CHAPTER-1

DEFINITIONS
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ABRSTRACT

In the nresent chapter w2 ygive in

detail the definitions ancd statements of

known results which we are making use, in

course of our research. The appropriate

references are cited at the end of the

Chaptero
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DEFINITIONS

AND TERMINOLOGY

In this first chapter we present some definitions

concerning with univalent functions and some terminology

which we are going to use in

state some statements of the

Definition -

this context, Here we shall

known results.

A complex valued function f(z) is said to be holo-

morohic in a domain D in the

comrlex nlane, if it has

a uniquely determined derivative at each noint of D.

Rguivalently it can also b2 defined in the following wav.

A holomorrhic fuinction

without noles [6, pp. S1

Definition :~

Let E={z : oz is

Nefinition :~-

A holomornhic function
said to be univalert in D if

zy = 2z, for all z44 25 in D,

Remark :-

The terms f?onformal mapping”,

is & meromorrhic function

- 52]

a co~slex number and |z]<:1}

™~

f(z' in some domain T is

f(z,) = f(zz) implies tha=

*"injective

meromorphic function”, and "’'nivalent holomorrhic

( meromorvhic ) function"

all have same meaning. Sometimes

b
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we follow time honored nractice and say ™'nivalent”

—

instead of "Univalent holomorphic”. [}, pp 51 - 52
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Definition :-

Let S denote the class of all normalised univalent
functions defined on £ and having the Taylor series

exvansion of the forr,

o0
. n . -
flz) = = + :E 8, 2 5 z in E.
n=2
Ry normalised conditisns on f(z) we mean thet £(0) = C

1]
and £ (0) = 1.

Nefinition -~

A domain containing the origin is starlike with
respect to the origin if it is intersected by any streight
line through the oricin in a linear segment. "“e note

R e ,.,QM“MM‘
that starlike with resomect to the origin will be referrad

to as simnly starlike.

Nefinition :-

Let S* denote the subclass of S, whose members

transform every disc l z l é% s O< R 4, onto a

starlike domain.

The analytic description of starlike functions is

given by the following statement.
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Statement :-

Let f be holomorphic in the domain DC. €
t
( € denoting the comolex plane ) with f(0) =0 =f (0) - 1.,
Then £ € S* if and only if zf (z)/ £(z) € P,

P denoting the class of all functions W whicﬁ are

holomorphic and having vositive real »nart in D w1th»b{0)=1.

Definition ¢ -

Let f(z) be holomorshic at z=0 and satisfying tte
conditions of nor—alisations. Then we define the radius
of univalence to be the largesst value of r such that f(z)

is holomorschic ancd univalent for | z | Lr.

Nefinition :-

Let f(z) be normalised holomorrhic function at z = O’

let A be a real nu~ber such that 05; >\ <;1. e defire
the radius of starlikeness of order )\ , denoted by S, ,

to be the largest value of r such *hat f(z) is

holomorrhic and

) é :
Re e J>)\, for |z]| (z.

Definition :-

Let K denote the subclass of S whose members

map every disc |z]g R 9 0§ 1, onto a convex
S~
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domain. Convex functions can be defined in the following

way

Definition ¢ =~

The set E 1s said to be convex if it is starl:9«e
with resmect to eech of its points, that is, if the linaear
segment joining any two hoints of E 1lies entirely in =2 .
Hence & convex function is one which maps the unit disc

conformally onto a convex domain.

The convax funttion can be described in the followiny way :

Statement :-

Let f be holomorphic in the domain D , with <he
conditions of normalisations. Thenf € K, if and onlv if
"
( 1+zf (z)/f'(z)) € P, P having the same significance as

defined in case of starlike functions.

A close anzlytic connection between convex and
starlike transformations was first observed by Alexancer [1]
in 1915, We shall merely state his observation in the

following theorem.

Theorem -

Let f be holomorphic in D, with f(0) = 0 and

] ] *
f (0) =1. Then f € K if and only if z f (z) €& 3 .



Definition :-

Let f(z) be holomorphic at z = 0 and satisfy £(0)=0
and £ (0) # 0 ‘there , let )\ be a real number satisfying
0 A <1, We denota the radius of convexity of orcer A
by %k and be defined as the largest value of 1r stch

that f(z) 1is holomorphic and satisfying

2t (z) W
!
|

£(z)

Rei 1 +

> N for |z s
_

Nefinition :-

A function f(z) & S 1is saiZ to be close - tHy -
. . i
convex with resmezt to the  convex function e g(z)
2

where g(z) @ k¥ and 0 < =< L 2% if

o —————

]
£ (z)

Re - ::> ¢

L&

g'(z)
e /
L -1

for z = Z. e denota this cluss by © .,

Nefinition :-

Let f(z) be holomornhic at 2z = 0 and satisfv the
conditions of normalisations theres. Then the radius of
close~to-convexity is defined to be the largest value of

r such that f(z) 4is holomornhic and close~to-convex

for 'z' Z rT.
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This class of close-to-convex functions was in*roduced

by Kaplan [6] 1in 1952,

In the above definition of close-to-<onvex fun:tion
we note that f 1is not reauired a priori to be univalent,
also we note that the correlated function g need n:c=t be

normalised.

*n the contaxt of the above definitions of subc_asses
of urivalent functions, we would like to pass the following

remarxri.
Remark :-

Svery convex function is obviously close~to-comex,
More generally, every starlike function is close~to-ccnvex.

[4, 2. 47] .

Close-to-convex functions can be stamned by a
geometric condition somewhat similzr to the defining
properties of convex and starlike functions. Let f «ce
holomornohic in D and let Cr denote the image of tqe
unit circle [z ] = r, under the mepning f , lyiny
between 0 and 1 . Then roughly speaking f 1is close-~
to-convex if and only if none of the curves Cp makes a
"reverse hairpin turn". In this connection Kaplan [6]
has stated the following definition of close~to¥convex

function which is known as Kaplan's Theorem.
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Kaplant's Theorem :

Let f be analytic and locally univalent in [,

Then f 1is close-to-convex if and only if

92‘ zf" (z) —{
Re 1 + : ? de:> ~TT, z = r>=2

£' (z)

ie

o7

for each r , C<r (1 and for 2ach nair of real

numbars ©; and &, , with 6,< O, -

Lastly, we assert the following inclusion rela<ions
*
to summerise normalised classes of functions ¥y S4,7, S,

as

K . s"C ¢ C s.

“le humbly state that the sniral- like functions,
Tynically real functions, "azilvic functions are als>
the subclasses of univalent functions S, but Since we are
cnoncentrated only on starlike, convex and close-to-convex

subfamilies, we are not rushec tn define them also.

Ve note that the close-to-convex functions, st:=zlike

functions and convex functions are all univalent functions.
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