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1, Introduction

The stress-energy tensor characterising ferrofluid
encountered in Chapter I involves time-like flow vector
u and space-like magnetic field vector H. The geometrical
restrictions called as infinitesimal isometries play a
vital role in solving Hsystem of differential ecquations
coverning the space-time of ferrofluid. In particular
fluid flow u and magnetic field vector H are considered
as qﬁ infinitesimal isometry aeneratorg. cur goal here
is to workout some interesting features about the Avnamical
variables of space-time of ferrofluid under the restrictions
of killing and harmonic fields courled with the Riceci

collineation,

The field ecuations governing ferrofluid are
presented systematically in Section 2. This also includes
some interesting consequences of Maxwell equations. It is
proved that the magnetic permeability is conserved along
the divergence free magnetic lines iff the acceleration
is normal to these lines. In Secticn 3 equations of motions
for ferrofluicd including equation of continuity and stream
lines are derived. It is proved that (i) for the expansion
free flow of ferrofluid the matter energy Adensity is
preserved along the flow if and only if the magnetic permea-

bility is preserved along the flow. (ii) the isotronic
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pressure is conserved along the magnetic lines normal to
4-acceleration iff the magnetic permeability is preserved
along these lines. The consequences regarding the killing
and harmonic flow lines and the magnetic lines acdnitted
by space-time of ferrofluid are Adiscussed in Secticn 4,
The assocliated claims emerging out of Bianchi iAentities

are also included.

2. Field Equations Governing Ferrofluid

We study the field equations that are necessary
for describing the geometrical and dynamical features of
ferrofluid. These are mainly the gravitational field
equations and Maxwell field equations. The coupled
Tinstein Maxwell field equations are stated below :

The field equations for gravitation are

1 8 o

Ragb = 5 R aggp = ( - e ) Tap = = K Tgp v eee(2.1)
where the stress-energy tensor Tg, is given by (1,3.2).
These are 10 independent non-linear differential equaticns
of second order. The dynamical expression for Ricel tensor
compatible with ferrofluid €xhibited by (I.3.2) can be
written with the use of (2.1), in the fcllowing manner :

1

Rab L K (Tab - 5;" R gab ), LN (202)
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2 1 2
i.e. R.op =<K [ ( g + P + BH®) u uy - 5 ( Q - P +UH )gab -

-

had u HaHb 3 . PR (2\-3)

Further the electromagnetic field has to satisfy the
Maxwell equations that are valid for the condition of

infinite conductivity which are in the form

[ w (3P - w¥P )] = o,

a,b a b _ .a b - 1n3yb
i.e. u(H up Hip U uly H | u®H), )+

+ oy (%P - w0 = o, e (2.8)

If we contract this (2.4) with H, and use the notations

a

u , = 8, HaHa = - H2 then the othogonality conditicn

ud, = 0, produces a result

v [ H% + %

L

a

Here we have denoted il = &;b ub and (HZ)‘ = (Hz);b ub.

So also the transvection of (2.4) with u, and using the

orthogonality condition we obtain

o b b b

Conclusion : The equation (2.6) implies that the magnetic

permeability is conserved slong the divergence free magnetic
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lines iff the 4-acceleration is normal to magnetic lines.

3. Equations 0Of Motion For Ferrofluid,

The well-known contracted Bianchi identities
provide the local conservation laws through the conserva-
tion ecuation T?g = 0. These equations fer 8P expression

equation (I.3.2) vields the following equation :

b

2
( ? +P+UH )’buaub + { Q~+P+ﬂH2)(u?b u b

a,,.nr
+ u®u -
b )

1
-+ uﬂzgggab - Yy HARP - !1(1-1?be + Ha‘ri?b) = o,

eee (3.1)

On contracting (3.1) with u, and using the conditions that

udu, = 1, uaHa = 0 and simplifving we get

1
(+3mh,p w’+ (grp+md)e -
- b _
- {1 d;b uaH = O, see (302)
le. @+ (g+P) @~ % i 12 =0, (vide 2.5). ... (3.3)

This is the continuity equation for ferrofluid.

Note 1 : If the flow lines are expansion free (8=0 )

then the edquatieon (3.3) implies that
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Hence we conclucde that the matter enerqgy density is conser-
ved along the expansion free flow lines iff the magnetic
permeability is kept invariant along these lines. Further
by rearranging the terms in (3.1) and then using the
continuity e~uation (3.3) we get the equation for stream

lines in the form

(@+P+ wu?) 42 - (P + % vH?) ,,, haP -

- (uﬁb) b Ha = 0 vo e (3.4)

It reveals from (3.4) that path lines are deviated from
geo”esic path. Further by contracting (3.1) with Hy and

using that uaHa = 0, HaHa = - H2 we deduce

1
(p+P+ uﬁz)ua:bubﬂa - H 4+ s n  HAHP 4
+ wP = 0 e (3.5)

Rearranging the terms and using notation u?b uP = g2

the ecuaticn (3.5) becomes
( ? + P) u Ha - P;bﬁ + -{u(u Hy + H?b) +
1 b
+ S, 1) B = o. e (3.6)

Applying (2.6) in (3.6) and simplifying we get
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Note 2 :If G H® = 0, then we write from (3.7)

Hb-.-:o <=mmm) u,be = 0

P:b

This implies that the isotropic préssure remains invariant
along magnetic lines iff the magnetic permeability is

preserved along these lines.

Ravchaudhary's Equation In Ferrofluid :

In case of 4-velocity vector field u, Riceci identities

imply (Bllis, 1971).
Rapeai®@® = up,equ® = dp;c + (up, ) (w9, ), ... (3.8)

where Rabea is the Riemann curvature tensor.

On contracting {3.8) with gab and taking @ = b we get

Then by using (I.2.11) and symmetry properties of 6,

Wwahe hgp and orthogenality conditions, (3.9) provide

- Rabuaub = § - ﬁc:c + 6~2 - w? 4 1/3 92 .

If we write @ = gg and u°= S, then the above equation
becomes ’
de
l
g;- = = Ry uaub + w2 -6 2 3 92 +'ﬁa:a. eee(3.10)

The relation (3.10) is called Raychaudhary (1955) equation

in general relativity. If we put the value of Ricci tensor
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from (2.3) then we get the Raychaudhary's equation for

the space-time of ferrofluid as

ae

K
---=-(Q+3p+11ﬂ2) +w2--62---1-82+wfi .
68 2 3 ¢ 8
oo e (3.11}

The equation (3.11) exhibits the effect of kinematical

entities on the dynamical quantities of ferrofluid,

Remark : In terms of parameters (I.2.23) to (I1.2.27)

defined by Lukacevic (1682), the ecquation (3,10) is written

as
dg 1
eI T SR T Gl T SR BN
Aas
a b a_b c
- Rgp ™4° Ty + 2u 13,-a“ 'ﬁc:b*
+'(uaub—qsb’a )2, eee (3.12)
where '5' = a and --(-i'- = a?: .

4, ¥illing And Harmonic Vector Pields.

pefinition 1 ¢+ Killing vector field (Yano, 1965) :

The vector ¥ is said to be Killing vector if

Ka}b + Kb}a = 0., PP (4.1)
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Note 1 :+ If the flow vector U is Killing then we write
by using (4.1)
ua’b + ub,a = Oo 'R X (4-2)

Note 2 : If the magnetic field vector H is Killing then

we write by using (4.1)
H + H___ = 0. eoo (4.3)

pefinition 2 : Harmonic vector f£ield (Yano, 1965) :

The vector K 1is said to be harmonic vector if
K - X = 0‘ X = D‘ ¢es e (404)

Note 3 : If the flow vector U is harmonic then we write

by (4.4)

ub’a =0, u =0 . oo (4.5)

Note 4 : If the magnetic field vector H 1is harmonic

then by (4.4) we write

Ha,’b - Hb',a = O; H ra = O' see (4.6)

Propagation of Vector-Field With Fundamental Velocity :

1f H® represent. the Killing magnetic lines which
propagate with the fundamental velocity then R, #% = 0,

(Khade, 1973). Accordingly by using the Ricci tensor (2.3)
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for ferrofluid we obtain

[« e+ p+yd?) u uy, - é (o -P + p2 ) 9p ~

b | a
ron H Hp H

wh

iqet (?"P“E’H2)}§b=0.

5
where uH? = 0, Haﬁa = - H*,

This implies that
( o-P - v HZ ) = 0. eee (4.7)

Hence if the magnetic line in ferrofluid propagate with

fundamental velocity then (4.7) gives

? =P + B Hzc

Remark (1) : On the same line we can prove that when He

represent the harmonic magnetic lines which propagate
with the fundamental velocity then also we get the ecuation

of state, ( g =P + U H2 Y -

Remark (2) : By the same procedure we can prove that 1if
w
u? is killing (or harmonic)?%ector then it ~pes not propagate

with the fundamental velocity. Since Rabua = 0 ==> g + 3p +

2

1H* = 0, which is physically impossible.
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(n) FPlow Vgctor'ﬁ Is Killing :

Theorem 1 : TFor the Killing flow of ferrofluid

b

i) ? spd = o, (Hz),b u?

b

= 0 <===> U,,u” = (O,

b b

b

= L=z p. = O,
’

b H

Proof : If u® is killing flow vector then contracting
(4.2) with ¢®° ,uP, u%%P and using (1.2.1) to (I.2.3)

we obtain
— g ’ —1 —
e=0 6. =0, uz = 0, u .y udP = o, ces (4.8)

Apnlving (3.3) and (4.8) together%we get

?,‘b ub - ';‘; zl’b ub Hz = O- *es e (409)

This leads to the result

b u b g,

?;b u = G <==z) ’b u e (4.10)

Also by making use cf (4.8) in (2.5), it is deduced that

1 2 b 2
5 " (H );b ut o+ v,y uwPH? = 0, oo (4.,11)

This implies the condition

b

(%) pu° = 0 <===> w uP = 0. .er (4.12)

on substituting (4.8) in (2.6) we get the ecuation
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b

b =
“H;b + n,ba 0,

i.e. Hb,b = Q === u’bﬁb = 0,

Applyving (4.8) in (3,5) we produce

b 1 5 b
P:bH + -5 H ll;bH = 0,
b b
«eCe v o= Lz==)> HY = 0,
i.e P'b 0 ﬂ’b

eee (4.13)

oo (4.28) Vi

Hence (4.10), (4.12) to (4.14) are required conditions of

the Theorem,

Remark (1) : The Killing flow can be characterized as

geo”esic, expansion free and shear free (or as an essentially

rotating flow), [viée, (4.8)7,

For the ferrofluid admitting an essentially rotational

flow, we Adeduce that

1} The energy density and magnitude of magnetic lines are

preserved along the flow vector iff the magnetic permeability

is conserved along the flow lines [vide, (4.10) ana (4.12)],

ii) The magnetic lines are divergence free and the isotropic

pressure of the fluid is conserved along the magnetic lines

iff the magnetic permeability is preserved along the magnetic

lines [vide, (4.13) and (4.14) .

Deduction (1) : The equations (4.9)and (4.11) give rise to
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b u 2 b o=
4 Q’]u + v (H ):b u o,
-4 -+ 2 =
i.e. Q,] ub e 0 < > (H );b ub 0.

This shows that the necessary and sufficient condition
for the conservation of the energy density along the flow
lines is that the magnituce of the magnetic field is

preserved along the flow vector,

Deduction (2) : The equations (4.13) and (4.14) together

will imply

p 1 ..2 b

P H-SXIH H’b"O,

tb

P = b
i.e. P;hd = 0 <===p H b = C.

From this equation we observe that if the isotropic
pressure is constant along the magnetic linres then the

magnetic lines are Jdivergence free and vice verssa,

B. The Magnetic Field Vector i1 is Killing :

Theorem (2) : The necessary conditions that the ferrofluid

admits ¥illing magnetic lines are

b .

b
ii) P’bﬂ

= C, (HZ);b Hb = [ {=mx)> n;b Hb = O
Proof : If H® 1s Killing megnetic vector field then

contracting (4.3) with gab, uduP and H3HP we get
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Hb’b = 0, ﬁbab = 0, (x»a’*’):b HP = 0. eee (4,15)

Further if we inner multiply (4.3) with ud Hb,'then it

provides
(12, uP + 2 02 HP uyy = 0. e (4.16)
By using (4.15) in (I.2.,12)aad (I.2.13) we show that
€40ana T, * 0. eee (4.17)

Apnlying (4.16) in Maxwell equation (2.5) we derive

we+n, uw=o. .e. (4.18)
This implies that
8 =0 <===> 1 =0, ves (4.19)

Further, using (4.18) in the continuity ecuatiorn (3,3)

we qget
- 1 2 >
.Q-(?‘FP'&E%H)]&:C.

This implies

L2 ad

é =0 == f=0 " to+P+3H H? # o.

2
oo (4,20)

By utilizing (4.15) in (2.6) vields the result

L HP = o, eee (4.21)
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Finally we write by (3.5), (4.15) and (4.21)
p;bﬂb = 0, see (4022)
Hence (4.15), (4.19) to (4.22) are the necessarv conditions

Remark (2) : The Killing magnetic lines are characterized

as expansion free, shear free and divergence free, Moreover
the magnitude of the magnatic field is constant along the

magnetic lires [ vide, (4.8),(4.10)".

Interpretations : i) The 4-~acceleration is orthogonal to

the magnetic field [vide, (4.15)]. 1i)The ferrofluid admitting

the killing magnetic field we observe that

(é) the flow lines are expansion free and the matter
energy density 1is conserved along the flow lines iff
magnetic permeability is constant along the flow lines

[vige, (4.19), (4.20) ].

(b) the magnetic permeability is preserved along the

magnetic lines [vide, (4.21)].

(c) the isotropic pressure is conserved along the magnetic

lines [vide, (4.22)].

Deduction 3 : If we eliminate ﬁ between (3.3) and (4,18)

we have



27

. 1 2 -
? + ? + P + 5 VH ) ® 0,
i.e., ? = ) <=mz=md O = (0,

This shows that the Killing magnetic lines implv that the
flow is expansion free iff the matter energy density is

constant along the flow.

C. The Flow Vector u 1is Harmonic :

Theorem (3) : If the flow of the ferrofluid is harmonic

then

b

1) ?;b ub = 0‘ mmmD v.’bu = O,

1) P, HP =0, H)p =0 c==m> u, P = 0,

en
Proof : If u, is harmonic flowfhontracting (4,.5) with

u2u® we obtain

€=0 andu, = 0, eer (4.23)
Applying(C;ZB) and Gefinition (4.5) to (I.2.4) we get

Wap = 0. ses (4.24)

Also by making use of (4.23) in the continuity equation

(3.3) it is obtained that
2

i.e, ? = 0 <===> f = (Q, ees (4.25)
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The second condition in (4.23) is applied to (2.6) and

(3.7) in order to get

b b . b 142 b
BHO )+ WypH 0 and P,pH° + 5 HE B0 = 0,

eee (4,26)

f.e. HOp =0 <===> 4 H> = 0 and P H® = 0 <===> u 1" = 0.

oo (4.27)

Hence (4,.25) and (4.27) are the required conditions,

Remark {(3) : The hamonic flow can be characterized as
geodesic, expansion free and rotation free [or as an

essentially shearing flow?, [vide, (4.23), (4.24)].

Interpretations : The ferrofluid when adnits harmmonic flow,
then we conclude that

i) the proper energy density is preserved along the flow
1ff the magnetic permeability is also preserved along the
flow, [vide (4.25)].

ii) the magnetic lines are divergence free and the iso-
tropic pressure is constant along the magnetic lines then
the magnetic permeability is conserved along the magnetic

lines and conversely [vide, (4.27) ].

vgorollagy : If we mix up both the results of (4.26) we

produce
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1 2 b

b

t.e. P, HP = 0 <m=m> HP = 0,

[ox hosmonic Sl
This result shows thatAthe isotropic pressure is constant

along the magnetic lines 1s the necessary and sufficient

condition for the magnetic lines to be dlvergence free.

D. The Magnetic Field Vector Is Harmonic :

Theorem (4) : For ferrofluid if H are harmmonic magnetic

af b .
lines then the 4-acceleration is orthogoral to magnetic
lines and the isotropic pressure is constant along the
magnetic lines iff the magnetic pemmeability is preserved

along the divergence free magn=tic lines.

Proof : If HY is harmonic magnetic field then by defini-

tion (4.6) and (I.2.14) we have

Hb’b = (0 and —ab = 0, o (4-28)

Applying (4.28) in Maxwell ecuation (2.6) we get

b

tee. UMD mvcm=m> u o WO = 0, ero (4.30)

The equations (3,5) and (3.6) yield with the use of (4.,29)

(p+P+ % we?) o WP+ pp WY = o,
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b
i.e, v’bﬁ

v e 1
=z () <s==)> P’bﬂb = qQ, . ? + P + 5 qu # 0
eee (4,31)

The results (4,30) and (4.31) prove the theorem,

Remark (4) : The result (4.28) shows that the harmonic

magnatic lines are divergence free and also rotaticon free,

E. The Flow Vector u _and Magnetic Field Vector H both

are Killing :

Con
In this case we prove

1) e=0, 6,=0 Hy=0 () =0, ¢=0,%=0,
H, =0, €40 0 HP =
2) ,,b ’ + . jab‘t . P,‘b 0

2 b
(H )’b H” = 0, 'U:b H

F. The Flow Vector u And Magnetic Field Vector H Yoth

are Harmonie :

In this case we prove

=0, u =0, and (HY)® = 0,

1) 8=0 w a

ab
§=o<====> i= 0.

2) WP =0, £4%0, ¥

b _ i <
b ap =0 P H =0, w5 =o0,
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I1f Flow Vector u is Killing And The Magnetic Field

Vector T is Harmonic Then we have the following results,

=0, 6, =0 @&, =0, (HY)* = o, =0 f=o,

H?bao, €+#0, R, =0 P

b b _
ab HO = 0, w,H° = o0.

*b
If the Flow vector u is Harmonic and the Maqgnetic
Field Vector H 4is Killing then we have the folleowing

results

8 =0, w, =0, ﬁaso,g';uo,ﬁ=o,

b ~ '
H}b = 00 E_+ Ol -jab f 0’ P'.be = Oc

b

Q00



