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Tho Uplae«4Uiik«l tranafom Cl] will bo taken •«

<s.i.i> «».*) • JmJm ^rw ly (*») f(«,r) ,

in which f(x»y) will k« referred to m tho original} F(u*v) 
it tho iM«i. This irmifoiaitiM will touted ky

or by
C f(«.y>3 • f (u,v) , 

f(x*y) 0-0 F(u»v) .

In tbit ihaptir fomulae for tho Laplace-Hankol lwafo of 
K(i)f (|{i), h(y) ) in torn* of f(x#y) or# derived with 
oortoln rootrietlono on f(i,y). §(x) and h(y), ainilar to
tho aubatitutlon theoraao of Buachnan Lt].

Tho firot aubetitutien thooroo involves tho repreaentatlon 
of jK(x) f( f(x)t h(y) )j in tema of \l{ «(x),h(y) )j m

Tho oanveryenee of integral involved in tho above tranafom 
forwwla will depend noon k(x), 9(1), h(x) an# f(x,y)« For 
validity of tho tranafom f omul a tenoral conditions aro 
lapoaed on thoao function a.
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thM by tho mbititutlM f**« (ill) tho first IttriUd 
lateral Ncmn

l.r.r I 3X («H(«) )K (a(»)> ta*(»)1IH'(4)l f

Thus

T T.-8('*V^U) A <«n<*» K0W) I0'(»)I
• •
It abitlattly tmvariMt for 9m)« and o<v<tt .

Thors ara two ettoo to ka aanaldaiad,

£tlt-JL *

If «(o) * ot h(o) • 0 «nd q(m) • m, Mot) • t», thou 

0*(t)>/0 , H*(t»0 to tlaot if tho aukatitotlofia ■ • 0(p)

•mi y * H(q) art aada, tho*i
*K\ mm

M*)f (*(*)#b(y)) W { { •m^/yf Jx(vy)k(x)f(q(x),h(y))*it*y

boo t

k(«) f(f(*).Mr) ) £ox " {
STqT AN»(<i> ■<(«(»>)

SH*WS ao .

SfiULaj2aa>^

If «(o) • ao ( b(o) » to and «(••) • 0, h(oa )«0 tboai 
d*(pK0# H*(qK0 so that if tho ottbstitotions x • 0(p), 
y ■ H(q) or# iadaf than
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K(x) #(«(*),h(y)0 • 0 | £ •***fvY -M*y)K(«) f(«(*) ,h(y))My

K(*)f(*(i).h(r) 0-0 J J Jk(«i('))K<t(») )

«*(») «•<*) f(p.4> <Mp >

which it tt

K(«)f(,(*),h(r» &\TT (p|aRTO J» («H(q) m)

I 0»<p>l H>(«)l f(p,«) .

Thna in tltMv cut ^K(k) f (f(«),h(y) )j It 
tbifltitly iwrnyMi ftr Util > and o <y <aa .

Mow th# MNtitvtlofi frta (111) it wood in aithar ®f that#

aaaati th* ramlt It

K(*)f ((«(*) ,h(y)) 0-0* #/ #/ £/ / •<"PvrqTJv(q*)^(t,v|w#*)

dwdsl| f(o,q) dyd* .

which it tn ahaoltitaly iwvtifMi liaratad IntayraU Tht ardar 

of intagration tan tlnit ho than§ad to that

**\ • Mj«»> f(»(»>, h<y)j0-0 ./ Jiff**’'** A<P*> f<P.P>

^ COfV|W#*) MS .

Q

Finally fro* (il)

CO CO
K(*)f(g(*)#h(y) )0-0 J F(wts) ^ (v,vtw,s) Ms .
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Ulttlfll * *•*•*

If (I) A,kitih Md !^«a, IT*«N in ali)|l« velwed analytic 

fwnstiens, real an («,«) and swell that f(a}*0 and )• a. 
h(as) • as (ar «(s) ■ a>, h(e) * as and «(«) * 0, h(«o)» 0 ) \

*
(ii) A(x) f(x,y) 0-0 r ( n#y)

which esnverfes far Raw >a and a <v <m i

(iii) theca exists a fwnetien ^ *(w,vf wt*)#

v •
f (W»V|W9s) 0-0 $ (w9vm*f) 

which senverfes far Re* >e and a^q ^as« and

•*"0<,)V»H(^> Jk(«H(') ) K(fl(p) ) !«•(»> I

I H*U)t (A(p) )-1 »

(1*) ,/ £ •"*"n/a* A <**> $ *(«,*l»,*)f(p,A)—I JdpAp

senverfes ahsalwtely far Raw>a and a<v<as i

then K(x)f(f(x)9h(y)) 0-0 #/ #J * (w,»)^ (w9v|w9t)dwds 

which aenverfes ahsalwtely far Rew>e and a <v <• •

Since fren Civ) the iterated intefral is ahsalwtely 

sanverfent far Rew>e and o<v<ai, and since

J f ) J 9f JiCft) ^ *<w,v$w#r) dwdxi U(e)f(p9f)i*dfj
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: A(p)f(p,<|) '

M | 4p4q •

tht* bp mtotitution fna (Hi) tto first ittnM iiitofrtl 

Imimi

^ («H(q) K Wp) ) I 0>(,)l IHMqll

( A(p) )"1 | •,){*<, .

T)wi

T J •’"a{*lr*{p) lx («H(q))K(a(p) ) ia>(p)l I H*(,)l <A(,) f*

Mp) f(f,q) 4p4q

it iNeittfiy ifliviiiMt ftr *•«> • tnd #<; »/• .

Ttoro in too him to to ttntitorto.

filllJ. *

If «(•) • 0, Ms) » 0 m4 §(•) * • , h(a») * • tht*
0*(p) £ 0, H»(q) 0 to tint if tto tubttltutions

i » o(f), p * H(q) tro »too, tton

K(«)f(«(*),ii(p)) o-o o V^nr Jt(vp) k(x)f(i(jO,ti(p) )*«*

tootsoo

K(»J f(f(«),h(y) i 0-0 { J .“"•«»>V»H<qj A(«H(q)> K(0(p) )

'.0*(p)i *«•(,)? A(,)(A(,))*i,(,tq)dM«l
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Stti.2 *

If f (•) • o» , h(o) • • ood 9(00) * 0, h (m) • 0 thm

0*(F)^o , H*(o)<0 to that &f tho oohotitwtlono x * 0(a),
T * H(f) art aaft, Dim

K(*),(,(*),Ii(t) )o2>X /" rJX (vy)k(«)f(,(«),l.(r) )• •
dxdy

K(*)»(,(*),h(r) I o-oXJ*J* •*"#<'V»h(7) A <*<,> ) K(0(,) )

«•(,) H'(q) *(,) (*(,)

which it aailvalMt to

K(x)f(«(a),h(r) )M ( ( A(x"<,)) ««<»> )

I0*{,)l A(») CA(p))*1,(,t,)AM,.

Dm in citlitr cm IX i {k(«) f(|(i)tMr) )J 1» 

ahoolwtoly coovoroont for Rot»>o and •< w oo.

Now tho oohotltotloo frm (ill) io wood In olthor of thooo
oooooi tho romlt io

SXi oo oo > *
K(») f(«<«).h(y) 0-0 J J •“p"Vii Ji (qt) if <u,v|«,i>

dwds i A(a)f(p,o)dado ,

which io oo absolutely convergent iterated integral* Tho order 

of integration coo tlato ho changed oo that



23

k(*> f<M*).My) ) Jiff •**<**>

A(p)f(p,^)<N^3 *•*!*#* >***•

Finally fm (11)
£K H § • •

k(s) f(t(*).My)) o-o FT r <*,*) p *(s.viw#«) m* .

Tk—Mi 2*2.3

lat ( 4Kx f)(«•*)• F(m,v) Aac>e M •

Than
—1

Cove £*(•) F («(«). h(®)^ ■

#/ J f(**y) o ( ».*» *.y) «**<y t

whara k, «, h ara analytic fenatlana antf

«>fx C o (w#«| S,y)3 • Ms) c^^VMirty J\ (h(v)y ) .

Fraof i

Since ( SKl *) («•*) * *(••*)

F(s,v) « Jf J V~vy J* (vy) f(s,y) My .

• *(*(*)• h(v) ) J Vh(v)y Jx(h(v)y)f(**y)My.

*•* K(«) Fff(s)tMs) ) • £ / *(«•)• 1 Vh(v)y Jx(h(v)y)

f(s#y) My .

f Jk (sy) ^ (w#*f*#y)

My) f(x,y)My .
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• 75f A<*r) <*M*r .

) XK<"> *<(*<•) .MW >3
dx4y •

7.2.3 Ek—p1« t

L«t k(») - i _1, «(«) . h(r) - "*

« ’ . «<») - »_1. h"1 - H(q) - $ ** q-1 . Th«i-1

-2I «•(.) imp-' , | H'(q) • • i

rntf 3 V*H(q> Jx (v(k(q)> •••(»)•

I H'(q) K(0(q) )

- f • v% j* <} * ri,pY l
1 A- (3o) VcI 1C3] SH(lo)VcilW)

. , i,-//* __ »/» , i/?
,. 4 («.»i».*) • *»J J a (>'/•») i i" >

Ctmidtr

*(«) Hll»)iWrl) ^ J •"”-/*» Jk) K(>)f(q(x)lh(r) )Mr,

That

«Kx «*)« •U).Mr> ) -ft •"*’■ 7vy A (vy) q^1

* C ■“*. Jy )
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9»% * • 0(p) «mI y • H(q)

{*<*) *( f(»)# My) )J* l £ .^V *H(q) J\ («H(q) )

K(0(p) ) I0‘(p)l tH'(q) t 

f(p»q) 4p4q •

- r ru% p~*~i a< i .
•y thMna ?. 1.

4 " !/• p*^*1 .'u/p (**) «r8/> Jx ( i ** q-1) f<P.q)*Hq

m T T Ut F(*,l) <»/•) (JViw) * )*>*» .
• •
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