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INTRODUCTTION

Brief Survey Of The Development Of Boundary Layer Theory

(1) Boundary Layer concept.

(2) Two Dimensional Boundary Layer.

(3) Axially Symmetrical Boundary Layer.

(4) Three Dimensional Boundary Layer

(5) Basic concepts required for our problems to be

discussed in Chapter II.

Introduction :

The chapter consists of five sections; In Section 1,
we explained the boundary layer concept which was due to
Ludwing Prandtl (1904) who was German Mathematician. The
credit goes to this mathematician for the further developments
in this branch of Mathematics. Section 2 consists of the
recent major developments of the two dimensional boundary
layer problems. In Section 3, the survey of recent problems
for axial symmetrical flow is carried out. In Section 4, we
listed some three dimensional boundary layer problems of

immense use.,

Last Section covers the definitions of some basic
concepts which are applicable for the discussion of our

problems for dissertation.



1. Boundary Layer Concept :

The concept of boundary layer is one of the corner
stones of modern fluid dynamics introduced by a German
engineer Ludwing Prandtl {8 ]is an attempt to account for
the considerable inconsistancy between the prediction of the
classical invi?id fluid dynamics and the results of the
experimental observations. He gave mathematical formulation
of boundary layer equations. The complete Navier-Stokes
equations are elliptic differential equations while the
boundary layer equations are parabolic. The transition is
from elliptic type Navier-Stokes equations to ﬁ%iabolic type
boundary layer equations. Also Prandtl analysed the flow in
the boundary layer subsequently. The boundary layer equations
have been well investigated for many engineering problems by
various research workers and the results play a very important

role in the practical treatment of fluid.

The boundary layer theory is the foundation of all
modern developments in fluid mechanics, and in aerodynamics
which have been classified by the study of boundary layer
flow and its effects on the general flow around the body such
as the study of air craft response to atmospheric dust, in
further phenomenon involving wing etc. Although more than
half a century the subject of boundary layer theory 1is still
receiving considerable interest and three are still a number

of unsolved problems affling the investigators.
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At first the boundary layer theory was developed
mainly for the case of laminar flow in an incompressible
fluid. Later the theory was extended to include turbulent
incompressible boundary layers which are more important from
the point of view of practical applications, Modern investi-
gations in the field of boundary layer research are chara-
cterized by a very close relation between theory and
experiment,

The starting point of great physical concept was the
well known D'Alemberts p%%adox. In the late 19th century
D'Alembert observed that when a s0lid body moved through a
£luid the flow pattern based on the invijcid theory agreed
with the experimental results almost every where in the flow
field, but strangely enough the resistance experiments by
the body was found to be zero. Prandtl made an attempt to
resolve the dilema and suggested that the resistance to the
body was caused by the viscosity of the fluid and that the
flow fields near and away from the body were different in

character.

In the two dimensional cases for which the velocity
components depend only on two space co-ordinates. At the
same time the velocity component in the direction of the
third space co-ordinate does not exist. The general three

dimensional cases of the boundary layer in which the three

velocity components depend on all three co~ordinates h



far, been hardly elaborated because of the enormpus mathema-
tical difficulties associated with this problem, The mathema-
tical difficulties encountered in the study of axially
symmetrical boundary layer are considerably smaller and

hardly exceed those in the two dimensional case.

The boundary layer equations of motion be transformed
to in special form so that the computation of numerical
results will be simplified or will be easier for special
devices., The boundaiy layer equation of motion may be integrated
across the boundary layer so that the momentum integral
equation is obtained. The boundary layer equations may be
transformed into the generalized heat conduction equation by
Von-Mise's transformation. L.L. Moore [ 9] transformed the
boundary layer equations in to an integral forms that is
particularly suitable for a differentiation.

Prandtl (1904), in his original paper entitled “On
the Motion of Fluid with very small Viscosity" considered
the problem for an incompressible fluid and Blasius [10]
investigated the same problem in detail in 1908. Blasius 121]
studied the boundary layer flow over a flat plate and obtained

explicit solution of the Prandtl boundary layer equations,
2. Two Dimensional Boundary Layer 3

Due to the application of theory of parabolic differen-

tial inequalities to the Prandtl‘'s boundary layer equation,
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all the problems of existance, uniqueness etc. had been
solved by considering the case of two dimensional steady flow
of an incompressible medium from the suggestion of GSrtler
(1950), Nickel (1958) solved many other problems, "who was
the first man to use this new method -~ Then by using the
theory of differential inequalities lot of problems were
solved. Later on this new method is known as the "well

rounded theory".

The two dimensional boundary layer flow over a flat
plate of a compressible fluid studied by E. Pohlhausen [12]
iﬁ (1921) for a thermally 1lnsulated plate for a flows small
velocity and its small témperature difference, with constant
density and viscosity. Boltz [13] submitted two papers on
boundary layeriunder Prandtls guidance at Goltingen. H.
Blasius [14] obtained series solution of the Prandtl boundary
layer in the case of steady flow past a flat plate, K.
Himenz [}5] and L. Howarth 1 developed the work further
by H. Blasius [14] . ~

V.M.Falkner and S.W.Skan [2 ] obtained the approximate
solution for the boundary layer equations. D.R. Hurtree [3]
had studied a particular cése of Falkner and Skan nonlinear
differential equation was investigated by him and later on
the work was covered out by other co-workers. The problem of
similar solutions of boundary layer equation was first studied
by S. Goldstein [47] and later on by W. Mangler [5]. |



6

K. Pohlhausen [6 ] studied the boundary layer flow
along a wall of convergent channel and obtained the solution
of this problem. H. Gortler [7] introduced a new series
method for calculation of steady laminar boundary layer flows.
This series shows better convergence than the Blasius type [1{]
expansion and also it is applicable to the bodies with a sharp
leading edge where U(x) ¥ O in addition to that with a forward
stagnation point flow. A.N.Valiullin and V.N. Iganter [27]
studied the steady flow of an incompressible fluid past a
body of rewvolution r(x). Non-dimensionalization was carried
out and the resulting differential equation was solved

numerically.

The computed values are compared with values given by
Schlichting [287] . Hsu, Chen Chi [29] described a method for
the approximate solution to the boundary layer equation by
Galerkin technique. The method seems to be unable to approxi-
mate the known singular behaviosur of the solution -'near the

separation of boundary layer.

Bussemann [30] first studied boundary layer flow for
an incompressible fluid. Bussemann [3f] and Wada [}é]obtained
the solution for the flow on a flat plate by keeping Prandtl
number (Pr) constant. Hawarth [337] studied the compressible
and incompressible boundary layer at zero pressure gradient.
Illingworth [}{] investigated the transformation of both

normal and streamwise co~ordinate and obtained the relation



between them at nonzero pressure gradient for incompressible
flow. Tani [16] extended the solution for the compressible
flow by taking Prandtl number different from unity., Cebeci
[17] studied the unsteady laminar and turbulent boundary
layer with fluctuations in external velocity. Goldstein [;Q]
constructed a singular solution containing an arbitrary
constant in the neighbourhood of separation, Stewartson [19]
obtained the general solution involving an infinite number

of arbitrary constants. Landu and Lifeschitz [20] made a
discussion on flow near separation by postulating that the
normal component of velocity tends to infinity at the separa-
tion point of the boundary layer. Hartree [21] and Stewartson
[22] obtained the series solution for a linearly retarded

free stream. Prandtl [22] and Blasius ‘23] introduced the form
of similarity solution, for flow on flat plate. Falkner and
Skan [24] extended this form in the case of free stream velocity
preportional to x> representing irrotational flow around a
corner found by the plano boundaries meeting at the angle

m(m + 1). Goldstein [25] applied the boundary layer approximé-
tions for a flow in a jet. Van Pyke [48] obtained the series

solution for a flow past parabolic cylinder.

Prandtl [47] applied the boundary layer concept to the
heat transfer problem. Hiemenz [;5] carried out the boundary
layer calculation of pressure distribution on circular cylinder.

-
Prandtl [47] explained the change in the flow pattern around
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a sphere on passing through critical Reynolds number. Tofer[44]
refined the numerical computations of Blasius, Eiffel [43]
observed the transition of flow in the boundary layer from

(v S
lpminar to turbulent,

During the ten years after Prandtls paper three were
seven papers on boundary layer which were published at Gatﬁin-
gon. All these papers were written on the basis of Prandtls
original paper. Zhukovsheii assumed that the fluid velocity
is zero at the wall and rapidly increases until it becomes
equal to the thoeretical velocity of irrotational motion.

Then he found the thickness of the layer inversely proportional
to theoretical velocity. Gilmbel calculated the frictional

resistance of ship.

3. Axially Symmetrical Boundary Laver :

Axially symmetrical flow of boundary layer equations
are having two different kinds. One is for the flow in jet
or in the wake behind a body of revolution where the axis of
revolution of a large radius in comparison with the thickness
of the boundary layer. The mathematical difficulties‘g;coun-
tered in the study of symmetrical boundary layer were
considerably smaller and hardly exceed those in the two
dimensional case. Axial symmetrical boundary layer occurs
e.g. in the flow past axially symmetrical bodies the axial

symmetrical jet.
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U.T.Boedewadt [42] studied the problem in.which the
fluid at large distance from the stationary wall rotates like
a rigid body with constant angular velocity. H. Schlichting
[26] obtained solution for the laminar circular jet which is

analogous to the one of two dimensional jet:

The process of boundary layer formation about an
axially symmetrical body accelerated impulsively was investi-
gated by E. Botz [40] in Gottingen thesis. The process of
formation of the boundary layer on a rotating disk was studied
by K.H. Thiriot [39] in his thesis presented to the University
of Gottingeh. He considered the case of disk accelerated
impulsively in a fluid at rest to a uniform angular velocity
as well as the case of disk rotating with fluid and suddenly
arrested in its motion. S.D. Nigam [}8] computed the growth

of boundary layer on a disk started impulsively.

4. Three Dimensional Boundary Laver :

The study of three dimensional boundary layer will be
separated to in two main parts. The first of these will be
concerned with the boundary layers which possesses a common
geometrical property, namely that of rotational symmetry, an
example which is the flow along a surface of revolution when
the main stream is parallel to the axis of symmetry. Second
part of these deals with the boundary layer on a surface of

general type. It is necessary to distinguish here between the
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case where the singular geometrical behaviour of the surfaces.

(corners and edges, for example) and that where the surface

is smoothly curved.

The probiems of the boundary layer of two velocity
components, one velocity component being much smaller than
the other. In some important practical problems the flow in
which two of the velocity components are of the same order of
magnitude whereas the third is much smaller than the other
two. The simplest three dimensional boundary layer over a
yvyawed. infinite flat plate at zero angle of attack. The
boundary layer over a finite swept wing is also of three

dimensional boundary layer.

In the case of three dimensional boundary layer the
external potential flow depends on two co-ordinates in the
surface and the flow within the boundary layer possesses all
three velocity components which moreover, depend on all three

space co-ordinates in the geometrical case.

The boundary layer equations for three dimensional flow,
particularly for swept wings and rotating body of revolution.
Hawarth [37] showed that in three dimensional flow the curva-
ture effects are present, they & not disappear as they do in

two dimensional flow.

The equations of motion for boundary layer flow over

a general three dimensional body, subject only to the restric-
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tion that geometrical singularities on the surface of the
body are to be excluded such equations have been derived by
various methods by several authors including Levicivita
(1929), Lin (1947), Timman (1955), Howarth (1951) and Hayes
(1951). |

Another important practical type of three dimensional
boundary layer flow is the flow over rotating blades occurring
in turbines, helicepter's and propellers. In this case the
centrifugal and conolis forces due to rotation combined with
pressure gradients and viscous forces,cause the‘flow to three-

dimensional even in the absence of the effects of finite span.

W. Wuest [36] obtained solutions for three dimensional
non-steady boundary layers on bodies which perform non-steady
motions at right angles to the main flow. W. Dienmann [ 35
worked out an approximate method for yawed cylinders. The
extension of these approximate methods to the general case of
three~dimensional flows is vitiated by a very great difficulties,
because now the variety of possible velocity distributions
has become much larger than was the case with the two-
dimensional flow. The three-~dimensional boundary layer flow
can be considerably simplified if the streamlines and lines
of constant potential of the external, irrotational flow are

chosen for a curvilinear system of co-ordinates.



5. Basic Concepts Required Four our Problems s

(I) Fluid : Fluids are usually classified as liquids or
gases. A liquid has intemmolecular forces which hold it
together so that it possesses volume but no definite shape.
When it is poured into a container will £ill the container
upto the wolume of the liquid regardless of the shape of the
container. Liquids have but slight compressibility. For most
purposes it is, however, sufficient to regard liquids as
*incompressible fluids". A gas on the other hand, consists
of molecules in motion which colloid with each other tending
to disperse it so that a gas has no set volume or shape. The
intermolecular forces are extremely small ip gases, A gas
will £ill any container into which it is placed and is,
therefore, known as a (highly) “Compressible Fluid." It is
proper to femark here that for speeds which are not comparable
with that of sound etc. if the Mach number (the ratio of
velocity of flow to the velocity of sound) is small compared
with unity the effect of compressibility on atmospheric air
can be neglected and it may be considered to be a liquid and

in this sense it is called incompressible air.

2., Viscosity : Viscosity of a fluid is that characteristic
of real fluids which exhibits a certain resistance to
alterations of form. Viscosity is also known as internal
friction. All known fluids (gases or liquids) possess - the

property of viscosity in vatying degrees. The nature of
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viscosity can be best illustrated with the aid of the

following experiment of Newton. Consider the motion of fluigd
between‘two very long parallel plates at a distance say "d*
apart, one of which is at rest and other moving with a constant
velocity V parallel to itself. Because of wiscosity, the fluid
will also be in motion. Experiment teaches us that the fluid
adheres to both walls (no ;lip condition), so that its velocity
at lower plate, which is stationary is zero and at the upper

plate which is moving, is equal to the velocity of the plate U,

The coefficient of viscosity of fluid may be defined
as the tangential force required per unit area to maintain a
unit velocity gradient. i.e, to maintain unit relative velocity
gradient, i.e, to maintain unit relative velocity between two

layers unit distance apart.

3. Reynold Number

The dimensionless quantity Re defined

UL UL
Re = -—-€- - - -
n

where U, L, e and y are some characteristic values of the
velocity, length, density and viscosity of fluid respectively
is known as the Reynolds number in honour of the British
SCientist'Osborne Reynolads,
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4. Prandtl Number The ratio of kinematic viscosity to

the thermal diffusivty of the fluid i.e.

Kinematic viscosity S we

- D G W - = - » - = anow

Thermal diffusivit a k/ecp

® w—. = Pr,

k
is designated as the Prandtl number named after the German
scientist Ludwing Prandtl. It is a measure of relative

importance of heat conduction and viscosity of the fluid.

5. Eckert Number 3§ The dimensionless quantity "Ec" defined

as
- 2 T

where U, cp and T are some reference values of the velocity,
specific heat at constant pressure and temperature is known
as the Eckert number named after the German scientist E.R.G.
Eckert. In compressible fluids it determines the relative
rise in temperature of the fluid due to adiabatic compression.

6. Grashoff Number : The dimensionless quantity Gr, which

R
characterizes the free convection is known as the Gradshoff

number and is defined as
3
Gr - A - . - 0 G W S W

"Tm

where g is the acceleration due to gravity and Tw and T,, are



two representative temperatures.

7. Dimensionless Coefficient of Heat Transfer (Nusselt

Numher):

In the dynamics of Viscous fluids one is not much
interested to know all the details of the velocity and
tempefature fields but would certainly like to know quantity
of heat eﬁchanged between the body and the fluid. If g(x) is
the quantity of heat exchanged between the wall and the £fluid,

per unit area per unit time, at a point x, then
q(x) = a(x) (T, - o) (Newton's Law of Cooling).

where (T, - T,,) is the difference between the temperature
of the wall and that of the fluid. Since at the boundary the
heat exchanged between the fluid and the body is only due to

conduction, according to Fourier's law, we have

oT
g(x) = = k ( -a'-; )nao
where n is the direction of normal to the surface of the
body. From these two laws we can define a dimensionless

coefficient of heat transfer which is generally known as

Nusselt Number as follows,

a (x) L -L ( oT
Nu B awceoacmme Lad » . A e - - )

where L is some characteristic length in the problem.
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8. Newtonian Fluid : Newton observed that in a simple

rectilinear motion of fluid two neighbouring fluid layers,
one is8 moving over the other with the same relative velocity
between the tow layers and inversely proportional to the

distance between the layers.

If the two neighbouring fluid layers are moving with
velocities u and u + §u and at a distance §y the shearing

stress is given by

5u au
€ =~== or T = p ==
5y dy

This is called as "the Newtonian hypothesis" and a fluid
satisfying this hypothesis is called Newtonian £fluid. The
constant of proportionality u is called the coefficient of

viscosity and duw/dy is the strian rate of the fluid.

9. Suction : The retarded fluid in the boundary layer
is sucked in to the body. The point of suction is near the
point of separation either slightly ahead or behind so that

no back flow will occur.
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Fundamental Equations of Boundary Layer Suction :

It is the simplest to begin the mathematical study
of laminar boundary layer with suction by first considering
the case with the continuous suction which may be imagined
realized with the aid of co-ordinates will be adopted, the
X-~axis being along the wall and the y-axis being at right
angles to it, Fig. will be accounted for by prescribing
a non-zero normal velocity component Vb(x) at the wall, in
the case of suction we shall put Vg 5 0, making V, > 0 for
discharge. The ratio of suction velocity V,(x) to free

stream velocity Vg, 1is very small

\IA

] il il il N 5 il i1

]
SR P Y NS O AR S N

Ve = CONS+

Fig.2. Flat plate with homogeneous suction at zero

incidence.
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The quantity of fluid removed, Q will be expressed through

a dimensionless volume coefficient by putting
Q = CQAUm o o » i

where A denotes the wetted area.

1
For flat plate, Q = b j [-vb(x)] ax
0

and
A = b'A so that consequently
1 1
c, = -1.5;. 6{ [- vo(x)] ax ees 14

and for the case of uniform suction v

o = constant

-V .
c = ---2 o0 0 iii
Q u
o0

LY

Assuming incompressible two dimensional flow we have

the following differential inequalities,

du DV
——w P aeo= =
_x DY
3u du -1 dp 2u
U omim 4 e mome e 4 ) =2e e
dx dy e d4x dy?
with the boundary conditions
y=0: us=0, v a Ug(x) )
) ® e » v
Yy =o00: u=U (x) )

Evidently, the integration of the above system of equations

L\ml‘

V S\TY

m

iV
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for the general case of arbitrary body shape, employing an
arbitrary velocity function U(x), presents no fewer

difficulties than dopes the case with no suction.

10. Porced convection in a laminar boundary laver on a

flat plate :

Consider the steady flow of a wviscous incompressible
fluid past a thin semi finite flat plate at a constant
temperature T, (or insulated) placed along the direction
of a uniform stream of velocity Uy, and a temperature Teo »
Let the origin of co-ordinates be at the leading edge of

the plate, the x-axis along the plate and y-axis normal to

it.
74
Y4 Y4
Pi<i Pr=d Ps> 1
R A R
.' -
4 R R -1
. < & e o T 3
y ¢ 1] L
o aas /////V//ﬁx QTP T I T Iy T ;x °lllll TITTITTTITITgr

Fig.3. Comparison betweenvvelocity and thermal boundary
layer on an isothermal plane wall

Ppr £ 1.
>
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11, Free convection from a heated vertical plates

A flat plate is heated to a temperature T,, is placed
vertically under gravity in a large body of fluid (air)
which is otﬁerwise at rest and has a temperature T,, and
density eypn + It is assumed that the temperature difference
between the plate and the fluid is small, so that fluia
properties may be taken as ponstant but the small motion
of the fluid in the neighbourhood of a vertical plate is
caused by a buoyancy force due to density variations. Hence
the dissipation term in the thermal boundaty layer equation
may be neglected in this problem, but a body force due to

gravity must be added in the velocity boundary layer

equation,

X T
7, ¥ l
/]
A To &
/ AN Bedy -f:te

N T
A, Y, zl -
,/‘ <T:®\L\ \\
/ =
TC,,IS{

/]
I

(@

Pig.4. Temperature and velocity distributions in free

convection from a heated vertical plate.
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