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CHAPTER-IT

Deficient values of meromorphic functions and their

derivatives.

1. Notation, Terminology :

Let £(z) be a transcendental meromorphic function in the
complex. plane. As in Chapter I we define

n(r,a) = n(r,a,f), the number of roots with due count of
multiplicity, of the equation f(z) = a in |z21£ r and by
n(r, oco) the number of voles of f(2) in )z}l <r n(r,2a)

the number of distinct roots of f£(2z) = a in |2z1< r.

and if £, and f2 are two non~constant meromorvhic functions
in the plane, then let no(r,a) denote the number of common
roots in the disk lz| £ r of the two equations fi(z)=a

and 52(2) = a, and let Eo (r,a) denote the number of common
roots in the disk [|z| £ r of the two egquations fl(z) = a
and f2 (z) = a where the multiplicity is disregarded.Set

r n(t,a) - n(0,a)
N(r,2) = N (r,a,f) f{ --------------- at + n{C,a) loag
C

- _ r i(t,2) -n(o,ea) _
N (r,a) = N(r,a,f) =f --------------- dt + n(0,2) log r
0

T ---~ dt + n_ (0,23) log r
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- _ 1 - 1 -
N1,2 (r,a) =N (r, ==== ) + N (r, ==-=) - 2N° (r,a)
fl-a fz-a
Nl 2 (r,a)
()1 (a) = 1 = 1im SUP —mmeecice e
o2 r -» o T(r,fl) + T(r,fz)
- (k)
N {(r,a)
69(k) (a) = 1 - lim sup ez
1,2 r - T(rofl) + T(rafz)
: Nl 2 (r,a)
61 5 (a) = 1 « 1lim SUp  ceecmmcmmcmeean
! r - @ T(r,£;) + T(r, £5)
Eo (r,a)
t@bia) = 1 = 1lim SUP ~—mcccmec——————

r > o T{r,£f) + T(r, £5)

The term S{r,f) will denote anry quantity satisfying

S{r,f) = o (T(r,f) ) as r —»  except possibly for a set

of r of finite linear measure.

A differential polynomial nn(f) is a finite sum of the

( 1
form a(z)(f(z))lo (f'(z))ll oo (f‘k)(z) )"k  where
10 + 11 + 12 + eee + lk = n, And if for all the terms
constituting n_ (£f), 1, +1; + ... 1, =n then n_(£) is
called a homogeneous differential polyrnomial of Aegree n.

In case M {(f) = a(z) (f(z))10 (f'(2) )11 .ee (f(k)(z))lk

with 10 + 1y + ... lk =n, N, (f) will be called a

monomial of degree n
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Theorem 2,1 ¢ For any transcendental entire function £(z)

and k2 1

;; 5(a,€) + 6( 0, £(z) - 2% ) < 1
a o0

Proof : Let £(z) be transcendental entire function and

let aj;, a5, «.... a & € Dbe distinct.

q
q 1
Let F(2) = § coccvmumwa
;2% £(z) - ay,
then
q 1
}E: m (r, —ee-eee—-- ) £ m(r,F) + o(l)
FE!
= m(r, --=) + ¢(1)
fl
£ 1
= m(r, 2 --—-—v y+m{r, --)
f-a;; £
+ 0(1)
Thus, using Milloux theorem we get
q 1 1
2 m(r, ——--e--- ) < m(r, ==) + o (T(r,£) ) ... (2.1)
v=1 f(z)-a, £
1
S m (r, ;-(-}-(')—) + o (T(r,£) )

for all kx 2 1, and
outside a set of finite linear measure,

Thus, we have
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g
Z m (r, ewe~ee-=- y<m (r, ~—e-- ) + o (T(r,£) ) ... (2.2)

Outside a set of finite linear measure. By app lying this

result to £(z) - z with q = 1, a; = 0 we deduce similarly

that
1l 1l
m(r, =—--e-- )< m (r, —emm——- ) + o (T(x,£(2) - z) )
f(2z)-z2 £'(z)-1
1
£ mlr, ~=ce—e- ) + olT(r, £) )
fr(z)~-1

1
Consider m (r, =me-eme-- )
£(z)-2X
1
Applying result 2.2 tom (r, =e-—-- >
£f(z)-2
We get
1 1 .
m (r, ------ £) & mlr, —=--ce--g-s ) + o (T(r,£(z)-2" ) )
£(z) -2 £'(2)-kz""
( 1
= m(r, =-------g-s ) + o (T(r, £) ).
£1(z)-kz""1
Similarly

A
0982



42

1 1l
M(r, =meceeemee—c- ) €m(r, s—cmceecmmm e Y+ o{T(r,£))
£'(2)<kzt1 £% (2) - (k) (k-1) 2K=2
1l .
=m (r, cmmeecmccccm——e K:z-)“‘ o(T(r, £)
£*(2)-(k) (k-1)z

and

1l 1l
M(r, —mececmccec—e——— g3~ ) £ m{r, —meememeeme e =3

£ (2) =(k) (k-1) 2 £ (2)=(k) (k=1) (k-2)2

+ o(T(r, £"))

+ O(T(rlf) )0

Continuing by induction we obtain

1 1
(r, —prpee——ec—c—ncm——— ) € m (I, ~pememmem e )
" f-I00 (ke1) .oz S £5(2) = (k) (k-1)... zX-K
+ o(T(r, £) ).
Thus,
( ! ! ) 4 o(T(E, £) ) ovo(2.3)
m r. ““““““““ ) é m (ro bk 2 e whedededendendhaniead +0TI‘, oo 20
£ (2) -2X £0K) {z)—x

(k)

applying (2.1) to £ with @ = 2 and a) = 0 a,=k we get
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1 1l
m (r, —s~-- Y +m (F, emeeca———
£k () fk(z) - kI
( . X
< m (L, —grm=—m=-—-- + o(T(r, £ )
= £(k+1)  (2) yorootnlx
1l

_ k
= T(r, ;(E:IT-;- ) + o(T(x,£7) )

since f 1s entire function.

By Nevanlinna's first fundamental theorem it follows that
LY S—— I R 1C e — y< T (r, 5 (24
k)

+ o{(T(r, £

= mir, £ (2)) + o(T (r, £5) )

k

=m (L, meme- e £8)(2) ) + 0 (T(r, £°))

< m(r,fk(z)) + o(T(r,fk) ) using Milloux

theorem,
Thus
(£, e o) €014 0} Ter )
m(r, -secm=-= ) + m(r, —g-cecee-- <11 + of(l) T(r,f)...(2.4)
£ (k) (3) £ (k) (2) k1

outside a set of finite linear measure.
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on combining (2.4), (2.3) and (2.1) we deduce that outside

a set of finite linear measure

1l 1l
M(Y, w—ecem—e—-— ) + m(r, =—emem—e—=
;%; f(z)-ay £(z) - 2X
1 1
£m (r, g]-z-' ) +m (r, ;}-(:;;--)"" o(T(r, £)).

And so

q 1 1

IS T —— Y+ ML, —ommmn 2 cimoy ey 4
a1 £(z)-ay f(z)~-2

+ o(T(r, £) eee (2.5)

Dividing by T(r,£f) and taking limit inferior as r — o

of (2.5) and observing that £ is entire it follows that
3 X
Y 6(ay, , ) + 6 (o, f(z) - 2) <€ 1
V=]

Since g is arbitrary making q — oo we get

= X
Z 6(33 » £Y + 6 (0, £(2) =27 )& 1

U=]1

aAlso since the {a, / &(a, ,f) > 0} is countable it

follows that

QO

s (a, LB = 3. & (a £)
v=1 a # o
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Therefore

3 s(a£) + 80, £(2)- 2K ) ¢ 1
a # o

This proves the theorem,
Remark :

1. Putting k = 1, we obtain inequality 4.16 of Hayman

[7, €9

2. In the above theporem we have obtained an upper bound
for 60, f(z) - zk ) in terms of deficient values of f. We
can also find an upper bound for §(o, f(z) - zk ) in terms
of deficient values of the derivatives £X) of £ under
certain conditions imposed on the zeros and poles of £,

Thus we shall prove

Theorem 2,2 : If f£(z) is transcendental meromorphic

function with N(r, £) + N(r % ) = s(r,£) as r —» ocoand

k 3 1 then
§ (0, £(z) - 25) ¢ & (x1 , £5) (2))

Proof : Let f£(z) be transcendental function and let

a
Let F(z) = ) N ———
V=] £(2) - a,
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then
q 1
DI TN € - — ) ¢ m (r, F) + o(1)
U=l f(z)=-ay
Ff!
=m (r —== ) + 0(1)
fl
£ 1
=m (r, ) =e—--- )+m(r, -- )+0(1).
f-av £
Thus by using Milloux's theorem we get
1l 1
Z m(r, -------- ) £ m (I.', - ) + o0 (T(rlf) ).

1 1

m(r, ——mm———- )< m(r, =7me= ) + o(T(r, £)) ...(2.6)
v'=1 £(z)-ay £ (KY

for all X > 1
outside a set of finite linear measure.

By applying the above result to £(z)-z with g = 1, a1 =0
we deduce similarly that

1 1
m (r, ——e-e-- ) € m(r, ——esme- ) + o (T(r,£(2) ~ 2) )
f(2)-2 £'(z)-1
and so
1l 1l
m(r, =————e- ) € m (1, - o= ) +0(T(r,£) ) oe. (2.7)

f(z)-z : £'(z)=1
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Since T(r,£f(z)-2) = T(r,£f) + 0(log r) ~ T(r, £f).

1l
Consider m (r, —w—-=- w- )
£f(z) -2
1
applying result (2.7) to m (r, P ) we get
' f(z)-2
l 1l
m (r, ——ee——— ) € m (x, Pt ) + of{T(r, £(2)-2z% ))
f(z)-zk £t (z)-kz™"
( : ) (T(x, £) )
= M(Y, ——ecwceccmcam—m—- + o\T(r,
£'(z)- x z5-1
1 1 |
m (r, =—ee—ce—eee=-- ) € m (L, =c—ecmemmecanaeeee Y+o(T(r,£'(2)))
£1(2)-kzk-1 £ (2) = (k) (k=-1) 2K-2
l
= MY, —cecccmmccccccce——— Y+o(T(r, £) )
£ (2) - (k) (k-1) 252
1l 1
m (r; ---------------- ) $ m (r, ““““““““““““““““““““
£" (2) - (k) (k-1) zK=2 £ (2) = (k) (k-1) (k-2)zk=3

+ 0 (T(rof) )

Continuing this way we get
m (r, =ge-semcmemm————e— e )& m (D, —ppr-mececmmcnca )
eI ()= (1) (keD)onn 2 £ (2) - (k) (k-1) ... 25K

Thus
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m (F, ~mmm———— ) & M (L, =smmm————— ) + ol{Tfr,£) ) ... (2.8)
£(z)-2K £(X) (2) x| °

Now dividing by T(r,£f) to (2.8) and taking limit inferior

we get
1l 1l
m(r, =-——-=- m(r,—smc———— )
£(2) -2zX £Rzyx)  T(r, £K))
lim inf e-scccmmcnnceaa £ lim inf e o wmme—m———
r —> 00 T(r, £) r = oo T(r, £¢k)) T(r, £)
so e (2.9)
But T™(r, £X) ) = m (r, £(k) )
£(k)
m (r, ====) + m (r, £f)
£
=m (r,£f) + S(r, £f)
and so T(r, £%) )
.......... £ 1 AS I -» ®
T(rlf)
Thus (2.9) vields
1 1l
m (r, =—-—-ee——- (£, ~smeece—-
£(z)-2X £(k) (z) k!
lim inf eccccmmcccccnn——~ < lim inf eecccccccaccccana
r —» T(r, £f) r — o (r, £(k)
T k r "f(k? )
lim sup ~cccccmmeccca——ea
r-» oo T(r, £)
1
m(ro handy 2y windandendeutuudandad )
frky(z) k!
l1im inf —cccomcccmccnaea-
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And so
6(0,£(z)-2 ) ¢ & (k1 £y,

Remark : Since for an entire function N(r,f) = 0 = S(r, f)
an immediate consequence of the above theorem is the

following corollary.

Corollary 2.1 : If £(z) is a transcendental entire function

of finite order with N(r, % ) = s(r,f) as r - oo Then

5 (0, £(z) =25 < & ( xt , £K8) (2) ).

In our next theorem we shall find a bound for
proximity function of the moromial of f£(z) - zX with the

proximity function 0f ecec—m-- . Thus we shall prove :

Theorem 2.3 3 If £(2z) 1s a transcendental entire function

and if Pn(f) denotes a monomial of degree n not containing £,

that is if Pn(f) is of the form

(el (enl2 ... (g

1 1
m (r, ——ececeone=- ) € ne m(r, =9=c~==e==) + S(r,£)
P_(£(z)-2%) £0K) (2) -k

Proof : Let a), a,.... a, ¢ € be distinct.

q
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q
And let F(2) = S~ comccccemecaea.

then we have

n ) m(r, ——eeeae- )< m (,F) +0 (1)
=l f - ay
FP_ (£)
é: m (r' """"" ) + 0(1)
P, (f)
q P,(£)
€ m(r, Y commeme—e +m(r, ---)+0(1)
v=l (f-ay ) P
g (£9 L (g0
=m (r, ----------------- ) +m(r, -—)+
U= (f - a,, yn Pn
+ 0(1)
q £ £ 1
=m(r, T mmem )L € mmeem ) 2.,
V=] f-ay f-ay
g
cee ( ====) k) + m( r, .1... ) + OCD)
f-a, Po

< Z ‘lh (ro ( """" ) (7 ------ ) 2 ere
y=]1 f-ay f—av
£y )

see \ mmm—e ) Y+ m (r, -==)+0(1)
f-a, Py
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q £' 1 £®1
< m(r,(=-eea )Yy ¢+ m o (r, ( —mee- )72y 4+ ...
V= f-a,, f-a,,
£(k) 1 1
cee +mlr, ( —eee- )X )+ mlr, -- )+0(1)
f-a, Py
q £ £4
= 3y 1,m (r, =—m=- ) + 12 m (r, —me—- ) ¥ veeee
V=] feay f-ao
f(k) 1
eee +1ly m(r, —---=) +m (r, -=- )+ 0O(1)
f-ay Pn

= lls(r,(f-au Y ) + 12 S(r, (f-ay, ) ) + ...

1
e 1y s(r, (f-a ) ) + m(r, == ) +
Pn

+ 0(l1).

using Milloux's theorem.

Therefore
d 1
n 2_m(r, ——--- ) £ ql1;S(r, £)+15 s(r, £) + ....
V=1 f-av

1
+ 1 s(r, £))+ m(r, -- ) + 0(1)
P

n

+ m(r, -E- ) + 0o(l)

P
n
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1
ng S(rof) + m(ro -- ) + 0(1)0
Pn

=m (r, 2~ ) + s(r, £).

an

Thus we have the following result :
q
n Z m (rl ----- ) é m(rl ----- ) + S(rlf> o ee (ZOIO)

By applying above result to f(z) - z with g =1, a; = 0 we get

1 ‘1
om (r, ===-ee )< m (r, —eccceeu=- ) + S(r, £f(2)-2 )
f(z)=z P (£(2)-2)

But S(r,f(z) - 2) = 3(r,£).

Therefore,
1 1
nm(r, ——ce—eam- Y m (f, =ecmeme—- ) + s(r, £)
f(z)-z Pn(f(z)_z
where
1 1
P (£(2)-2) = ((£(2)-2)") 1 ((E(z)=2)") ° +enul(E(z)-2) F))1x

1y 1
= (£'(z)-1) (gmt2 Ly R

Therefore

/

nm(r, e-e--- ) £ M(r, =meeemmce g o o ) +8(r, £).
£(z)~-2 C(£'(z)-1) (g 12 X
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Now consider

g
—
Hh
—
N
-
1
N
~
~
“~
it

C (502 -z ) (g -z ymyt2

1
...... ((£(z) - 299 )00 ik

1 ' 2.1
(£1-k2X "1 1 (gvo(x) (k-1) 272 2, ..

s (£ oy ik

- - W - - -

£ m(r, ——eemcpezaz- ) + M(r, mmemce e )+
(£'-xzX-1)11 (£" -k (k1) 2K~ 1) 12
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1 1

= 1l.m(r, —eecece--= ) + 1, m(r, —ecmccmca——a - )
1 (£'-kzX-1) 2 £M (k) (ko1) 2K-2
1l
+ LI IR I ] +l ? g * o 2.11
x ™ (r :fTET_ " ) ( )
l
Now consider the first term m (r, ~cceecemeas- 17~ ) of (2.11).
(£'-xzK-1)"1
1 ((£'-kz®-1])11 1
m (r' --------- -) = m (I', hadeadentashathest bt dhusly gh-ubendunlE Iadeadtdet o Pt Yushanbads d-vhand )
(£'-kz-1) 11 (£'-kzx-1y 11 ((£'=kz""1) 11

(£1-kzK-1) 1, 1
S m (rt( ‘‘‘‘‘‘‘‘‘ ) )+m(r. ------------ I-)
(£'-kzX~1) ((£1-kzK=1) 1) "1
(£r-k2""1y 1
= 1ym(r, —-—c-epep-- ) +1ym(r, —<ccmeeeee-= )
1 (£'-kz"-1) 1 £9_k k-12X~2
= 1,S(r (f‘-kzk'l)) +1m{r, ccce——— i ........ )
1 5T n (k) (k-1) 2K-2
1
= IIS(r,f) +llm (r' “““““““““““““““““ )o

£ (k) (k-1) 282

Therefore we get
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1 A 1
m(r, -------- - 1L 1 m(r' -------------- ) + S(r'f)
(fs_kzk-l)Il ~ 1 £ (k) (k_l)zk——z
1l 1l
llIﬂ(r, ------------- )$ 11 m(r' ------------------- )+

+ S(r,£f).
Continuing this way we get
1 1l
m(r, —ecececrcer—- ) £ 1.m (I, =pepem——e——— ) + 8(r,£f) .. (2.12)
PTIR PR 51 E €3 R ’

Next consider second term of (2.11)

1 ((£%= (k) (k=1)25"2) )12
TG S e ) = m(r, meccmemm—ceeo e - -
(£~ (k) (k=1)2z5"2 (£%-(k) (k-1)zK=2 )12
1l

S —— -)
((£°= (k) (k-1) z%-2) 1) 12

(€%~ (k) (k=1)2K=2)» 12

1
+ M (Y, mecmccmcccc e~ )
(£~ (k) (ke1) 2K=2) 1y 12
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(£"- (k) (k-1)2""2) ¢

2

< LS(n -0 (k-1)2""% ) 4

1

+ 1, M (f, mcccccccccccc o~ )
2 (E7= (k) (k-1)2%2 ) »

= 1,(8)(r,£f) + 1l m{(r,~cmemmeame e ————————
2 2 e (k) (k1) k-2) 253
Thus we get the result of the type

1 1
M(E, —mmm—m————————— ) € 1.m(L) ~mmmmm——————— ) +
(% (%) (k1) 2K-2) 12 2 £90 2 (k) (k=1) (k-2) 2K~3

+ S(r,£)
Continuing this way we get
1 1
ML, ——ememceoomoor—se ) £ 1m (r, -g=c--- ) + S(r,£)...(2.13)
(£"—(k) (k-1)zF-2)12" = "2 £ (k) x1 '

Next similarly considering third term of (2.11) we get

-
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+ S(r,f)o LI ) (2014)

Thus adding all such terms (2.12), (2.13), (2.14),

the inequality (2:11) dives

1 1 1
m(r, =eeccceccema- ) £ 1im (r, =gcce——- ) + 1lom(r, —creeea + ..
Po(£(z)-2{X)) . £ k) i 2" S
1
e o + l m(r. hnde 2k afuakadadond ) +S(rlf)
k £(}) Ty
1
+ S(ro £)
Thus
1 1l
m (r, =—eceee-- ) £ nm(r, —cecmem-- ) + s(r,f).
P (£(z)-20 %) £(K)

This completes the proof.

In our next two theorems we f£ind an upper bounds of

6 (0, P,(f) where P,(f) is a monomial in £ of degree n.

Theorem 2.4 3 I1If £ is an entire function of finite order

which is not a . positive integer and Pn(f) is a differential
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monomial not containing £, that is,

pocf) = (£91 (eml2 L ™

where 1, + 1, + 13 + eeoe + 1y = n, And if ﬁ(r,f)-rﬁ(r,%):s(r,f)

then

6 (0, P)) £ 1~k (™)

where K ( A ) 3 1-X , if 0 < A< 1

2q+l-X ) A -q)/2 X (q+l) {2+log(q+1)} ifx>i
and q =[A]

For tre proof of this theorem we shall need the following

lemma [7, 101]

Lemma 2.1 3 Suppose that £(2z) is meromorpnhic ir the plane

and of finite order N where X 1is not a positive integer

then
1
N(r,f) + N(r, -E)
K(f) = 1lim sup =—c=cecc—cccmaazaa 2 K(X)
r - T (r, £)
where kX (A )> l - A ifo< A2 <K 1

2 aq+l=Ar )( A =q)/ 22 (g+l) {2+log(g+l)}

if XA > 1 and where q =[A]
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Proof of theorem 2.4 By theorem of Gopalkrishna and

Bhoosnurmath [4]

we have Q (P (f)) = R(f)
= A
Therefore by Lemma 2.1
1
N(r,Pp) + N(r, p--)
K(P,(f) ) = 1lim SUp —-emecomcmeceeee B 2 K (X)) ...(2.15)
r<» oo T(r,Pp)

But K(r, P ) = s(r,f) since N(r,f) = s(r,f).

Therefecre (2.15) becomes

N(r, 1/P,)
lim sup  ~ceomceee- 2 K(A)
r —» 0O T(r,Pp)
And so
N (rv l/Pn)
l] - 1lim sup eccmcmne—- < 1l -« K(A )
r - T(r,Pp)

Therefore 5(0, P, ) £ 1 -X(A)
which completes the proof.

Remark : In the above theorem we have proved the result
when P (f) did not contain f as its factor. If Pp(f) contains
the factor £ then also the above result is true, In fact

in this case we get the result even for homogeneous
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differential polynomials. Thus we shall prove the next

theorem.

Theorem 2.5 3 Let £(z) be a meromorphic function of finite

order X\ where )\ is not a positive integer satisfying
N(r,f) = s(r,f). Let n,(f) be a nonzero homogeneous differen-
tial polynomial of degree n of the form nn(f) = aO(f)'v"(f')q...

e (N b (Po (enBL (B 4 L
e # cg(n’0 (£981 L (0 2k,
where Vg ¥ V) F oeees T kgt py Fteeee = 65 + 83+ ...=n
and ag, bO' cy are meromorph;Lc functions satisfying
T{r,25) = s(r, f), T(r, by) = s(r,f) etc.
Then §(c, M (£f) ) € 1 -k (A)
where k (A )2 1 =) ifo < A< 1
and k{ X ) 2(grl= X )( A =q)/2 X (qg+l) {2+log (q+1)}
if A> 1 and where q ={A]
Proof : By theorem of A.F.Singh [16]

3¢e) = S (m )

Therefore by lemma 2.1
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N(r,n,(£)) + N(r, 1/m (f) )

K(n (£f)) = lim sup —wgeceomeeecee—e—- - e e >  K(AN)
r - o T(r, n_(f) )

Now N(r, n,(f) ) = s(r,f) since N(r,f) = s(r,f).

And so (2.16) becomes

N(r, 1/m,(£f))
K(n (£) ) = 1lim sup -——-emmcmmmeeeo > K(A )
r - o T(r, n(f) )

Therefore 1 - § (o, n, (£) ) > K( 2 ).
Thus § {C, p{f} ) £ 1 -« K( X))
which completes the proof.

\
In the remaining portion of this chapter we shall prove
some theorems dealing with relative defects of meromorphic

functions. We begin with the following theorem,

Thecrem 2.6 : Let £{(z) be a transcendental mercmorphic

function and P(z) be a polyncmial in z of degree n. Then

for any positive integer K > n

Gi-k) (CD: £ ) é - % {G(O,f) + 6(00f"p)_}'

[ (S ] BV

Proof : From the identity

p(z) f-p(z) f(k)

- 2 - L et T



62

and Nevanlinna's first fundamental theorem it easily

follows that

( p(z) e f(k) ( £(k) (
T(r, ---- T(r, —==p=¢=) + T(xr, --- ) + 0(1)
£ S f_przy £

n
Let p(z) = a5 + 312 + .... a2 Then

ag +ayzt... +anzn f(k)
T(r, —==--cecereccee~=) (< r, =-mmosmmssos—o- )
f f-(ao+.o. +an2
£(k) £ (k)
+N(r, === )+m(r, —-==)+ 0O(1)
£ £
Using Milloux's theorem it follows that
ao+alz+... +anzn f(k)
T(ro """""""""" ) S T(r, ----------- ) +
f f-(ao""o - .+an2n
£ (%)
+ N(r, -=-=) + S(r,¥£)
£
£(X)
= N(r, ——mmmmmme= ) 4
f»(a0+...+anz
£(k)
+M( L, e c e ) +N(r, £ )

f-(a0+..+anz

+ N(r, -jlg ) + S(r, £)
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f"’ (ao+o o "i"anzn)

+ N5, 2) + S(5E-(agtaz +o.n agz? )
+ S(r, £)
f(k)
= B(L, —mmeemm—m——emn === ) + N(r, £K) 4
f"(ao+o LR ) +an2 )
1 £
+ I\(r’ 2 ) + S(r'..)
g (k) ,
= N{r, —--=- ) + x(r, £ ) ¥ x(r, 2) 4+
f -p
+ S(rtf)
Therefore 1
\ 1
T™(r,£) £ u(r, f(k’) + N(r, ====) + N(r, £K) )+N(r,f )+s(r, £)
f-p
And so

e

1
T(r, £) < 22(r, £%)) 4 N(r, --- )+N(xr, 2) +S(5nE) ...(2.17)
f-p

Dividing by T(r,f) and taking limit superior of (2.17) as

r — o we get

1 € 201 - sl‘f‘) (@, £) ) + (1 = 6(0,£=p) )} + (1-5(0, £))



64

Thus

1<4 -2 aik) (00,£) - {6(0,£-p) - 50, £)}

which yields

263" (00,£) € 3 - {6(0.£-p) + (0, £)}
and so
53‘” (0.6 € 2.1 {50,8) + 800, 8P} -

This proves Theorem 2.6.

Remark : A.P.3inch's theorem 2 [14] is a particular case
of cur theorem, which is obtained by taking P(z2) = C, a

constant poclynomial.

If instead of considering all the zeros and poles of
£f(z), we consider only the distinct zeros and poles, we

obtain the following theorem,

Thecorem 2.7 : Let £{(z) be a meromorphic functior. Let K be

any positive integer, then for all positive integers P 2 1

and ay (i =1,2 ... p) finite distinct and non-zero complex
numbers

p .

(k)
Y @, (a.f)< (p+l) - {P 5(0,6) + © (w, £}
1=1 ,
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Proof : For the proof of this theorem we shall require
inequality (2.18) mentioned below. This inequality has

been proved in [14] . We give this portion in our result

for sake of completeness.

From Nevanlinna's first fundamental theorem it

easily follows that

£(X) 1 _
T(r,f) < N(r, L ) + m{r, ——-- )+m(r, =TRY ) +5(r, £)
£ £ £

1, 1 -
= N(r, =) +m(r, ==-= ) + 3(r,£f) by [1, 55]
£ f(k)

]
zA
”
o]
-»

]

1, + T(r, = E ) - N(r, - i Y+3s(r, £)
f / ’ ftky B ’ f-(ks. ’

- 1 () y _ w 1
N(r, z Yy + ™, £ ) - x(r, f.(k)) +s(r, £)
Thus
T({r, £} £ N(r 1 ) +T(r ‘(k)) - N{(r -1-- ) + 5(r,f)
’ -~ -~ ’ F .- ’ fzk) ’
and so
1l

1 = - —
PT (r,f) £ PN(r, : ) + X (r,f) + N (r, kaY ) +

& ; 1 1
+ N (r, —ziy--- ) - P N(r, ;-(ﬁy)+s(r.f)...(2.18)
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- P _
< PN(r, % ) +N(r,£f) + 5 N (r, ==-c--- ) + s(r,£)
i=1

Therefore

P
P& P(lL-58(0,6))+(1- @ (o, )+ (1- @K (a,,g
i=1 r

which vields

. P
0 £ -?268 (0,f) +1 -« O (0, £) +P - 3 @k

fo1 r (ai f)

And so

P \
S 9“" (aj,f) £ (1 +P) - ( ® (0, £) +P & (0,£) )
i=

1 T
Thnis proves the theorem,

our next two theorems give proofs of the theorems stated

(without proof) by A.P.Sirgh in [14] and {15} .

Theorem 2.5 ¢ Let f(z) be a meromorvhic function. Let each

zero of f£{(z) have multiplicity greater than or equal to n.

Then for all positive integer K and a # 0, o,

n @< (a,f) ¢ (n+K+1) - (n @, £) +(K+1)8(a,£))
r

Proof :

Consider the identity
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a f(k) f(k)-a f(k+1)
foa  f-a £ T Teg
a £(X) () _, £(k+1)
m(f, === ) £ m(r, ==-= ) + m (£, =ge=ze=) + m(r, --e--
f-a N f-a f.{k"'l7 f-a
f(kz-a
=m (r, ;-(}-E;is- ) + S (r,f)
£(K) _o £ _4
= T(r, ;{i;i.)- ) N (r, ;(E--y") + S(r, £)
a £(k+1) glk+1) ek _,
m(r, —-- )& m{r, == ) + N (r, —ppy=——= )= N(r, =z-=zc)
f-a (kT2 PSS B TSy
+ S(r, £)
g(k+1) (k) _4
= N(r, =pgy-- ) = N(r, sre ) + S{r, f)
fTRT_a ETE+IT
a 1
m(e, === ) € M e Sexr, cpe--) - x(x £ _qy -
f-a £'* -a
- N(rl . ) + S(rlf’
£
Now
a a

T(r,f) =m (r, === ) 4+ N(r, =-= )+ S(r,f)
f-a f-a
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< N A(n g0y 4w gr, oenem ) - N (r, £
] fzk)-a
1 a
- N(r ----- bad + N r - +S 'f
’ f(k‘i’l)) (r, toa ) (r, £)
T(r,f) < N (r £ (k) Y + N(r, - i--- ) - N(r, - -i-_ )
O ’ * E(k)_, * g(k+1)
a
+ N(I‘, - ) + S(rof)
f-a
s {}_ ( 1 1 }
= N (r,f) + LN (r, =gse== ) = N ———
. £) f‘zk)_a) a (r, f-(k'*'l) )
1
+ N(rl - ) + S(r.f)
f-a
1 (k+1)
where N, (r, gzi;iy ) is formed by the zeros of £ , but
not the zeros of f(k) - a. And so
- - 1 1
T(r,f) £ N (r,f) + N (r, =ppe== ) + N (r, === ) + S(r,f)
’ ’ ’ frky‘-a o ’ f-a ’
1
where N (r, === ) 1is formed by all the zeros of f(z)-a
f-a

)
taken with proper multiplicity if multiplicity £ k+1 and

each zero of multiplicity 2 Xk + 1 being counted k+l times

Only:
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But ;
) 1 1l
nN (r, ---) & (k+l) N(r, =--)
fea f-a

Since by hypothesis each zero of f-a has multiplicity > n.

~
Thus
k+1 1 - 1 -
T(r,f) & === tN(r, === ) + N (r, “TRY" ) + N(r, £)+
n faa £ -3

+ S(r'f)o *ae (2.19)

Dividing by T(r,f) and taking limit superior of (2.19) we

get
e+l (x)
1 £ - (1-6C,£) ) + (1 - @ (a,f)) +(1 - ® (w,f)
n X
A (x)
n £ (x+1) (1-5(a,f) )+ n-n @ (a, £)4n-n7® (oo, f)

r
n @, (a,f) £ (n+k+l) - {n ® (o, £) +(k+1)56(a, £}
This proves the theorem.,

Theorem 2,2 : Let fl(z), fz(z) be any two meromorphic functions

_ 1 1
with N (r, =- ) = s(r,f, ) and K (r, -- ) = s(r,£;) Then for
fl f2
(k)
any a # 0, 0o 6 ;) () + 265 () € 5-( @ H(a)+
+ 2 G>o(a) )
AR LIERAIY
ﬂUI-BNUBMﬁB!MNMﬁK by

dliva)! UNIVERSITY. KOLMA
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Proof : We know that for any a # 0, ™

T(r, £f) £ N (5, £) + § (x, %) + ﬁ(r.-}--) + S(r, £)
f-a

from the above inequaiity we also have for all non-

negative integers Kk,

- - 1l - 1
T(r,f) £ kXN (r,f) + N (r,f) + N (r, = ) + N {r, === ) +
4 fea
+ S{r, £)
(K)\. = 1 - 1
= N(r,£*")+ § (r, ) +K {r, —) + 8(r, £
faa

Applying above inequality to the two functions fl and f2
and zddicg we get

\ , (x) . {x) - 1
T(r, £} + T{r,£,)) < Nr, £ ) + N £, ) + V¥ (rn o )
1l
- 1 - 1 - 1
+H (I, == )+ N (£, w=== ) + N (L, ====) +
f2 £,-a fz-a

+ S(r.fl) + sS(r, £,)

(x)
1,2

(k)

= N (r, o) + 2N°

(nm)+ﬁL2&m)

+ ZNO (r,a). e (2020)

Dividing by T(r,fl) + T(r,fz) and takirg limit superior of
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(2.20) as r = o we get

(k
1 £1 - 61')2 (o)+2(1 - Gék) (o)) + (1 = 6’1’2(:-1) )

+ 2(1 - @o (a) )

Equivalentiby
(k)
1 €655 (@) =25 (@) -©),(a) -2 ©(a)
aAnd so
(k) AR i o

we end this Chapter with one more theorem dealing with the

cormon rocts of two meromorshic functions, we prove

Thecrem 2.1C : Let fliz) and fziz} be anv two meromorphic

functions, then for any finite numbers a; and a, distinct,

@1,5(@ +2 8 (@) € 8- T i)+ @) ,(ay -

: o
- 2\ 9,\(&1} + '3n (a;) )
1 ¥ a~ ~ &

Procf : We know that from W.K.Hayman [1,43]

a, )W (r, @) -

q -
{(a-1) + 0(1)} T(r £ € % Mo

LI

n £
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Therefore

2 . - 1
T(r,£) € 3 N (r,ay ) +N (r, @) = N (r, == )

V=] £
L ﬁ (r,al) + N (r,az) + N {r, o)
. 1 1 -
= N (r, ====) + N(r, ==== ) + N (r, £f)

f-al f-a2

Applying this inequality for £f; & £, we get

- 1l - 1l
T(r,£,) + T(r,£,) £ N (r, —=e-- ) + N (£, =—eea )
1 2 £ £
178 2=81
- 1 - 1
+ N (r, ——-u- Yy + N (r, —-eee ) +
fl--a2 fz-a2

+ N (r,£y) + N (r, £, )

= §1’2 (r,al) + zﬁo(r,al) + ﬁl,z (r,az) +

+ 2N°(r,62 ) +ﬁl,2 (r,o:;)-t-Zﬁo(r,CO)..
ees(2.21)
Dividing by T(r,fl) + T(r,fz) and taking limit superior of

(2.21) as r =>» o0 we get

1$1-®L2mﬁ+2u-ﬁb

o (a;) ) + 1 - ®l,2(‘2) +

+ 2(1- ®O(a2)) +1 - ®1'2(m)+ 2(1 - @o(oo))
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which on simplification yields the desired result

@ +2 8 (@) < 8- (8 ,(3)) + @ ,(ay) )

1,2

-2( O (a) + @, (ay) ).

oo



