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Introduction s

Let f(z) be a meromorphic function in the complex
1

plane. Let n(t#a) = n(t,----) denote the number of roots
f-a

of f (z) * a in \ z f ^ t, the multiple roots being counted wit" 
their multiplicity.

■ -1Also# let n (t, a) = n (t,---)
f-a

denote the number of distinct roots of f(z) = a in I zt <T t. 
For a = 00 # n(t# a) = n (t#f) and ri(t# a) * n (t, f) respect!-" 
denote the number of poles and the number of distinct poles o: 
f(z) in {z f t. We get

N (r, a) » f I-I--1-- --*1 dt + n (o, a) log r,
o t

jf n (t/ a) - n(o, a)
N (r# a) = j ------- -—--—  dt + n(o/ a) log r,

o t y
1

N(r, ——) = N(r,a), N(r, f) = N (r, 00 ). 
f-a

The other terms being similarly defined.
As usual let

1
N (r, — )

f - a
6 (a# f) = 1 - lim sup ---- • ——— ;

r —T (r/f)
l

N (r, —) 
f-aQy (a, f) = 1 - lim sup -------- ?

r -400 T (r, f)
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and if Pn(f) denotes a differential polynomial of degree n, 
we set

1
N (r,-------- )

Pn (f)-oc
or (a, Pn(f)) = 1 - lim sup .---------------— #

r GO T(r, f)
1

N(r, ------)
_ Pn(f) - a(h)_ (a* P_(f) ) = 1 - lim sup ------ ---------

r T(r, f)

The suffix r in (n)r (a, Pn(f) ) denote the relative defect 
with respect to simple zero. Here we shall introduce absoHv*- 
defect with respect to simple zeros# viz. 1

©a (a' Vf> > “ 1 - lim =“P
N (r, —-------- )

Pn(f) - a
T(r, PnCf) )

and prove relations involving these. Finally the terms S (r, I 
will denote any quantity satisfying

S (r,,f) = o (T(r, f) ) as r

except possibly for a set of r of finite linear measure.

We first prove,

Theorem 3,1 :

bet £ and g be two meromorphic functions and 
g(o) / 0. Then
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f g 1
N (r,-- ) - N (r,----) m n (r,f) + N(r, — ) - N (r,g)

g £ g
1

- N (r,-- ) -
f

Proof -

By Jensen's formula we have on using (1#7) and (1,8) 
of £l2, 4] in(l,5) of J~12, 3j , log |f(a )]

N (r, 1/f) + N(r,f).

Therefore,
1 1 

- N (r, f) + N (r, --- ) = —
f 271

f log { f(re )\ d® - log |f£o)|. 
o ... (3.1)

But by hypothesis we have g(o) ^ 0 and therefore, we can change 
f to f/g in (3.1) and obtain

a f
N (r, —- ) - N(r, ■— ) 

f g

1 2tt 4 f ( rfe® ) '
= f log L--—d ffl - log t f (o) \ + log f g (o) \

2tt o | g (ri° H

1

271

2tt 1n/ log | f (re )l d © 1 *2lZ fe .*— J log }g.(fe*)| d® 
27T o

- log | f(o) | + log | g(o)|
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2nJ log | f (re ®) f d © - log | f (o)i i -
2TC O -*

r 1 2n .
----- f log jg (ri® ) 1 d® - log fg (oif
2n % *

|n (r, | ) - N (r,f),] .tN(r, i , - H(r,g>J

and hence finally we get

f g 1
N (r, —- ) - N (r,-----; = N (r*f) + N(r, - N(r,g)- N(r#

g f g

which completes the proof*

Theorem 3.2 :

Let f(z) be a meromorphic function. Then for any 

monomial Pn(f), we have (h) r (a, Pn) £ 2 - (ft? (<%>, f) - 6(o#£)

For the proof, we shall need the following lemma :

Lemma 3.1 j

Let
Pn (f) * <f)lQ (f')'l------((f) {k))lk

where 1Q + 1^ + *# * + ^ -• b® a monomial of degree

n. Then

ft f» f(l<+l)
PA (f) " Pn(f) ^ -T~ + lx --- + ... + lk —

M
> 1

1-
1
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Proof of leroma 3.1 :

Fe have

■Q
" n (=)

(f)10 (f') (f(k))lk.

This implies

(£) = 1Q (f)1^ (f«) (f•)11 ... (f0^)1* +

+ (f)10 lx (f)11”1 (f") (f")12 ... (f(k))lk +

+ ... + (f)1°(f,)1l ... ik(f(k))1k-1(f(k+1>>r

That is

TD S
" n

(f) a 1 —w (f)X0 (f *) 11____ (f(k))lk

+ lx --- (f)lQ (f')1! 

. f*

(f(k))lk +

. (k+1)

+-------+ lk — - (f)o {f)1! ... (f(k))^ .

V£> 1 "o
ft fit

------ + 1
:(k+l)

i + ••• + he ~:m { *}
Proof of Theorem 3.2 :

Clearly

oc P,
:h

n
m • •.n

pn - *

n

n
In .. (3*2)
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But by lemma, 3.1

P^ P f f' f" f(k+1)

fn £n [ o f 1 f« K f 00

By Milloux's theorem

£(i)
m(r, --7-rr ) = S(r, f) for j < i . fU)

And as in (2.1), even if Pn(f) contains terms in f,-' we get

pn(f5m(r,-- -- ) = S(r, f). (3,3)
fn

It now easily follows that

p •
m(r, --- ) = S(r,f), ... (3.4)

fn
Therefore, from (.3.2), (3.3), (3.4) we get 

a pn“a
m(r, --- ) < n»(r, —----- ) + S(r,f)

f11 p *n
pn-a pn“a

= T (r, ----- ) - N (r,---— ) + S (r, f).
p • p«n n

And so, ty Nevanlinna's first fundamental theorem we obtain

a Pn~ am (r, ---) < T(r,---- ) - N (r,------) + 3(r,f) .
fn P -a P'n u n

which is nothing but
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a P» nm(r, --- ) < N (r#
£ Pn-a

pn-« Pn
) - N(r, ------- ) + m(r, ~S------) +

P'n Pn-«

+ S( r#f).

which yields on using Milloux's theorem/

m
a PJ. Pn-a

(r, ---) 4 N(r/----- 2-- ) - n (r,------- - ) + S(r, Pn-a) + S(r,f)
fn pn-a P'n

But S(r, Pn - a) = S(r#f) and so

P 1 P -a
nm-(r, 1/f) ^ N (r# —------ ) - N(r, -2—- ) + S(r#f)

p»
nPn - a

That is

P 1n P —6£ nnT(r# 1/f) X.fN(r/--------- ) - N(r/------------) I + nN(r, l/f)+S(r,f)
{ n «/ tj I .t— p —ftn n

which gives with the use of theorem 3*1

nT(r# f) ^ N(r, PJ[ ) + N (r# —N(r/ pn - a)n
pn-a

— N (r,----- ) + nN (r#--------) + sCr/f)'.
P« fn

and hence

r i 1 7
nT(r,f) ^ IN (r, —) - N (r,----- ) I

1 V* PA J
+ N (r# ) -

- N(r,P -a) +• nN (r#----- ) + S(r/f),
f
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1
where N (r, --- ) are formed by those zeros of P' whicho pi nn
are not the zeros of Pn - a.

But N(r, Pn - a) = N(r, Pn), and so

1
nT (r,f) ^ N (r,----) - NQ

- N(r,Pn) +nN (r,

It now easily follows that

1
(r,---) + N(r, P! ) -P* nn
1

■-- ) + S(r, f).
f

nT(r,f) X N (r,----) - N (r, -<—■) + N (r# P ) +
TD__ D IPn"a n

+ nN (r,---) + S(r,f)
f

Since N (r, Pn) = N (r,f) and since NQ (r, ) > o,P • - ^n
we obtain

nT(r,f) v< N (r,----) + N (r,f) + nN(r, —) +S(r,f).
pn-a f

Dividing throughout by T(r,f) and then taking limit superior 
as r ->00 we get

N (r,----)
Pn-ct N (r,f)

n < lim sup -----------  + lim sup ------  +
r —>00 T(r,f) r -»00 T(r,f)
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N(r, 1/f) S(r, f)
+ n lim sup ---------  + lim sup ------

r 0 T(r, f) r -^00 T(r,f)

That is
n ^ [l “ ©r (oc' Pn}J + 1 - © <00,f)J +

+ n I". 1 - 6(o, f)^J / 

which on simplification gives

©r (cc' pn > 2 - ® (0O> f) - 6 (o,f)

This completes the proof of the theorem-.

In |.28j Theorem 4, A.P.Singh has mentioned the 

Theorem 3.3. However, he has not given the proof of that 

Theorem. Here we give a detailed proof of that theorem. Thus 

we shall prove.

Theorem 3.r

Let f(z) be a meromorphic function. Let each zero of 

f(z) have multiplicity ^ n. Then for all positive integers k 

and a / 0,
n ^h)^^ (a,f) ^ (n + k + 1) - nj©) (ta»f) + (k+1) 6(a,f)J

Proof of Theorem 3.3 :

Consider the identity

1 1 f(k)

f-a a f-a

fW a £Ck+l) -

jlk+ir • f-a —
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*hSn 1 z f« fW_
m £r,-- ) 4: m (r, --- ) + m(r, ---- ) + m (r, ^ygyyy-- ) +

r-a

f(k+l)
+ m (r,----- ) + S(r# f)

f-a

And so by Milloux*s theorem we get

1 f(k)-a
m (r,---) ^ m (r, -yjyijy- ) + S(r,f)

f-a

- a f ^ -a
- T(r, —7,-xrr- ) “ N(r/ -y^-yy 5 + S(r#,f)

which yields on using the first fundamental theorem of 
Nevalinna#

1
m(x>---) £ T(r,

f-a

f(k+1)
N(r,

f<k>-a
fCk+lT + S(r,£)

* m (r.
f(k+1)

+ N(r,
f(k+1)
■tm~ >

+ S(r,f).

Using Theorem 3.1 and Milloux's theorem# one easily gets
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m (r, ----) X N(r, f^k+1^) + N (r, -7-7— ) - N(r, f^-a) -
f-a f'K^-a

1 '

- N(r, -7,-7-r) + S(r, f). f (k+1)
1

Adding N (r, --- ) on both the sides and using first fundamental
f—a

theorem iof Nevanlinna, the above inequality reduces to

T(r,f) <. N(r, ----- ) + N(r,f(k+1)) + N(r, -7-T~ ) -
f-a fW-a.

- N(r# f^-a) 1
N(r' "T1<+T)) + S(r# f) .

But N(r, f(k)-a) = N(r, f^k)).,and

N (r, f^k+1) ) _ n (r# f^} = N (r, 5
and so

T(r,f) = N(r, --- ) + N (r, ) - Na (r, ~^-ry) +

+ 5 (r, f ^ ) + s(r,f)
1

where Na (r, is formed by those

Zeros of which are not the zeros of f^-a. Thus
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T(r,f) ^ N(r,---
f-a

) - N_ (r,
1

f(k+1) ) + N (r. ) +

+ N(r, f(k)) + S (r, f)

£ nq (r, -i- ) + N (r, --up ) + N (r,f(k) )+S(r,f), 
f—a f' — a

where Nn (r,---) is formed by all zeros of f(z)-a taken
f-a

with proper multiplicity if the multiplicity k+1 and
each zero of multiplicity > K+2 being counted (k+1) times only.

Now, N (r,f(k)) * N (r, f) and so

1
f-a

T(r,f) ^ NQ (r,---) + N (r, — ) + N (r,f) + S(r,f).

But,
1 1

n N (r,---) 4: (k+1) N(r,---).
f-a f-a

... (3.5)

Since on the left hand side of the inequality (3.5) each 
zero is counted atmost n(k+l) times whereas on the right 
hand side each zero is counted atleast n(k+l) times. Hence

k+1 1 _ 1
T(r,f) ^ (-----) N (r,---- ) + N(r, -rcy— ) + N(r,£) +S(r,f).

n f-a f^ ra

Dividing throughout by T(r,f) and then taking limit superior 
as r —>00 of both the sides we get

3k
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1
N(r,---)

k+1 f-a
] X (~") lim sup ----------- + lim sup

r —4 00 T(r, f) r —£<»

N (r,

T(r,f)
+

+ lim sup 
r —£00

N (r, f) S(r, f)
---- + lim sxip -------------  /
T (r# f) r -400 T(r,f)

which yields

k+1 _ (k) t r ->
i < < > L1 ' 5^f0 + | 1 “® r (a/f)J + L1 "© (°°ifJ

which on rearrangement gives

(a, f) X (n+k+1)

as desired.

(CO, f) + (k+1) 6 (a, f)3
Theorem 3.4 :

Let f(z) be a meromorphic function and P (f) be a 
monomial of degree n not containing f. Then

36r (O0,Pn(f)) ^ (n+3) + nfi(0O,f) - 2n6(0,f).

Proof -

Consider the following identity.

a fn-a Pn(f)
fn Pn(f) * fn a j* 0
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Then

T(r,
f -a

---) X T(r, ------ )' + T(r,
*n Pn(f) rzTi

) + S (r, f)

^ T(r#
~n

Pn(f)
P„(f)

) + T<r,----- ) + T(r, ------- ) +
Pn(f) n

+ S (r, f) .

Using first fundamental theorem of Nevanlinna, we get

Pn(f) Pn(f) Pn(f)-nT(r,f) X T(r, ----- ) + T(r, -2---) + T(r, -2™ ) + s(r,f)
fn a fn

pn(f> 1X 2T (r,----- ) + T(r,P (f) 5 + T(r, - ) +S(r,f)N fn n a

Pn(f) PnCf)
= 2m(r/----- ) + 2n(r,.------ ) + m (r,P (f) ) 4-fn fn n

+ N(r, Pn(f) ) + S(r,f)

Using (2.1) we at once get

Pn(f) Pn(f> nnT(r, f) X 2n (r, —---) + m(r,-------• fn ) +
fn fn

+ N(r, Pn(f) + S(r,f).

That is
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nT(r,f) ^ 2N(r, Pn(f)) + 2N(r,
1

) + m (r, ) +

+ m(r,fn) + N(r# Pn(f)) + S(r#f).

So, once again using (2.1) we obtain
.1

nT(r, f) ^ 3N(r, Pn(f) ) + 2nN (r,---) +nm(r,f) + S(r, f)f

and hence
1

)+S(r,f),n
f

Dividing throughout by T(r#f) and then taking limit superior 
as r of both the sides and after adjusting the terms#
we will get

36r( 00 , Pn(f) ) ^ n+3 + nfi {GO ,£) - 2n6 (o, f) . 

which completes the proof.
Note s

If a ^ CO then putting n=l and Pn(f) = f^ 

Theorem 2 of £28j .

Theorem 3.5 :

Let f(z) be a meromorphic function. Let

Pn(£) * a(z) (£')*! (f")12 ... (f(k))lk

we get
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where 1^ + 12 + .... + 1^ = n;

be a monomialtof degree n not containing f. Let each zero 

of f(z) have multiplicity ^ m. Then

m (H)r (1, Pn) ^ (k + m + 1) - f (k+1) 6(oif) + m© ( CO , .

proof

Consider the identity

1 _ Pn(£) Pn(f)-1 % <f> -
£n £n P^(f) ’ fn

from which it follows that

H
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pn-l P - 1
= T(r>----— ) - N(r, ———- ) + S(r,f).

pi p« _
~ n n ...

And so by first fundamental theorem

1 P1 P -1
m (r,---) <C T{r, —2— ) - N(r, ----- ) + S(r,f)

fn P -1 P'n n

P1 P -1 p >= N (r,---2- ) _ N(r, --— ) + m (r, —-2. ) + S (r, f)
pn"1 Pn V1

With the use of Theorem 3.1 this reduces to

1nm (r, t ) S N(r, P* ) + N(r, ) - N(r, P -1) -
£ P *1n

1
- N(r, ,----) + S(r, P -1) + S(r, f) .pi

n
1Adding both the sides by nN(r, j ) and using the fact that 

S(r* Pn-1) = S{r*f), we get

nT(r, \ ) 4 nN(r, | ) + N(r, P* ) + N(r,--- ) -f f n p -in x
1- N(r, P -1) - N (r*.-- ) + S(r,f).n p»pn

which gives# on using N(r„ P^-l) » N(r* pn ) ,

nT(r,f) x: nN(r# i ) + N(r# P' ) - N(r, Pn) + 
x f n n

1 1
+ N(r#----) - N (r,-----

Pn-i P'n n
) + S (r# f)
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which are not the zeros of PR -1 . Thus

nT(r,f) <£ nN (r, - ) + N (r,--- ) + N (r, P ) + S(r,f),
\ a z pin“x1where Na (r, - ) is formed by all zeros of f (z) taken with

proper multiplicity if the multiplicity is £ k+1 and each 
zero of multiplicity ^ k+2 being counted, (k+1) times only 
where k is as in hypothesis.
Now,

N (r, Pn) = N (r, f)

and therefore above inequality becomes
1 ■ — ^ —nT(r,f) X nN , (r, - ) + n (r,„-- - ) + N (r,f) + S{r,f).

v1
But

mN (r, i ) X (k + 1) N (r, 1 ) /
a X N -F

Since on the left hand side of above inequality each zero 
is counted atmost m(k+l) times whereas on the right hand 
side each zero is counted atleast m(k+l) times. Hence,

3 
! «
I I 

M 
l-
 |25
 I H►d

+ CO *-
T

Hi

CD a o* ft Oi ** H- 3 «Q <+ S' w CD N CD .8 o
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m 3 CD Hi O
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Hi
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k+1
nT(r,f) ^ —• 

m
1

N(r# - ) + N 
f

1
(r,----) + N (r,f) + S(r, f).

P -1 n

Dividing throughout by T(r, f) and then taking limit superior 

as r OO of both the sides, we get

k+1
n < ( ---— ) lim sup

v m r —*00

N(r, - ) 
f

-------- - + lim sup
T(r, f) r ~$CQ

N (r, — i- r
Pn-1

T(r,f)

+ lim sup 
r -4 00

N (r, f)
------- + lim sup
T(r,f) r -4Gt>

S(r,f)

T(r,f)

That is
k+1

n < v
[l - 6 (o/ f)] +

+ f 1 ( 00 ,£)J .
After simplification it gives

m @r ?n > ^ (k+nH-1) (k+1) 6(o, f) + m

which is what we wanted to show.

Note t
Ck.)Putting Pn= f ' i.e. a monomial of degree 1, we get 

m @r (1, f(k) ) ^ (m + k + 1) - f (k+1) 6(o,f) + m (h) (OC

which is Theorem 4 of [28j
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Let f(z) be a transcendental meromorphic function. Let Pn(f) 

be a monomial of degree n and not containing f. Then

®r <°' pn> + ®r (b, pn> + © r (c' pn >

^ 2 + 6r (o, Pn ) - nfi (a,f);

where a, b, c are distinct finite numbers and b r 0, C / 0*

Proof ;

Since. P (f.) does not contain f, it follows as in (2,1) that 

1 1
rn (r#--------— ) m (r,-------- ) + S(r,f).

(f-a)n X Pn(f)

Thus

111
m (r,-------- ) s t (r,--------- - ) - N(r,---------) S (r, f).

(f-a)n Pn(f) Pn(f)

And so by Nevanlinna's first fundamental theorem 

1 1
m (r,-------- - ) T(r, P (f) ) - N(r, —-----) + S(r,f). — (3.7)

(f-a)n n Pn(f)

Also by Nevanlinna's second fundamental theorem, since 

S(r, Pn(f) ) S(r,f) we have
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1 - 1
T(r, Pn(f) ) < N (r, ----- ) + N (r, +

v Pn'(f) Pn(f) -b

1
+ N (r,--- - ) + S (r, f).

Pn(f)-C

Making use of this, inequality (3.-7) gets converted into

1 - 1 1 1
m (r, ----- ) A N(r,------) + N (r, -—— ) + N(r.,-~-----) -(fr-a)n V Pn(f) Pn-b Pn-c

1
- N (r,-- ) + S (r, f).

pn
1

Adding N (r, ---- - ) on both the sides, we get(fwa)n

1 1-1-1
T (r,----- ) A N (r, ------) + N (r, — ) + N (r,------) +

(f-a)n (f-a)n Pn Pn-b

1 1
+ N (r,--- ) - N (r,----) + S(r, £).

pn-c pn
Thus

1 - 1 _ 1
nT(r, f) nN (r, ——■ ) + N (r, ) + N (r,----- ) +

f-a pn pn-b

1 1
+ N (r,,--- ) - N (r, ) + s(r# f}.

pn-c pn

From which it easily follows that
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1
N (r, ~ )

f.-an < n lim sup ----- —•— + lim supN r —>£0 T(rff) r
1

N (r, —) 
pn-b

+ lim sup ----------  + lim sup
r T (r, f) r -*<£>

1
N (r, —- )

P
— Ixm sup -------- + lim sup

r —*60 T(r,f) r —^ 0>

N (r, — ~) 
^n_ 

T(r,f)

N (r, )
_______

T(ry£)

S(r, f)
T (r,:. f)

which is nothing but

n [l - 6 (a,f)} +[l - (H)r (o, PnfJ +' |JL -®r<b'V] +

+ £l -0r (c,Pn)l - £ 1 - 6r CO,.Pn,l .

After simplification, finally, , we get

(H>r (O, Pn) +@r (b. Pn) + @r (c, Pn)

<£ 2 + 6r (O, Pn) - n6(a,f) 

which is our required theorem.

Remark -

We once again observe that, putting n = 1, our 
theorem reduces to Theorem 6 of £28} • *

Wow we come to another interesting result.



94
■3 3* (D 0 3 1 u>

%P0)
•rl
i—

I

PcdC
Dco(0-p0)

P)•8 y H
-

O H
i

G 3 O f+ H
-

O 3O
'

0) 0) I 8NM
H

-P(DPI

GC
D

rCB

(D 3 Q
j 3 O ft o 0 3 ft 0> p- 3 H
- 3 cQ H
i0)C

D

PO
'

C
D

'OM
H0rHC
d

•HIG30)
.Q

H
i

►
d

H
i

H
* 3 H
- ft (D

a

coH
-cd

■oGcd

A
''

a«pC
D

a(D
-PC•Hr-1
rHcdPoM

H

O
'

(D H C
o0)

rHa£o08C
DN1GgT)Gcd

-PoC-H-PC
O

-Hn3

H
i8Ga+"~c

a•H
cd

o % H
i3 o-
>'A N + •O ©
>

0 /*
N o 3

rHII
-H

C
D><dC
D£H ffi

5rHcd
■PGC

D

Ecd
'OG3M
M

-PC
O

P•HM
MC
OC
d

GG•HrHG$0)
21>•
C
Q

+ C
fl ✓—N 3 % H
i

*d :3 o H
i

rH 
II%
PBII

G
~M
HPEH IGm

M
HH

PC
O+IG

rH 
I 

M
H

a+IGI 
M
M

II .3 /-s H

M
HsPto+IG

rH 
.1 

M
H

2;+I 
C

rH 
i a

H
i 1 *d 31

 311 3

+ C
O 3 % H
iIG

rH 
I 

M
H

+ 25 3*

G

I
*d

 1 m+ 3

H
i 1 >d

 
31

 3H
i Jd 3

OC
O

c-
3 3

toac■rlC
O

3CocoC
D

O%C
D

P

M
H*Pm+

H
i I M 31

%P+ 25

»d
 I H

 
3 IPEV

/

V
i%

Pv-f
EH

+ C
ft 3 % H
i1 

c
rH 

I aa 3

*d
 ! h

1

pEh+I G
rH 

I 
M

H

a11



95

and hence
_ i 1T(r,fn) X N (r, --- ) + T(r,P ) - N(r,-- ) + S(r,f),

fn n Pn
This gives 1 1pT(r, fn) ^ pN (r, —- ) + pT(r, PR) - pN(r,-- )+3(r,f). ..(3.8)

^ pn
Next, by Nevanlinna's Second Fundamental Theorem we obtain

1 p 1pT(r,Pn) £ N (r,Pn) + N (r,-- ) + £ N(r,---- ) +
Pn i=l pn”ai

+ S (r, f). ... (3.9)
But,

N (r,Pn) * N (r, f) .

Therefore by (3.8) and (3.9) we have
1 1p.nT(r, f) < p.n N(r, - ) + N (r, f) + N (r,-- ) +f P*n

p _ 1 1
+ N (r,---- ) - pN (r,----) +S(r, f).& Pn-al Pn

It now easily follows on dividing by T(r,f) that
1

N(r, — )
f N (r, f)

p.n < p n lim sup ------■— + lim sup ------— +
x r -^ob T(r, f) r ~fcoo T(r, f)

1 p _ 1N (r,-- ) 21 N .........
Pn i—1 Pn"”ai+ lim sup ---- -----  +> lim sup ------- -------  -

r —>-00 "" T(r,f) r —poo T(r#.f)
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1

N (r,---
P

-• p lim sup
r -->00

n
T(r,f)

+ lim sup
S (r# f)

r -> <£> T (r, f)

This yields,

pn ^ pn 1 - 6 (o# f )J + jjL - £h) ( 00 # f)j +

* I1' ©r <0' V] + P * £ ©r<VPn>

- P [i - 6r (0#PnQ

After proper adjustment and cancellation of some terms# at 
the end# we get

P£i=l
,<: 2 + P j^6r (0# Pn) - n6 (0#f)

©r (ai' Pn) * ©r (o' pn> + © ( 00/f)

which we wanted to show.

Remark ;
As an immediaft<i consequence is Theorem 7 of £28^ 

which is obtained by puitting n = 1 in the above theorem.

We now provejk 
Theorem 3.8 s

|»et f(z) b^ a mesomorphic function and Pn(f) be a

monomia^ of degree n and not containing f. Then#
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q
+ © (o,f) + 2 0 ( 00, f) + ^.©r(bj#Pn) +

+ ©r (0' V

4 + q 16r (o, Pn) - n6 (o, f )j- .,

where are non-zero# finite, distinct and bj ^ o, 

for any j (j = 1, 2, .... , q) .

Proof -

By inequality (3*8) we have

qT(r,fn) ^ qN (r, —- ) + qT(r, P ) - qN (r, — ) +S(r,f).\ ^n p
n ... (3.10)

Next, by Nevanlinna's second Fundamental Theorem, we obtain

qT (r, Pn) ^ N (r, Pn) + N (r,---) +
n

qz:
j=l

N (r,-----) +
Pn-bj

+ S. ( r, f) . ... (3.11)

With this inequality (3.10) becomes

qT(r,fn) ^ N (r, Pn) + N (r,
1

--- ) + q . 1
j: N (r....... ) +
j=l Pn-fcj

1
+ qN (r,---)

fn
- c# (r.

1
---) + S(r,f) .

But

N (r, pn ) » N (r, f)

and therefore
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nqT(r,fn) N (r, f) + N (r,---) +
P„ J=1

q

n
N (r, ------ ) +

pn“bj

1 1 
+ qN (r,---) - qN (r, — ) + S(r,f) . ...(3.12)

n

Also# by Second Fundamental Theorem, we have

1 P_ 1
pT (r, f) < N (r,f) + N (r, - ) + ]T_ N (r,---— ) +

i=l f-a^

+ S (r, f) . ... (3.13)

Adding (3.12) and (3.13) we get

(p + nq) T(r,f) X 2N (r, f) + N (r, i ) + nq N(r,i ) +
x r £

i i p _ i+ N (r,---) - qN(r,-----) + N(r,---- ) +
n n i=l f-a^

> N (r,----- ) + S(r,f)
j=i Pn-bj

Dividing both the sides by T(r,f) and then taking limit 
inferior as r -^QO , we can have

, _ N (r, i ) nqN (r, - ) )
/ 2N (r, f) f f

P + nq ,< lim inf \--------  + ---------- + ------------ >+r -*o0 / T(r>f) T(r, f) T(r,f)
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N (r,-- )
P.n

T(r,£)

qN (r,-- )
Pn 

T (r, f )

q N(r,---- )
+ 2Z f“a

i=l

N(r,
P-b • n ji <1

-------------- + —
T(r,f) jSX T(r,f)

— +

S(r,f) 1.
T(r,f) )

ti'

N(r,-- ')
PSince lim inf ( -q ---- ---

r T(r,f)

qN(r,-- )
P,

lim sup
r CO

n
T(r, f)

it easily follows that

N(r,f) N (r, 1/f)
p + nq ,< 2 lim sup ----  + lim sup ----------  +

r QO T(r,f) r -j*o0 T(r,f)

1 - 1N (r,-- ) N (r,-- )
f P.+ nq lim sup --------  + lim sup ------

r T(r, f) r -^£?0 T(ryf)
n

N(r, ---- )
p f-a^

- q lim sup ------ -— + lim sup T" •—*—— +
N (r,---)

P
r GO T(r, f) r cO i= T(r,f)
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1
N (r, ----- )

lim sup q
-

pn”bj S(b, f)
■"" •"*■*** •

r -■> oO j=i T(r, f) r oO T (r, f)

This gives,
p+nq ^ 2 [! -© < CO,f)J + [l -© <o,fj] + nq |T 1-6 (o, fTJ +

+[1 - 0r (0' Pn0 “q L1 “6r (0,Pn)j +

P
+ rto [X-® n q -r(a.., f)J + H 1

-* j=l
-@rCbj'Pnj

After simplification finally it reduces to

( GO,f) +
(3£ ©r<bx'pn’ +

+©r (o' pn)

4 + q £j>r (0/Pn) - nfi

as desired.

Theorem 3.9 s

Let f(z) be a meromorphic function. Then

j=o

©r (bj'f) 4$ 4 - Z- ® (tf,f) + q 6r (o,f)-
aec

- 6(o,f)J

where b.* 1 s are distinct, b = 0, bn = 0O
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Proof :
By Theorem 8 of |_28^j , we have

IE. Ay (ai#f) +(H) (o,f) + 2 (H)(00,f) + 
i=l

a -Jk) _00+ z: ®r ftj.*) +©r (o.«

r (k) 74 + q |^5r (o,f) - 6 <o,f)J .

Therefore, on making p —$QQ and observing that 

-fa/ (h) (a) 0 i is countable, it follows that

q _ (k)(h) (a,f) +® (00/f) + ^ _ <Vf> +Qy ^
j=l r J r

(k)

< 4 +

Now

(k)
6 (o, f) - 6 Cor

,(k)

,«] .

@ (00 , f) = @r ( 00,f), 

and hence

(k)
Z. © + K.
OL&C 1=0

(k)(bj, f) + (Hj Co, f)

< 4 + q £ 6^ ^ (o,f) - 6 (o,f)J
\

Now, denoting zero by bg^, the above inequality takes the 

form
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-Z.®
a GT

which proves the theorem.

Finally we prove one more theorem on monomials.

Theorem 3.10 :

Let f(z) be a meromorphic function and let aj_(i = 1/ 

2, .p) and bj (j = 1,. 2, ..., q) be finite complex 

numbers distinct within each set and such that bj / 0 for 

any j. Further, let Pn(f) be a monomial of degree n and not 

containing f. Then,

^Z©r pn^ + (^)r (°'pn^ + (^.
j=l J

(00 /f) + nq 6 (ai, f)

Proof
^ i+ 2-
p i

Let F (z) = tl
i=l (f(z) - aj_)

Then by fj2l, 24^ we have

P 1
H m (r, ------ - ) < m (r,F) + S(r,f)
i=l (f-a±> ^

F
--- Pn ) + S(r,f)= m (r,



p ' .- -r— P 1
v __ m (r#--- --- ) + m(r#-- ) +S(r/f)

i=l (f-ai)n Pn

1
= m (r#-- ) + S (r# f) .

P 1Adding N(r# ~----- ) on both the sides# we get
i=l (f-ai)n

-P. 1 P xm (r#----- ■- ) + £ N (r,-- ^--5 )i=l (f-a±)n i=l (f-a-jln

1 p 1
< m (r#-- ) + N (r#------ ) + s(r#f)#
^ Pn i=l (f-ai)n

which gives on using Nevanlinna's first fundamental theorem

P 1
npT(r# f) < T(r#P ) + N(r# —---- - ) + S(r#f).^ fe (f-a±)n

And so

P 1
npqT(r#f) X qT(r,Pn) + q FI- N(r#------ ) + S(r#f)... (3.14)

i=l (f-aj_)n

But by Nevanlinna's Second Fundamental Theorem# we have

qT(r#Pn) < N (r#Pn) + n (r# — ) + N (r#---- ) +
Pn j=l Pn"bj
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With the use of (3*15) inequality (3.14) becomes

- _ 1 q _ 1
npqT(r,f) <; N (r, Pn) + N (r,-- ) + X. N (r,------) +

" Pn j=l Pn-bj

P 1
+ q XI N ^r' ----- n ' + S (r, f) .fe (f-ai)n

But N (r, Pn) = K (r, f) 
and so

_ ^ 1 q 1
npqT(r, f) < N (r,f) + N (r,-- ) + £ N (r,---- ) +

Pn J'=1 Pn“bj

P 1
+ q ££ N (r, ------ ) + S(r#f) .

i=l (f-a±)n

Dividing both the sides by T(r,f) and then taking limit 
superior as r -9-CO , we get

1
N (r,-- )

N (r,f) Pn
npq ^ lim sup ------  + lim sup ---------  +

X r ~9<X) T (r,£) r T(r,f)
1

N (r,---- )
pn“bj

+ lim sup ------------  +
r -9 oO j=l T(r, f)

1
N(r,---- )

p f-ai S(r, f)
+ nq lim sup ^ -------------  + lim sup -----

t-> oo i=l T (r, f) r~900 T(r,£)
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which is nothing but

nPq ^ ( + H1 ”©r (o' bn>J +
+ 5 L1 *(S)r (bj'Pn>] + 1X2 §! C-1 " 6(ai'f2i

Simplification of the above inequality finally gives,

j=l
H)r (by Pn) + (H)r (o, Pn) +(H) (OO, f) +

p
+ ng L 6 (a±, f) X q + 2>

i=l

which completes the proof of the theorem.

oOo


