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CHAPTER - III 

1. INTRODUCTION s

Szekeres (1964) has used the tensor

r r* c ri^ab — {.QCibd U ur
to study the interaction of the free gravitational field 

and the source of gravitation. The tensor field Qb is 

referred as the Gravitational tidal force in

general relatively by Ellis (1971)
For the choice

if = (3.i)

the ray equivalent of (SINGH .1* 1983) is

Cab ■= -Cili-h.) tv/w- +

+ <f-rf L^b)- ^

- £( %T^) - CC- C-). (3.2)

In Sec. 2 the necessary^sufficient conditions for

the (Lie) invariance of the gravitational tidal force are

obtained when the free gravitational field is of

Petrov type I. It is found that Petrov type I is

incompdtable. Petrov type II, D, N and III are
Co y t'eafcn dU

compatible and the necessary and sufficient condition

of the Aare given in Sec, 3, Sec* 4, Sec. 5 and Sec. 6. 
YiSp^’C'H Vi ta.

... 44/-
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2. MY ANALYSES OF FREE GRAVITATIONAL TIDAL FORCE 

IN EMPTY SPACE FOR PETROV TYPE I :
.  .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . —  fc  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  i' ii      Uni. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

For Petrov type I

m , V <3,3>
Therefore, equation (3*2) gives

C ab - -t-lL+A) LvftVb - +
T - + L(Ca.^b) - ^b)] + fc^s>4)

From the definition of Lie derivative *»»**\ -respect b»

£ Cob — ^cdojC* ^^<KC ^C5btCc>L;q . (3#5)

ftibstituting (3*4) in (3.5) and using Appendix-1 of this
fr loltffviirtj

Chapter -tC^0 reduced to^ten equations lvy equating
(

coefficients ^ ic/V - • to zero separately.

1A) T>(RtV^ + 2.RtOkl (V + 7-e-r') + Ctj-V)TM
■v

^-p+r'1 +3>(ivJti') +

+ (+i-'('2,1 (2.k-%-•<-*') -O'

xc)x>(fft i- i<f.T <f + €-v-y'l - <.7~'tiH£+nV

"CYrt3lVn+f'i=A,

■j-d) R« Y. ( K4-Sr:'v +f --i-p) +T> i

*.( 7-y-7) +- —1&,

... 45/-
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££) CY.-Y^ (-H-n- -2-Rt%.-rr-z-0

T<r) +

•t lY,- (•*+ P~ K) —’°

W) R«X C-T-7t+ ^tp-DCVY^ -f-

+ (_?-"£ rO -vCy, =o
I*')!) ti^YjLCe+G-Y'YVtY-^YYri-K^

Y (- TfK'i-G

&) ft* %.(- TT-K -t «+p) -TjC^-Y^) f

-V t.tj - 'i'j') ( ?— £ " e 'i f (-Y, -'%')<F =. o
li')-T5C^Y0- KCY" ^Wv^K-^

By using freedom conditions along ( (K-Ti-^-0 )

we get

k Cat, — o<^=> D(RtYO—°/"D(y-=°
11 “

( Rtfz. and conserved along i )

T zz-O , (null rotations about ) ,

O, ( l**1 is shear free) ,

V — ° ? (geodesic along fS*' ) , ^3*6
^ ~° , (Expansion free, twist free) ,

<+- % ~ 0. (t™ -S'-AfWt -TeU&ivt nq);' 1 f f
Y-^:yr'=^0 (*f\- suyW« -valofcvt \%*\ i

• a• 46/-
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Gub.-ititutiag those conditions (3.6) in NP equations of

Ch,!! oqUPJtion gives
■ (3.V)

^chich conduces 1hat the gravitational tidal force is 

inccrsp&t.gtle for Petrov type I*

3, BAY ANALYSES 0? FREE GRAVITATIONAL TIDAL FORCE 

IN EMPTY SPACE FOR PSTROV TYPE II :

For Pet rev type II
Y .-^,=^=0, + o to>e)

Using (3,8) in (i.2> we get

LvC\V|:)~'-

•* A t, '^V^b -CGC.) (S,9)

V»titui irig. (3.0) in (3.5) and with AX-2, AI-.3.; fcCc^-* 

reduces ic nine equations.

E^ ) y±_l2-~ ( ?• Jc - 2.Y- iy) - ^ (A HE) —0/
2-

3 V= <E-i y—• € ■" tD (<<i VO — E
-i

11 O _ ^ IV ( Y-xr fY-tp'-z)-

iu) SgHu («■
A-

r .|1) t *ct f 2. •( K -h TT -V- “<(-t p) ~ C/

■ • g) <> u.-i tjtf r-;v

47 A♦ * e
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ft'V) + =o

tn( K +TT-<~ £ )~<0
Using freedom conditions along < K =• TT ■= €— ® )

^Cah^0 D(^ta_') — ° ^
v H (%tzconserved along ^ 1 )

Y\V no
<3.10)

. Putting the conditions
(3.10) in the Bianchi Identity (BI2) of Ch.I P-14 we get

(T^o , hr ^#0
Hence for Petrov type II, Is shear free.

4. RAY ANALYSIS OF FREE GRAVITATIONAL TIDAL 
FORCE IN EMPTY 3>ACE FOR PETROV TYPE D s

For Petrov type D

to -1, - tj, =• = o, y2 +6 <3.12)
Therefore, equation (3,2) becomes

cou = Lvavb-
^ (3*13)

Putting (3.13) in (3.5) and using (AI-3) £C
t. L

reduces to nine equations.

••• 48/~
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DiR.> -D Uk 1 - 2.7 -2Y =• H

H-W) D (ftti) +V+Y- -0,

T>-c) -i<-Z7T + ^ + £~T-0/

D-d) s(/?< t,)-r-Y-e-fr -6,

xh») -d (fctj -2e -z(r=c>''

S' -rt +K -V* + /* -<3'

D-<|) <r-Q/

S-K>

Ei) rT +-*-•<-■ £=°‘
* Ok

Using freedom conditions along t ( Kt-H - ), wq get

£ Cal3 .= o 4=> D(«t ^
i •£) (Rz.\ is conserved along X ),

6
■£^-0, (null rotation about A.’^

A
6"—0, (shear free along L \

— f^Ct <\

—c, (divergence^of ( congruence)

p zz. O j ( A^ r- %*r* W< to n ^
Y4-V ( t* - ««*y**c< wU**i vt*o rO

Substituting (3«14) in NP equations of Ch.I P-10 we get

(Hfri) ^ ;

Cn6-r» 6^-0 , (m)=**f"0'
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Which concludes that % is conserved along "*fQ and # m) 

are conserved along

Again by putting <3*14) in Bianchi Identities

we get

(SI7>^ {.S'^ce
(SI %)=$ ->> ~°f t2.4=oX (s

which means Yx is conserved along and *6° and
a ' *means shear free along n and geodesic along ^ *

5. RAY ANALYSE S OF FREE GRAVITATIONAL TIDAL

JgORCE IN EMPTY SPACE FOR PETROV TYPE N I *1 * s
For Petrov type N, with propagation vector i9

(3.17)

Hence (3*2) becomes

C«b - - CC C-) (3.i8)
N

Substituting (3.18) in (3.5) , (AI-l) with the freedom 

conditions along 1 (HzzTi^G- ==°) we get

t Cab “O 4=$ t H ^

~£yT\ ~ 0 ^hypersurface q 
orthogonal along *rf )

c" = & (shear free along 1* )
(3.19)

. • • 50./—
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3>y =o/ (3.20)

(^q--i)=* 2)M

Using (2.19) in NP equations <Ch.I,P-10) we get

(mo 35^.0, Cm2-) =3>dk-o,
(Jr2.) =i> sj?, -=.0,

(ns) =$>x °,
-o,

Hence *{ , K t , Y, '/N > y^ and all conserved 

along JL^ .

Substituting (3*19) in Blanch! Identities (Ch.I»P«14) we get.

(&X7>^> X>\=0>, (c S ■ ?=<=■>/ (3.3!)

(ex* > =^> S’H, — °.
a

i.e. is conserved along i as well as along ma#

6. MY ANALYSIS OF FPF.E GRAVITATIONAL TIDAL FORCE IN 

EMPTY SPACE FOR PETROV TYPE III, ft

For Petrov type III

<s.23>

Therefore (3,2 ) becomes
Co^ — y^[ (3.23)

TT\

Substitute (3«23) in (3*5), and (AI-2) with freedom conditions 

along 1 we get

* • • .51/-
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^ IS- ( # v, is conserved along L ) ,* ct
X ca O » (null rotation about it ),

A
<f-sO » (shear free along i ),
^ci D,(Expansion free, twist free 

along P ),
— ^ ((A--S*XY?flvtt to >1) _ (3 .24)

Substituting (3.24) in NP equations (Ch.I,P-10) we get

'D«<=lO/ (<Gr-l)~>X>/3=°/
X>v ==■&/ (ji'b)'^D 7* —Q,

{iACr\ =-0. <3-25

Which concludes that K t j£>, Y , all conserved along

Again by putting conditions (3»24) in Bianchi Identities, 

(Ch.I, P-14) we get

., .<*
Which implies that also conserved along £ •

• • .52/—



#UXb
NP equivalents of Lie Derivatives^of all the Petrov type3 

are given below

\ if tCe-?> r\<x'M.b -+■

T V w\

^ H ta™t>V+(5~e)FV’'b +

<AI‘2) VV1 +±%*-

^-iT-Wlt,^ +■ (r+1x') W' h '+
t (. 6 +<; +Y+rU^t+^f+f ^X?V

+ (r- lOOa-lb V-K^b + f^+C-f) 0™j +

^ (-'«'} 4- (Yt Y■+ 0 b ■+
+ C(- -?-V ^ b + (rr + K~2‘<-ip)%™S
t(n^K-7-ji) rys^b t

-v l 4(GC•)
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Ul-3) £ Cqv, _ t>- VVVfa

- _^k -^fc-'] -

~('fe_V\') j Ce+e VaU"

.+ Ce+T>Ui- K-U^t, - K

- Tim,, X b •* Ce + 1V * " ft V? > *1 A •U +

-t R>Vy'“ + K - Cc +?') l/'b -'•
+ k*V\ - K^^-’n<Ayv't"^>U;i'b

-Ke+T^w* TT'V't ^^o*h~

- C.e+£'>*V'b t rno»’¥'i>+ n n«vv'fa ~~

-cc+FV^^b -’n-C^" t
t KnA^v- c?-e) fv;:ifc ^

•VK ^,,-
- n m,.*,, -< <—Vkm/ia“(v+y■+
+ k+/^ t, t Ck-t^ V** ~ SH-^* A -f^V^ 
+ k+^V\;<v',, -J- <^+p) V^fe-C^+l^-iySj 'Z^Jur 
-f Sr W5sw t -t-f OT^t, - K«^ b -I r5y b } f Sna ^+ 

tr" %r«t-k maiflfcl-(y^V^.|4*ia +

+ !M;'M i%U - (C-+T)0A(b + <vfy\ —

•»*54/*
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- (°<' f>) ~ Cx+i^') \a -+-

+cr .-n b - K b ~ T b "v

Using A1-2 and 41-3, q4 can be obtained by

replacing -t$ by CH " %) >in 41-2 and us.n^ 41-3.

Also £ Cq b can ke obtained by adding 41-2 and a 1-3.
JL



APPEND IX-II

GQMPUTATIONaL AIDS
7 CO'AfcrrM topH. ■\crY _ CoVcrt\caaY cA<^yWcO“\V£A cTr HP'*V*JrYt\J

- <*-H» V=V-
+ (e + ?) t^Ab-T Mo.lb+? ^cf^w -i-rrAanfe-

-K tV'b " T ™ A + ^ +^^"K^'1&S>1)

A^-b - ))motb - ^ + 't*'VV,+ )J "Mb'"

-ju '''V'\-> "To’^b't s -(YJiVJ Mb ■*"

+ << + £) V*fcv (?-*£) V*k-
\&2 • 2^

+11«Afc+C^y)^b+

+ (£—7r'Vv\ + C-<—P+>'v^a,A?ib -vCe-f

- r\ Hb + ^ <V«t -+ <r-"HAt, - K Ao.Ak, 0.2.3)

fA0-b - -j) (4 £u - ^ U™fa -A* + Tt ^^U + CY'Vlw^bt
+ (<-j6)f+^b + (£~:<)™a":H. + (« -*7i,-

-f A^fe + ^ A^b +7 A^ -i< 'V't , 02.4)

The intrinsic derivatives of thw tetrad vectors :

{a<b^- Ce+£Ma-'<,fAc,-KWQ ,

<•<+/rt4*

tA. b U - ’ ^ F ^ ^ *s>

•U - U A15 =. (Y-7?) ^ - ■f A)a ~ ^ "V

...56/-
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*-b - ^^ -V iT 'lo, f

.K'V-vX "'ft- ('<+lh</\

r>Ci;b^ib= -t«+P''>*V/

A11 = (■* -VvO1^ ■

«>a.iiLu= TCl^-vCe-e^^-K^ 
Waju^ =. » U - (<-li'* vYV-'" c'rt°l > 

^A;b"'b=:7rU

>*a«u & ~ -H to, -Kt- ^ ^%

^Oi-k n''B —h + ( •'•"'f’^ ,r>V- ^ ^ /
^'A}W > •(«.~ (x" ^ rr,‘s'""" *""

ma. = -jJtAy (y-y) ^ -?Ha.

The projections of the tetrad vectors can 
from (Aa»l) to {A3.4) in the following forms :
(aSU-b-°

^U.(#-r^-^k-'<r'Wfc+k.nb,

■frtM^V, = ^ *V ? ^ tKl°w

^ (n.i, = ^7) (<+£>■%>•' (<+J^ *h

I

<A2.6)

(A3.7)

(A2.8)

be obtained

(AS. 9)
** Gc-V?)*^

.57/-
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** v+ »Vt, -<&+?)%

Y'f'i'Wi, = - v Aj, -V JT/Afe -v > tv?u— ff (A3.o)

= 'V^b V> \M *«b- 71 ^

ft^ct-t, =° ■

A'.<,vYWt0 =.0', (w.l)

m ^ " - _ (Y-Y ^ Ab- C /5 - *) ^ b- (•<-A) "V-(<? -,

rta^b = -VTtAb.

tf' ^‘W - -^b +T,9'b'V'<?:'Y''» ~ ^ftj>,,

trf'rna-', ~
' ' ^ * 

»— ^r;' (^3»2)

flC' ^4-b - -i>Ab->A'Y7\k- >7Vlfet7t^k .

• • • *58/-


