
a3 || Txa=Tyn| ® € [[T¥nxn || * + 2(apvagray) || Txn -

4
since > ay <1,
i=1

Taking limit of (2.5) as n-==> oo, we have

(| Txn = Typ || 2 — o since ap, > 0, Hryn-xn{\z-y o,

as n=—>» .

Using triangle inecuality and as n -—» oo, It
follows that

|2 = Txp || 2 < { Hxn"'r?n” + || Ty, ~Txq H}z —> 0.
eee (2.6)

ana [P - |2 <[]l - xll ¢ Izl } = o
eee (2.7)

Now we shall show that P is a fixed point of T.

Since T satisfies (1.2), we have

2

Txn =72 | 2 ay [[%a=P || %+ ay || 2y~ [| 2+

a3 |[|P-Txy | 2+ 34{ N~ 2 1 2+
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| Txp-TP || 2 = 2(xy=P, Txy-TP) } .

— = “P-—TP“z
l-a,

eee (2.8)

since as n—>» oo, X5 —> P,

and using (2.6) and (2.7).

Now, “P - TP {\2 < { [lp=Tx, || + Il Tx -T2 || } 2 using

triangle inequality.

< ___3_ }[P-TPI} 2, as n =»oo0, and

1 =-ag
using (2.7) and (2.8).
[1-(ay + 34) ] = [|p-TP || 2¢o0
which implies that
([P - TP | 2 = 0, since 0 ¢ ap + @4 < 1 anad

Jlp - 1P| «/( 0.

==> ||p -1TPll =0
===> TP = P

i.e. P is fixed point of T.

Theorem 2,8 : Let T : C —> C, where C is closed convex

subset of a Hilbert space H, Suppose T satisfies (1) conditions
(1.2), (1.3) with further assumption that a; + a; + a3z = 1,
azg + 34 <1,

(ii) Tricomi condition (I-1.3.23), Suppose set F(T) of
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fixed points of T in C is nonempty. Suppose'EZanﬁn diverges
and Lim g = 8 < 1. Then Lim ||x,~Tx,| = 0 for each %, ¢ C,
where Xx,,1 is defined by Ishikawa Scheme (I-1,3.9,1.3.10

and 1.3.11).

Proof : Using definition of xp,.3(I-1.3.9) and Technique
of Ishikawa (I-1.3,12), where t stands for ap, we have for

P € F(T) and each integer n,

R e A LIt
= an || Tya~P /] 2+ (l-ap) || %, =
- 2% - n Qo) [y Ty || O
$ Qo) [ 3o || % 4oy ||y -
- P ]]2 . Since 0 £ ap < 1.

$ (Q-ag) [ x,-P 1‘2 +ap [[yn -

eee (2.9)

Since T satisfies (1,2, 1.3)
NTxy=p [|% = [Tt || 2 < 3 || xP || % + ay Il *n -
-p || 2+ ay ||P-Tx, |2+

+ag [|%y - Txy || 2
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(-a3) [[Txy=p |2 ¢ (o + 82) |xg P || 2 + 2y [ %0 -

T || ©
e 7 (BEI a2
l N 1 - a4
a
el L

< ixg - Pl 24+ r [ %y=Txy | 2
eee (2.10)

since ajtastaz =1, r = <1,

1'33
Using definition of y, (I-1.3.10) and (2.10)
, 2 _ 2
|| ¥n - Pll “= [|BgTxn + (1-Bp)xy = P || © .
2 2
= Bn llTxn-P “ +(1-8y) [lxn~P e -
- Bn(1-Bp) [|Txoxq || 2
2 2
$Bn 1Xp =P || "+ By [IXg~Txn || © +
+ (1-8p) [ x,-P Il 2 - Bp(1-Bp) [ITx, -
2

- % | -

$ lI% -2 |l 2 - BaQ-ppn) [l Txp-x, I %
ees (2.11)

where r < 1-8,
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In (2.9) using (2.11)

2 2

0§ [I%pe1 =P |2 € Qmag) 2y ||+ an { [Jxg® (|? -

= Bn(l=Bp=1) [|Txy = x4 || 2} .

€ 1% =P || 2 - apfpn (1=Bp=0) [ Txpmxp | 2.
ess (2.12)

summing these inequalities over j = 0 to j = n

n n
>ag By (1-pyn) lTxg - xy | 2« =flixy -2 g2 -
j=0 j'—'o

- ij-rl"’P Il 2)-'

$ |Ix, =P I12 v
which inplies that
2 2 2
> @ By (1B || T |78 % - 2
n=0 oo (2.13)

Since 0 £ Bn & 1, Bn 2 Bp (1-p,). Let 5 = 1-g-r,

Then S > 0 and there exists an integer N such that

Bp<B +5S/2fornyN.Thus 1 -8, -r>1=-8~1r-8/2=
s/2.

Therefore E on Bpn (1-Bp~-r) > 8/2 :E:an Bpne But by conditidn
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[ore)
of Ishikawa Scheme (I - 1.3.11 (ii)) i.e. ELi B = o,
z anBpn (1-Bp - r) diverges. Thus from (2.13) we obtain

Lim inf ”xn - Tx,| = 0.

Remark 2,14 : Sincel - Bp - r =—> 1 -8 - r > 0, there

exists an integer No such that 1 -« g, - r > 0 for all

n » Ny, From (2.12) we obtain |[|x,,; = P || % < flxn = Pl

which implies that ||xp,; = P|l € |lxp=P | . Thus {x, | is

monotonically decreasing secuence,

Theorem 2,15 : Let T : C-—> C, where C is compact convex

subset of a Hilbert space H. T satisfies conditions (1.2)
and (1.3) with further assumptions a3 + a4 < 1 and
a; + ap + az = l. Suppose x; is any point in C. Then the

., o
sequence ‘{xn} 1 converges in the norm of H to a fixed
n=

point of T, where x, is defined iteratively for each positive

integer n by (I-1.3.13) and ap satisfies o5 =1, ¢ € ap < 1.

Proof : From sSchauder's fixed point theorem, T has a fixed
point in C, since C is convex compact set. Let P denote

one such fixed point of T and X; a point in C,

Using (I-1.3.12) and definition of x,,; (I-1.3.13),

where t stands for o
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2
0¢ X1 = PJl ~ = [lonTxp + (e, - P ||

=an [T =2 1%+ ma) (I -

-p ||?- op (1=0p) [ Txy-xp || 2.
eee (2,16)

since T satisfies (1.2)

lTxg =2 | 2= lITxn=T0 | 25 a) [lxg-2 || 2+

a, ]]xn-P |[2 + ay ]]Txn-

-p |? + ay || %p~Txn I 2.

2 al + a 2 a4 2
Tx_~TP < -P + X, =T
lzx,ore | el o Rl L
eee (2.17)
From (2.16) and (2.17)
0o < - P 2 < a | x,=P | 2 +(l=c. ) - P 2 .
< |1 % | © <o [P || n ||*n Il
3y
an{l-a, - I—;* ) [fon - X5 || 2,
k]
Since aj + az + a3 = 1.
1 1l
NS \\xn~P H 2. ;:; (1~ ;:I - r) l'Txn-
= ¥n 1\2'
1 34
Setting a = — , r = <1.
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€ x| 2= { [Q-n-rl/em)? ] [ Ty, 12

There exists a positive integer N [20] such that

a R
r= 4 < —— and for positive integer i
1-a3 N+1

I %n+s = P | ? £ W\*pet-1 - P |l 2 - {[(l-r) (N+i=-1) -

- ] /(n+1)? } \\Txh+1-1 “XN+1-111,2

which implies

i
ST {1 owe) -] Zowesd? ||| Trgee - e |l ? <
t=0 2
|| %y4a= P |I7 -
| %4141 = P | 2
L % (2.18)

Since C is bounded (2.18) implies that

Q0
tzo:{ [(-r) (t) = £] Z(ues1) 2} ([ Topesgpe || 2 < o0

and |\xgpq41 - Pl < [lowes - P!l for 1 = 1,2, ...

Therefore Lim I Txgee = el = 0.
n—>co

By compactness of ¢, there is a subsequence

o
{xN+nj} 1 converging to a point q in C. Now g being
j=

fixed point of T, for each positive integer i1 we have
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| %5+1+41 = 2| € ||%w4g = all. This implies that

{“Xﬁ+i - qlL} is monotonically decreasing sequence,

This fact along with the convergence of subsecuence

oo
{xN to a point g implies the convergence of entire
+ny j=1 o
sequence {xn} to a fixed point g of T.
n=1

Remark 2.19 : If we put a; = 1, a, = az = 0 and a4 < 1,

we obtain the theorem of Johnson [ 20].



