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Introduction :

This chapter consists two sections. Section-I 
deals with the study of some fixed point theorems in 
normed spaces, and Section-II consists the study of some 
fixed point theorems in Banach spaces.

Many authors have defined contractive type 
mappings on a complete metric spaces, which are 
generalizations of the well-known Banach's contraction 
principle; and which have the property that each such 
mapping has a unique fixed point. The fixed point can 
always be obtained by using Picard iteration scheme, 
beginning with some initial choice of x^ e X.

Rhoades [13] has shown that, if a mapping
9

T satisfying certain contraction conditions and a sequence 
of Mann iterates converges, then it converges to a fixed 
point of T. He also compared various definations of 
contractive mappings studied by different authors 
(Rhoades [14]).

SECTION - I

In this section we have made a generalization
of Banach contraction principle and used technique of
Youel A.K., Sharma P.L. [15] to prove two fixed point
theorems in normed spaces. Theorem first is associated.

i ^
with Mann iteration Scheme and theorem second is ex^ft>®i'c1h

//cs/,



.56.

of a pair of mappings in normed spaces.

Rhoades in 1974 has proved some fixed point

theorems, for a mapping satisfying certain contractive condi

tion associated with Mann iteration process. H.K. Pathak [11] 

in 1988 used this technique and he has proved some fixed 

point theorems. Following the same procedure for

our contraction mapping, we prove two theorems.

Theorem (3.1) :

Let X be a closed, convex subset of a normed

space N and T be a continuous mapping on X into itself

such that,

||y-Ty||[l-||x-Tx||]
||Tx-Ty| <q max { ||x-y||, ---—------------

l+||x-y||

||x-Ty || [ 1- |x-Tx ||- |y-Tx ||1
h -------------- }i+lx-yll

.. (3.1.1)

for all x, y 6 X, x f y, 0< q <1, 

and let for any xq 6 X, sequence 

follows.

x } be defined as n J

x , . = (1-C )x +C Tx , (n>0) ... (3.1.2)n+1 n n n n —

where C satisfyies the conditions,n

(i> c0 ‘ 1 -
(ii) 0<Cn<l, n> 0 ... •(3.1.3)

(iii) lim C = h >0 and h<l 
n-0Dn
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If {x^} converges in X, then it converges to a fixed 
point of T.

Proof :

Let z G X such that lira x = z.n -► 0#

Now we shall show that z is the fixed point of T. 
consider,

P

flz-Tz | < |z-xn+11|+ ||xn+1-Tz |

using (3.1.2) on r.h.s. we get

|*-Tz| < |*-*n+1| + ||(l-Cn)xn+CnTXn-TZl

i.e. ||z-Tz|<||z-xn+il+|(l-Cn)xn-(l-Cn)Tz+CnTxn-CnTz|

ilz-*n+11+( l*Cn) l*n-Tx »+Cn ||Txn-Tz 1

using (3.1.1) on r.h.s. we get, 

|z-Tz||<||z-xn+1||+(l-cn) ||xn-Tz||+cnq max I Bxn“Z |,

|z-Tz||[l-||xn-Txn||] ^ |xn-Tz|[l-||xn-Txn|-||z-Txn|]

1+llxn"zll 2 1+llxn"zl
Since, from (3.1.2), llxn“Txn |j = llxn"xn+1 l!1/^
Thus the above inequality becomes as,

||z-Tz||<||z-xn+1||+(l-Cn)||xn-Tz|+Cn q max { ||xn~z j|,

||z-Tz||[l-l|xn-xn+1||l/Cn]

1+llxn-zll

}
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s. Ilx„-Tz I U~ I Wl l1/Cn~ l2-Txn111 j

l+||xn-z|

Now taking the limit as n 00 and using (3.1.3) and 

continuity of T, we have

||z-Tz I £ (1-h) ||z-Tz+||+hq max {o, ||z—Tz || # \ ||z-Tz || [ 1-||z-Tz |j] } 

max { 0, ||z-Tz||, % ||z-Tz || [ 1-flz-Tz j| ] } = ||z-Tz || 

then

|z—Tz || £ (1-h) ||z-Tz |+hq ||z-Tz ||

£ (1-h+hq) ||z—Tz ||

£ [ 1-h (1-q) ] ||z-Tz |

Clearly it is contradiction when z f Tz 

hence Tz = z

i.e. z is fixed point of T.

Hence the proof.

Now we extend theorem (3.1) for pair of 

mappings.

Theorem (3.2) :

space N

X T. and 
/ 1

Let X be closed, convex subset of a normed

and let T^^be contractive pair of mappings of

are continuous on X such that,

|y-T y|[l-|x-T x|]
£ q max { | x-y | , ---------------------------------,

Hl*-y||

uHLirt.-.A.J hi.cnUuf.AH LIMA*)
•MiVAJI UNlVSr'SSTY. KOLH.
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h
||x-T2y 1 [1-||x~T1x |-||y-Tlx |(] ^

l+|x-y«
(3.2.1)

for all x, y 6 X, x y, 0<q<l/

and the sequence { x^} of Mann iterates associated with 

and as given below,

For x0 e X, Set x2n+1 = (l-Cn)x2n+CnTlx2n
ana x2n+2==!1"Cn)X2n+l+CnT2x2n+l' "'O'1'2- - (3.2.2)

Where (c ) satisfy (i), (ii), (iii) of (3.1.3).n

It xn converges to z in X end is a fixed point of either 

T1 °r T2 t*len z *s common fixed point of and

V
Proof :

Let z 6 X such that lim x =z, let T,z=z.n ■* <*> n 1

Now we shall show that z is common fixed point of 

and .

Now we have <9

||z-T2z|| < l|z-’‘2n+1HU-Cn>*2n+CnT1x2n-T2z||

5 la-2n+lI+l(1-Cn)lt2n-ll-C„)T2Z + CnT1X2n-C„T22l 

i •M2n+ll+(1-Cn)l*2n-,l*l+C„ q ",ax t#x2n'Zl' 

|z-T2zHl-|x2n-T1x2n|) ^ lx2n-T2zlll-lx2n-T1x2nl=||z-T1x2n||) }
l+l*2n-zll ‘ ' 1+lx2n‘z*

by ... (3.2.1)
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Since from (3.2.2), llx2n"Tlx2ni= l*2n~x2n+l l1/Cn*

Thus the above inequality reduces to

||2-T2Z||< |z-x2n+1|+(l-Cn)|x2n-T2z|+Cn q max )|*2n-*|'

lz-T2»»U-|»2n-x2n+1|l/Cn]

»x2n~T2ZH11-|lX2n ~ X2n+1 < 1/C„-|lz-Tlx2n > ,
' H*2n-I

Now taking the limit as n + 00 and using (iii) of (3.1.3) 
and continuity of we obtain for T^z=z.

||z-T2z Ij £ (1-h) ||z-T2z I

+ hq max {0, ||z-T2z||, h ||z-T2z || [l-||z-z||]}

£ (1-h) ||z-T2z||+hq max | 0,|z-T2z||, ^||z-T2z||}

if max { 0, |z-T2z|, \ ||z-T2z||} = ||z-T2z|

then q max {O, ||z-T2z|, \ ||z-T2z||} = q | z—T2z ||

Thus the above inequality becomes,

||z—T2 z || £ (1-h) ||z-T2z ||+hq { |z-T2z|}

£ (1-h+hq) ||z~T2z ||

1 [ 1-h (1—q) ] ||z—T2 z ||

if suppose z ^ T2z then it is contradiction.
Thus it follows T2z = z.
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i.e. z is the fixed point of .

Similarly we can prove that if T^z = z, there T^z = z. 

i.e. z is the common fixed point of T^ and .

This completes the proof.

Queries :

1. If T satisfies contractive condition (3.1.1)
and the continuity of T is removed, does I
have a fixed point?

2. Does the same conclusion hold if thee Mann 
iteration procedure is replaced by that of 
Ishikawa iteration procedure?

SECTION - II
©

Fixed point theorem in Banach spaces :

The Banach contraaction principle has been 
generalized in different directions. Many authors have 
been given some variants, such as Chetterjea [1],
Edelstein [4], Hardy and Rogers [5], Kannan [9], Reich [12]
etc. In 1980 D.S. Jaggi and Bal Kishan Dass [8] have
generalized this principle through rational expression 
to prove the following theorem.

Theorem A :

Let f be a self map defined on a metric space
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(X,d) satisfying the following -

( i) for some a, 3 6 [ 0, 1) with (a + 3)< 1,

d(fx,fy) 1 Qd(x/fx) d(y,fy)________
d(x,fy)+d(y,fx)-d(x,y) + 3d(x,y),

x, y G X, x f y,

n 4li-(ii) there exists S X : {f xQ}3{f x^} with
nklim f x„ G X, k -► 00 0

kThen f has a unique fixed point u = lim fk + 00 0

Now we state and prove our main theorems on fixed 
points of self-mappings of a Banach space.

Theorem (3.3) :

Let T be a self map of a Banach space X with 
norm |. || satisfying the condition,

||Tx-Ty|| < q max { ||x-y|,
||y-Ty|| [l*-||x-Tx||] 

1+ ||x-y |

|x-Ty| [ l^flx-Tx |+ ||y-Tx || ]
H ----------------------------1+ ||x-y [|

for all x, y G X, x ^ y and 0<q<l.
Then T has unique fixed point in X.

Proof :

(3.3.1)

For some arbitrary x^ G X, we define the
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sequence { x^} as '

X1 = TV Vl = Txn' " = 2'

Then by (3.3.1) we have,

!v-xn+l! = llTxn-rTxnll

IlyTxJ nHly-Tyili
< q max i llx^-xj,

1+ X .-X" n-1 n

}
»x -Tx |[l+lx -Tx Jl+llx -Tx .»]H n-1 n1 " n-1 n-111 11 n n-11

1+(x -x |11 n-1 n"

II X -x . II [ 1 + I X .-x 11 n n+1" 1 n-1 nq max t Ix^-x^,
[1+#xn-rxnl)

ll]Cn-l~Xn+l ll[1+llxn-l-xn»+lxr'-xnli] ,
'2

u+ll*

f' 
»cX1

1—
1

1c

< q max { ||xn_1- XJ- K

Since »xn-xn+l«iq II x -x . II 11 n n+111

Now one has

»xn-xn+l»iq max {II xn-l

I f max (ll*n-l-xJ' ^ x . -x n-1 n+1

Then «xn-Xn+liiq |x -x ||11 n-1 n11

n-1 'n+1

_l“ xn i ' * • ^

. . . (3

< 1),

3.2)

3.3)

If maximum of two memebrs in (3.3.2) is
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* K-rVi* then’

fixn~xn+lfl—^ q lxn-l-x„+lli% <3 (lxn-xn I+ Ixn-.xn+1 0

Thus n
-x . II < ^ lx -x II < q ||x -x I n+l« — i n_i n" — 11 n-1 n12-q

(3.3.4)

from (3.3.3) and (3.3.4) we have

ll*n--n+1«i‘3 llxn+l-xJ

proceeding in this manner we obtain,

xn-xn+lII — *3 »xn-l-x„l

< q“ x _-x .— 11 n-2 n-1

and hence for m > n

lxn“xm I <qnU+q+q2+................ -q1”-0'*'1 ] ||x0-xi || ••• (3.3.5)

- «xo-xit

Since q < 1, qn-► 0 as n ->• CD, so from (3.3.5) it follows 

that the sequence { x^} is Cauchy sequence.

Since X is complete then there exists a some point u 6 X 

such that

u 1 im 
n CO
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Now we 

(3.3.1)

|u-Tu|

|u-Tu|

Since x

||u-Tu |

i ,e.

i .e.

shall prove that u is a fixed point of T. By 

and triangle inequality, we have,

£ llu~Txn H+ lTxn"Tu H

£ llu-Txnll+<3 max {llxn-ul'
||u-Tu||[l+||xn-Txn||]

1+llxn-ul

||xn-Tu|| [l+Hxn-Txn|+l|u-Txnl 
l+||xn-u|l

|u-Txnll+q max
||u-Tu||[l+||xn-x J] 

|xn-U || , ------------™L_,
xn-u*

h
flxn-Tu 1 [ 1+ |txn-xn+11+ |u-Txn | ]

l-«xn"u

u , xn+^ u, then above inequality holds that

£ ||u-u||+q max { ||u—u ||
||u-Tu | [l+||u-u||] 

1 + 1 u—u |

i
||u-Tu || [l+ ||u-u||+lu-Tun 

l+||u-u||
}

£ q max { |u-Tu||, ||u-Tu

|u-Tu || £q ||u-Tu

||u—Tu|| < ||u-Tu | (as q < 1)

Which is contradition
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Thus it implies that

|u-Tu||-^0 as n -*• 00 

i.e u = Tu

i.e. u is fixed point T.

For uniqueness, let v ^ u be another fixed point of T, 

Consider, ||u-v | = |Tu-Tv|(

|v-Tv ||[l4.||u-Tu||]
< q max { ||u-v||, ------ -----------  ,

1 + | U —V || ’

| u-Tv | [l*|u-Tu|f+||v-Tu|| ]
h ------------------------------  }'l+||u-v||

i.e. ||u-v || < q max{ || u-v || , \ ||u-v||}

Clearly

l|u-v| < q |u-v 1 

Which is impossible (as q<l)

Thus u = v

i.e. u is a unique common fixed point of T.

This completes the proof.

Now we extend this theorem (3.3) for a pair of mappings 
in Banach space.
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Theorem (3.4)
Let and be two continuous self mappings 

of a Banach space X such that,

-T2y| [1+ |x+T1x|]
|Ti*-T2y| 1 <3 max {|x-y|

l+||x-y||

||x-T y|[l+||x-T x|j + ||y-T x || ]
H --- £-------- ±----------- ±---}

1+ttx-yl
(3.4.1)

for all x, y € X, x ^ y and 0< q< 1/

Then and have unique common fixed point

Proof :

For any arbitrary xQ e X, let us define the
sequence {x^} as follows.

X1 = TlV x2 = Vl'

X2n+1 TlX2n' x2n+2 T2x2n+1' n O'1'2'

By (3.4.1) we have

Ix2n+l-X2n+2 ® flTlx2n”T2x2n+l1 

< q max { ||x2n-x2n+1 « ,

HX2n+l~T2x2n+l i ^1+ Hx2n~TlX2n H ^
1+ Hx2n~X2n+l®
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^ llx2n T2x2n+ll 11+lx2n~TlX2n I* I’12ntl~Tlx2n 11 j
1+Ix2n-X2n+1<

< q »a»| Ix2n'x2n+ll'

lx2n-U~X2n+2N ^1+I X2n~x2n+1 I'
1+«X2n-X2n+ll

»x2n-x2n+2l 11+»x2n-x2nhl Hlx2n+l-x2n+l 11
1+lx2n"x2n+ll

- 5 max { lx2n-x2„+li' lx2n+1-x2n+2il' * lx2n"x2n+2 H1

Since Hx2n+l~X2n+2 H — ^ lX2n+l“X2n+2 i is imP°ssible,

(q < 1)

Then one has ll*2n+1-*2n+2 l|iq Inax ^ lx2n“x2n+l I Hx2n"x2n+2 11

If max x2n~x2n+l I *x2n‘x2n+l 11= Ix2n'x2n+1 I •■•<3-4.2)

Then •X2n+1 x2n+2 i q Ix2n"x2n+ll . .(3.4.3)

If maximum of two members in (3.4.2) is

$ -x2n 2n+2

then lx2n+l-x2n+2i i * q lx2n‘x2n+2l

i % q(lx2n-x2n+ll+lx2n+l-x2n+2lt
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Thus I x2n+l”X2n+2 If. 2-q H X2n_X2n+l H

— ^ Mx2n-l~X2n^ (3-4.4)

then from (3.4.3) and (3.3.4) we have

II X2n+l-x2n+2 H -q lX2n-l_X2nH 

proceding in this manner we obtain

lx2n+l-x2n+2l iq lx2n-l'x2n«

iq! lx2n-2-X2n-ll i.....

< q" ||x0-x1||

For any m > n we can show that

II x n— x m H— “ i xo—x 1H *•* (3.4.5)
i-q

Which is cauchy sequence (Since q .* 1 , qn+0 as n - 00) 

from (3.4.5)

Again since X is complete, then there exists any point 
u S X such that,

lim x = u n -> 00 n

i.e. x^+ u, consequently x^n u

Now we shall prove that u is a fixed point of and
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Let T^u = u

Consider

|U-T2U|£ |u-x2n+1| + |x2n+1-T.2u| 

£ llu"x2n+l l + lTlX2n"T2Ul

£ lu-x2n+ll+<5 max ^ 1 x2„-uI '

u-T,u|| U+||x2n-T1x2n|]
1+lX2n-U

, lXn-T2U« ll+IX2n-TlX2„I+lU-TlX2nl] ,
1 1

<q max {|u-T?u|, h flu=T u|}

Clearly ||u-T?u|

Which follows that u is fixed find .

Similary we can show that T^u = u,

Now we shall show that u isunique common fixed
point of and .

Suppose v u is another fixed point of T1
and T2.
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then,

||u-v || = | T1u-T2v j|

< q max { || u-v |j ,

||v-t2v| [1+||u-Tu|| ] '

1+ II u-v«

II u-t2 v ! [1+Iu-t1uI + Iu~t1uIM

i+ll u -vfl

||u-v|£ q max { || u-v | , % || u-v || }

Clearly,

II u-v 1 = 0

which implies u = v.

i.e. u is common fixed point of and .

This completes the proof.
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