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CHAPTER -~ II

1. INTRODUCTION
a) SHEAR TENOR :
The Shear tensor (quis defined as |
— -4y , E) J):

where
- —-\ -

The signature in this thesis is {~, -, -, +). Therefore,

. the
from,definition of magnitude of (iab -

"2 ab s ) —
24724, g0, wgr L=0 frig,=o
The scalar QJ" enters into the RayCZeliaudhari's equetion
for the propagaticn of & (Hawking and Ellis 1973).

M 1 A, 2 ~ R AL

©=-30-20 +2Ww -4 KY (2.2)
where €7 is the density of a dust distribution.

L]

. abk - q
W ZW Wg, ; B8 = O)qu™,
Since 3% appears with - ve sign in (2.2) we infer that

shear induces contraction.

| In 1971, Ell»is gave the propagation equation of
shear tensor :
(Lwa cu = W(QWb -© er( CQUOC’M ut+

R
t 3 Yau (% g + 29— 2w,
This equation is independent of the density for dust

(2.3)

distribution.
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b) JAUMAEN DERIVATIVE :

In Classical Continuum Mechanics Jaumann

derivative is defined as

T Taw=Taw=Tax dtx e = Tox doxlial,

where & _ dx® Toy = 4Tk - (2,4)
=50 0 ‘asT g oo
and Tab is the stress tensor of the continuum., In

Relativistic; Continuum Mechanics Jaumann derivative is

obtained on replacing the partial derivatives by the
covariant derivative in (2.,4). Hence the Jaumann
q
derivative of a tensor field with ~espect ¥o w=%
j th”'ak ::"";“’q\"“ql‘( .QCQ’TQ'”.C X(‘\’qk+ani+
. h;c-bs i b“ss }_;33(-.‘ S g‘.tc b/i C
— . ‘ _‘_q....q C ’___q‘,a.ak «
1 =TV Swo-e--1 W
e WC. ; Cre- B,&,,W"’t heorc by ?
(2.5)

\ %
| Vdab“* \Jiqsbl -.Clkilqubj
13 the rotation tensor of {;q . The vector field W

may be spacelike or timelike or null.

c) STATIGNARY SHEAR 3
The concept of stationary shear has been
introduced by Eringen (1962) in his Nonlinear Thecry of
continuous media. We extend this concept to Relativity

(by invoking 'Cuckoo Process' of Synge) in the following
way. (Vide (3822) f-¢3) |

see 18/"'
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Definition 3

The shear tensor field 4g4,is said to be
stationary if and only if the Jaumann stress rate of
q_abvanishes lecey :
'{}; Tap =0 ‘ (2.6)

In Sec. 2 dynamical equation of shear for a

matter

general distribution of - .“.° is derived following
Carter and Quintanna ( 1977). Sec. 5 contains the tensor
version ~for stationary shearing dust. Ray concomitants
of ?ak ’ L«qu, are given in Sec. 4 for the choice of

= (27" (),
The cumbersome equations for shearing dust are analysed
for Petrov type D spacetimes in Sec. 5. The necessary
and sufficient conditions for stationary shear are

~ expressed 1n spin coefficients.

2) DYNAMICAL EQUATION OF SHEAR :

Here we follow the treatment of Carter and
Quintana (1977) to derive the kinematical equation and
the dynamical equation for shear tensor.

KINEMATICAL EQUATION OF SHEAR

Carter and Quintana (1977) expressed the Lie
derivative of a material tensor ié €{i.¢, 4 ~-orthonormal
tensor) with respect to llq as .

ess 19/~
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£ Zap= Zaw Y Za, Yt ZacYS,,  (an

Y
where - G e
Zoaw = Ya Yo ZLcq3eM .8
Tap = Cak +Waoh.
Here the expansion tensor eqhis deflined
| (2.9

4 .
Caw = 1o 4 9 Yan
which has the following relation with the projective

tensor Yqb :

(2,10)
Since ?ah is a material. tenser, we use (2.,7) and (2.3)
to get o

—_ 1 4
- Q-Y“'- Yo U%d*udsﬂli M ’r@a,;(:—+
K ™
TOL T (6 Y, v268qL)  (aa1n

E11Zs introduedd another u-orthogonal tensor Tah

through e

Expanding the first term on the right hand side of

(2,12) we get

Ela =3 Ya Yy RITFNOITY
Fabk g Ta Ty (uc—jd;Ku UG OGRH T

; LN ¥ - - . Y

BT “f@mb\( o ’3*5(8YG.’°* 2@@“‘“1

° Q'. 20/"'



Using Ricei ldentities

s — q b .
LlC;dgm‘*wﬂdJCEK'wzi Q{C&K (2.15)

in (2.14) we obtain

: _ o < <d -
ﬁu?qg = WegW LV 2IW 6By T3 €, Gy

~Wut R L (§Yqy, +2664y),
(2.16)

The curvaturé tensori?oﬁﬁd is related to the conformal

ade“

curvature tenscr through

Rf&bcd = CQEC&*’ éﬁ(gqc?bd - SQJ Rbcfﬂbquz
- 9ueRaa) = & (304 Suc™ Jac Iud),

Using this in (2.16) we get kinematical equation for

shear tensor
| — L ¢ d -
E lan™WeaWy, +2W O+ 6,cOa

‘ < .4 ’ +

t 4 Raw, o (2417)
Einstein's field equations

MG T
Row~ 1 R, = - 225 Tas

in the form

Rab = 7 %’%@“ (Ta»~ % Tau)

ves 21/
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can be used in the last three terms of (2.17) for

eliminating qu and introducing the prime dynamical

variable [q|,the stress tensor. Consequently (2.17)
gives on putting

Tak = € Ugiy + b

the dynamical equation for shear as

q kL
&"% = Wy W, T2 W8 9 GCim
~Car — % Yau (471&@ +é§-%,e@q;~

{ :
+(‘<‘*c7‘1~ Py YKC‘in) (Sc +P) (? ’5.{“ JS )-

- { AC 4 ko Ll a9 _

(_e"%’*m Yo 1Bt (PP ) 5 PEGNG,,

~4TE Py, .
C

For dust we put P —o and so the evclution of the shear

(2.18)

tensor for dust @

K
f: (iqb = quW AN (a@’mK t1 ' @ o Sem

"""Cq&-.. "g oh (4{\ C\'g '\'e\"‘g@&q}.)‘

(2:19)

..-22/"'
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3) TENSOR VERSION OF STATIONARY SHEARING DUST

From the definition of Lie derivative we have

Ea_qb = CZ b K ‘\"iqgu ;b ‘*‘c{Kbu a (2,20)

and from the definition of Jaumann derivative we get

— K k i
J iqb—~iabﬂJA‘~qQ«MJb~ZKL“MQ (2.21)
Eliminating the material derivative ternm
- -Tqg k ¥
{ii% zim, = TacWse + Ta e
¥ _.
A Ga WS YT Wa " (2.22)
when the shear is stationary, we impose
T oot T s .
L T9,. =0 | (¥+)
a8 - X

Therefore, (222) becomes

¢ k
£l oW ~ T~ Tan W= Ba WE =0
(2. 23)

Using dynanmical equatlon (2.,19) for dust and eliminating

t’ q_ab sy we get

¥ i
TG R _2 _
— ko kK _ ko
TgeUisa ~TaxWe ~ LW .
(2424)
s e 23/“"
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4) BAY EQUIVAIENTS OF _Fab , Wak, Ya ,®

FOR THE CHOICE OF Wgq.,

Let W4 = (2-)*‘/7' (lq*ﬂc&, (2.25)

Therefore, the NP version of WUayL and Ung
can be given as

Wask = (27 7% (Layb t Naze)
= @5 {47 ) halo— (<4B) LarMe =
_(@epy LaTy & (€ 2 E) LaMo” (- D™
T (=N MMy, (R-M) maﬁb*-(?{—ﬁ it
4 (T-T) Tghs +(g-A) Mgy + (3 M,
F(FE-w) Mgy = (147) Dokl F (RHEINM
FE+ ) NgMy, — (€ +€Y b,
‘ (D)
W b = = UgyrH4 U
=y /bfoc 1D gk ~R Mgl ~KMgd e »,@)w -
—h My, - K M * (¥ ) el - 7 7y —
~T Al (AT AN T M - T
FTM L+ T L, (€4 E)Ng le ¥ VM"Y
AT Ny — (€ rE)AaM, + Mgl nt D Mgl
— (¥4 7) Nl +) MM, +>) My, = (Y100, 3
(ID)

‘ooc 24/"
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The shear tensor C'Z.a},z

— _- S -1
tae = u(&}b\. Uty ™% Yau®,
Using the equations (I) % (II) the NP version of is:
"" —3 m - (‘('
7—0\\3 - A Y_..qu'b"”’m(qw\ b‘;\ B Via ™y (€

= — RV ar )42 (CAEY -2 (v
A= i L) (A D 42 (64 €) 2 2l

Bz L (T +2 R (K-»1},

won——

_ G P
—_— & - ) \/ - (10\ O )
C= £ (-2, Va= '@ (2.26)

The vorticity temsor \n/4, :

Wap = MUjasn] 7 Yiathy)
Using the equations (I) and (II) the NP version of

Wab = P ViaMy] + (68 + QM a™y7

P= L L(T+1O =2+ F) *-(*-Z""”],

Q= (: "/L{ = *"(/"f“'ﬂﬂu '
R =3 LCS V) (2.27)

The acceleration véctor ’aa
) - j B _ | ,!.. "’Z‘)«
U= () " e +&)+ (vA¥Y1Va * AR

- (\:C”..){\ 1 Ma ‘\'(C'C'\‘ (2.28)

The expansion & :
€ = (277 [E4TY - (AT~ RAT) AT | (5 o)
Here the symbol (c.c.) denotes the complex

conjugate of the preceeding term.
e 025/"



Using (2.25) to (2.29), we get the NP version of eleven

terms in (2.24) in Appendix-I of this chapter.

Using freedom condition on

W=T =&=0 (2430)
For dust
=0
A o
therefore, equation (2.28) with (2.30) dimplies
Y=-vY =) el (2.31)

Substituting the eleven termsﬁg?(z.zll) we get an

equation of the type.
Tia, = (oo Malyro v G bafy f

TR L R P R CEER LA
ol YA Y R M,
+Q~°\"\q)~)3 - " + (=~ NN =0

Using the technique given in the (peye() chapter I we

get seven equations which are enumerated later.

Kerr Neymzn Black hole is of Petrov type D
and this prompts us to study at first Petrov type D

gravitational field.

*ss 26/"
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5, .~ PETROV TYPE D STATIONARY SHEARING DUST :

Dynamical equation (2.24) yields
Yo ¥ ¥ = ARG L (avp) (M4T-0-F
2 Y Y - (AFD) (M H-¢-F )-
T ec_’-( ( -
-3TT ~AT(T+RY— 2TKHE)-

f

*‘,g (x+B) P, (2.26)

Y-, (,u—-ﬂ = (A (=<4 B+
+1(a«+ﬁ\ (F-2) + 2 (A-DT

“LFDNTHLTEA), e

_ Y .L
AR %1;&-‘{ Q- g_c 54.(.,_&, * o5 (B8
,4(,4“4_ - +~§. (<+B) (u—ﬁ) —

—2 T+ EY ~2F (B RAp)

Y. %_-\,%;! = 2 (L ,E) + T(’<+§)” %%(ﬁ*g.}*

LAY — ¥ — —_
RERR L L (A4D) (T - 6T ) +

<
Y2 ﬁ:(x B A <EYH | T(<-THB T

—'u SR 4 J—'H“H”L\ﬁ*

ro 27/"
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. ~'(."}... gw‘-f(pz-,fs\.--r(oﬁ-ﬁﬂ +
Tr +2 (Lep) (T- SRl IRERGN

+7§{u g)+4’5}4(@‘~ﬂl§ S M~

| — LTS+ SF (R -()+3)‘(0’~)\)+

+ i{‘g Ve (2.30)

Hah = 7; TEAT—u-B) +LT(ER) +
4—1 -((J&*ﬂ rz T(A g)‘i‘ ("('l’/g)‘

NI +_z_ (<+BY(5-a) -+

. s («Z“—r,'%} ( ;;,7\)) (2.31)
V4T = —4TaE L 5 (A+D) (u4a - ¢- €)
, 52 6
t TP ~<+ﬁ3 -5 (*frs)<—<+ﬁ>
— 2432)

6. NECESSARY AND SUFFICIENT CONDITION FOR S3D =

. Using NP eqguations nf-iy NPR 481G 4NP-17, in Appendix-2
we obtain

(0+2) 4 E €T | = 2 BT = (@2 (63 |

— G Tl D) + LB T2 )

_ ’TGET, .

-o' ..’ 028/ -
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For simplicity sake we assume Ywm ¥,=O. Consequently

using Bianchi identities (BI4) and (BI5) of Appendix-2

we get T =0.

: , (2434)
Substituting (2.33) and (2.34) in the ‘equations

(2.26) to (2.52) thv equations will reduce to

¥t = 4TGS" gl;?i r{guﬂu~<,o’-—)\((fi))~
3cr |

N e OB (4
—(¢ K M Y+ (hr ) %LZQ }

3 (<) (STPY,

(2.55)

(<+P) [0~ (=) T+ IHR (=) =0,

(2.36)
YA = *?’;f@ ARG Lr )2 (eh u
(o e (T ) 2O )
— %ﬂgrgg a-s (x+3 5@«+P5 (2.57)
3™
(F=P) (TR LM = (<A =0, (e

¥ E% = - (G T - R - T Y- 6 (Fa )t
(T A - () ()

~ 17 (F-?\\.(.G”w“?\‘\ *‘“""IT’G(W.

= 3 (2,39)

or 29/



(< +B) (F=H + S8~ + 12 (KHR)(E-) =0
-. e TR
Solving (2.26) and (2. ) we get

<Lt ﬁi =0 (2.41)
and putting (2.41) in (2.38) we got
(F=D2)=0 oY §S-S+u-A=0"  (3,42)
Using (2,41), Bianchi identity (BI1) in Appendix-2 gives

7 =o
. and also by using (BI2) in Appendix-2
‘ wenkr Lo
as ﬁf114:<>&y¢5’-»5k ==
It follows that (by 2:4%)
- M- T =0,
Fence the necessary and sufficlent conditions for the

type D gravitational field of dust whbse shear is

>
stationary are obtained in terms ofxéLalars as
(<+B=0

1}ﬁw§+ﬁ~ﬂ =0

L] L 4 L] L d L ] *

vo * 30/"
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APPENDIX - 1

The NP version of cleven terms in (2.24) are

given below ¢
St ,
T kevons— Wi WX

-7 pp kok‘o - :__g_ Lqmb “* Y PG 10‘"

4§z
. Af:u 2
Q= PPy + PQ wn, +8F W |+
3 b b G'b
A 4\5—2. 1..‘,{1_

= Ly} EL-<-B-Tad 4R (ATl
—»;.t‘.f..\(wié SR-TAD) +2-*—(T§~_(K+f~’ ﬁ’—fi")l}

eee 31/"
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+Qq b"‘mqwg 5 k?-r--”)ﬂ+f~(‘s’+ﬁ M= ALY ~+
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o+ : [ Z Y.x-v\-‘réz (E+e€ryaT) 4 e+ e-r=v) )+

OC

—

AM‘ [C<=F =T ¥ L (R4 T-m-w) §+

*(qugfﬁqm {i% (R+g—M-A7) +§ (26=273) +

—t—.g. |2+ (e E vy T) + et Exy

'};(-<+p+r- > ) —'r"l—“('-K TJrTHruﬂ}

Ao
L) § T Eensacsaf o],

+ 0 -kt 42?+2;?>+T.-37H+
% B
“+ Y. m {

Ok ) - GH2R 47—y —Ren) +

+ 8 (27- Jﬂ}

\'"

/ —
+ (M mb+m W’*Q{ (L°<+ P AT-Y-Ke T+

N = +TUY /
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T {5 (@<t2p 1T —k 4T )-
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T ERTeno) [T 40 ol kT RaD) b
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APPENDIX - II

Ray Analysis of Rieci Einstein Identity for Dust :
The NP eguations (Ch.I Sec.4 ) can be reduced to the

following conditions using ( 2-3°, 2:31). ) ¢

. 2 - X
T = 8 468 + ?.3%1‘@/

B

DT = TR+ 7T,

I

Dt = K+ s
DY = T +7 5 +¥, — ?—ﬂii—g'l
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DR = = +53,
DA = RA +aH o
DM = M +ah vV + é——«——/if_(g
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AR 3T = - (KR-4TIA + (3x+B-T)T

58— 85 = (KA - (3‘("3){ F]T)T
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W15 AP -8Y = (X +R-T)Y-MT +¢T + (27-H) B~

~ <2,
NP 16087~ §T = — (U-4F )&= P8 ~(T+p-2)7
WP B8 -8T = —h4f—e A 4+ (B-x-T)L - K~
— T 61"
o

NP 188X = &Y = ¢ T (T4 PYA +(T-A)x HB-DV.
Bianechi Identities ¢
Using (2+39)y (2:31); Yo v Rbvov YyPin the Bianchl Identities of

Chapfer-2 Sec. 6 we get
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