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Introduction :

This chapter consists two sections. Section-I
deals with the study of some fixed point theorems in
normed spaces, and Section-II consists the study of some

fixed point theorems in Banach spaces.

Many authors have defined contractive type
mappings on a complete metric spaces, which are
generalizations of the well-known Banach's contraction
principle; and which have the property that each such
mapping has a wunique fixed point. The fixed point can
always be obtained by wusing Picard iteration scheme,

beginning with some initial choice of X5 € X.

Rhoades [13)] has shown that, if Aa mapping
T satisfying certain contraction conditions and a s;quence
of Mann iterates converges, then it converges to a fixed
point of T. He also compared various definations of
contractive mappings studied by different authors

(Rhoades [14]).

SECTION - I

In this section we have made a generalization
of Banach contraction principle and used technique of

Youel A.K., Sharma P.L. [15] to prove two fixed point

theorems in normed spaces. Theorem first is associated. _
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of a pair of mappings in normed spaces.

Rhoades in 1974 has proved some fixed point
theorems, for a mapping satisfying certain contractive condi-
tion associated with Mann iteration process. H.K. Pathak [11]
in 1988 used this technique and he has proved some fixed
point theorems. Following the same procedure for

our contraction mapping, we prove two theorems.

Theorem (3.1) :

Let X be a closed, convex subset of a normed
space N and T be a continuous mapping on X into itself

such that,

ly-Ty (2= x-Tx{]

Irx-Ty| <aq max { fx-v|,
1+ [ x-y ||

Ix-Ty 2= |x-Tx |- ]y-Tx |}

1+ x-y

eee (3.1.1)

for all x, y € X, x # ¥y, 0<qg«<l,

and let for any x_, € X, sequence {xn} be defined as

0
follows.
X 41 = (l—Cn)xn+CnTxn, (n>0) ee. (3.1.2)
where Cn satisfyies the conditions,

(i) €, =1 _

(ii) 0<c <1, =n>0 ee. (3.1.3)

(iii) lim C_ = h >0 and h<l1
n+o" -
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1f {xn} converges in X, then it converges to a fixed

point of T.

Proof :

Let z € X such that lim x = z.
n o>

Now we shall show that z is the fixed point of T.
consider,

lz-rz] < Jz=x_, I+ Ix_, -7z

using (3.1.2) on r.h.s. we get

“z—Tznf_“z-xn + "(1~Cn)xn+CnTxn—Tz“

+1“
i.e. ﬂz—Tz“i"z~xn+lﬂ+ﬂ(l-Cn)xn—(l-Cn)Tz+CnTxn—CnTzu

<lz-x_, I+(1-c_) |x_-Tz|+c_|rx_-Tz|

using (3.1.1) on r.h.s. we get,

lz-Tz| <fjz-x _, I+(1-c ) |x -Tz|+c_q max {[x_-z].

Jz-reli-fx -Tx |} Jx -T2 f{i-fx -Tx |- fe-7x |

I "2
l+uxn—z" l+“xn—z“

Since, from (3.1.2), "xn—Txn" = "xn—xn+l||l/cn

Thus the above inequality becomes as,
"z-Tz"f_l]z—xn+l“+(l—Cn)“xn—Tzu+Cn g max | uxn—z",

"z-Tz"[l-“xn-xn+l“l/Cn]

1+ﬂxn—z“
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. "xn—Tz“[l—uxn—xn+lul/Cn—ﬁz—Txnu]

2

l+“xn~z“

Now taking the 1limit as n -» 00 and using (3.1.3) and
continuity of T, we have

lz-Tz] < (1-h) |z-Tz+|+hq max {0, |z-72], %“z—Tz“{l-“z—Tz“}}
{b max { 0, ||z-Tz]|, %|z-Tz|[1-]z-T2z}|]} = |z-Tz|

then

|z-T2]

A

(1-h) |z-Tz |+hq|z~Tz ||

|A

(1-h+hq) |z-Tz|

IA

[1-h(1-q)]|z-Tz]} /

Clearly it is contradiction when z # Tz
hence Tz = z
i.e. z is fixed point of T.

Hence the proof.

Now we extend theorem (3.1) for pair of

mappings.

Theorem (3.2) :

Let X be closed, convex subset of a normed
space N and let Tl,sze contractive pair of mappings oZf
X’Tl and T2 are continuous on X such that,
"y-szu[l—ﬂx~T1x|]

1+|x-y|

"Tlx—‘l‘zy“ <q max {|x~-y|.

BAND. UALAc . bt l AR LIBHAKY
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“x'TZYﬂ[1‘“X’Tlxn‘“Y‘T1x“]

1+fx-y|

... (3.2.1)

for all x, vy € X, x # vy, 0<g{1,

and the sequence {xn} of Mann iterates associated with

T, and T, as given below,

1 2
For xo € X, Set Xonel = (l—Cn)x2n+CnTlx2n _]
and x2n+2=(l-cn)x2n+l+CnT2x2n+1' for n=0,1,2.~ ... (3.2.2)

Where {cn} satisfy (i), (ii), (iii) of (3.1.3).

If X ~ converges to z in X and is a fixed point of either
T1 or T2 then z is the common fixed point of Tl and
T2.

Proof :

Let z € X such that 1lim x =z, let T, z=z.
n *o© n 1

Now we shall show that 2z is common fixed point of Tl

and T..

Now we have

"Z—TZZ"

A

Hz—x2n+l“+“(l-Cn)x2n+CnTlx2n—Tzz“

In

nz-x2n+1u+”(l-cn)x2n~(l—cn)T2z+chlx2n-CnT22u

A

z-x |+(1—Cn)||x2n-le||+Cn g max {ﬂxzn—zlr

2n+1|

“z~Tzzu[l~ﬂx2n—Tlx2n“] . ﬂx2n—T22ﬂ[l-uxZn-Tlen"=“z-Tlen“]}

r 2
l+ﬂx2n—z" l+“x2n—z“

by ... (3.2.1)
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Since from (3.2.2), “xzn_TIXZn“="x2n“x2n+l“l/cn'
Thus the above iﬁequality reduces to
“z—Tzz"-iﬂz—x2n+l“+(l_cn)"x2n—T22“+Cn q max {fx, -z|,

“Z_TZZ“[l-ﬂx2n~x2n+l|

1+“xz;zﬂ

re,]

Ixon=To20t-lxpn = %o 1€ -l2-T %, |

1+|x, -z{

J

N

Now taking the limit as n » 00 and using (iii) of (3.1.3)

afgd continuity of T2 we obtain for le=z.

"z—Tzzui(l—h)“z—Tzzﬂ
+ hg max {0, “z-Tzz“, % "z—Tzz" (1-]z-2 3}

< (1—h)uz-Tzz“+hq max { 0,|z-Tzzﬂ, %“z—Tzzﬂ}

if max { 0, |z-7,2], % |lz-1,2]} lz-T,z]
then g max{0, ﬂz-Tzzﬂ, % “z-Tzz“} = q |z—T22"

Thus the above inequality becomes,

"Z-Tzz"

In

(1~h)“z—Tzzn+hq { "z—Tzz“}

In

(l-h+hq)“z-T22u

|A

[l—h(l—q)]"z—Tzzﬂ

if suppose z # Tzz then it is contradiction.

Thus it follows Tzz = Zz.
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i.e. z is the fixed point of TZ'

Similarly we can prove that if T_z = z, there T,z = z.

2 1

i.e. z is the common fixed point of Tl and T2.

This completes the proof.
Queries :

1. If T satisfies <contractive <c¢ondition (3.1.1)
and the continuity of T is removed, does T

have a fixed point?

2. Does the same conclusion hold if thee Mann
iteration procedure 1is replaced by that of

Ishikawa iteration procedure?

SECTION - II

Pixed point theorem in Banach spaces :

The Banach c¢ontraaction principle has Dbeen
generalized in different directions. Many authors have
been given some variants, such as Cheztterjea [1}],
Edelstein [4], Hardy and Rogers (5], Kannan [9]}, Reich [12]
etc. In 1980 D.S. Jaggi and Bal Kishan Dass [8] have
generalized this principle through rational expression

to prove the following theorem,

Theorem A :

Let £ be a self map defined on a metric space



(X,d)
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satisfying the following =~

(1)

for some &, 8 € [0, 1) with (¢ +BX1,

¥d(x,£fx) d{y.,fy)
d(fx,fy) < — + Bd(x,y).
(£x.fy) = d(x,fy)+d(y,£fx)-d{(x,y)
X, y € X, X # ¥
n Mk
(ii) there exists Xq e x :{f xo}D{f xo} with
n
lim £ kx € X,
k 00 O
"k
Then £ has a unique fixed point u = lim f "x
k>0 O

Now we state and prove our main theorems on fixed

points of self-mappings of a Banach space.

Theorem (3.3) :

Let T be a self map of a Banach space X with

norm |.| satisfying the condition,

fzx-Ty| < a max { |x-v|.

fy-Ty| [lefx-Tx|]

1+[x-y]

fx-Ty| [1fx-Tx |+ [y-Tx|]

... (3.3.1)
1+ || x-y|

for all x, v € X, x #y and 0<g<l.

Proof

Then T has unique fixed point in X.

For some arbitrary xo € X, we define the
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sequence {xn} as,

X = Tx

1 O,x =Txn, n=11 2, e e o

n+l

Then by (3.3.1) we have,
e -x_,. b = llx__ -1x_|

"xn—Txn“ [1+"xna?xn_1“]

l+“xn—l—xn“

< qmax {fx _j-x |

ﬂxn_l-Txn|[l+an_l~Txn_l“+“xn—Txn_1I]

1+ nxn_l—xnn

-

“xn—xn+l"[l+|xn—l~xn"]

< gmax {|x__,-x_|,
n-1 "n [l+“xn_l~xn|]

be_=x  N0Lex_=x e =x_ |

[1+“xn—1_xn“]

N

}

< amax{ uxn—l_xnu' “xn-xn+l“' 1/zlxn—l“xrﬁtl” }
Since “xn-xn+1“§ q “xn—xn+1" is impossible (as gq<1),

Now one has

"xn“xn+l"§.q max{"xn—l-xn"' %"xn-l—xn+l"}

If max {"xn_l—xn“, %Hxn—l_xn+lu} = “xn—l- xn" ... (3.3.2)
Then =% hea x =%, cv. (3.3.3)

If maximum of two memebrs in (3.3.2) is
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Y “xn-l-xn+1“ then,

“xn'-xm—l"f-;é 9 “xn-l_xn+1“f.% q{“xn"xnlh“xn“‘,xm—l“}
Thus “xn-xn+1 I i-—-—-—:q Ixn-—l-xn“ <9 “xn—l_xnu r--3.3.4)

from (3.3.3) and (3.3.4) we have

“xn—xn+1“§<3 "xn+l—xn“
proceeding in this manner we obtain.
“xn-xn+l" <4 uxn-l_xn”

LR LA

n
Lq “xg"xln

and hence for m>n

-n+l :
uxn—xmufjfwl+q+q2+.. ..... -g" " ]"xo-xl" ... (3.3.5)
a"
Rl

Since gq«< 1, qn+ O as n » 0, so from (3.3.5}) it follows

that the sequence {xn} is Cauchy sequence.

Since X is complete then there exists a some point u € X

such that

u = 1lim x
n 00"
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<

Now we shall prove that u is a fixed point of T. By

(3.3.1) and triangle inequality, we have,

fu-Tul] < “u—Txn"+"Txn—Tu"

‘ Jlu-Tufj{1+]|jx _-Tx ||]
< “u—Txn"+q max {"xn-u“, n n ,
1+|x_-uf

[xy-Tul [1+|}x -Tx |+ fu-Tx ||]

% }

1+"xn—uﬂ

 Jlu-Tuf 1+ “xn-x

)
Ju-Tuff 2 Ju-Tx[+q max {|x -uf, n+1n,

L+ fIx -ull

Ix,-Tull [1+“xn—xn+lﬂ+|u—Txn"]

1- Ix-ul

Since X * u, x + u, then above inequality holds that

n+l

lu-Tu] [1+]u-u]l
fu-Tuf < Ju-uf+q max { ju-u],

1+ u-ul

. Ju-mu] [1+Ju-uf+fu-ta ]

1+ [ju-ul
< g max {lu—Tuﬂ, "u~Tu"}

i.e. u-Tul| <q Ju-Tul

i.e. lu-Tul| < [Ju-Tul (as g < 1)

Which is contradition
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Thus it implies that

fu-Tul+ o0 as n > @
i.e u = Tu
i.e. u is fixed point T.

For uniqueness, let V# u be another fixed point of T,
Consider, fu-v] = |Tu-Tv|

lv-Tv ||[1+]u-Tu]]

<q max { [u-v],
1+ |u-v | ’

fu-Tv [1#]u-Tulk]v-Tul]

N

1+fu-v|
i.e. Ju-v | <q max{fu-v], % Ju-v|}
Clearly
lo-v] < a fo-v]
Which is impossible (as gq<1)
Thus u = v

i.e. u is a unique common fixed point of T.

This completes the proof.

Now we extend this theorem (3.3) for a pair of mappings

in Banach space.
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Theorem (3.4) :

Let Tl and T2 be two continuous self mappings

of a Banach space X such that,
“Y-szl {1+ﬂx+Tlx|]

1+{x-v|

I x-T,v) < q max{fx-y|.,

x-T. yl{1+fx-T x} + ly-T_ x|}
, byl x| b-mxdl L

1+ fx-y|

for all x, y € X, x # y and 0< g< 1,

Then Tl and T2 have unique common fixed point.

Proof :

For any arbitrary X4 € X, let us define the

sequence {xn} as follows.

%on+l = T1%¥2n'  Xapea = ToXapepr 0= 001020 ..
By (3.4.1) we have
Ixane17%2ne2l = 1T1%00"T2% 500 |

i

q max ey %, 0 0

%5017 T2% 041 | (14 ]x, =Ty x5 0]
l+nx

2n_x2n+l"
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l+“x2n_x2n+l"

< aman (gl

l+‘x2

EPTRELS SUOPY I n~*2n+1 I

1+]x

2n-x2n+lu

I%on=%ppep Il [1+]x

2n'x2n+1|+"x2n+1'x2n+1"]}
1+x

2n—x2n+1u

< g max { “xzn-—xzn_'_l"/ "x2n+l_x2n+2il' l’2 l|x2n~X2n+2"}

Since %21 %2ne2 0 €9 Iy -2, 001 is impossible,

(g <l)

Then one has “x2n+1“x2n+2“iq max{“xzn"x2n+1"'%“x2n_x2n+2“

If max {"x2n~x2n+l"'%"x2n—x2n+lIF"x2n~x2n+l" ...(3.4.2)
Then

I ons1 %oneal < @ Ix, x50 ] ...(3.4.3)

If maximum of two members in (3.4.2) is

% "xzn“x2n+2“

then

i

“x2n+1“x2n+2“ 5 a Ixy %, Ll

< & allxgn=xon 1% %0, 1
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_q_ -
Thus . Ix2n+1-x2n+2|.<.. 2-q “XZn x2n+ln

< 4 “x2n-l_x2n" ... (3.4.4)

then from (3.4.3) and (3.3.4) we have
I*one1=%anel <@ Ixp 17550
proceding in this manner we obtain

ux2n+l_x2n+2| <49 “x2n—l-x2n“ .

€ s eececaoe

<9’ “XZn—Z‘XZn-lu
n
< 9 "xo"xl“

For any m>n we can show that

n
“xn-xmﬂi~zg—~— I xg-%; | ... (3.4.5)
-q

Which is cauchy sequence (Since q » 1, qn‘+ 0 as n- M)
! from (3.4.5)

Again since X 1is complete, then there exists any point

u € X such that,

lim xn = u
n»(D

i.e. X u, consequently x u.
n-> 7 q Y 21'1 ->

Now we shall prove that u is a fixed point of Tl and TZ'
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Let T.u = u

Consider
lu'Tzu u < n u”x2n+1 n + u X2n+l—'l‘-2'.l “
< Nu=xpp,q 1417 %, T

< Ju-xyp,q 1+a max { fx, -uf.

“U"Tzu" [l+"x2n—Tlx2n“]’

L+]x, -ul

|xn—T2u“ [l+“x2n—Tlx2n“+“u—Tlx2nu]

l+"x2n-u"

[l

<a max {Ju-m,uls % Jusryul)

Clearly uu—Tzul = 0

Which follows that u is fixed find T2.

Similary we can show that Tlu = u,

Now we shall show that uisunique common fixed

point of T, and T,.

1 2

Suppose v # u is another fixed point of Tl

and T_.
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then,

lu-vi = J7yu-Tyv]|

ia

q max {Ju-v].

“V—Tzvn [1+ﬂu-Tu“},

1+]u-v]

Hu-T, v} [1+fu-1 u]+fu-T,u]]

4] u -v]

Ju-vl< a max {Ju-v |, %Ju-v]}

Clearly,
Ju-v] = o
which implies u = v.
i.e. u is common fixed point of T, and Tz.

This completes the proof.
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