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CHAPTER - III

1. INTRODUCTION

Szekeres (1964) has ...~ used the tensor
~  def <
Caw = Cagba UL
to study the interaction of the free gravitational field
and the source o gravitation., The tensor field Ca.b is

- referred ag the Gravitational tidal foree in

general relativaiy by Ellis (1971)

For the choice ‘
0 gt /A '
W= @)Y U .1)

the rey equivalent of (klb {SINGH .Z. 1983) is

Cab = - yz_’i’%) [VQ\‘/\a - {n(.qm Q] T
T (R =) [ L™y~ Moy | 06
- LYY Ward, = (CG) G
and

In Sec. 2 the necessaryAsufficient conditions for
the (Lie) invariance of the gravitational tidal foree are
ohtained when the free gravitational field is of

Petrov type I. It is found that Petrov type I is

incompdtablc. Petrov type 1I, D, N and III are -
(L yvespondung
compatible and the necessary and sufficient condition
Compakibiliy 7 ‘

of the-,’\are given in Sec, 3, Sec. 4, Jec. 5 and Sec., 6.
Yespeoh vd\{ ,
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2. RAY ANALYSIS OF FREE GRAVITATIONAL TIDAL FORCE
IN EMPTY SPACE FOR PETROV TYPE I 3

For Petrov type 1

, N ,
Y, ::\Yq-:-oi\ﬁ\f’g:f:(),ﬁtﬁié\hfgz ,
Therefore, equation (3.2) gives 543

gﬁb = —0hh) DoV = MMy |+
From the definition of Lie derivative with espect b I3
: - < . C . C
| %COB - (—O\hjcd ‘\'CQCi Sbfc(_hl-;ﬂ, (3.5)
Substituting (3.4) in (3,5) and using &ppendix~l of this
the followin
Chapter %(qg’-ﬁ reduces to,\ten equations ®y equating
coefficients lghy, ++Auf,' - Ny to zero ssparately.
10 DRI+ 2 Re () (Y47 -€-8) + (F-¥3) 7+
T Rey, (Kaw +T0- <=F+T) +D(¥ ) +
F(E - (26 -8-7-7) =0,
TOD(R W) e, (+E-¥-F) = (F-Y)T)-

Td) Rey, (Krz"+T-2-FY +D(F-Y) 4 (=¥ )
(R Fae
ese 45/"
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1) (Y1) (K- 2+ 25) ~ 2R Vo 7 =0

I DK - R (04T) + (F¥a) T 4B+
Y (-8B (x+ E-RY=0©

L3) Rety -T-70+ <4 B)-D(F-) +
+ (=B (E-e+Q) (v -FK)F=o0

Th) D (Re %) +Ke o (€+E-F -3 ) H(F-) T4k
£ OH-B) ¢ TR ) =0

T Re Yo (-T-K + o+ B) = D4y +
FF-4D (- -E) t 4, R =0

I -DR L) - KCE- 1)~y -F k=0

By using freedom conditions aloné P (k=n=¢c=o )

we get

=z
l

H 7

ab =0 &> D(ReVYL)=0,D(F~¥)=0

- A
(Ke't, and ¥—Y¥, conserved along L )
T =0, (null rotations about 2y,

=0, ( 1? 1s shear free),

. .
Y = O, (geodesic along n ') ) (5.6

R =©, (Expansion free, twist free),
) vt ~ — N N Q
,(\,é\, {3 p U{, (LM - suriace vadive to N ),

. &
"f%‘fzfs, (tn - Surlece ~dakivi 1o N ) |

eee 46/~
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farstitutiag thecs conditions (3.6) in NP equations of

Ch,XI ?-10, eque/tiQ;E -.ﬁ,NQ’Z‘gives ‘
! \,,! : C} (3 . lz)
which concluces that the gravitational tigal force is

Jn-cnpdtgble for Patrov type I.

e RAY'ANALYSIS OF FREL GRAVITATIONAL TIDAL FORCE
IN BMPTV SPACE FOR PETROV TYPE II

o ——— ., oL v

-

Tor Petrcv iype Il
. . . — ~\ -
v, = == 0, Y 0 (3.8}
Using 3.8) in {(#.2! we get
Con= (0% [VaVy— My T
#o5tIuiIng (3.6) ‘n (3.5) and with AT-2, AT-3; £GT

reduces tc nine cguations.

— 4

T a) ‘04 e (2.€ 7 € -2v- ).,Y) - DR ¥ )0,
pr

Ah ReYa (vaT—e-E) ¥ D (Rei) = ¢

B e (T px -7 - T (TR
1T4) Kot (1T XYV FD{ fe¥,) =@,
we) Qe¥y (€0€D —-D(Re I =0,

e
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D) L Re Y, (R4 D)+ S +DRe k) =0
L) eV (K+M-=-F)=0

Using freedom conditions along (‘\

£ Cop =0 < D(Ret ) =0,
G-

(K== €E=0 )

(Re\?zconserved along ( )
Y&y =

&%Ezo (3.10)

_ Putting the conditions
(3,10) in the Bianchi Identity (BI2) of Ch.I P-14 we get

=0 , Yor Y, 0

Hence for Petrov type II, iq is shear free.

4, RAY ANALYSIS OF FREE GRAVITATIONAL TIDAL
FORCE IN EMPTY SPACE FOR PETROV TYPE D

L
-

For Petrov type D
¥, =¥ = Yo = \l; =0, ‘)3‘4:6

Therefore, equation (3.2) becomes

C an = —(¥ & %) LVaVe~ M(Qﬁbﬂ

(3.12)

(3.13)
Putting (3.13) in (3.5) &hd using (I-3) 1:(% =0

reduces to nine equations.

‘:\;.oo 48/"
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\

DR ~D(k¥)rre42E-27-2Y =0,

D) D (Red) +¥4y - €~ €=0,
D<) -K-27 t&+B-L =0
D-d) DR ) - 7-¥-E-€=G,
DP) ~D (Re¥n) —2€ -2&z0,
D LAk ax A=Y
D8y & =9

=R DY A (=0,
T n+£..a<..»,%“::o.

’ @
Using freedom conditions along | ( K=Tt=¢€=9 ), ye gat
FlaL =0 & D(ReMY=O,
i~ Qb Q
LD (R.Y, 13 conserved along & ),
' o
T=0, (hull rotation about L) ,

o
¢ =9, (shear free along L ),
_ free g
{f{ =6, (divergencexof { congruencez
o+ g - O;( A ~ v dnee elobive bo 1)

¥ =0, (tn~ guvkuce «(qaﬁw’m n)

Substituting (Z.14) in NP equations of Ch.I P-10 we get

Meb= . pr=v, 0h D DY =C,
Q.

S R Lo AR = O ™M 278 =
IME-5=> N ) ( 4) (3.15)

v 49/"'
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Which eoncludes that € 1is conserved along’l! and ®
are conserved along 1 |
Again by putting (.’5.14)’_in Bianchi Identities

ve ‘get L%Il'\} = &y, =0, . (B15)% g‘-}'}_za/
C‘l"?"):# A =0, { Siace Y FO), |
C(BIY = Y=o, (S v, % 0), (3.16)
which means ¥, 1is coaserved along M and W} and Azo

means shear free along n“and Y=0 geodesic along"l .

5. RAY ANALYSI S OF FREE GRAVITATIONAL TIDAL
EORCE IN BIPTY SPACE FOR PETROV TYPE N ! a" =~ = =
For Petrov type N, with propagation vector {“

Moo= YT Y, == 0, W FO (3.17)

‘Hence '(3‘.'2) ‘becomes ,
Cqb = “-L\ﬁ‘ Ma™y ‘-*CC"C‘) (3.18)
N

Substituting (3.18) in- (3 5), (AI-l) with the freedom
conditions along L' (K=Ti=& =) we get

% CNCA&) =0 & DY, =S

T3+ =© {(hypersurface
TN ~orthogonal along m )

o = © (shear free&ong )
(3.19)

see w/“'
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Using (3.19) in NP equations (Ch.I,P-10) we get
(M) =7 DR =0, (M2) = px =0,

(G2 =13p =0, (m&—zb.-.—; Dy =0, (3.20
(1M3) =>D =0, (M) => DM =D,
(M-4)=> DY =0,

Hence €, <, > ,¥y A, A4 and ) all conserved

along L.

Substituting (3.19) irn Bianchi Identities (Ch.I,P-14) we get.
(&17\)':> D\h\:o, {Q“Q‘Q:‘c"}/ (3.21)

(RT2) = &% =

i.e. ¥, i3 conserved along {é‘as well as along m®
L‘ .

6. BAY ANALYETS OF FPTE CRAVITATIONAL TIDAL FORCE IN
- EMPTY SPACE FOR PETROV_TYPE III, ¢

For Petrov type I11I
YO - \k‘ = Y2 "'\Y‘! "‘“Ol Y‘Ev:‘:, (3.22)

Therefore (3.2 ) bocomes

Cap = Yo (Mgl 1(&"‘5)—1 2(C¢-C), (3.28)
a

Substitute (3.23) in (3.5), and (AI-2) with freedom conditicns

along {* we get

[ X X ] .51/-
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]

ab < D(Re)=0

{ f¢¥, 13 conserved along L,

o~ T
E(""

¥
T =© , (null rotation about L ),;

———

«q
& =0, (shear free along { ),

¢ = O, (Expansion free, twist free
along ),

ay= O (- surfac ~dobive o) (3.24)

Substitﬁting (3.24) in NP equations {(Ch.I,P-10) we get
(M2) = Dx=p, (GL)=>Dp=0,

(Mg"2) = DY = ‘, (M>)=2DA=2,

(\MC‘“‘) SNM =0, (3.25)

' Which concludes that o, i% s Yy A , M all conserved along

- Again by putting conditions (3.24) in Bianchi Identities,

(Ch.I, P-14) we get
(B35) = DYa=c.

i a
Which implies that “f’g also conserved along L .

.S .52/-
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ePPEDIX=L .
¢
NP quivalents of Lle Derivatives of all the Petrov types

are glven below ”
(41-1) {k%ua = TIDEMM, - DY, WMy, —
T A My T (6= mg™y,

TA™p) —F ™0™, 5 M A bﬁ

oD E G "b‘*’%L ATl FERY S A
fE =Tl £ (o) Ao s +
4 (- € W AT ete YA, T
+(T- 1N dn F KN b ¥ (EHE-5) 0 M+
AN ) 4 (a7 OMt,
¥ (€ -T-R) MMy + (1T AR ~24-2] MM
F (ke =) M, TR P
& (- N Ny, + (f‘?\"q{,a’] ]S ,.{C&)

.o o'a'53/ i

A e
EOE L TR W I R
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G £ Cay = =20 [t ks 0

M~y ] -

e

— (%) | €+ gk~ KMl K7, Ay +
F (1D gl KlaMu— K Mmb"ﬂ%{f
—R, Ayt (€3N~ (exEINds +
RN M+ KN~ (EAENV N
+ XN, = KRN, = Tl ™~ T ™
HEAD N+ TING + T MV
~ (A TN + TR TN ™
—(exTyneny ~ T dgme (€M ™M,
YR, — Tty ~ (=€) My
Ak M, = T LAMB"(E%)MJMHZ(}QN%
< Tty - € 6= OMgy F RN, - (7 Mg s T
T AP LM+ (TR £ — (4O, -,
TR + (KHP) Ng™ p — e+ BN —Tm LT
TE ML AT M~ KN, ~T7E 1 €M
T Pgthe K Falle (a7 ek bR Mats
AP Mads - (64T Naly * (VA7) {aVVy —

" se -00754/-'
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= (X+p) mgﬂb = (<43 Wi, -+
A(EATIMMNL - TyMb T P N+
AT MGy = K ﬂo\% T T LMy r

+EMQM, + £Ma™n T X {\c\ﬂ/\bj

Using AI<2 and AI-3, %gqi, can be obtained by
replacing --‘}13 by (\?T - ‘(*3:) in 41«2 and usn 9 a41-3,
Als0 § Caqp can be obtained by adding «I-2 and &«I-3.

p1d

B T TR S B

A 1V



APPENDIX-II
COMPUTATIONAL 4IDS

T Ray Concemitants  dey | (ovavient devivaliver &F KO-t ved

Lo = () lalp =+ ap = (R Lafy +

-’r(é+?) tqr\b“‘ %Y"ﬂ)qlb +o QO\o By Fm&_ﬁh"‘

vy - m, + A ~K M7, .
K Mgy, Mol ¥ § MMy, YoM My ((22.1)

f\q W = ))m{)‘(b - ’)\Y\’\ hwf‘(""\qﬁg "‘(ﬂmo,“x...‘\*-;} ﬁT “L-
Tl mthﬂ) A T om0y ~(vaY) Nada +

| - - NN
(< B) gy, & (Rx Y g™y = (€rEall,

Moy = Viglo-A My, -5 o™i + TNy +O-Y )Mt
£ (B-a )Y MMy, ¥ (- B) M, My, ¥ (e~ €Y mMg" L™
~ Nk + €N, e Mg — K UEALNS (42.3)
Math =30 dg L = D My, = H M+ U T (V) Wl
X (<= Mg, + (=) Mgy, & (€-€) Many, -
~Z 0 At F NaMi +TNa™y =K MM, (5244)
The 1intrinsic derivatilves of the tetrad vectors

b (4 €Y la—kMqg K Mg

laﬁs_;;m = (2-}[5}.{& —< 'mq--(mq/
b= E}qo\ - X m& —& Ma , (L2.8)

Lo A = (1) g = TMa = TMa.

ces56/=
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o —— =
ﬂC&f,bL = TUMe + T Mg (€xEMa,
?\Q:hﬂﬂb:: }(AWQ *:; ﬁiﬁd'(g;kgnrh%, (Aaqﬁ)
Nyl M Pz AMa A M Mg~ (4B Na,

Aoy N° = 3 Mg ¥ D Mg = (¥7)Na.

Mpsy L = Tl + (€-TYMg—KNq
Masm® = 3 Lo — (<= )M~ o Ma, (82.7)
Masu™b = A g ~(F -0 Ma=Ma,
oy = 3 Lg + (4-7) Ma=Tha.

fﬁa;u t* = la &gz’é)ma“‘\‘(“q;

W‘O\;L Mm% = il (X-p) Mg~ % ﬂ"&;

Piag, M= ala = (<= B) Ma ~ = N,

(A2.8)

Mas N =D lg ¥ (Y-¥) Ma =T Na -

The projections of the tetrad vectors can be obtained
from (A2,1) to {(A2.4) in the following forms

,ﬂfl qu») b=°

\ — T4 - — N
e ’x.a._;\a""ttb EMy =My AR,

& = Fl, - FM - ¢ ™y, KN
A Aa,‘k = Th =M ™ . (42,9)

4 - = — t . 8 s ; —y
0 sy = (y47) 4= KA BN (KA E Mo Eaejn,

9;.57/;
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. o o L |
g, = (v-w)l\ﬁ(°<+F>‘"‘\h+(«ﬁ)mb——(eve’)nh ,
‘N‘!«‘{‘a;k pod ‘”;;*L +}Tm’o* ‘;\mk‘”ﬁnbl &3.0)
?"*7\'-(”\(.,313: “VA ¥ 2AM, Y MM - TNy, |

N%Ngip, =0,

0 Mgt = ~LAs ¥ ™M YoM=Ky,

mq mq.b = O.‘, ’ (3501)

WA Mg, = = (T A= (B oM, (K= (-0,

- ———

(}a Myl = ;)"LL; ,ﬁm;ﬁ'a ;ﬁh ’\'Fﬁ"\h.

L{‘x* ﬁash—; -':E‘(b +?YVNH*~5“:ML“—Q{\5 ,
AMAy = —(7— — (=3 | = lob= B ) ~(E-OIN
m* Mgy, (Y- — (<M, = (- B )i, -(€-6) b/('a )

u—q vy

[‘C‘ ma:‘: et A))Qb* M’ﬁb” %m‘o "—T{'Y\b -

e « & o o

e 0058/-
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