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CHAPTER II

DEFICIENT VALUES AND > RELATIVE DEFECTS OF MEROMORPHIC
FUNCTIONS.

We mentioned in the previous chapter that the 
Ifevanlinna theory is heavily dependent on its two
fundamental theorems, the first and second." There have

V *
been minor variations given by different authors for the
second fundamental theorem, though basically they give* ■*
the same result. One of these is given by Hayman|l3, 3dQ ■ 

in the following form."Suppose that f (z) is a non-constant 
meromorphic function in \zl £ r. Let a-^,a2, ...,a where 
q > 2 , be distinct finite complex numbers, 6 > 0 , and 
suppose that ja.-a.| for 1 4; j < i < q> ThenJ ***

* q
m(r, CD) 4 mGc^a^) £ 2 T (r,f J-N^ (r)+ S(r), 

i=l
where N^'(r) is positive and is given by

^(r) = N(r,~r)+ -2 N(r,f)—N(r,f')

and S(r)= m(r;fl)- + m( r, + q i0$ 3q +
i=*l s log 2 +

4 log a , with modifications if f(0) = 0 or CD| f' (o^
or f' (0) * 0'.' In the above theorem it is not necessary

to just consider m(r,a^), Infact we can replace this
jj=l
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term by m(r#ai) for any positive integer n and
i=l

still inequality remains valid. More precisely we have 
the following

Theorem li Let f (z) be a non-constant meromorphic
ifunction in }z\ < r. If a-^a^# ...#ag(q %2 ), be distinct 

finite complex numbers such that ^ & (£> 0 ) for

l^j < i $ q , then for all positive integers n, we have

q
m(r,00) + n m(r,a^) 4; 2 T(r,f )-N^ (r)+S(r) (2,1)

i=l

where Nj (r) = 2 N(r,f),+ N(r,|rr>- N(r,f'} 
and s(r) = m(r^|—)^. ^—,^+ nq log4" ^ + n log 2 +

l '^”ai'
+ lo^ ^f’HoTj

q -
Proof Set F (z) * 'C -r.-.

p^(f (zj-a^? »

vrk fisst suppose that for some i,

Then for j?£L,
If (z)-aj j £ Ja^.-a^- (z) - a^

Ij
(since >q > l)
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Hence

■fifGa-a' l« JT

* -I 3qlHz')-a1i Blpce lf < 4
Thus

■L < 1|f (z)-aj | * 2q|f (z)—J

Consider

lp(z)> * hnacsjjKl- 01 * (f (z)-aj)n

£ |f(25)-aijn jTT 2qn|f (zJ-a^11

|‘f(z)-ai|n I 

1

J2=L
2n qn

.n >lf (z)-aif

1 lsince 1 % -=r + ~ for n > 1 and
2 2n

i. a=i > i_ aL = i- i„x n ' A «n n o2 q 2 q, 2

which gives 1- .2n n a nq 2

Hence
log+| F (z)-j % log+ 1 

_q
" ^log

jflz)-ai’jn - n log 2

+ -n “ . . n

(2*2)

(using 2.2)

-n log 2 
(2.3)
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But since for j 4 i, (f-a^ £ Jaj-a^l-[f-a± |
4- 3q

— (3cr~«l) £ 
3q

>% 3q .

We have 
+ 1log

or

M-3j| n s< log+< *1 )n

> Xog+ -—pj 4 (X-D Xog+( ^_)n
iTi lf_ajl *+( 2SL)

+ 1 — __-._ + 3cr

^ nq log

Hence from (2,3)/ we have
_q

log+|P (z)\ fa. > log * “ 7n’~ - nq logT", f(z)-a.1*1 j1 - nlog 2.
Next we consider the case when

gjf (zJ-a^J ^ ^ for all i ,

Then we have

s
(2.4)

log + , 3cr \n
|f (z)-ajj 

and so

n ^ log ("T

n log+ ...... .. . ,< nq log*1* .^ |n >

This shows that right hand side of (2.4) is negative
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But left hand side of (2.4) is non-negative and there
fore (2.4) is trivially true in this case and it is true 
in all cases. Multiplying (2.4) both sides by ^ and
integrating over tb,2TTj we get

q
m(r,F) %*?> m(r, —-—jj-)-nq log+ ^ - n log 2.

i=l (f“ai} d

q • ’ 1
* h^* m(r#a. )-nq log4- - n log 2." (2.5)

i»i -

NoW* to get required inequality we consider 

m(r,F) = m(r#|- f’F)

= m(r,|0 + + m(rtf *f).

But from (1.10) of Hayman {l3,4j we have

T(r,f) = T(r,|) + log (f (0) {

This gives

n»(r,|-,) = m(r#|—)+N(r,|-)-N(r#£j + logJ|^Q) |

and
xn(r,j)“ T(r,f )-N(r,|0 + log ^ |«

So we get finally
m(r#F)T(r,f)-N(r,|);+ l°STji*(o)| + m(r,|l) + N(r,|Jo-

'-N(r#ft) 4 m(r,^ *F) + log If 1 f' (0) » -

7
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This inequality combined with (2,5) gives

q
n mCr/a^J-ttnCrvOO)^: m(r#F)-nn(r,f )+nqlog+ Jr*— +n log 2

i=l
4 T(r,f)-N(r,|)«Kr#^-)-N(r/|,)+

+ m(r,|-)HTO(r#f'F)+log^ +

+ T(r#f )-N(r,,f )+nq log+£~p—)+ n log 2

Now, by Jensen's formula
2TT

N(r,f^)-N(r,|,)=: |^£log J f (re^
f'(rei0) d0 -log f (0) 

f' (0)
2TT

“ — \ logjf(reie)|d0 - log jf(0)J —
2 TT

0
2TT

"2§ ( l0^ ^reie^( de + |f'* |

0

= N(r,|)-N(r/f)-K(r#||)-t N(r#f *),

Hence we obtain lastly
q

n m^a^-ttiUr,® ) $ 2 T(r,f)- ^2 N(r,f) -N (r,f*) + 

1=1
+ N(r,- )l + S(r) 

f* )

Vsjhere, S(r) is defined as in Theorem 1 and this completes 

, proof.
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T (r £ ,We now find bounds for ■■ >~ in terms of the
T(r,f)

deficient values. We start with the following lemma,

Lemma 1. If- f is a meromorphic function and if 

al'#a2/***aq are ^st^nc'*: elements of C then

'» I (V)
m(r*(r^-^j-;.4 T(r,±K J) S (£■*£ ) (2.6)

i=l

where q*k are any positive integers and S (r#f )*=o(T(r/f)) 

as r —■» 00 through all the values if f is of finite
1

order and S(r,f)= ©(T(r*f)) as r —» CD except possibly 

for a set of finite linear measure if f is of infinite 

order#-

For the proof we shall require the! following well 
known lemma of MillouX [13* 55*^

Lemma 2 Let 1 be a positive integer and

. ^(z) * ^> a^CzJf (z)* 

i—0 ,

4?hen
f

m(r#f(z)“) “ S(r#f)'

and
(1+1)1? (r*£ )+S(r,f) ,
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Proof. If q = 1 then writing
(k)

m

(k)$ m(r,~— ) +m(r,-^‘5 +N(r#^j:))

ik) -
< m(r,±—) + T(r,-4rr 

f-aj fVJW

and using Lemma 2 and Nevanlinna*s first fundamental 
theorem, the result follows

*

So^ let q £ 2.
Set ^
F(z) . <r~ i

±-T ^
then by inequality (2.1) of Haymanjl3,33j

nUr^a^f) ^ m(t\,F) + 0(1)
i=l

■-M(r. °tt)'

£ m(rJFf (k))+ m (r, ^j) +0(1)
f v

(k)^ ^ m(r,-£--- ) + m(r,*~2:-T£j+ 0 (1^
i=l f-£

The result now follows by adding N(r>7*^y) to both thef
sides and using Lemma 2 and the first fundamental 
Theorem of Nevanlinna.
We now prove
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Theorem 2. If f is a' meromorphic function of order
p and * *##aq(q £ are elements of
then for any positive integer ky

q -liminf .e (k) -■—* _
SSEjJL- >.k >©(a,,f) -q(k-l) (2*7)

r CD m/_ •*— iT(r,f) i=l

Where r—> CD without restriction if f is finite and 
r —* CD outside an exceptional set of finite measure if 
? - '+ 00 .
Proof. * By (2.6), we have

^mCr^a^f) £ T(r,f(k)) -N + S(r«f).
i=l * f

q
Adding N (r, a^,f) to both sides, • 

i=l

q (k)
^ T(r,a±,f) ^ T(r,f )
i*=l

q
+ 2N*r'ai'f ^ ~N^“[]cj+ s<r'f)

i=i t

(r,f(k)>4.*2_ N
i=l

1Where (r, •—) is formed with 

arte not zeros of any of the f-a^

Since NQ(r, TkJ ■) £ 0 and

(r,ai,f)-N0(r,iT]c}+ S(r,f)

the zeros of *f ^which 

(l B 1#2# •••/(!) •
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T(r,aitf*) * T{r,f) + O(logr), it follows that
*q

qT(r,f)'£ T(r,f (k)) + k 13 (r, a.^ f) + S(r,f),

i-1

So,

q
liminf T(r,f(k) 

" r—» 00 T(r#f)

liminf T(r f (k)
•........ +

r-* CD T(r,f)

q
^limusp N(r#ai#f) 

» 00 T(r;f)
i=l

e(a,f>3
i=l

+ Mmsup's (r,f) 
°°T(r,f)

Thus g

k “ q^-D ^
i=l

(V)
liminf T-(r,f 
r -> © T(r,f)

Remark, (i) In particular if k « 1, then (2.7) reduces to
q

liminf j 5T©{a,,f)
r -» 00 T(.r,f) ~

Now making q —» ©, we obtain
©

liminf T(r,f1 ?
r -‘"fc © T(r,f"r" »J©(ai,f)

i=l
S©(a'f)
a&C

which yields Theorem 2 of [27~f .

(ii) In the above theorem we have found a lower bound
(k)for liminf Tlr^f for functions of any order. If 

r ** © T(r,f)

now f is of finite order, then we can also find an
(k)uPPer bound for limsup T(rff... More precisely we

r 00 T(r,f) ^

have the following



Theoram 3 If f is a meromorphic function of finite
order then for positive integers k,q
q̂ - - (k) - - (k)'k _ /> 1 ^ ^ liminf T (r,:f . limsup T(r,fkJi®(ai*f) “ q(k-l) $ r _>® T(r/f) ^ r —> OOT(r^f)
i=l

isk + 1 -k@(00 ,f) 11 (2.8)

Proof. In view of Theorem 1, it is .sufficient to prove 
the right hand side of inequality (2.8). We have,

T(r,f(k)) - m(r,f(k)) + N(r,f(k))

4 m(r,--«) + m(r#f) + N(r,f) + kN(r,f) x

« T(r,f) + kS(r#f) + S(r#f)

Thus
(k)- . _limsup T.(r,f, ' ’ . limsup 5('r,f)‘,r —> CX3 T (rtll * 1 + k r -5> <& T (r'f ')

1 + k [l -©<00,f>j

SO/
r^od k + 1 - k®«D-f> (2.9)

This completes the proof.

Remarki In particular if k * 1 and * 2
1 aa. ^

then from (2.9) on making q 00 we obtain

2 - ©(00,f )£liiainf T(r,£\) > linsup 'T(r/f *) ^ o fan*\ 
r 00 TTr*t) $ r OOflxTt) 4 2 *

Thus
lim T (r#f'-) r-XX) T(r.f) 2 -@CCD,f)

5
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which gives corollary 2.1 of \2l\ *'
„ ,w4 * ^ ^ „ ( t

now give various applications of Theorem 3.‘
' 1 i > • 4 t f

Corollary 1. If f is a meromorphic function of finite 
order such that 0(00 ,f) = 1 and®(a#f) * 1 for some 
a £ GD > then

T(r,'f (k))^T:(r;f) - ' (2.10)
x „

" > - _)|S—» ~ wProof. Since <^-j9(a/f) <C 2,if follows that q = 1 and
J _ cL € C ™

hence from (2.8), we have

k(H>(a#f) - (k-i) ^ liminf Ttr^f <• limsup T(r/I^"-
r-*CD T(r,f ) r-*00 ftrvfT

<

' - $ k + 1 - k"
' *' • ‘ fv)

which gives, lim t. T‘(r;f , - 7-r.-»(D TTrTfl— *
*‘ ! ' - - , .This proves (2.10).

Corollary" 2. Let f be a meromorphic function of finite
\ ‘ .. t /

order.
(i) If (SKa^f) * | for i = 1,2^3* (a^ 00) and * <S>(0D Jf )■
then T(r,f •) ^ § T(r>f) *. (2ill)

(ii) And if <S)£aj_,f) * j *• *i#2,3‘,4 where a^re 
finite and distinct, therd

T(r,f •)-y 2 T(r,f) (2*12)

Proof, (i) Putting k = i and q = 3 we obtain from’(2*8)that

rH|CM
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4 £ liminf T(r,f1) limsup T (r, f1) . 3 
* r —> 00 T(r/f) * r-*00 T(r,f) * 7

Which gives the desired result
lift T(r,f') . 3
r -rs>-00 T (r, f) 2

(il) Since @(ai,f)=| for finite .^i- 1.2.3.4 

we have ^'(00 ,f) = 0 and so from (2.8) for k = 1 we obtain 

as above
lim 
r-> (X)

T(r,f ■)t'Cr^f)
and hence we get (2.12).

2

Remark. Let us note that there do exist meromorphie 
functions satisfying the hypothesis of corollary 2(i). 
For example the Weierstrass*s elliptic function p(z) 
is one such exapple. Also if f satisfies (ii) of Idle 
above corollary then by Corollary 5 of (j28~l.it follows 
that-';- 00 which is clearly not e.v.N cannot be e.v.V also.

Corollary 3. If f is entire function of a finite order 
such that0(aA,f) = j foif finite a^a* 1*2 then

T(r/f1) ^ T(r,f)

Froof. Since f is an entire function# we have ©(00 >f) =1
and so as earlier by putting k = 1 and q = 2 we get

lim T(r,f i) - , 
r —>00 T (r,f)

and hence
T(r,f) ^wT(r,f).



Remark. Once again we observe that there do exist entire 
functions satisfying the hypothesis of the above corollary 
'For ex&mple for f(z) * sin z,‘ it is known that 
0<i) ss£*)0-l) ** see |j3.453 *

We end-this chapter by proving some relations 
dealing with the usual defects and relative defects of 
meromorphic functions. Milloux introduced the concept 
of absolute defect viz, Sfa/f1)* Ibis definition was 
iater taken up by Xiong-Lai £34]] t who defined the 
term

Rlimsiip r —> 00 ” tT57#T-
and called it. the relative defect of a with respect to 
fj and in contrast the usuall detect £(atf ^ ) was

denoted by&fW)'a and he found various relations

between (djf) and Later A#P.Singh

£24] defined the relative defect corresponding to the 
distinct zeros and distinct poles viz,

(k) )
0r (a,f) - 1 - limsup \ Tlrbal

r r—» 00 T(r,f)
and he found various relations between 0^ (a*f) and

^(00#f)/. 0(a,f) etc.
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(k)Here we shall find a relation between Q (a»f) andv_/ r

i

(m)^) (a#f) where 
w a

(k> » C* tet— )
Qy (a,£) ~ 1 - limsup • •* - •'&

r—° T(r,f(k>) *

.Thus wo Shall prove the following

Theorem Let f (z) be'a meromorphic function. Then

for each positive integer k
(k + 1) ©(k)(d,f) £ k + @(k) (<x,f).- 

a r
i

Proof. Using lemma 2, we have

T(r,f(k)) 4: (k + 1) T(r;f) + S(r#f).

And SO/

limsup Hc.S k) 
r-» Ot

Our conclusion now follows from

_(k)
<0 (d/f)£

N
1 - limsup

r —> 00 T(r,f)

limsup 
r —> 00

rfer)
T(r,f (k*)

T (r^f
T(r>f)

^ 1
R/r.—itU'- )

.limsup
r—» 00 T(r,f

limsup T (r/-f . 
r—* 00 T(r/f)
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» 1 - linkup l^ifeo),
r—* CD T(r,f *k)

{(k + 1) 1- limsup N(r
r —> CD

(k + 1 )

i"
- (k + 1 ) 0(k) (a,f) - k.,

The above concept of relative defects Corresponding to 
distinct poles was also takek up by A*P. Singh [^253 
for two meromorphic functions f^ and and he defined

© 9 (00) = 1 - limsup Ki/2(r#00)
r—> 00 Tir^fjY + T(r,f2) *

^(00 ) = 1 - limsup OP )
r—-> 00 TtWfj)"^ TTr,'f2)

Where r
N0 (r, 00) = 00 ) - fioCO, CD ) ^

0 t
whefe nfe(r, GO ) denotes the number of common poles of
f1 and f2 in \ z\ £ r * the poles being counted without

< 11

their multipilicity and = R(r,0D ,f

+ N (r, 00 #f 2> - 2 Io(r,G0).

He proved

Therem.5 Let f 
finite order*

1 and f2 be two meromorphic functions of 
and let
T(r* fJ)<r~'a Tir^f^)
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where a 1 and i = 1,2« Then
0^2 (00) +2 (*%( 00) $ 4 - a.

As an immediate consequences of the above theorem and using 
corollaries 1 to 3 of Theorem 3 we have the following 
corollaries.

Corollary 1‘-
If f^ and f2 are,two meromorphic functions of finite 

order such that
®( a , fj ) = 1 and {§)( 00, fj) = 1, 

for a ^ 00 a nd j = 1,2, then
®!,2 ( 00 > + 2 ( 00) ^ 3.

Corollary 21 *

Let f f2 be two meromorphic functions of finite
order,

(i) If gX a±, fj) = 1 ,
2

® fj> = §

for i = 1,2,3 ( a^ 00) and j = 1,2, then

(ii) And if f^, f2 be two meromorphic functions of finite 
order and if

At<h. :ri ' " '! "'n,> MBHlgT
BiSlVAji siuLtit&ym
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©( ai( fj ) = 1

for i = 1,2,3,4, j = 1,2, and

where an- are finite, distinct then

@1#2 ( 00 ) + 2<^( 00 ) $ 2.

Corollary 31.
IHMVHkMMBUMMlbMMVI 0

«

If f1# f2 are entire f-unctions of finite order such
that

(£*)( ai,fj ) = 1 for i = 1,2, j * 1,2

then ( GO ) + 2^--^ ( 00 ) ^ 3»
Wl,2


