
CHAPTER-111
******+*************************************************
* GROWTH OF DIFFERENTIAL *
* POLYNOMIALS *
£***♦***************************************************



74

C H A P T E R - III

Growth of differential polynomials

Let f(z) be a meromorphic function. As mentioned in 
Chapter II# itn(f) will denote a homogeneous differential 
polynomial of degree n. That is a finite sum of the form

a(z)(f)lc> (f')11....  (f(k>)lk

where 1q + 1^ + .•. +1^ * n and a(z) is meromorphic function 
satisfying T(r, a(z) ) ■ S(r#f) as r —► oo where by S(r,f) 
we mean any quantity satisfying S(r,f) ■ 0(T(r#f)) as r —> ao 
if f is of finite order and S(r*f) » o(T(r, f)) outside an 
exceptional set of finite linear measure if f is of 
infinite order. Throughout we assume that the homogeneous 
differential polynomial is such that it does not become zero* 
The term 6(a#f)« ©(a#f) etc. being as defined at the
beginning of the Chapter II.

We now prove our results.

Theorem 3.1 j For any transcendental meromorphic function 
of finite order

A(nn(f),o) 1^ inf
T(r,JTn(f) )

^ n £ 6(®i)
i*l
oo

(3.1)• • •
r —» oo T(r,f)
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oo
and (a (n_ (f), o)) (nt (1+q - q © (oo))) ^ n XI 6 (a^).

i*l

. (1 + A(nn(f),0) - 6(nn(f), o) ) ... (3.2)

where I a^l < oo and 6(a^) > 0

an<^ a homogeneous differential polynomial of
degree n, not containing f for the proof of this theorem 
we shall need the following two lemmas :

Lemma 3.1 : Let f(z) be a transcendental meromorphic 
function and a^, a2 .... ag, q > 2 be distinct finite 
complex numbers. Then

q 1
n H m (r, a,, f) < T(r, n (f)) - N(r,------ ) +»n(f)

+ S(r# f) ... (3.3)

where S(r,f) « o(T(r, f) ) as —* oo through all values if f 

is of finite order and S(r, f) = o(T(r#f) ) as r <4 oo outside 

a set of finite linear measure otherwise. And n (f) is a 

non-zero homogeneous differential polynomial of degree n 
not containing f. That is wn(f) = X a(z) ')**•. • (f^)**

where lj + 12 + ....  + 1^ * n

q 1
Proof t Let F(z) * y~ -------

i-1 (f-ai)n
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Then we have
qn I_ m(r, ai# f) ^ m(r,F ) + o(l) 
1*1

FH (£)
m(r, —--- ) + 0(1)

n„(f)

4 m(r, FJi_(f)) + m(r,---- )+0(l)
n„(f)

m(r.
Sla(z)(f')ll...(f(lc))lk

1*1 (f - a±) n

+ m (r,----- ) + o(l)
*n «*>

f I* >00 IkH m(r, Ia(z) (--- ) ... (--- ) * )
1*1 f-a. f-ai

+ m(r# ----- ) + 0(1)n (f) n' '

m(r0

nn <f>
) + S(r,f)

1 1T(r,----- ) - N(r,----- )+s(r, f)
nn <*> V«

T(r, Jt (f) ) - N(r, ----- )
"n (f)
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Therefore

q i
n S__ m ai»f) - T(r,nn(f) ) - N(r,-------- ) + sir, f)

i*I *n(f)

Lemma 3.2 t Let f be a transcendental meromorphic function 

of finite order, then

T(r,ir (f)
lim sup ---------------- £r nt (1 + q - q © (oo) } ... (3.4)
r —*• oo T(r, f)

where nn(f) is a homogeneous differential polynomial of 

degree n, not containing f.

Proof : T(r,*n(f) ) - m (r, *nU)> + N(r, \(f))

n_ (f)
^ m (r, —s— ) + m(r,fn) + N(r,rr (f)) 

f *"

latzHf')11------(fW)lk

m(r,--------TT-------------- T--------)+m(r,f )
f 1 + ... + J*

+ N(r, nn (f) )

■ m(r, Za(z)

But m (r, Z a(z)(

+ m(r,fn) + Mr, *n(f) ) 

f(k) ik
(------ ) k ) - S(r, f).

f

and so
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T(r, *n(f>) £ m(r,£n> + N(r, *n(f) ) + s(r,f).

*

Now without any loss of generality let *n(f) consist of t
terms say nn(f) = jtf-^f) + 02(f) +.... +0t(f) where
each jZf^(f) 11 ^ i $ t) is a monomial in the derivatives of 
f but not containing f and of degree n.
And so

T(r, wn(f) } ^ m (r,fn) + N(r# ff^Cf) ) + ....

...+ N(r, 0t (f >) + S(r, f)

^ m(r, fn) + (n N(r, f) + k^n i (r, f))

+ (nN(r, f) + k2 n N (r, f) ) +.....
+ (n N(r#f) + kt n 5 (r#f) ) + s(r#£)

where k^ is the highest derivatives in the corresponding 
monomials 0^(£) (1 ^ i £ t). Let q be the highest
derivative occurring in the homogeneous differential 
polynomial (so that kj kj ... kt ^ q )

Therefore
T(r#nn(f) ) ^ ra(r,fn) + t n N(r, f) + tqn N (r#f)

$ nm (r#f) + tnN(r#f) + tqn N (r#f)

4 tn is (r#f) + tn N(r, f) + tqn N (r,f)

= tn T(r, f) + tqnN (r, f)

Now dividing by T(r#f) and taking limit superior of the 
above inequality we get
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T(r,*n(f))
lim sup ------------------- ^ tn+tqn (1- © (oo) )
r —» oo T(r,f)

* tn+tqn - tqn ©(oo)

therefore

T(r,nn(f)
lim sup --------------- <; n t(l + q - q © (oo) )
r oo T(r,f)

Proof of theorem 3.1 t

Prom lemma (3.1)

q 1
n H m(r, a,,f) <: m (r,-------- ) + S(r,f)

ial (f)

Dividing by T(r#f) and taking limit inferior on both sides

as r —► oo it easily follows that
1

m(r,-------- )
q n (f) T(r, tt (f))

n 6 (a*) ^ lim sup ----------------— lim inf ------------------
i=l r oo T(r#Tin (f) ) r —► oo T(r, f)

T(r, *n(f)
* A (tt_ (f), o ) lim inf --------------—

r oo T(r, f)

Since above inequality is true for q > 2 letting q -4 co 

we get

oo T(r, nn(f)
n H 6 (at) < a(«-(f), O) lim inf -----------------

i=l r —* oo T (r# f)

This proves (3.1)

q
For the proof of (3.2) we add n T*

i=l
N(r, a^, f) to both
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sides of result of Lemma 3.1 to get

1 qnqT(r,f) < T(r, n_(f)) - N(r,----- ) + n ^ N(r,ai#f)
n nn(f) i-l

+ S(r, f)
Dividing by T(r,f) to both the sides and taking limit 
superior as r oo we obtain

T(r, nn(f)
nq < lim sup ----------- - lim sup

r —► oo T (r, f) r oo

- lim inf 
r oo

N (r,-- )

T(r, nn(f)

T(r#7rn(f) q
-------- + n 2l (1-6/a.,)
T(r,f) i-l

Since A(nn(f)# o) > O by (3.1) multiplying by 
A(nn(f)» 0) and using (3.1) and lemma 3.2 we obtain

T(r, nn(f))
a(k (f),0) nq < a(h_(f),0) lim sup ----------n n r oo T(r, f)

- A(nn(f),0) lim stip 
r -4 oo

N(r, —1 )
Vf>

T(r, nR(f)

• lim inf 
r oo

T(r,n (f) q .
----- ----+ (n r (1-6(3,)))
T(r, f) i-l

A (nn (f), o ).

And so
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A(nn(f), 0)nq,$ A(T*n(f)#0) nt (1 + q-q © (oo) )
CD

- (1 - 6(nn(f), O) ) n n 6 (a* ) +i*l
q♦ ( n r 1 - 6(a±) ) a (*n(f), o ). i*l 1

Thus
qA<Hn (£), 0) n q + (1-6 (*n(f)# 0 ) ) n £ 6(aA )

^ nt (1 + q - q 0 (oo) ) A (nn (f)# O )

+(n E (1 - S(aL) ) ) a (nn (f), o) 
i»l

from which it follows that
q

a(^n (f)# 0) nq + (1 - 6(nn(f), o) ) n s^ai )

^ nt (1+q - q © (oo ))a(nn(f)* O) +
CD

+ nqA(*n(f), o) -(n X Sta.^) A(nn(f),o)
i*l

Rearranging and letting q oo we get
oo(1 + A(nn(f), o) - 6(nn(f), C) ) n X^ 6(a± )

£n t(l + q -q ©(oo)) (A(nn(f), 0) )

which proves the theorem.

Theorem 3.2 * If f(z) is a meromorphic function of finite 
order with © (0#f) * © (oo# f) = 1 and **n(f) is a
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homogeneous differential polynomial in f of degree n which 

does not reduce to a constant then

T(r, (f) ) ro n T(r, f) as r -*• oo

Proof $ We have © (o#f) » 1 * © (oo , f)

hi (r, i ) 
f

therefore © (o, f) * 1 - lim sup ------------—
r —► oo T(r, f)

N (r, f)
® (oo. f) * 1 - lim sup------ -----

r -4 oo T (r, f)

«• , 1
* S(r,f)Therefore N (r. j )

and N (r, f) - S (r, f)

and we know that from theorem 1 of

T(r,* )
n (1 - ma) < lim inf ---------- ^ lim sup

r oo T (r, f) r oo
T(r,*n)
------------^ n(l+ma)
T(r,f)

where a

N (r, f) + N (r, i )
f

lim sup —------——————-
r oo T(r,f)

Therefore a * o

Therefore from above inequality we get

T(r,n (f))
n ^ lim inf --------------- ^

r —» oo T(r, f)

T(r,xr (f))
lim sup ———----- £
r —► oo T(r, f)

n
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T(r, nn(f))
Thus lim -------- ---* n#

r —» oo T(r, f)

Consequently T(r, 7in(f) ) n T(r, f) as r -*• od 

This completes the proof.

Before giving an application of theorem 3.2 we shall need 
the following definition t

By a homogeneous differential polynomial of degree n 
not containing f we shall mean a finite sum of the form

*n (f) * Ia(z) (f-) 11 (f")12.... (f(k))lk

where li + ... + ljj B n and a(z) is meromorphic function 
satisfying T(r, a(z) ) « S(r,f).

We now give the application.

Theorem 3.3 ; If f(z) is an entire function of finite order

with ^ 6 (a# f) * 1 then
a / oo

6 (0, Kn(£) ) - 1.

where nn{f) is a non-zero homogeneous differential polynomial 
of degree n not containing f.

q 1Proof * set F(z) * -------- -----"u*l (f(z) - cCy )n

then as in the thesis of A. A. Mudalgi [83
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q i
n n m (r,---------- ) ^ m (r,F) + o(l)

w-i f - aw

F7i (f)
- m (r,---------- ) + O (1)

nn(f)

^ m (r. £
V**l

Vf>
(f-a’’)"

1
+ m(r,------ - )

*n(f>

q
« m(r, E

u«l
a(z)

+ 0(1)

---------

1
+ m (r,------- ) + o(l)

V£>

q
^ H m(r,a(z)) + m(r, 

v «1

f •

f-tty
) + • .

1
.... + m(r, —-— ) +o(l)

nn(f)

Using Milloux's results and the fact that m(r, a(z) T(r#a(z))* 

« S(r,f)

We obtain
q 1 1

n £ m (r,--------- ) ^ m (r ----------) + s(r,f)
U«1 f - av *n(f)

Dividing by T(r, f) and taking limit inferior we get
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q 1
n 51 m (r,-------- )

jj *1 £-av
lira inf -----------------------------------
r -* oo T (r, f)

1
m(r,-------- )

*n(f)

^ Xim inf ---------- --------
r oo T(r,wn(f)

T(r, *n(f))
• lim sup ------———

r oo T(r, f)

q
Therefore n X 6(aa , f) & n 6(0, n (f) ) 

d=1 n

q
Consequently X 6(ttfu , f> ^6 <0, nn(f) ) 

^)»1

Making q 00 we obtain

E 6(a^ ,f) <: 6(0, n (f) )
2J=1

Since the set {6(a, f) / 6 (a, f) > 0]■ is countable it 

follows that

X 6 (av ,£) * 6 (a, f)
5J«1 a / 00

And so

H 6 (a, f) £ 6(0, nn(f) ) 
a 00

But by hypothesis HI 6 (a, f) * 1
a j* 00

And so

1 « 6 (O, nn f) £ l

Thus 6 (O, nn (f) ) * 1.



86

Our next theorem finds relation between deficient values 

of entire functions with that of its derivative. Thus we

prove :

Theorem 3,4 : If f(z) is an entire function of finite order 

then
T. f) ^ 6(0, f(k) >

a cd

q i
Proof : Set F (z) = —----— then by Cl* 33]

y*l f(z)-a v

q 1
m (r,-------- ) £ m (r, F(z) ) + 0(1)

i>=l f(z)-av
Ff •

* m (r, -—- ) + 0 (1) 
f •

^ m (r, Z-----) + m(r, — ) +0(1)
f-a^ f •

m (r, — ) + o(T(r#f) 
f *

f(k)
m(r# ——) + o (T (r, f) )

f<*> i

m (r,----) + m (r, )+o(T(r#f))

1
mm(r# t S (r, f *) + o(T(r#f) )

by Milloux's theorem.

Also since s(r#f') * S(r, f) it follows that
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q 1 1
m(r' ------ ) $ m (r, .7rr- ) + S(r, f) ... (3.5)

iM f(z)-au f(k)

Now dividing by T(r, f^k)) and taking limit inferior (3.5)

m(r, )
lim inf ----- rcc—f —► cd T(r,fw )

Consequently

i: 6 (a^ , f) 4 6 ( 0. f(k> .
=1

Making q -* oo we get 

oo
T 6 (a^ ,f) £ 6(0, fw ).

Vml

since the set of values of a for which 6(a,f) > o is 
countable, it now follows that

YZ 6(a.jj ,f) ^ 6(0. f^ ). This prove the theorem.
^ / oo

Remark * Putting k * 1 we obtain Theorem 4.6 of W.K.Hayman 
[7, 104] . Another result dealing with the Nevanlinna

characteristic of f and the Nevanlinna characteristic of 
f^ is the following.

Theorem 3.5 : Iff(z) is a meromorphic function of finite

becomes

q 1H m (r.---- — )
^=1 f (z) ~avlim inf ------------- --------  <C

r—* oo T(r, f)

order, then
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T(r,f) 1
lim inf -------- - ^ -----
r oo T(r, fW) k+1

PfPQf * If f(z) is a meromorphic function of finite order 

we have

T(r,f) x
lim inf  — ^ -
r oo T(r, f') 2

Clearly N(r, f(k> ) « N(r,f) + k 5 (r,f)

4 N(r#f) + k N (r,f)

Thus
N(r,f(k) ^ (k + 1) N(r,f) ... (3.6)

00Now consider m(r, f ).
f 00

m (r, f^k* ) » m (r,-------. f )
f

f 00
^ m (r,------- ) + m (r, f)

f

* m (r, f) + S (r, f).

And so

m(r,f(k> ) ^ (k+1) m(r, f) + S(r,f) ... (3.7)

Therefore combining (3.6) and (3.7) we get

m(r, f<k> ) + N(r, f(k) ) < (k+1) T(r,f) +S(r,f)

T(r, f{k) ) < (k+1) T(r, f) + S (r, f)

Thus
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which in turn yields

T(r,£)
lim inf —-----Ter-
r co T(r, f lk')

1
>. -------- as required.

k + 1

In the other direction we have

Theorem 3.6 s Let £(z) be a meromorphic function of order 

S * Co < ^ < co) Then

T(r, £)
lim inf  ------ rrr- < co
r oo T(r,fw)

Proof : It is known (See for e.g. £l7j)that 

T(r,g) < Ag T(kr, g‘ )

where k > 1 and r > o

Therefore TCr,^"1* ) < A f(k-l) T(hr, fW

Also

T(r, f(k"2) ) < Ak-2 T (kr, f^-1)

< Ak-2 ^ Ak-1 T^k^ r* )

» Bk-2 T(k2 r, f(k) )

where Bk _2 is a constant depending on f^k“^) (o) f^k“2^(0).

In general
T(r, f(k“p) ) < Bk_p T( yPr, f(k) )

and

T (r# f' ) < Bx t (kk-1 r, f<k) },
■/• \\

/ "N diV'

■r. 1 L’ ?
' - *2. X

n,,ry ) -*i)
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T (r,f) < BQ t (kk r, f(k> ) 

« B0 T (a r, fCk> ) 

where a** 00k

Thus
T(r,f) B0 (a r><Ur>

fSJ B0 ^ (r)

» Bq T(r, f(k) )

using proximate order for a sequence.
Therefore lim inf ——2.-- < oo.

r —» oo T (r, f )

This proves the theorem.
We next prove
Theorem 3.7 s Let f(z) be a non constant meromorphic 
function, then

q
m(r, oo) + n m (r, ^ (ntl)T(r,f)-N. (r)+S(r,f)

Vml

where P(z) is a polynomial of degree n,

Ni (r) - (n+1) N(r, f) + N(r,-- ) - N (r, 0n )
*n

S<r)
“n

m (r, — ) + m (r, Y_ f n ij * l

3q
6

(f -

^n
Pv <z))n

1
I f'C0)|

)

+ ng log* + n log 2 + log
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where 0^ is a monomial of degree n in derivative of f 

but not containing f.

Proof : The construction of I - Pjl ^ 6 given below 

is as in [llj which we give here for sake of completeness.

Let q be any positive integer > 2 and consider any q

Polynomials P^, 1 $ i q and let Pi 6 B(l) where B(l)

be the set of all polynomials in z of degrees at most

1^0. Let A * (a^, a2 .... ajj) be the finite set of

coefficients associated with these q polynomials, the a^*s

being distinct. Then for i 0 j Pi - Pj is a polynomial
k kwhose highest degree term is - q^) z or a * z . Here

X / and 0 < k ^ 1# ax a € A . Therefore
k k

I Pi - Pjf rw laA y r or I pi”pj * w lax* r 

as r oo. Let 6 » Min £«aAi , iax - a^l> Then for

l«i<J « q , we have 1 pi - Pj1 ^ 6 for r 2 rQ 

uniformly in z

q
Set F(z) * 51

v »1

1

(f(z) - P y (Z))n

6
Suppose for some v , lf(z) - P^ (z)l < (3.8)

3q

Then for y, / v

l f(z) - P^l > 1 - Pvl - 1

6
^ 6 ---------

3 q

>/
2
3

6
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Therefore for y. ^ V

< ------^
I f(z) - Pi 26 2q I f (z) - P. (z)l

... (3.11)

Consider 

I F(z)| £
(f(z) - Pv )n (f(z)-P^)n

I f(z)-pui n
51 ----------------------------- using (3.9)

y /V 2nqn I f(z) - Pj”

1 ; i q‘1 7
f (ir-lLT5 1 1 ’ ?‘q5 j

i f(z) - P n -n
v

since 1 >, -i- + -i- for n £ 1 and
2n 2n

„ i «n
q-i q

i------------ > i------------
2n c? 2n qn

q-1 x
which gives 1 - -«----- ^ -----.

2 qn 2n

* 1 - ,n

Hence

log* ) F (z) I > log* -----------------— - n log 2
IfUJ-Pi,! n

q 4
S log4

Vi*l

1 _ A 1
--------- ------ 51 log*---------------------

n Vi I f (z)-P^)n

... (3.10)

I f (zJ-PjJ

- n log 2
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But since ji t v,

1 * - v ? 1 % - pui - '* - v
^ 6 - 6/3q

(3q - 1)6 

3q

6
*

3q

we have

log lf - vn
3q

£ log+ (-----)n
6

Therefore

log+---------- —- 4 (q - 1) log+ ( -— )n
|f - P |n 6

^ 3q
^ n^log+ ( --- )

Hence from (3.10) we have

log+ | F(z)| ^ £ log+
ji*l l f(z)- P, n - n^ log

3q

Next we consider the case when

I f (z) - P„! ^ ----- for all y .
3q

Then we have

4. 1 a. 3<? nlog* ----------------------- 4: log+ (-----)n
lf(z) - P^l n 6

n log 2 

(3.11)
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and so
S + 1 + 3{J
2_ log ---------- - ^ nq log —o =1 If(z)- P^l 6

This shows that R.H.S. of (3.11) is negative. But L.H.S. 
of (3.11) is non-negative and therefore (3.11) is trivially 
true in this case and it is true in all cases.

Multiplying (3.11) both the sides by l/27r and integra
ting over £o, 2nJ we get

m q 1 + 3q(r,F) >y m (r, ------ - ) - nq log---- n log 2.
oil (f-Pj, ) 6

And so
q + 3qm (r,F) ^ n ^ ) - n q log -- -- n log 2.y-1 6

... (3.12)

.nThus 1 f‘
m (r,F) * m (r. —- -— fL F ), which yieldsfn nn ,n1 f‘m (r,F) <: m (r, —- ) + m(r, -— ) + m (r, #n F) ... (3.13)

fn n
But from Nevanlinna’s first fundamental theorem we have

c 
i 

c
w 

ITS*

z

c44

44
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 | 

tS
t 

31
 3

» ►3 o'
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and
1 _ 1 1 m(r, ) » T(r, f ) - N(r, —- ) + logfn fn lfn(0}|

Therefore (3.13) will finally yield
i 1m(r,F) ^ rtT(r,f) - n N(r, ± ) + n log -----
f lf(0)l

-n0n 0n
+ m(r,---) + N (r, -- ) - N (r,---- )=n zTl *n

+ m (r# J6n F) + log J fn (0)

Combining this inequality with (3.12) gives

q + 3qn ]T m (r# P*. ) - nq log ----- n log 2 <- m(r,F)
■d =1 6

1 1 0n
< n T (r# f) - nN (r, - ) + n log ------+ m( r, --- )

f If (0)1 fn

+ N(r,
0n
|n

fn | fn(o)
) - N(r,---) + m (r, 0 F) + log I-----<*„«>>

Therefore

n m(r, P^ ) + m(r, f) m(r, f) + m(r,F)+ng log+ 3q
v=l

+ n log 2

1 0n
* n T(r, f) - n N(r, -) + N(r,~ )f fn

.n 0-n- H(r, — )+m(r, — )+m(r##JP) +
f"n
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1 . 3q
+ log ------- + T(r,f) - N(r, f)+nqlog — +

6
+ n log 2

Thus
q 1n Y\ m (r, Py )+ ra(r#f) $ nT(r,£) - n N(r, f n

1 1,1+ N(r, — ) -N(r, fn)-N(r,---)+log
fn 0n

3q
Kn(0)

+ T(r, f )-N(r# f) + nq log — + n log 2
6

And so

+ m (r# --- ) + m(r, 0 P)£n n
1

£ 2(n+l) T<(r, £) + N{r, #_)-N(r, — )
0n

- n + 1 N<r,f) + S(r,f).

n H » (h ?u ) + m(r,f) £ (n+l)T(r, f) - £(n+l)N(r,f) 
3J»1

1
- N(r# 0n) +N(r, — )}+ S (r).

gn
which finally yields

qm(r,f) + n 21 - (n+l)T(r, f)- N. (r)+ S(r>
u*l

where N, (r) ■ (n+1) N(r,f) + N(r, -— ) - N(r, 0 )
0 n

0n q_and S(r) - m(r, —- ) + m (r, 21 ^n
:n 1>»1 (f.Pj. (z)) n

■) +
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. 3g 1
+ ng log — + n log 2 + log ---------- --

6 ltfn(0)|

Remark * If Py (z) is constant and n*l then we get 

theorem 2,1 of Hayman \l, 3lJ .

We now give proofs of two theorems stated without proof 

by R. Parthasarathy £12]

Theorem 3.8 : Let f(z) be an entire function of order 

% (o < < oo ) for which

log M(r, f)
lim sup —----------- - » a . ... (3.14)
r oo rs L(r)

N(r, 1/f)
and lim sup —--------- * p. ... (3.15)

r oo r^ L(r)

Let y (z) be a homogeneous differential polynomial of 

degree p >, 1 with all the coefficients a(z) entire. Then 

for every complex number w except possibly for w * 0

N (r, w, y )
lim sup ---------------—
r -» oo xr L(r)

a
p ( ---------

h(<? )
- P )

n (r, w, y )
lim sup -----------——_
r —>• oo r° L(r)

a
P (-----—

h(S )
P )

and 6 (o, f) + © (w# y ) ^ 1

... (3.16)

... (3.17)

... (3.18)

where h( 9 ) {q + (1 + %* )2 *1/2
i+Cl+S2)1/2-> ,>0

Proof * Let £ > o be given. Then by (3.15) we have
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N(r, | ) < (p + 6 ) rS L(r) for all r y r0* Also 

by (3.14)

q
log M(r, f) > (r - g )r L(r) for a sequence of r —* op. 

Using Lemma 3.1 and the fact that f(z) is entire, we obtain

P i 1 + 0(1)} T(r,f) < PN(r, | ) + N (r,w, + )

< P(p + 6 )r* L(r) + N (r,w, * )

for all r y rQ.

Also for A > 1

A- 1
T(r,f) >. -------- log M (r/x , f).

A+ 1

Thus we have for a sequence of r oo

X - 1 

A + 1
T(r, f) > (a - § ) -------- ( -j»- ) L( ---)

and
N (r, w, 'f ) P

A7
A -1

L(

y ——— { 1 + o (1) ]• (ot — & ) ( ——•—) — — —
r* L(r) ^ A +1 L(r)A +1 L(r)

- P(p + £ ).

L (r/x )
Since --------------- 1 as r —x oo we get

L(r)

N(r, w# ) 1 A -1
lim sup —---------— >, —-0— ( -------- ) Pa -Pp.

oo r L(r) ' A* A +1

A - 1
The maximum value of 1

aT (
A + 1

) is easily seen to be

>i
h
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h(* )
and hence

N (r, w, v )
lim sup —--------- ^r —> od r^ L(r) P (

h(<? ) ^ )

from Lemma 1 of fl2} we have 
n (r# w, 'f )

lim sup ---^-----r —» oo r% L(r)
N (r, w, 4» )

^ lim sup ------------
r -* oo rn L(r)

Therefore
n(r, w, * )

lim sup  ■*-------r -» oo r^ L(r)
^ <3, P (

h(S ) - P )

Again by (3.14) we have for r ^ rr

. N(r, 1/f) N (r# w, +> )P { 1 + 0(1)} < P ---------  + ------------
T(r,f) T(r,f)

Since f (z) is entire N(r, '+'/w ) * 0 and by lemma 2
of fl2]

m(r, +/w ) 4 m(r, ---— ) + m(r, fP )
wfp

S(r, f) + pm (r, f)

Hence by T(r# ^ /w ) < ^P + 0(1)} T(r#f)

Thus we have for all r Tq

N(r# 1/f) N (r, w# )
P 1 1 + 0(1)} < P--------- + P------------  (1+0(1))

T(r, f) T(r, * )

Letting r oo we get
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N(r, 1/f) N(r,w, * )
P £ P lim sup —------ + P lim sup —-------

r co T(r,f) r oo T(r,y )
And so
P£ P (1 - 6(0, f) ) + P ( 1 - © (w, * ) ), which on
simplification yields

6 (0, f) + © (w, S' ) 4 1.

This completes the proof.

Theorem 3,9 : Let f(z) be a meromorphic function of order 
H (0 < ^ < oo) for which

T(r, f)
lim sup —-z   * a ...(3.19)r —» oo r“ L(r)

| N(r,f) + N (r, 1/f)
and lim sup ---------------------  * b. ... (3.20)r -*• oo r” L(r)
Let S'(z) be a homogeneous differential polynomial of 
degree P ( £ 1 ) in f. Then for every complex number w, 
except possibly for w » 0

N (r, w, S' )lim sup -<*--------— £ P (a - b)r —» oo rs L(r)

n (r, w, S' )
lim sup ------------- > P S (a-b)r oo rs L(r)

and 6(0, © (oo, f) + (k+1) © (w, 4* ) < k+l+ -P
where k is the order of the highest derivative occurring 
in S' (z).
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Proof s we have from (3.20), given £ >0 with o < Iwj < ao
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p f' f" f(k>
$ T lx m^r/ — ) + — ) + •** + 1k m^r#-- )Iff f

+ S(r, f)

Since m(r, a{z)) ^ T(r, a(z) = S(r, f).
And so using Milloux's theorem it follows that 

*U> P
m(r, ~n--^ \ liS(r'f) + 12 S(r,f) +--- +lk S(r, f)

= np S(r, f)

* S(r, f).
Therefore
m(r, nn (f)) $ m(r#fn ) + S(r,f) by (3.23)

* nm (r, f) + S(r, f)
Thus

m(r# nn(f) ) Pnm (r,f) + S(r,f) ... (3.24)
Also

N(r,nn(f) ) = N(r, £a(z) (f•)1l(f«)12---(f(k))lk

P“ N(r, a(z)) + It N(r, f') +....
1

....+ lk N(r, f*k^ )

PN(r, nn(f) )^ £ lx (N(r,f) + N (r,f)) + 12 <N(r,f) +

+ 2N (r, f)) + lk (N(r, f) + k N(r, f) )+S(r,f) 

Since N(r# a(z) ) ^ T(r, a(z) ) = S(r, f)
And so
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PN(r, *n(£))£ X (lx + 12 + .... +lk) NCr^fJ+lj N (r,f) +

+ 212 N (r,f) + .... +klk N (r, f )+S (r, f)

P^ n N(r, f) + l^kN (r#f) + 12 k N (r,f) + ...

.... + lk kN (r, f)

P= X n N (r,f) + n k H (r,f) + S(r,f)
1

* p n N(r, f) + pnm N (r, f) + S(r, f)

where p denotes the number of terms in the homogeneous 
differential polynomial and m is the highest derivative of 
differential polynomial and 1^ + 12 +....+ lk = n and 
where n is the degree of differential polynomial.
Therefore
N (r, nn(f) ) $ Pn N (r, f) + pnm N (r,f)
That is
N(r, nn(f) ) « Pn (N (r,f) +mN (r,f) ). ... (3.25)

Combining (3.24) and (3.25) we get

T(r, nR(f) ) ^ P n T(r, f) + P nm N (r, f) + s(r, f).
Since T(r, Jin (f)) / T(r#f) ^ a it follows that

a T(r, f) Pn T(r,f) + Pnm 8 (r, f) + S(r, f)

(a - Pn) T(r,f) ^ pnm N (r,f) + S(r,f) ... (3.26)

Dividing (3.26) by T(r#f) and taking limit superior we get
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Pnm N (r,f) sir, f)
(a - Pn) $ 11m sup ----------  + lim sup -----

r —» oo T (r,f) r —> od T(r#f)

Thus
(a - Pn) < Pnm (1 - © (co, f) )
Consequently
Pnm © (oo, f) $ P n m + Pn - a.
And so

i a
© (oo# f) ^ 1 + = ---- -

m Pmn

Remark : If m = 1, n * 1 and P * 1 then nnif) m f* and 
so © (oo# f) $ 2 - a which is theorem 3 of S.K.Singh and 
V.N.Kulkarni fit]

We finally end the Chapter by giving some application of 
Nevanlinna theory to differential equations.

Theorem 3.11 : The differential equation

a1 (z) (f(z) )n p (f) + (f) * 0 ... (3.27)

where a^ (z) ^ O and 1 £ k g n has no transcendental mero- 
morphic solution f(z) satisfying N(r# f) » 3(r, f) where 
^n-k ^ is a non-zero homogeneous differential polynomial 
of degree n - k and P(f) is any non-zero differential 
polynomial and a(z) are meromorphic functions satisfying 
T (r, a (z) ) * S(r, f).

Proof :Suppose there exists a transcendental meromorphic
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function f satisfying (3.27) such that N(r,f) » S(r,f) then

(f)n P(f)
al

Hence by lemma (3.5) 

m(r, P(f) ) * S(r, f).

Also N(r, P(f) ) * N (r, £a(z)(f)10 (fi*1.. (f(k))lk

- S(r,f).
Therefore

T(r, P(f) ) = S(r, f) ... (3.28)
Also from (3.27) we get

(f)" -*n
aA P(f)

And hence by Nevanlinna's first fundamental theorem 

n T(r, f) ^ T(r, nn_k(f) ) +T(r,P(f)) + T(r,ai) + o(l) 

* T(r, irn-k (f) ) + S(r,f) by (3.28)

Also since N(r#f) - S(r, f) we have

T(r, *n_k(f) - m(r, nn-Jc (f) ) + S(r,f)

^ m(r.
Xa(z)(f) u (f‘) lx (f(k))lk

fn-k

+ m(r, fn“k) + s(r, f)
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f* 1 f<k> lk
ro(r, Ia(z) ( — )A1 ... (----) K }

f f
+ m (r, fn"k ) + s(r,f)

$ m (r, a(z) ) + 1-, m (r, — ) + ....
00

+ lwrn(r,----) + m(r, fn“k) + S(r#f)

m(r, fn”k ) + s (r#£)

T(r, (f) ) £ (n-k) m(r,f) + S(r,f)

(n-k) T(r, f) + S(r,f)

n T(r,f) 4 (n-k) T(r, £) + S(r#f)
This is a contradiction. Hence the theorem

Remark * Putting P(f) * f * and k * 1 we obtain theorem 3 
of G.P.Barker and A.P.Singh DO •

We have then on using lemma 4

(P + 0(1)} T(r,f) < P(b+E)r* L(r) + N(r,w, ■¥ (z)) 

for all r ^ rQ
On dividing by r^ L(r) and letting r oo and using (3.21) 

we get

{p+o(l)} T(r# f)
lim sup ——-——-*------ lim sup P(b+fe ) +r oo r“ L(r) r -*> oo

N (r, w, y(z) )
+lim sup ------------—-r—► oo rH L(r)
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and so _
N (r, w, V (z) )(P+o(l)j a < P(b + £) + lim sup ------- ----------

f -» oo r ^ L (r)
which yields

^ , 5 (r, w, * (z) )Pa ^ Pb + lim sup
r —» oo L(r)

Thus
3 (r, w, 'P (z) )

lim sup ------------- --->, P (a - b) ... (3.21)
r —> oo L(r)

from Lemma 1 of C12J we have 
n (r, w# *P )

lim sup ----—----— ^ lim supr —> oo r" L(r) r —» oo

Combining (3.21) and (3.22) we get
n (r, w# 'H )

lim sup ------------- ^ p (a-b)
r —^ oo r > L(r)

Using lemma 3 of Cl23 we obtain 
'P (z)

T (r, ------ ) <: P(k+1) T (r,f) + S(r,f)
w

Also by lemma 4 of [I2j we have

P T(r,f) < P N(r, 1/f) + 3 (r,f) + 3 (r,w, * (z)) + S(r,f)

And so
(r, 1/f) N (r,f) 5 (r,w, *¥ (z)

P < P ---------  +------ + lP(k+l)+o(l) f ----- ------- .
T(r#f) T(r,f) T(r, w, * )

T(r, w# S' ).-------- + 0(1)
T (r, f)

N (r, w# •+' )
L(r)

..(3.22)

Letting r <4oo we get
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p < p ri - 6<o,fn + ci - ©<oo, f)jf +

+ (P (k+1)) (1 - © (w, +> (z) )
which on simplification yields
6(o#f) + i ©(oo, f) + (k+1) © (w, S' (z) ) ^ k+1 + - •

P P

Lemma 3.3 Let y (z) be a homogeneous differential polynimial 
of degree P in the meromorphic function f(z) then

PT(r,f) < PN(r, i ) + n (r,£) + N (r, 1, ) + s(r,f)
f w

Proof : Working as in theorem 3.2 of Hayman 5l\ we get
1 — — 1 1m (r,----- ) C N (r,f) + N (r,--------) - Nn (r,---- ) +S' (z) +'(*) 0 (_t_) *

------- w w
w

+ S(r,f) $
Also

o 1PT (r,f) = T(r,fp ) - T(r, --- ) + o(l)fP
, . 1 1 . m(r, --- ) + N(r, --- ) + 0(1)

H'UJ/w 1
< m(r,---- --- ) + m(r,-------— ) +fP

w
+ PN(r, 1/f) + 0(1).

And so
1PT(r,f) < m(r,------ ) + PN(r, 1/f) + S(r,f)
w
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* (z)/w
since m (r,-- ------- ) * s(r,f).

fP
Thus

PT(r, f) ^ PN(r, i ) + N (r,f) + N (r,---------- )
f -l

w

since nq 

PT(r,f) <

- N„ (r.
t w

(r, ---—---) ^ 0, it follows
( 4>/w) •

PN(r# 1/f) + N (r,f) + N (r, w.

) + S(r,f)

that

(z) ) + S(r#f)

which completes the Lemma.

Note j

(i) p(f) f. 0 is essential# since, if P(f) » o then there 
exists transcendental solutions of (3.27) satisfying 
N(r,f) * S(r, f). For example consider f(z) * ez and 

nn-l <f> " *i (f) * f " f* " eZ * ez » o.

Thus ez is a solution of (3.27) and N(r#ez) ■ 0 ■ S(r,f).

(ii) Also the condition N(r#f) * S(r, f) in the above 

theorem is essential.

3
Since consider the equation 2f - (f" + f) + o, that is 

22f f - (fH + f) * O then the above has f(z) * sec z as 

its solution and clearly N(r#f) / s(r, f)

(iii) (f)n - (f)n » O for any function f trivially shows 

that X should be greater than or equal to 1 in our theorem.
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G.P.Barker and A.P.Singh in £l) have proved the following 
theorem.

Theorem s No transcendental meromorphic function with 
N(r, f) » S(r, f) can satisfy an equation a1 (z) (f (z) J^Cf)* 
a2(z)p(f) + A3 * 0 where a1 (z) ^ o« n is positive integer 
and P(f) is a monomial of degree ^1.

It looks reasonable to except that the above theorem 
should hold for homogeneous differential polynomials also 
instead of only monomials. But as the number of terms in a 
differential polynomial though finite, may be large, we 
have not been able to prove this result. However, if we put 
a restrictions on the number of terms in a homogeneous 
differential polynomial then we have the following theorem *

Theorem 3.12 t No transcendental meromorphic function f with 
N(r, f) ■ s(r, f) can satisfy an equation of the form

a^zHftz))” n^tf) + a2(z)wJc(f) + a3 (z) * 0# ... (3.29)

n 1, where a^Cz) ^ O and it^Cf) is a non-zero homogeneous 
differential polynomial of degree k having p terms, where 
p & K satisfy the relation (p - l)k < n.

For the proof of the above theorem we shall need the 
following lemmas of £1]

Lemma 3.4 * If f is meromorphic and not constant in the 
plane, if g(z) * f(z))n + pn_i (f)# where pn-1 (f) is a
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differential polynomial of degree almost n-1 in f and if

N(r, f) + N(r, 1/g) » s(r#f) then g(z) ■ (h(z))n,

h(z) ■ f(z) + i a(z) and (h (z) )n“1 a(z) is obtained by 
n

substituting h(z) for f(z), h'(z) for f’(z) etc. in terms 
of degree n-1 in PR ^ (f).

Lemma 3.5 : If f(z) is meromorphic and transcendental in 
the plane and that (f(z))n P(z) = Q(z) where P(z), Q(z) are 

differential polynomials in f(z) and degree of Q(z) is 
atmost n. Then m(r# P(z) ) * S(r,f) as r oo

Proof of theorem 3.12 »

Case (i) we first consider the case n £ 2 suppose (3.31) 
holds clearly a^ ^ o, for otherwise either f is a relational 
or T(r,f) * S(r#f) and both of which are not possible.

Now from (3.31) we get

a~ a3(f)n +--- * - ------— - G(z) say
ai "k (£>

Then
1 ai ** (f)N(r, i ) - N(r, -i------- ) - s(r,f).

Also n(r,f) - S(r,f). 
Therefore by Lemma (3.4)

G - (f)n
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which yields s2 — °* 711118 equation (3.29) becomes 

(f)n nR(f) » -
al

and hence T(r, (f)n it^f) ) * S(r,f). . (3.30)

Now let 0 (f) » f ^ (f)

- fn {e (f)x° (f*)11------
1

where 1Q + 1^ + ... + lt » k.

1 1 ( P In li 4. 14. -)
Therefore -- *  ------- j Y_ (f) (f*) ... (fl) V

fn 0 (f) L 1

Thus
1

:n+k
l r P f‘ li i it7

- - - - - - -  ] £ < — )A- - - - - C — > V
0 (f) L 1 f f

f* 1,

Applying Nevanlinna's first fundamental theorem and that 

T(r# 0) ■ S(r, f) we obtain

P r r' *
(n+k) T(r,f)£ X I1! T(r, -- ) + ••• + ltT(r, --— )J +S(r,f)

: (t)

Using Milloux*s theorem £7, 55^ it now follows that

p f* f(t)
(n+k) T(r# f) <: Z li N(r, — ) + ... + 1* N(r,-------) +

1 1 f f

+ S(r,f).

But N(r, f) ■ S(r,f) and so
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Thus

(ntk)T(r, f) ^ p(k-lQ) T(r, f) + S(r, f)

$ pk T(r,£) + S(r# f)

This is a contradiction since n + k > pk.

Case (ii) t We now consider the case n * 1. when n * 1, 

the hypothesis implies p * 1 and so ^ (f) becomes a 

monomial. This particular case has been considered by 

G.P.Barker and A.P.Singh. We give their proof for sake of 

completeness.

a2Let F * f + -- 
al

then (f) = q(f) where Q(F) is a differential polynomial

rH i «w%
uz+•p

*uzV
/z H

*
% I Hi

r* l»M%
MZ+44*MZ

%4\

H
i I

44

£C
O+I Z V

H
i I

 »->

W044a)p<d
At*

44%pC
O+

►
3

% H
i

'A

h
M

'O

M
 

t—
* z h

H
i I M

 

+ + H
*

ft Z *—
s h

M
l I 

M5 *
44 % 
p

 
%

»*

C
O+r-ll 44
*PM ftM

C
OH

 
r-1ii

H
M

t

+ co H H
i

M
il !

->

II

h
K

o

X I

44%
pC
O+

H I 4-1h %

XaN



114

-a 3in F. Then (3.31) can be written as FQ(f) =* --
al

and hence by Lemma (3.5)

m(r, Q(F) ) * S(r, f) * S(r, f)
N(r, Q(F) ) - S(rff)

Now N(r, Q(F) ) * N(r, nk(f) )
* N(r, £a(z) (f)1{5... (f(t))lt:

$ N(r, a(z) ) + N(r, (f)1(5) + ....

.. +N(r, (f(t>)Xt

■ N(r, a(z)) + lQN(r, f) + ..... 

... + lt n (r, £)

* s(r,f) ♦ s(r,f) +... + s(r,f)
and so

N(r, Q(F) ) * S(r#f). Also 
m(r, Q(F) ) * S(r#f)

Therefore
T(r# Q(F) ) - S(r,f)

from which it follows that 
T(r,f) * S(r,£)

This is a contradiction. This proves the theorem.

oOo


