
CHAPTER-II

RELATIVE DEFECTS OF HOMOGENEOUS

DIFFERENTIAL POLYNOMIALS
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introduction :

Let f (z) be a meromorphic function in the complex 
plane. As stated in our introduction chapter the term

6 (a#f) * 1 - lim sup 
r

1
N (r, —---)

r-a
T (r, f)

is called the deficiency of the valued with respect to f. 
Milloux [l9] introduced the concept of absolute defect of a 

with respect to the derivative f. This definition was later 
extended by Xiong Qing Lai fl73 who introduced the term

6 00r (cc, f) = 1 - lim sup 
r -»<J0

N(r, )

T (r,f)

and called it the relative defect of a with respect to f^). 
In contrast the usual defect of a with respect to f^ 

denoted by

1N (r, ----- )
f00_ a

lim sup
r -* 00 --- --------

T (r,f(k>)

was called the absolute defect of a with respect to . 

Several results regarding these relative defects, absolute 
defects and relative defects corresponding to the roots beinc
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counted once were found by Xiong-Qing Lai [17] and-A.P.
Singh £27] .

In the present’ dissertation, we define the relative 
defects corresponding to the homogeneous differential poly
nomials and find several relations for these in terms of the 
usual Nevanlinna deficient values.

Notations, Terminology s

Let f(2) be a non-constant meromorphic function. As
earlier, we define m(r,f), N (r, -i- ), N(r»f), T(r,f) etc. byf-a

m (r,f) ■«* -•— _Tlog+ jf(re 8)l d®;
2n ©

1 if- n(t, a)N (r,--- ) - /------- dt
f-a o t

where n(t,a) denotes the number of zeros of f(z) - a in

hk<
r> n(t, (0 )

N (r, f) = J -------- dt
o t

where n(t, 00 ) denotes the number of poles of f (z) in IzJ^t; 

T (r,f) = .m(r,f) + N(r,f)

Let S(r#f) denote any quantity satisfying S(r, f) *
= o(T (r, f) ) if f is of finite order and S(r, f) = 0(T(r, f))
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possibly outside an exceptional set of finite linear measure 
if f is of infinite order. Also by a homogeneous differential 
polynomial Dn<f) of degree n, we shall mean a finite sum of 
the form

a (z) (fCz))1® '.f*(z) )X1 ... (f(k) (z))lk

where 1+1^+ .... + 1-^ = n and a(z) is a meromorphic 
function %

T(r, a(z))= S(r,f)

A homogeneous differential polynomial having one
term will be called a monomial of degree n. The term

N (r,-- i----)
Dn(f) -a

6r (a, Dn(f) ) = 1 - lim sup ---- ----------
r -$oo' T(r, f)

will be called the relative defect of a with respect to the 
homogeneous differential polynomial Dn(f). With these nota
tions we shall now prove the following theorems :

Theorem 2.1

Let f(z) be a meromorphic function. Let Dn(f) be a 
homogeneous differential polynomial of degree n not containing 
f and which does not reduce to zero. Furthermore, let

6 ( 09,f) = 1 and 6 (a,, f) = 1 .* V/ X«± r CO
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Then
T(r, Dn, (f))
-- -—---- —n as r —f $0

T (r» f)
For the proof we shall need the following lemma.

Lemma 2.1 ~

Let f(z) be a meromorphic function and P(f) be a 
monomial of degree n not containing f. Also, let

6 (ce ,f) =1 and 6 (ap f) * 1.
a i /kj

Then*
T(r, P(f) ) 

T (r, f)
—n as r —$ oo

Before we start with the proof of lemma 2.1 we shall 

mention Milloux's theorem which has been used in the proof 
of our lemma and also quite frequently throughout the 
Dissertation.

Milloux^ Theorem |l2, 55~J :

Let 1 be a positive integer and

f. (z) » a (z) f(lJ) (z) . Then
o

fKz)
m(r,-- - ) . » S(r,f) and

f (z)

T (r, ; 0) ^ (). + 1) T(r,f) + S (r*f) .
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Proof of Lemma 2.1 j

By hypothesis, P(f) is of the form 

P(f) * a0(f*)ll(f")12. ... (f(k))lk 

where 1-^ + 12 + ... + 1-^ = n and T(r, aQ) = S(r, f). 

Consider,
T(r,p(f))= m (r, p(f)) + N(r, P(f) )

p(f)
= m(r,----. fn ) + N (r, p(f))

fn
P(f)

zz m (r, ---km (r, fn) + N (r, p(f))

Now p(f) aQ(f ,)ll(f,,)'L2 ... (f(k))lk
m(r,----) = m (r , ---------------------------- )

f , f" ,
4 m (r, a ) + m (r, ( — ) x) + m(r, (---) )

f f
00

Ik+ ....- + m (r, ( —— ) K }
f

f"
T (r, aQ ) + lx m (r, f'/f) + 12 m(r, - )

f 00+ ... + lv m( r, —— ) .k f

Hence, by Milloux's theorem it follows that
P(f)m (r, —=- ) * S (r, f) . fn

Hence,

vy. ■■■ ..
t ' *'•/ ^ i * , ’• .: ' (s,)i
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T(r, p(f)) m(r,fn) +N (r, p(f)) + S(r,f) .

And so
T(r,p(f).) ^ n m (r,f) + N(r,p(f) ) + S(r,f) * ... (2.2)

Now, we know that

N(r, f.g) N (r, i) + N (r,g ).

Therefore,
N(r,p(f) ) = N (r, aQ (f1 ^ (f")^ ... (f00)1*)

4N (r, a0) +.» (r, (f')11) + ... + N (r, (f(k))lk) 

£ T (r, aQ) + 1-N(r, £•) + l2N(r, fn) + .... +

+ :k N (r, f^ )

Since N(r, i^) ^ (k + l)!N(r, f) it follows that

N (r, p(f)) ^ T(r, aQ) 21^ N(r,f) + 312 N(r,f) + ... +
+ (k+1) N(r,f)

and so
N(r, p(f)J) ^ T(r, aQ) + AN (r,f)

where A is some constant. r,

Since 6( OO# f) * 1 it follows that N(.r, f) * S(r, f) and so 
one gets from above

N(r, p(f)) = S(r,f) (2.3)

Thus (2.2) and (2.3) imply



41

T (r, p(f) ) ^ n m(r, f) + S (r, f)
^ nT (r, f) + S (r,f)

Therefore,
T(r, p(f))

lim sup --------- < n ... (2.4)r T(r,f) ^
Next we have from £12, 23j

n X m (r,a±) ^ m ( r, X i=l 1 1=1
1

------- ) + 0(1)
(f-a± )n

q p(f) 1
= m ( r, X. ------ • -- ) + 0(1) *

1*1 (f-a±)n p(f)
And so

q ' i q pCf)
n I m (r, a,) ^ m(r-»-- ) + m (r, X. ------ ) + 0(1).i=l 1 (p(f) ±=1 (f-a,)n

...(2.5)

But
q , P(f) q P(f)

m (r/ ZL ---------) < XL m ----------n )i=l (f~a^)n i=l (f- a^)

q f a0(f*)ll(f").12(f(k))lk . 

1=1 . (f - a±)n '

and hence
q p(f) q f f1 In fM 12 f(k) 1. ,
1=1 (f-a^)n ^ 1=1 \ f-a^ f“ai f-a^

5293
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4. f * 1 ^M 1^ XL /m (r, aQ) + m (r, (--- ) 1 ) + m(r(----) 2)
i=l l f-a-j_ f“ai

f(k) i
.+•••+ m(r, (----- ) )

f-a^

5 qT (r, aQ) +1 £L m(r,--- ) +x i=l f-ajL

q f" q f(k)
+ 17 ^ m(r,-- -) + ...+ 1, m (t,---)

i=l f“a± i=1 f“ai

Thus, using Milloux's theorem, we get

q P(f)
m (r, X -------  ) = S (r, f)

i=l (f - a±)n
(2.6)

Thus (2.5) reduces to

q ... 1
n 2L m(r, ai) < m (*>--- ) + s Cr/f)

l
^ T (r,--- ) + S (r, f) .

p(f)

Thus by Nevanlinna's first fundamental theorem it follows that

q
n 21 m (r, a,) £ T(r, p(f)) + S(r,f)'. (2.7)

i=l
Dividing throughout by T(r,f) and then taking limit inferior 
as r — *00 of both the sides, it easily follows that
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q m(r, a.,)
n £1 lim inf ------- - lim inf

i=l r -*G0 T(r,f) r —

T(r>p(f)) S (r, f) 
——— — — — — — + — — — —*■ 
T (r,f) T(r,f)

Thus

T(r,p(f)) S(r, f)
< lim inf -------+ lim sup-------
" r -*00 T(r, f) r -4eo T(r, f)

q T(r, P(f))
n £ 6 (aj, f) < lim inf ----- ——

i=l > r~>£0 T(r, f)

Making q —and using 6 (oc^* f)
jtQO

we get

n lim inf 
r ->oo

T(r, p(f)) 

T(r,f)

= 1 ,

... (2.8)

From (2.4) and (2.8) we get

T(r, P(f)) 

T (r,f) 

This immediately gives
T (r, p(f)>

n <C lim inf
r -*£0 < lim sup 

r —><50

lim 
r ->ft>

= n
T(r,f)

T(r, P(f)) 

T (r,f)
£ n.

which completes the proof.

Proof of Theorem 2.1.

Consider
T(r, Dn(f)> * ra (r, Dn (f)) + N (r, Dn(f) )n

, Dn^f) ^-n m (r, 411

'n

. fn ) + N (r, Dn(f) )

* m (r, —S™^ ) + m (r,fn) + N (r# Dn (f) )
fn
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Thus
Dn(f)T (r# Dn(f) ) = n m (r#f) + m (r,---- ) + N (r,D (f) )./ fn n

' ... (2*9)

Now# Dn(f) is a finite sum of the form ^ Pn(f) where Pn(f) 
are monomials of degree n.
Thus#

/ Dn(f> £pn(f) Pn (f>
m ^r'  --- ) = ’n ( r#----- -— ) ^T/m (r ------) .fn fn ^ * fn

But by result (2.1) of lemma 2.1#
Pn (f)

m (r# —--- = S (r# f) .

Therefore,
Dn <f>

m (r# —--- . = S (r# f)-n

Next#
N (r#> Dn(f) ’ — N (r# £pn (f) ) 

s< ZN (r' Pn (f) )

But again as in (2.3), N(r# Pn (f) ) * S (r,f) and therefore#

N (r# Dn(f) ) = S (r#f). ... (2.10)
With (2.10) inequality (2.9) gets converted into

T (r, Dn(f)) ^ n m (r#f) + S (r#f)

n T (r# f) + S (r# f)
Dividing throughout by T(r#f) and then taking limit superior
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as r —of both the sides# we get
, T(r, Dn(f))

lim sup —-------- ^ n . ... (2.11)
r-^QQ T (r# f)

Next# we have

q q 1
n X m(r# a± ) < m (r# jr; ---- - ) + 0(1)it1 ' £l (f-a. )n

1

q Dn(f) 1
= m (r# XT ----- =' . —----) + 0(1).1=1 (f-a±)n Dn(f)

Thus#
q 1 q Dn(f)

n r m (r#a*) ^ m (r# ---- ) + m(r# XL--------) + 0(1)
i=l Dn(f) 1=1 ^~ai)n

... (2.12)
Dn^) ^2. ^ *ELpn^ ^ N

m (r# £2 ------- = ) * m (r# 21 —--------- )i=l (f - a±)n 1=1 (f-a±)n

But once again by (2.6)#
q Vf)

m Cr# 21 ----- - ) * S (r, f).1=1 (f-a±)n
And so

q Dn(£)
m (r# 2_-- --- ) = S(r#f).

i=l (f«a^)n

Making use of this# inequality (2.12) get converted into

5L 1n 2^ m Cr#a#) ^ m (r, ---- ) + S(r#f)1=1 1 Dn(£)
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g T(r, — ) + S(r,f)
Dn(f)

Using the first fundamental theorem it now follows that

qn £ m (r, a^ ^ T(r. Dn(f) ) «f S(r, f). ... (2.13) 
i=l

"ividing throughout by T(r>f) and then taking limit inferior 
~.s r —^(X) of both the sides we get

qn lim inf
i-1 r -?CQ

m(r,ai)
T(r,
— / n lim inf T~
>f) s r go

q m(r, a^)
T (r.f)

I'Cr^DnCf)) + S(r,f)
<1 lim inf (  --------—«—■--— )

r T(r,f)

T(r.Dn(f)) S(r,f)
lim inf --------- + , lim sup-----
r-*0O T(r,f) r -^oo T(r.f)

Thus
g T(r, Dn(f) )

n 2l-. 6 (e.j.-f) X. lim inf —---------—
i“l r ->CD T(r,.f)

-king g and using 51 6 (<x.j> £)
a± /<2?

n < lim inf's. r -*«>
T(r.Dn (f)) 

T(r,f)

= 1, we get

... (2.14)

Combining (2.11) and (2.14) we obtain

T(r,Dn(f) ) T(iyD (f) )
------ ----- < lim sup ——-—-—— £ n

r CO T(r, f) r->0O T(r,f)
n ^ lim inf
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Thus,
T(r, D_(f))

lim --——• — = n .
r -40D T(r, f)

T(r,Dn (f))
Equivalently, lim --- -—-- * 1.

r -4® nT(r, f)

This completes the proof of theorem 2.1. 

Theorem 2.2 s

Let f(z) be a meromorphic function and Dn(f) be a • 
homogeneous differential polynomial of degree n. Also let

T(r,Dn(f)>
lim —------  = C.
r T (r, f)

1
Then m(r,---- -—— )

Dn(f)-a
6_ (a, D (f) ) = 1 - C + lim inf -------- •----- -

r -4fl0 T(r, f)

The proof of this theorem follows as in theorem 2.1 on 
using the following lemma.

Lemma 2.2 :

Let f(z) be a meromorphic function and Pn(f) be a monomial 
of degree n. Also let

T(r, Pn (f))
lim ------ —■— * C.
r -4<* T (r, f)

Then,
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1

6r (a# Pn(f)}= 1 - C + lim inf
r -*0Q

m (r# ------- )
Pn(f)-a

T(r# f)

Proof of lemma 2«2 s

By Nevanlinna's first fundamental theorem we have

m (r#
Pn(f) ~a

) + N (r.
Pn(f)-a

} = T(r,Pn(f) + 0(1)

This gives#

T(r,Pn(f))
lim inf
r —>(?0 T(r#f) r $

1 i
m(r, —-----) + N(r#------ - )

P„(f)-a Pn(f)-a
- = lim inf (------ ------------------------ )

T(r, f)

< lim inf 
r -•» 00

m(r,-------- )
)

T(r#f)

Pn(f)-a
+ lim sup 

r -HM)0

N(r,------- )
P (f)-a n

T(r,f)

Similarly#

T(r# Pn(f)>
lim sup --—------ lim inf
r > 00 T(r# f) r go

+ lim sup 
r —^ CO

Pn(f)-a
m (r#------- )

T(r,f)

N(r# -------- )
___ Vf > -a

T(ir,f)

But by hypothesis lim
r -->c«

T(r# Pn(f)) 

T(r#f)
exists

and hence we get from above
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T(r,Pn(f)>
lim -------- - lim inf
r-ffiO T(r,f) r

m(r,
Pn(f)-a

T(r,f)

+ lim sup 
r p CO

N(r, ---------- )
P (f) - a

______ Q_____ ____
T(r,f)

Thus N(r,
Pn(f)-a

)
- lim sup ---------------

y-»«0 T (r, f)
lim 
r —\CC

+ lim inf 
r —ioo

T(r, Pn(f) )
_ — — — -f.

T(r,f)

m(r, —)
Pn(f) -a 

T(r,f)

From this, it now follows that

- 6r (a, Pn(f) ) = 1 - C + lim inf
r —*<#

m (rr
1

n (f) -a
)

T (r, f)

which is nothing but our lemma 2.2.

Theorem 2.3 :

Let f(z) be a meromorphic function with

21 6 (a-i, f) = 1 and 6 (0$ , f) =* 1. Let Dn(f) be a oti-y*
homogeneous differential polynomial of degree n. Then for 
any *a?

6r (a, Dn(f) X = 1

1
m (r, --------- )

Dn(f) -a
n + lim inf ----------------—

r -+00 T(r,f)



50

The proof can easily be filled in by the reader 
after considering the following lemma.

Lemma 2.3 :

Let f(z) be a meromorphic function with 2_ SCoc-pf) = -

ax ^00
and 6 ( 00 ,f) * 1*

Let £n(f) be a monomial of degree n not containing f 
Then for any *a/ we have

1
m (r, --------- )

Pn(f) - a
6r (a, Pn(f) ) = 1 - n + lim inf --- -----■------- -

r —$0Q T(r#f)

Proof of lemma 2.3 :

By lemma 2.1, we have
T(r, P (f) )

lim -----------  = n.
r --T(r#f)

Also/ lemma 2.2 gives 1
m (r#------- )

Pn(f)-a
6r(a# Pn(f)) = 1 - C + lim inf ---------- -----?...('

r ~rH50 T(r,f)
T(r# Pn(f))

where C = lim -- -------
r T(r, f)

Thus, we see that
C = n.

Hence with C = n, equation (2.15) becomes
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1

m(r,
Pn(f) - a6 ^(a,P (f)}= 1 - n + lim inf ------------------

n r T (r, f)

which we wanted to show
Remark ;

Putting n = 1 and considering a homogeneous differen
tial polynomial consisting of one term, viz. monomial, we 
get Theorem |l, 27^[ proved by A.P.Singh.

Theorem 2.4 s

Let f(z) be a transcendental meromorphic function
and let

T(r, Pn(f))
lim
r T(r,f)

where C is a constant and Pn(f) is a monomial of degree n 
not containing f. Then

Proof -
Let ap &2' *•••/, be distinct complex numbers

and let
F(Z) =

hen by inequality (2.5) of 121, 23j| , we have

1
) < m (r, F) + 0 (1)
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-- q 1“ U, ' X --i=l .Pn<f)
Vf>

(£-ai> n
) + O (1)

1 q pn(f)
jC m (r, —---) + m (r £ ------- ) + 0 (1)

Vf> 1=1 (f-a±)n

But if we use the result (2.6), we get

pn<f>
m (r, X —----- ) = S (r,f)

i*l Cf-a^)11

Therefore, we have

q 1 1n f m (r,-----) < m (r,------ ) + S(r, f)
iEL f-a. Pn(f)

Dividing throughout by T(r, f) and then taking limit inferior 

as r —00 / we get
m(r,----)

, f-a-i
n > lim inf lim inf

i=l r -■> CO T(r, f) ^ r ~y&O

'm(r,-----)+S (r, f)
Pn(f)

_ T(r#f)

and so

n T lim inf 
1=1 r

m(r,----)
f-a.

- T(r, f)
X- lim inf

r -*C0

m(r,
P (f) n '

)

T(r# f)

s (r, f)
+ lim sup

r ~*oo T(r,f)
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1
m(r.

lim inf 
r —>(#

This is nothing but
1

m(r,

n XI 6 (a., f) < lim inf --------------------------.
i=l r ~^0O T (r, f)

By lemma 2.2, it now follows that

n 6(a.#f) < 1 - C + 6r (o, Pn(f) ).
i=l 1

Thus we get the required theorem.

In our next two theorems we shall find lower bounds 

for the relative defects of homogeneous differential poly

nomials in terms of distinct poles of the function f. More 

precisely we shall prove,

Theorem 2,5 :

Let f(z) be a transcendental meromorphic function 

and let Pn(f) be a monomial of degree n not containing f. 

Then for itvt^ger m 1,

U> 6r (a, Pn(f>) £-l-n - mn + mn (h) (00, f).

(ii) And if a * 0 then

Theorem 2.6 s

* Let f(z) be a transcendental meromorphic function.Let
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Dn(f) = Px(f) + P2(f) + ... + Pt(f).

be a homogeneous differential polynomial of degree n and not 
containing the term f. Further, let Dn(f) not reduces to zero 
and Kj_ be the highest derivative occurring in P^(f) (i = 1,
2, . .., t). Then

i) 6r(a, Dn(f)) ^ 1 - n - n (kx + k2 + ... + kt)Ji
*[l (CO, f)] ,

ii) 6r (0, Dn(f) ) ^ 1 - 2n + n6(0,f) - nO^ +

+ k2 +--- + kt) jj—@ (GCtf^.

Proof of Theorem 2.5 s

We first prove (i)

By Nevanlinna's first fundamental theorem we have 
1 1m (r, ) + N(r# —- ) = m(r, fn) + N(r,fn) + S(r,f).

fn fn

And hence
1

N (r, —- ) - N(r, fn )
fn

» m (r, fn) - m (r, l/fn) + S(r,f)

1
2 H

1
2tt

d® +S {r, f).

Since log x = log Hr X log + -i- 
x it follows that

N(r> 1 1
) - N(r,fn) =

2tt
log |fnJ, d® + S (r, f)

0
(2.16)
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Next

N(r,P (f) - a) - N(r»n Pn(f)-a

m (r, —--------) - m(r, P (f)-a) + S(r, f).
Pn(f) -a

--- T 1°g+
2rr o

1 1 2 n

Pn(f)-a
d©

271
f log+jpn(£)

- aj d© + S(r, f) .

As above we get

N (r, Pn(f) - a) - N(r, —— )
Pn(f)-a

1 2n—- / log
271 0 Pn(f)-a

d© + S(r,f) .. (2.17)

Similarly* it is easily seen tha4
-n

N (r,
P^fJ-a fln--- j

f

1 27

) - N (r, —

-- 7^
2 TC 0

Pn(f)-a

Pn(f)-a
d@ + S(r,f) . 

From (2.16), (2.17) and (2.18) we get

... (2.18)

N (r,
Pn(f)-a

) = N (r, Pn(f)-a)
1 2tt | 1

--- J log /-------
2tt 0 4 Pn(f)"

d© +

+ S(r, f)
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= N (r, Pn(f)~a) -
1 2 r

2n ■i log
=n

P '(f)-a fn de +
n

+ S(r, f)

= N (r, Pn(f)-a)
T zTl

log

1 2tl

271 o
J log

271 o

=n

pn<f)-a
a e

d © + S(r,f) .

and so

N(r, ----
pn(f)“a

1 2
) = N(r,Pn(f)-a)

271
log

=n

pn(f) -a
d@+

1 271.
+------

2 k

271, ,
^ log ( fn I dfi) + S(r, f)

f P (f)—a fn
N (r,Pn(f)-a) - N (r, ----------- ) - N(r,~—

i fn ' Pn(f)-

[■+ 1 N (r, --- ) - N (r + S(r, f)

And hence

1 1
N (r# --------«*— ) = N(r# —) - N(r, fn) + N(r, P (f)-a )

Pn(f)-a fn

r Pn(f)-a
T(r,------ - ) - m(r,

Pn(f)-a
In
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.nr ,f*
+ iT(r* ---------- ) - m (r,

=nr Ph(f)-a Pn(f)-a
) ^ +S(r,f). 

... (2,19)

But. by first fundamental theorem we have

_n P (

T(r, -------------- ) = T(r, ----------- ) + S(r,f).
P (f)-a fn

. (2,20)

n

Also* we have

Pn(f) = a (z) (f)11 (f**) 12 .... (fOn))1™

where 1^ + +....+ lm = n.

\

Hew, if zQ is a pole of order k for f then zQ is a pole of 

order (k+1) for f'. Therefore* zQ is a pole of order l^(k+l) 
for (f'.)^l and so on.

Thus zQ is a pole of multiplicity for (k+1) 1^ + 

-■-(k+2) 12 + •••• + (k+m) lm. But 

(k+1) 1^ + (k +2) 12 + ... + (k+m)lm

— kd^ + I2 + ••• + 1^) + (1^ + 2I2 + • •• + mlj^)

^ kn + m (1^ +l2+...+lm)

^ kn + mn 

= n (k+m) ; 

and therefore

N(r, Pn(f) ) ^ n (N (r,f) + rnN (r,f) ).
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But we know that the poles of Pn(f) are the same as the 

poles of Pn(f)-a* And so

N(i> Pn(f) ) = N(r, Pn(f) - a)

Thus,

N(r,Pn(f) -a) £ n (N (r,,f) + iriN (r,f) ). (2*21)

With the help of (2.2,0) and (2,21) equation (2.19) gets 

transformed into

1 1
N(r, ------------) ^ N( r,------- ) - N(r, fn) +n(N(r,f)+mN (r,f))4-

Pn(f)-a fn

Pn(f)-a fn
+ m (r, ------------ ) - m (r,---------------- ) +S(r,f).

fn Pn(f)-a

1
4> N(r,-----) - nN (r, f) + nN (r, f) +

fn

+S(r,f).

... (2.22)

),

And so using (2.1) and the fact that T(r,a) = S(r,f), it 

easily follows that

Pri(f)-a 1
m(r, ------------ ) m (r,------- ) + S (r,f). ... (2.23)

fXi v

Pn(f)-a
+ mn N (r, f) + m (r,----------- )

But
Pn(f)-a Pn(f) a

m(r, -----------) ^ rn (r,------- - ) + m(r,-n

Therefore,
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■ ■ i, 1 .• ' * l..
N (i> —-p—«——) < N(r# -ms- ) + ran N(r, f )+m(r, —)+S(r,£) 

1 Pn(£) -a fn fn

= T (r, l/fn) + mn N(r,f) + S(r,f).

Thus by the first fundamental theorem 

1
N(r,---—— ) j< nT(r, f) + mn N (r, f) + S(r, f).

Pn(f)-a

Dividing throughout by T(r, f) and taking limit superior as

r —* 80 of both the sides of above inequality we get1
Pn(f)^ SJ(r,f)

lim sup ----—^ n + mn lim sup — +
r --*00 T(r, f) r —*co T(r, f)

S(r# f)
+ lim sup ——.

r -■* 00 T(r,f)
Thus

1 - 6r(a, Pn(f))^ n + mn (1 - (h) ( 00 , f) )r 

and hence

6r (a, Pn(f)) 1 - n - mn + mn (h) ( .00, f).

which proves (i)

For the proof of (ii) we consider the inequality (2.22)

1 1 . Pn(f)-a
N(r, -------- ) ^ N (r, ) + mn N (rvf) + m(r, —----- ) +

P (f)-a fn fnn
+ S (r, f )„.

If we consider a « 0 then from (2.23) (or (2.1) ) immediately
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we will have

Pn(f)-0 Pn(f)
m (r, ------- ) * m (r, ----- ) = S(r, f).

fn fn

Using this in the above inequality, we get

1 !N (r,----- ) X N(r, —--) + mn N (r, f) + S(r,f).P (f) fnn
Dividing throughout by T(r, f) and then taking limit superior 
as r —£ 00 f we get

lim sup 
r —» 00

N (r,---- ) N(r,-- )
pn^ ^ ^

------------ X n lim sup <---- -—— +T(r,f) "" r -■}<& T(r*f)

+ mn lim sup 
r -->oO

N (r, f)
— — ——— — —— + 
T(r,f)

• S(r, f)
+ lim sup ------

r -+a0 T(r,f)

Thus

1- 6r(0, Pn(f)) ^ n 

which reduces to

6(o,f)J + mn £l (OOtf)^

6r(o, pn^f)) ^ 1 - n - mn + n6 (o#f) + mn (HJ (OOt£).

Remark :

Putting n = 1 in (i) and (ii) above we get Theorem 3 of
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Proof of Theorem 2.6 :

We first prove (i) .

As in the proof of Theorem 2.5, using Nevanlinna's 

first fundamental theorem we have

1 1
m (r, --- ) + N (r, —- ) = m(r, fn) + N(r,fn) + S(r, f),-n

gnd hence

N (r, ) - N(r# fn).n

= m (r,fn) - m(r, l/fn) + S(r,f)

1 23- r
— r log+ { fn | d© -
2ti o 2n

-- JW -n d © +S(r, f) .

And so

1 271 It
N (r, l/fn) - N(r,fn) = — f log fn | d® + S (r, f) ... (2.24)

271 o 1 1

Similarly,

N (r, D (f) - a) - N(r, ------------)
Dn(f)-a

m (r, ------------) - m (r, D (f)-a) + S(r, f)
Dn(f)-a n

1 271

271 o
J"iog+ I —-— I a
o f Dn(f)«a/

1 2tt

6 -
2n o

Dn(f) -a | d<D+

+ S(r, f).

And so
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1
N(r, D (f) -a) - N(r, ------- )

Dn(f)-a
1 r 2n - - - ■ - 1—— log I —■»—“—««—* | d 0 +

2 it o ?Dn(f)-a 1

+ S(r,f). ... (2.25)
Similarly

N (r,
Dn(f)-a -n

- N (r# --------  )
Dn(f>-a

:n
m (r.

Dn(f) -a
Dn(f)-a

) - m (r,---------) + S (r, f)
fn

1 £ 2JI
2 H o

n
r;+! Vf>-a (/ . r1 i°g+ j | <a e - -- [ log* {

1 Vf> 2*10 ' £' d© +

And so
D (f)-a

N (r,------- ) - N (r,fn

.n

Dn(f)-a

+ S (r, f).

1 f2it
) ----- \ log

2 IT 0

:n

Dn(f)-a
d0 +

+ S(r,f). ... (2.26)
Combining (2.24), (2.25) and (2.26) we will get

N (r, -------- )

1 f27T

Dn(f)-a

N (r, Dn(f) —a) - ■--- ^ log!
2n 0 »2n

1 /2ir

D (f)-a n
d 0 + S(r, f)

_n
N(r,D (f)-a) - ---^ log {---------- . -- j d 0 + s(r,f)

n -- >d (f)-a fn !n2 IT 0
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I 21XN (r, Dn(f)-a) - -— J* log
2 n o

zxi

D (f)-a n
<30 +

1 271+---. f log | fn{ <30 + S(r, f)
27T o

= H(r/Dn(f)-a) -
Dn(f)-a

N(r, ------- ) - N(r.
fn

fn 1
,-----— )
Dn(f)-a. J

+ N(r, ---) - N(r, fn):n + S (r, f).

Thus/
1 1

N(r; ———) = N(r,---) - N(r, ,fn) +N(r,D (f)-a)Dn(f)-a fn n

Dn(f)-a D (f)*-aT (r, -2------ ) - m (r, -2----- )
fn fn —

-n
T(r, N (

Dn(f) -a
•m < r,

Dn(f)-a

" 1
---- ) +S (r, £) .

J
... (2.27)

Again by first fundamental theorem of Nevanlinna we have

-n
T (r.

D„(f)-a
) * T(r, ------- ) + S(r,f).

(f)-a -n ... (2.28)

But by counting the poles it easily follows that

N (r, Dn(f) ) ^ nt N(r,f) + n^k^ + k2 + ... + kt”) N(fr, f) .

Also, we know that, the number of poles of Dn(f) equals the
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number of poles of Dn(f)-a.

Thus,

N (r, Dn(f) ) = N(r, Dn(f).-a); 

and hence the above inequality becomes

N(r, Dn(f)-a) g nt N(r,f) + n(k^ + k2+ ... +kt) N(r, f).

... (2.29)

With the use of (2.28), (2.29) equation (2.27) reduces to

N(r, —:----) <: N(r, — - ) - N (r, fn) + nt N (r,f) +
Dn(f)-a fn

+ n (kx + k2 +. . . + kt) N (r, f) +

£n(f)-a fn
+ m(r, ------- ) — m (r„ —-—— ) + S(r,f) .

fn Dn(f)-a

And so

1 i
N(r, ------- ) C N(r, —--) - n (1-t) N(r, f) + n /k.+k2+..Dn(f)-a ' fn 1

- Dn(f)-a
4...f-kt) N (r,f)+ m (r, —----) +

+ S(r, f) . .. (2.30)

But

m (r,
Dn(f)-a
"in ) * m (r,

t_ Pi (f) -a 
/ 2_ —-—

i=i

t y p± (f)(r, Z,< 1
i=l :n -n >* m
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t Pi(f) a< m(r, Z_ --- ) + m (r, —- ) ;
i=l fn fn

and as in the proof of theorem (2*5) we will get

D (f)-a 1
m(r, —•-— ) « m (r, —- ) + S(r, f). ... (2.31)fn £n

Therefore,
1

N (r,------- ) <
Dn(£)-a

<£ N (r, -—j - n (1-t) N(r,f) + n (k-. + k9+ ... + kt) N(r,f) + ^n *•

1+ m (r7 ---) + s(r, f) fn

1
-- T(r, --- ) - n(l-t) N(r,f) + n £k^ + k2 +».. +kt) N (r,f) + f1

+ S (r, f) •
Prom first fundamental theorem it now follows that 

1N(r,------- ) ^ nT(r, f) + n f k.+k2+ ... tk.') N(r, f)+S(r, f).
Dntf)-a

Dividing throughout by T(r, f) and then taking limit
superior as r —we get 

N(r, ------ )
D (f)-a .lim sup ------- -—-— < n + n(k,+k,+ ... + k. ; Hr -4CO T(r, f) '

N(r, f) S(r,f)
XT lim sup ------ + lim sup ------

r T(r, f) r —>qo T(r, f)
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which immediately gives

1 - 6r (a, Dn(f)></n + n +k2+ ... + k^^l- ©) ( '«£))

which yields

6r(a,Dn(f)> ^ 1 - n - n^+kj + ... +kt)(l -© (QO ,fj),

which proves (i) .

To prove (ii) consider the inequality (2.30). Then

1 1N (fci------ ) 4 N(r, --- } - n (1-t) N (r,f) fD (f)-a £n

+ n(k^ + k2+ ... + kt) N (r#f) +

Dn(f)-a+ m (r, — * ) + s(r, f) .fn
Let a = 0. Then from inequality (2.31) we have

Dn(f)-o 1
m (r, —*--- ) = m (r, --- ) + S(r,f).fn — fn
Thus

Dn(f) 1
m (r, —R~) < T(r, —- ) + S(r,f) 

f
» nT(r, f) + S(r, £).

And henge for a - 0/ it follows that

, 11N (r,---- ) 4 n N(r, -— ) - n (1-t) N (r,f) +Dn(f) " f
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+ n(k-, + k2+ ... + k+) N (r, f) + nT(r?f) + S(r,f)

< nN(r,i ) + n(kj + k2 +... + kt) N(r,f) +

+ nT(r,f) + S(r,f)

Dividing throughout by T(r,f) and then taking limit superior 

as r ~$00 , we will get

N(r#
Dn(f)

lim sup ---
T(r,f)

N(r# t)
f N(r,f)

< n lim sup ------- + n (ki+k2.. .+kt) lim sup —.——4
- r -^00 T(r, f) r~>o0 T(r#£)

+ n + lim sup
r -><50

S (r> f) 

T(r, £)

which gives

1 - 6r (O, Dn(f) ) ^ n(l - 6 (o/f) ) + n^ + k2 +

»$■*.... k. ) ^ 1 — ( OO * f) ^ t n

After adjusting the term finally we will get

6r (o, Dn(f) )^,l-n-n{"l - 6(o#£)) - n (k^ + k2 +---+

f... + kt) £l - © (00 ,f) )

» 1 - 2n + n6(o#f) - n(k^+k2+.. .-hk^) (1- (£f) (CO* £)).
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which completes the proof of theorem 2.6.

In our next theorem we shall find a lower bound for 

the relative defects corresponding to the poles of the 

homogeneous differential polynomials in terms of the defi

ciencies corresponding to the poles of f. More precisely 

we shall prove i

Theorem 2,7 :

Let f(z) be a transcendental meromorphic function 

and let t>n(f) be a homogeneous differential polynomial as 

stated in theorem 2.6. Then

5r ( , Dn(f)) ^ 1 - nt - n (k^H^ **• + kt^ + nt /f) +

+ n (k^ + 1^2 + ... +k.j_) (||) ( CfO t f) .

We first prove the following lemma s 

Lemma 2.4 :

Let f(z) be a transcendental meromorphic function. 

Then for any integer k ^ 1,

6r( OQ , Pn(f) ) } 1 - n (1+k) + nfiCcO #£) + k© (CO ,f). 

where Pn(f) is a monomial of degree n and not containing f. 

Pro&E off Lemma 2;. 4 s

Pn(f) « a0(f')11 (f")^ ..Set
.. (f(k))lk
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where 1-, + I2 + . .... + 1^. — n.
Then we have

N (r, Pn(f)3

*N(r, a0(f«)1l (f”)^ ,;i (f(k))lk)

N (r, aQ) + N(r, (f*)11) + N(r#(f“ )^2) +.... +

+ N (r, (f(k))lk ) + S (r,f)

T(r, aQ) + 1], N(r# f') + X2N(r,f") + +lk N(r,f^) +

+ S(r, f).

^ [_N (*#f) + N (r,f)"| + 12 j" N{.r,f) + 2N (r,fQ +

+ ... +ljc£N(r/f) +k N (r, f )^j + S(r, f)

= (lx + 12 + ••• + 1^.) N (r# f) + (1^ + 212 + ... + kl^)N (r, f) +

+ S (r, f ).
Thus,

N(r/Pn(f) ) (lj + 12 + ... + lk)N(r,f) + k(l1 + 12 + ....

... + 1^) N (r,f) + S(r,f).

Since 1^ + 12 + •••• + 1^ = n, we obtain

N(r, Pn(f),) ^ n N(r/f) + riK 5 <r,f) + S(r,f). ... (2.32)

Dividing both the sides by T(r,f) and then taking limit
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superior as r r>00 , we get

N(r,Pn(f))
lim sup ------------------ ^ n lim sup
r —T (ir, f) r-4c0

N (r, f)
-------+ nk lim sup
T(r, f) r-^cO

N(r,f) 

T (r, f)

S(r, f)
+ lim sup -----

r~»eO T(r,f)

which gives

1 - 6(00, Pn(f) ) ^ n ( 1 - 6 (CO ,f)) + nk (l~ @ (oo,f)) .

which yields

6 ( 00 , pn(f)) ^ 1 - n(l+k) + n | 6 ( 00 , f) + k @ (<X> ,£)j.

This proves lemma 2.4.

We shall now prove theorem 2.7.

Proof of theorem 2.7 s

We have

N (r, Dn(f)) ^ N(r,P1) + N(r, P2) +-------+N(r,Pt) .

Using (2.32) we therefore get

N(r, Dn(f) ) n ^N(r#f) + k^ N (r,f)3 + n J^N(r,f) +

+ k2 N(r,f)J + ... + n ^N(r,f)+ ktN(r, f)~| +S(r,f) 

» ntN(r,f)+ n(kj_+k2+... tk^) N(r,f) + S(r,f)*
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Dividing both the sides by T(r,f) and then taking limit 
superior as r --^00 * as usual, we get on simplification

(CO , Dn(f) ) ^ 1 - nt - n (k-^ + k2 + ... + k^) +

+ nt 6( 00 ,£) + n (k^ + k2 + ...

-<.*••+ kt) <H) (00, f)

,;hich completes the proof of the theorem 2.7.

Corollary

Putting n = 1, t * 1 we get Theorem 3(ii) of £27|

oOo


