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RAY ANALYSTS OP STATIONARY SHEARING DUST



CHAPTER - U

1. INTRODUCTION s

a) SHEAR TBN33R :

The Shear tensor defined as

iab — b) “~3'^(HsP (2a)
where

Ya)o~ 30^""^ J 6 — UV v
The signature in this thesis is (-, ♦). Therefore,

Hit
f rom^def inition of magnitude of \ok\> ~

zt-^Ubi *V>,-*J* t=o
The scalar enters into the RayCchaudhari* s equation 

for the propagation of © (Hax^king and Ellis 1973) •

e = - 5 ex- iC + 2W1 -2kC (2.2)
where ^ is the density of a dust distribution^

Since % appears with - ve sign in (2.2) w© infer that 

shear induces contraction.

In 1971, Ellis gave the propagation equation of 

shear tensor :
OakJC Ucr Wcartfc -eC a©bC - c atfad .

+ i Yak
This equation is independent of the density for dust 

distribution.

• • • 17/-



17

b) JAUmiiK DERIVATIVE !

In Classical Continuum Mechanics Jaumann 

derivative is defined as

J -- l OVr3“"Tc\K ^ ^bl *" 1 bK U<\3/
‘A

whore ,«a 4x5 -f* . — ' (2*4)

and Tab is the stress tensor of the continuum* In 

Relativistic Continuum Mechanics Jaumann derivative is

obtained on replacing the partial derivatives by the 

covariant derivative in (2#4). Hence the Jaumann 

derivative of a tensor field -reaped fa 77

Q," aK -r<V‘qK c
fa/'' bJ 1 _

U,
-qK, ,«< T'Hr*'

r ‘ K (! faT ’ W1 h... l,y H + 1 v..-' b* +S . b bjjc -

t i .' w'1 - s '5 wt - * • • - { ? ^ w
■ i

where

bVi £►*- *>A H 1 * ' C
f

c-
(2*5)

Wab
:atj

may be spacelike or tiaelike or null.

bl
is the rotation tensor of . The vector field tiq

\
c) STATIONARY SHEAR :

The concept of stationary shear has been 

introduced by Eringeii (1962) in his Nonlinear Theory of 

continuous media. We extend this concept to Relativity 

(by invoking Cuckoo Process* of Synge) in the following 

way. O’lt tw),?-cx)

... 18/-
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Definition t

The shear tensor field ^^is said to be 

stationary if and only if the Jaumann stress rate of
^Gbvanlshes

|?ar0, (8*6)
In Sec. 2 dynamical equation of shear for a

matter
general distribution of ' ' is derived following 

Carter and Quintanna C 1977). &c. 3 contains the tensor 

version .for stationary shearing dust. Ray concomitants 

of are given in Sec. 4 for the choice of

ulh - C4Wl
The cumbersome equations for shearing dust are analysed 

for Petrov type D spacetimes in Sec. 5. The necessary 

and sufficient conditions for stationary shear are 

expressed in spin coefficients.

2) DYNAMICAL EQUATION OF giEAR :

Here we follow the treatment of Carter and 

Quintana (1977) to derive the kinematieal equation and 

the dynamical equation for shear tensor.

KINEMiTlCAL EQUATION OF SHEAR

Carter and Quintana (1977) expressed the Lie 

derivative of a material tensor 2 (1.6. d - orthonormal
Q

tensor) with respect to U as

••• 19/—
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£ ^ab ~ -^ob *t 2 c\c^
to

where • _ . c , 4 e
j (3^ Y b X. £ ,J| j £ VA. >

Y Ab H 8q«o +- v40w .
Here the expansion tensor ©^is defined s

®<K±~ ?4U+4r®Yab

which has the following relation with the projective

tensor YaW :

(2.7)

(2o8)

(2.9)

1 Xab ~ 2. ©
M.

Q V»
(2,10)

Since is a material, tensor, we use (2.7) and (2,3) 

to get

£ teiU ~ ^ ^K^Kb + ‘£<i0'r V. (i’ •■<••

~ Z^A X tUc5d + ®aK'fk't'

+ ka - 5 ^ Yab + 2© S^V (8ela)

(2,13)

Ellis introduc3d another u-orthogonal tensor 'Xq.b 

through
Uajb ~ TAb

Expanding the f;'rst tern on the right hand side of 

(2.12) we get

iiafc ~ z YaC<H«c;4;kuVu4;c;kU% (8a4j

+ ®ai<Y ~''0kYq-4(®y^+70S,<<1i1

... 20/-
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Using Rioci identities

uC3d5^ +llct3CjK ~^icrfK teas)

in (2,14) we obtain

t ?^t, - wce, w ^ -v 2. c+-54 e^c ekd '

'uCu=1^cba-^(®Y^ + 2-es^\

<2.16)

The curvature tensor R^Cel ts r®lated to the conformal 

curvature tensor through

i?
<UoCt« CqbCA

~ 3fec^ cvx) ~~ ^ ^bC 5^c
Using this in (2,16) vre get kinematical equation for

shear tensor

£ Ub" Wc^wt + 2^©bK+ac\c©M 

. 'uVcfltfcd +tf?«uV'4RW
+ i (8,17)

Einstein's field equations

~ — ~ *aSa

in the form 
R a lo

• •• 2l/~
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can be used in the last three terms of (2.17) for 

eliminating and introducing the prime dynamical

variable "f^the stress tensor. Consequently (2.17) 

gives on putting

TuV =
the dynamical equation for shear as

^wK,-w\

-4”
CfcV)'

f'' * > \
OscV).

, * k 2_ K-4.

^ T$(c p y-
-rx* ' 7‘c -

,o>

(2,18)

For dust we putf^oand so the evolution of the shear

tensor for dust t

1 iat - WkAw\,
i*

YaVa (4<s 4r ©) - ^(S^qb,

(2.19)

•.*22/—



3) TENSOR VERSION OF STATIONARY SHEARING DUST :

From the definition of Lie derivative we have

<2.2o)

and from the definition of Jaumann derivative we get

^ “ 2a^KuK~^kw\,_?i<J>KI « , <s»3i)

Eliminating the material derivative term

'VJU=W»*««<V +
+ W\. + TkI, W

when the shear is stationary, we impose

H
(2.22)

; t % o ;
_____ j.'

V\)^ - 9 v\A — o

Therefore, (2#22) becomes

L(
(2.23)

Using dynamical equation (2.19) for dust and eliminating 

> we get

WW ^ 2-W ^ ©b'jK 3 0#^<a

_ 2.
3

k
‘Ob

?q/<^ ; b
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4) RAY EQPIVAIENT3 OF "job , % U q

FOR THE CHOIOE OF Uq ,

Let Ua- (zV/i((Q-t<V\
<2.25)

Therefore, the NP version of U o* W and 
can be given as
Uajfc = (2-)"'/l(UibtnftJb)

-(if1/1 {(y-t?)UU" C»<+F) _
— (<+p) Lq™b + C£ + £ ) (V-£)rv\^b~*’

t (/•_>■) I^^s, + (f-M)

+ (7-T) WaU ±d-M)
+ (.Tt- K'N rvTaAb — (Y-tV\ *V^b Jr (.''■+^)%1V|fe+

+ C-?+ p>) <\,rrl b ~ 0? + € 'l,TaTlb

. (I)
^ r,A' u, — ^ k

-T -V (VJ-7) VV_?'V' k - 1 +

+ 71^ (fa + ^ “^+f)Ao.,b + n’^V,‘>'

4 n ma«4- Cf tS^b + b+55 ‘

- (-/+y) <V b + tJ *’V fc + 3 £)*«(, -

• • •

(II)

24/-
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The shear tensor

lab ~ *

Using the equations (I) -& (II) the NP version of is*

- A LvoVb - *v,i - a vw^w- (f.<)

■v * CC‘C^/

fb

'{'2.

JL. j^cf + n') -V2-H + p)~ (K->>'0#

Cs i I
'j-C Acjp^a}-

>Tx. ' ' ' (2.26)

The vorticity tensor Whb !

^ab ^ ~
Using the equations (I) and (II) the NP version of

Wab - C3 V[a^bl ^'Coc.') -vQ^t,^],

Pr: -i- [/ X-\-Tl) f> ) -O j

4
(2.27)

The acceleration vector L^a :

u k- (,2-T1/i ice -v?) -v CVvv^l V<* -t--^\Cn-K>
- (T -V> l^a -v(c.c.\ <3.28)

The expansion ©• *
& n + ^^)^^M^^1(2.29)

Here the symbol (c.c.) denotes the complex

conjugate of the preceeding term.

...25/-
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Using (2,25) to (2.29), we get the NP version of eleven 

terms in (2.24) in Appendix-I of this chapter.

Using freedom condition on

K =: tt - € = o
For dust

ua~-~o

(2.30)

therefore, equation (2.28j_with (2.30) Implies
Y'-'Y H — (2.31)

Substituting the eleven termsjin (2.24) we get an

equation of the type.

+ + • * • -V (• - • 'i +

4. ( .. - ^ ' *■ + (* ’ ’ )rv'«ni +

tc-' • > +•' * * +f' ")rV^°

Using the technique given in the (p^c) chapter I we 

get seven equations which are enumerated later.

Kerr Newman Black hole is of Petrov type D 

and this prompts ns to study at first Petrov type D 

gravitational field.

• • * 26/-
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5. . PETROV TIPS D STATIONARY SHEARING DUST s 

Dynamical equation (2.24) yields s

'ic2-

-3TT

~~j£ (oK-t-fi) (•< i-/^)> (2.26)

~ ~(/T-0 (f-/0(-Cfpit

(<5^ — “V"

"^(P-ztiZ (2.27)

-z.z(<-<■£) -zr (<t^+-<t/5)/(^2g)

^ = 2.u+pt+ r(•<+?)- ?T(<+/?H
4««* '

-l~(‘? —V) C )/ (2.29)

^^V2_r: (A^) Lm-IT-f-T) -t-
*% ^

"V 2 [t(< +£)i“<F] * l ?(•<-£)-tp T- 
4 r % <H-p2" * l * c cV^ ^

... 27/-
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'r ' +^f~ [ t - r ("<+-/3VJ +

-h ^ T p” -i (*2 -h^) ( ^-~ P* ^ ^ ■“ t -h

+!£ 1 +22.#(i-a)-%m7-

—-l-it ^ -+- c? ( tC-s') ■+ 3 > Ccr-?.) t

+ t- -M p, <2.30)
’ J

^3'^ - ~ +^X(r,A) +- "

-hi f(^i-f)

^ 4 _EI (,°<4- P ) (f-iJ) -4
3

3 (4-fp) ( <r—(2»3i)

>1+^ = -Vn&< _ x. (Avu)a)+jr-f-f)
^ (2- h'~

+ Il±±f^ - ~r (•"< +? ^ -£ (<tf) (<fp.
2— 2, x" (&# 32)

6. UECS831KY AMD aiFFIClBNT CONDITION FOR S5D -8 . \*

Using IIP equations {sHM» bjpg,, flfft ,Nf S7, in Appendix-2 
we obtain
COtA) l^+M ~^—T I = 2- - (?--*] («'->') j

- (^\t,u+;<2l + u«+j\t+?-(%■¥%)
- iHM-1'. , ,

<j C 2- (2*33)

V..28/-
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For simplicity sake we assume J• Consequently 
using Cianchi identities (BI4) and (Bis) of Appendix-2

we get T -O- (3.34)
Substituting (2.33) and (2.34) in the equations
(2.26) to (2.32) the equations will reduce to

| xjjir+Y-M - (o') (<->)]pTO,<;¥ I

lc
-(fx \ +-2-(r3+'t2.')' j

+— / (2.35)

(2.36)

%+%.- 0'£i)

—(c'-?’') -(/+?1

- ^GCy l, -+ £_ <p +(? ) (-Tf f>), (2.37)
--

• (p_?o =0, (a.38)

^ - -i, ((<$■+MM -J2*-
+• vV;-r

— U (?0) (<r-~ ?\) —A\V , (2 39)
S

... 29/-
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«

(f -M -V CM ) -v-\%.(?<f|3»)(<r-^) reo
^ (2.40)

Solving (2.36) and (2. ) we get

—- O (2 .41)

and putting (2.4l) in (2*5S) we get

oY <2.42)

Using (2.41) , BianchJ identity (BIl) in Appendix-2 gives

sr=°
and also by using (BI2) in Appendix-2

»je mW
s3 y.

It follows thatO>j 2-^3-)

Fence the necessary and sufficient conditions for the

type D gravitational field of dust whbse shear is
'rtw

stationary are obtained in terms of^ scalars as 

((_)»< ■+ p ~ O
/ z~> (— S "V -*-« — .-U ^ ^
V,__J ‘ * *

9 • • 30/-
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APPENDIX - I

The Iff* version of eleven terms in (2.24) are 
given below *

WRftW\
pp. tilt - £%- Iq'A, -t £4 +M A4i*

* ff i- PS. ~i:^w
^ A >f2- A

4(<>A.£f'')r\xmu ■+ PS. wn I t
CA b A^n

a
A^-. a't

^ (~i£ O’) ^Vv^b ~ b + wv/M
1} 1 a .T4-

4 if Aqiv -* £fi- ’V'V - fa.A ^ 'TI ‘t-jx
fP tv A'—r~ ^ l

Zvv\e^H
-jUM

+^.(K + T*fT-»)l[

• • • 3l/"
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+ j lf+r^xr) -v

+ 'j' l" i(V.+Y') +• (£ + f t'/tv') 4 (f+ f--Y^y)'|+

■Hlq^trn^ [|_(.Uf'^-x7l 4-1 -+

■+-— [-2 Ci'JrYS) + {<r+-VV-V —'Y—yV1+

irQ_

^Hx
(< fp>±T~ x>) "b 7L C'-K.-tt'n -bV)~]^ 

— L~^+Ti + 2.<+2.p

t

-v
%

• K + Tj 4.2A -*-2 p. ~^x - ^ ]
4 YYjm j p . - _

k } -\~z~xJ — )< +-~r\) -+-

w+ A-
2j"2

-+ ("W -%-^b)j I(a-< +x/i +T-i7-Ktr)t
t o

+ yvi

— .«■
_P
-4

J_2®<-V2L£ 4~ T-V - KH-TxJ

cA ‘ b (2-<~4 2_j3> f 1- ^ —K-t7t)~

' 3
> r-^ ^ 2-

2.<T"~ 2. A >}

32/■•
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— L Cf -a e -y- v)~ 4(f ^£ i +-i^f+^+v+y)!*

+ Q_
•4'Tl

|_(-I<4TT4< + P)a-U (K-VT-t,-v)7U
2C

+ (™oi\+ 'V\>l | 1 +* 4* ) + £ (-2^25)4

- ) ~ ( ^ -V 4- -V-Y ) — ZC£*Hr ) "V-V ( (t {•'^tY4yT]‘+' 
% c J

~4'— ((-Kf 4--U (K-VT-

+ \ L L u-tw-xh^ (. x-T+T^h
i d~^ ' zc

4 t [ (K- n- <-p>) 4-i-^ C-K- t +n +y)4^ 2X

m
Yri

qK

J b 1 2_(V-vy) (£+$)~x(y4y)' X.2-
Hv

(<*> jS-KFVk 
[Z+fi+X- ^ (-K-r + TC+V)!"

v)[_K-f ^ 4-r~' ^4’2“<X (-K"X-t^+y)

'!.<:'*■

. L 
2.
( £--V <T-Y y ) i ^ -v^-vY-vy\ ~ c^ -v^y^c1-

*(/*+£ A-v'+y') £4-<TW4-v ) (V+v) —

• • • 33/-
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2.C
_4e-^'K'r+r+5>) t-<+P 4-71+>))']L

+ roj ^(tw))>K+7T^+p)-l_ (-K -1,

^(■<+/3+r^ Cf-v?-/U+><) +

;+?)+

t
I II ■ —

C- K - T + 7f + ») ] +1^ Ce+£ )(jl^<f^x)jr 

^^2 v (r~ K ~ Z -t T) 4-v) A £ +?-

t-K'-r +7i + >?) (2 ?--?-X) i t

-V C C- C-1'l-

+ (la^h! C) j +-L(et+/+Y)]+

+ + T-i) [f-K+Tiif+y)] +

ti (<+P+r-?) [(- K HT-K^) -1-(-K-T4-TI4»)|
2.C J

4- 4p £ “'V - Y } —

(£ + C- ~f VrV') 1"Y- (f +4 ) 4_ (C-f ( -\'/+v) j-V

A^(rR'Z t r-K-vnt« t/s') -^L(- k-7 fn fjf

"z7x Y^-'i-^+7) [c^ K+Tl+^p-l +71 ^ |

• * • 34/-
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+ b[(£+<&") [-(€te ) -v^Cetf+v^Tf]- 

-£(K+7tV<+p)^-K+'lC ■»*+/%) " ^JY” 

-T + Tt C-K+n tiffs') [c-K+nt

-f *!■+£)- i C-h-z+tt4-iAl -1 <;y+y>
1C 2-

*L'<(€ + ^ + “(e+fvt+v)'! -c<c-vt>

<fc + l -y- y) + i-^ (_K- f+Tt +1>) [(-K-v
1C

+ T't-<-4ft)-X (-H-T 4- V-L (-K-
1 ^v ■ ■ ■ ac?-

Y
2.6•'!• C £ 4 6 4-y-v Y ^ ^ 6 Y 6 ( Y

t(^b + fn^'b) J ^C-*-p - ?t>0U-KYfrt
+ * -"^(-K-rtTX+v)] (>-*•')+

YJL.
"2—

4 x (- R Y 714 *< t^ ) f f- < - £-T + v>) ■- Itw3

35/-• • •
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*'x + L(-KtTv+k-t-fO --L (-H- 

T-*Tt-V->)"J ^^(-k-T * -rr-t-V')

+(^A1b +*',<l',,i)Ji[.(-<-p-Fv»)-iL

“V£ -VY j “*’

- [(-K+Tff7+/3>-^C-K-T+-n+v)j-

_''7(?+f-^-Ju') l-Kfn+-<+i3) -1- (-k-tVw’1]*-
L ‘ zC*

+ i- (f+ 5-v-y)[(-Ki'n +<+p)-i(-K-

-\- —-jr-v-u - K-r+-7T + ]x^

* [(-k +- n + °<+ ji) - -L_ (-K-x +-7T+vS> j+

-?-?) +^|(-K + Tif<+p)-

--Zfx ^ " T 1‘TT + ^1 [(-c-p-iw)-\(-K'?+Ti+V)j j+ 

Jr CC-C-).
... 36/-
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' V ^ \ g-y ro c,Q h

* Lta'V "VVl + (t-%) lW

L
Z

(%+%} r

i. 1 ™q™b-

z. ' L Ia Atj 4- i*

+ (Wz3 [ (,^h ¥ Mb'] +

-V [ (A^b +•

+ (+,-'*■3) [ v^b +^^.^1 +

.+ (~X +-Q [V\Y1\+ vV^bl^

+ f-t, -t-^3, j [lO^bt-
«£*-*-" ■

+ (-Srb) v f-v% ~) i^^t,
’2-- 2—

4 (1-tlL.) C b + .
... 37/-
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------------- l_—• %

3Yqi> S

i»f C" 4- £ — — f V-y 4 )j

~ /^UX+TlX) +

•v (~Y +,tr^ (a*+^ \ vv-iv,j,l+
+ —_ (ax fxx( V^v^l +■ xn 'A',k'"l

i~ •* b Q !o j,

W4h b^’- ~£©Ab

— %r (.£ + ?-T-^+>Lf + jr-Y-7) K
6

... 38/-
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K
Iqik jj2_ (Yt y )

jtc^ (44<^*tY+y) |4

+YV1 b 2 (f +<&) fj~~^ r-mv ]■t
iZ.C^

*

K f"\ 4 v ] 4

( Lm'.Ol f }q t VVO o •<< tv - — *

* K — T. 4 TT t V J 4-

4 ( <e 4 4 -‘Y'~^r } *4

^ ^€k. la (<r~ ?\ ) 4 ^ V) v/i (^r:. ) 4-
A tC5 ''

(<4~,u~j7)+

+ ^r'Xnb+j-^+fT+^+^

- ? -4. 71 + y>) ! +

”* [-k + ri + T+p.-t J~K~
__ _ <4 2 C

- Tt T7 -4- V )~j (

L :t(-k-
rz<

39/»
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44WL + 1* : QKuV?,-Kb j

^£ft(v+y)'-l(t+9)-| (z+^)]+

+ Uo'mb4' nV>A
SB

+J1, ( ^~>U ^ -f ■ JS (Vv/) 4- & ( p"_ 4) 4 

4i^(r^ ^T|4
4\ -£ f^+P)-^r ( T-V5 +• * 1 vx- -?4x

-f- ^ ^ - > ) 4 j~L ( V4-y } 4 H_ CC~*

+ (f

4~ C ( T -•>A 14v?-
■>■+ U«\ -H'VfeM — (v+v-e-O -hf (t-

-k+TT ) -+-jg ^r-Xk'+pQ*'4 {+rV\ [4_£>^+p)^cAr-0l+\Tx
4 (C * C <» *) 4
-V4,7fc4 .-..,r\'\ j A (n-iT- (x-

+ze V- j£ (■a') + ■— (H-n 4^ si * J+ CC.c.')
• • • 40/-
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b (6 f ^ (k-H §, ( K -7T)7v
* ;»?«—. J

-V- lo) A &»)+£.{<fpH

O-F) j
x/3, J

=L-± JlTf1 ‘"(&,«'^ * 4- tK u Wp)

-felft (Uth4%\) -T (SJWPV
^ zf

^ C +* Ha--f-b^ 4-fyW'v'fc 

+(V'l+'°Vb') j-AP -M-W+.CJ
^vri. 3^

+(^«?V ^4)[-±t - Af ^&£+c_n
L^ aP- p1 <-e'+

''•(AA" i,+ >''% vv\?) I ££. -+JL? -i-frf (®£J5s'W
A b' i f

t^jfib+^Ol ^+if+M-c£ L
^ 4J>- as ^. j

■V*

y\ jl vi m \ H ’ 'A tMaE +*£ _§& _cr'
^ ji a .a ^

• •• 41/-



APPENDIX II

Ray Analysis of Ricci Einstein Identity for Dust :

The NP equations (Ch.I Sec.4 ) can be reduced to the 

following conditions using ( 2.*3°/ ) *

NP 1 XX
& ’ '

NB 2 r

NP 3 'Dt = TX *i- I?',

NP 4 D-c
V

+■ /3<r

NP 5 X)f ~ r*< •t r/S + v1 -

NP o T>/2> — «c<r

NP 7 D> tZ'H

NF 3 IjM
C*~

m 9 —- f— 1 Sv + r?, /

NP 10 A A -If = ~(/'rA-4Y)A +• (S < + p-z)Z f

NP 11 /X- b^ = V (*+(!'>- (3f<'P)*' +(S-t)r

NP 12 S'* ~ %}$ - X < - ^ + ^1*^ - X*</£ +

+ (?-Ov - -v
A-*

NP 13 S A - &/< A C?-tN) r -v (*<+(})/*

NP 14 A fl - Sr ~ "M — Tv/\ -Vf*<’-h'3/3“‘TiT" —
- 2.n<x*

3 6 SO
A



—4* -

hp 15 A - &v •=. (< f fi r <rr -*- czy-jtffi-

HP 16^^~ &Z = ~~ (M-l+y)^- 7^ -CT+fi-Z)?,

NP 17^1 ~ Jl = -Ja \ — (T^ + ( /i-«<-?) I — ^ -

_ C2"
SLigfrK ~ ~ ^ t '-(T+p)'*

Bianchi Identities :
Using (l*3°)> OS'Mor ^.vw^y^ln the Bianchi Identities of 

Chap^er-2 Sec. 6 we get 
BX 1 2. (* + /£)?*,

-f> = ZTTS-f* (^-<r)
BI 2 r 2-

3C <r

BI i M* + 3 ^
•Z-Ttfr

-'■U

4TKr
M_i 6^*vj£: 5tz =

BI 5 K* -V ll
-------  Ct

BI 6 33^ r

BI 7 % "

1. o l

-t-* c at: <fl X>K -fX-?)?
2. H <~-

2TT^

n; <r

BI 8

3 cr
111 rt

<*-
r*.4- \*( ^4*<')

BI 95“-f 4^ — f /

BI io^Y — ° > _ *
BI + S'-M* - + •

• . • 43 /■**


